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Abstract

We consider text retrieval applications that
assign query-specific relevance scores to doc-
uments drawn from particular collections.
Such applications represent a primary fo-
cus of the annual Text Retrieval Confer-
ence (TREC) where the participants com-
pare the empirical performance of different
approaches. “PQK,” the proportion of the
top K documents that are relevant, is a pop-
ular measure of retrieval effectiveness.
Participants in the TREC Very Large Cor-
pus track have observed that PQK increases
substantially when moving from a sample to
the full collection. Hawking et al. (1999)
posed as an open research question the cause
of this phenomenon and proposed five pos-
sible explanatory hypotheses. In this paper
we present a mathematical analysis of the
phenomenon. We will also introduce “con-
tamination at K,” the number of irrelevant
documents amongst the top K relevant doc-
uments, and describe its properties.

Our analysis shows that while PQK typically
will increase with collection size, the phe-
nomenon is not universal. That is, there ex-
ist score distributions for which PQK (and
CQK) approach a constant limit as collec-
tion size increases.

1 Introduction

For TREC-like ad-hoc retrieval tasks, PQK, the pro-
portion of the top K documents that are relevant, is
a popular measure of retrieval effectiveness. Partici-
pants in the TREC Very Large Corpus (VLC) track
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have observed that PQK increases substantially when
moving from a 10% sample to the the full collection of
over seven million documents (Hawking et al., 1999).
This paper presents an analysis of this phenomenon.

In what follows we will:

e Provide a general mathematical expression for
PQK, evaluate the expression in closed-form un-
der particular distributional assumptions for doc-
ument scores, and present an asymptotic analysis.

e Introduce “contamination at K7, CQK, the ex-
pected number of irrelevant documents amongst
the top K relevant documents and describe some
of its properties.

Our analysis shows that while PQK typically will in-
crease in expectation with collection size, the phe-
nomenon is not universal. That is, there exist score
distributions for which the expected values of PQK
(and CQK) approach a constant limit as collection
size increases.

Section 2 below describes the mathematical framework
and presents the key results. Section 3 presents some
examples. Section 4 considers asymptotic behavior
and Section 5 suggests some future directions.

2 Mathematical Framework and Key
Results

We consider a text retrieval application that, in re-
sponse to a given query, assigns relevance scores to
documents drawn from a collection. Denote by G the
probability distribution of the scores of the relevant
documents in the collection, and denote by F' the prob-
ability distribution of the scores of the irrelevant docu-
ments. Let g and f denote the corresponding probabil-
ity density functions. We assume that the application
assigns scores X = {X1,..., Xy} to M documents
drawn randomly from F', and scores Y = {Y7,...,Yn}



to N documents drawn randomly from G. We assume
independence of scores across all documents.

We make the restrictive assumption that the score as-
signed to a particular document is independent of M
and N. While this will be true for certain text retrieval
applications (e.g., Boolean retrieval), it will generally
not be true for applications that use collection-wide
statistics such as idf (inverse document frequency).
For very large collections, however, the distinction is
likely to be unimportant.

Let Z1 > --- > Zpy4+n be the ordered pooled scores
XUY and let 6;, 7 =1,...,M + N, be an indicator
variable:

5 — {0 if Z,e X

Tl ifZeY.

Let Tk be the number of relevant documents among
the K highest scores, in the pooled sample Z =
{Z1,.... Zpy+n}t.  (We assume K < min(M,N).)
Then, Tk = ZK ;.

i=1
Define precision at K as the proportion of relevant
documents in the top K scores, i.e., Tk /K. We denote
the expected value of Tk /K as PQK:

K
POK = ETy /K = K1)k x P{Tx = k}.
k=0

Define contamination at K as the number of irrelevant
documents scoring higher than the Kth highest rele-
vant score, i.e., the number of X’s exceeding the Kth
highest Y score. As in the case of PQK, we denote its
expected value as CQK.

In what follows, we use the following order statistics
notation:

Xay> > Xy (ordered X's),

Yy > > Y (ordered Y's),
and

}/(0) = X(O) = —|—OO7 X(]\l—ﬁ—l) = }/(N—Q—l) = —00.

Standard order statistics theory uses the probability
transform to simplify analyses; in fact, any increasing
transformation applied to the scores leaves PQK and
CQK invariant. Thus, there is no loss of generality in
assuming:

Xi,...,Xy ~H=FG ' and Yq,..., Yy ~U|0,1],
or, alternatively,

X17...7XM ~ U[O,lL and Y17"
GF 1

.,YNNgEH_lE

2.1 A General Expression for PQK
Proposition 2.1 below, provides an explicit expression
for P{Tx = k}.

PROPOSITION 2.1. For k=0,...,K, P{Tx =k} is

given by:

P{Tx =k} = (J\f> (f) {/01 k(1 - )"

xHOM=(1 — H(t))! {ZZ(—ZIL)) + %} dt} ,

where H(t) = F(G™Y(t)), h(t) = H'(t) and ¢ = K — k.

PROOF. For 1 < K < min(M, N), an integer, and

k=0,1,...,K, we have:
K

P{Tx =k} = P(Z&-k)
i=1

P{[Yrt1) < Xy < Vip)U

Ap
[X(k—kt1) < Yir) < X(xe—] }
By
P{A.} + P{By}.

Note that A, N B, = 0 and Ax = By = 0. Based on
the multinomial distribution, for k > 1, we have,

P{Ag} = C(N, M.E) [ [ Jocycocw<t

YN =R (L = yf YR H () M KR () KRy () dadydy (1)

where H =1 — H and
N M
C(N.M.F) = qukLJQLMJ

- o))

Now
1 1—a 1
[ty = [t pa -t @)
T J0
and . )
N—k—1 N—k
dy = 3
/0 y Y= %" (3)

Substituting (1-3) into (1), we get
P{A} =

1]@[ ) (Z;[ ) | /O 1 H(x) M= H ()~ h(x)a™~F (1-2) da.
(4)



Turning now to the P{By}, we have:

P{By}

= P{X(41) < Yoy < X(ny}

= P{F(X(11)) < F(Yr)) < F(X0))}

= C(Mv N, l) f f -f0§m<y<1’§1

aM =1 — 2!y T H (y) N R H ()" h(y) dydada
= k(%) (})

Jo H )N =R E (k= Ry)y™ =4 (1 — y)*dy.

Let t = H(y) so that H(t) h(y)dy.

Therefore,

P{BLy = k() () Jo VR~

and the result follows.

=y and dt =

OE=LH ()M H (1) dt

2.2 A General Expression for CQK

Contamination at K = CQK = Expected number of
irrelevant docs exceeding (in score) the K-th largest
relevant score

= E[#X's exceeding Y x)].

We have

CQK = EE[#X's exceeding Y(x)|Y]
— B[Binomial(M, H(Yx)))]

= MEH(Y(K))

= M [y H(t)ax (t)dt

=M ]0 Ak (t)h(t)dt, (
where for 0 <t <1,

ag(t) = K ()N =5 (1 - ¢)K-1

(@3
=

and

Ak (t) = Z;'V:N—K—l—l (?)”(1

are respectively, the density function and the cumu-
lative distribution function of the Kth largest order
statistic of a sample of size N from the uniform distri-
bution on [0, 1].

_ t)N*j

Therefore
Car = MK() [ HOP-(1 - 1
= MZ;VZNfK-H (]) fo t7(1 — t)N=Ih(t)dt (6)

and for calculations, we can use either one of these
expressions, whichever is more convenient.

3 Specific Examples

For certain probability distributions, the integral in
the expression for P{Tx = k} is available in closed

form, yielding in turn, explicit expressions for PQK
and CQK.

PROPOSITION 3.1. If F is the exponential distribu-
tion with parameter A\, and G is the exponential dis-
tribution with parameter \,, then, for 8= Az/Ay:

1 1 K (K—k)p 1 M—-K+k
POK = & Zk:l k( T(k+1) + W) ’ 2j=0
1y DN+ DM+ 1) (B(K —k+§)+k)
F(K—k+1)r(j+1)1“(M—K+k—j+1)r(ﬂ(K—k+j)+N+1) ’

D(N+DT(K+0)
CaK = MF(N+,8+1)F(K)

PROOF. First note that H(t) = F(G (1)) = 1 -
(1 —-1t)”,0 <t < 1. The distribution H is in fact the
Beta(1,5).

From (4) we have

Pl = () () Jo (1= (1=0)") "7 (1= 1))
B =)= N=R (1 — )k at

=B () o (1= =0)" (1=t rtsN Ry

-1

= (%) () T (M (1) (1 - PNk g

F(N+1)F(M+1) M-t
=1{p T(k+1)L(0+1) 2

(—1) r(B(t+3)+k)
D(j+1)D(M——j+1)T(B(t4+5)+N+1)
Similarly
P{Bi} =
I(N+DD(M+1) 21\1 [( 1)/ F(ﬁ(f+j)+k)
L(R)L(e+1) D(j+1)D(M——j+1)T(B(t4+5)+N+1)
Thus

) g K (8 1 M—K+k
POK = &>, k(F(k+1) + W) D=0
(71)], r(N+1)r(M+1)F(/3(£+j)+k)

r(e+1)r(j+1)r(M—K+k—j+1)F(ﬂ(€+j)+N+1) .

To compute CQK | we use the first expression of (6):
N\ 1 '
CaK = MK (K> / (1 =) tN=K1 —)8=1dt
Jo

and the desired result follows.

PROPOSITION 3.2. If F(t) = t° and G(t)
t <1, then, for a = 0/n we have:

= 17,0 <

- T(M+1)T(N+1)
POK = & DO krar— = ¥
-1 I'(a(M—=1)+ N—k+a(j+1))
(Ejzoa(_l)jr(yﬂ)r(z NI (@M DT NFa(+1)+1)
1 D(N—k+a(M—0)+aj+1)
+Zj:0(—1) F(j+1)1"(la7'+1)F(N+a(M—l)+aj+1))



Precision at 20 for Beta-distributed Scores
100,000 documents, 1% relevant, R~B(5,1), NR~B(1,2)
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Figure 1: P@20 for the Beta-Beta case.

P at 20 and C at 20 for Beta-Distributed Scores
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Figure 2: P@20 and C@Q20 for the Beta-Beta case.

I(N+1) T(N—K+1+a) 1

CaK = M{1 - F(N+1+a) T(N-K+1)

PROOF. Omitted.

Figure 1 shows P@20 for X; ~ Beta(1,2) and Y; ~
Beta(5, 1) and shows P@20 increasing as the number
of ranked documents increases. This is consistent with
the behavior observed at TREC. Figure 2 shows sim-
ilar behavior for X; ~ Beta(1,1) and Y; ~ Beta(5,1)
and also shows C@Q20. Monte Carlo simulations gener-
ated these Figures. Friedman’s SuperSmoother fitted
the curves to the simulations.

Manmatha et al. (2001) provided empirical evidence
that for a number of different search engines a Gaus-
sian distribution provides a reasonable fit to the scores
of relevant documents (G) while an exponential distri-
bution provides a reasonable fit to the irrelevant docu-
ments (F'). Figure 3 presents PQ20 and C@20 results
for a Gaussian distribution with mean 1 and standard
deviation 5 and an exponential distribution with rate

P at 20 and C at 20 for N(1,5),exp(2)
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Figure 3: P@20 and C@20 for the Normal-Exponential
case. 1% relevant.

2. Again, as the number of ranked documents in-
creases, P@20 increases (and C@20 decreases). How-
ever, Figure 4 shows an example with a different Gaus-
sian mean where P@20 does initially increase with col-
lection size but ultimately decreases. In fact, PQ20
ultimately goes to zero for the pairs of distributions
considered in Figures 3 and 4.

4 Asymptotics

Within the framework described above it is possible to
study limiting behavior of PQK and CQK for specific
distributions. For example, it is straightforward to
derive the following two results:

PROPOSITION 4.2. For F(t) = t°,G(t) = 7,0 <
t<l,a=0/n:

(1) If N — 0o and 2 — 0, then Ca@K — 0.
(2) If N — 0o and & — X > 0, then CAK — a\K.

PROOF. For large N, Stirling’s formula applied to
CQK in Proposition 3.2 implies:

COK ~ aKMN ™1
and the result follows.

This result is intuitively expected—CQK is propor-
tional to A, namely, CQK is increasing if the num-
ber of irrelevant scores is increasing; proportional to
«, namely, if the irrelevant scores are stochastically
larger, then CQK is larger.

PROPOSITION 4.2. For F(t) =1 — =% G(t) =1 —
e 0<t,8=0/n (ie, F and G exponential):



P at 20 and C at 20 for N(1,1.1),exp(2)
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Figure 4: P@20 and C@20 for the Normal-Exponential
case. 1% relevant.

(1) If N — oo and 45 — 0, then CQK — 0.

') If N - oo and 45 — X > 0, then COK —
AL(f + K)/T(K).

PROOF. As before, based on Proposition 3.1,
CaAK ~ MN~=PT(8 + K)/T(K)

and the result follows.

These results for CQK, and similar but more involved
results for PQK, show that for certain distributions,
CQK and P@K can approach a constant limit as col-
lection size increases.

4.1 A Mixture Model

Thus far, M and N are considered fixed. An alterna-
tive formulation instead assumes that the population
of scores consists of two types with proportions p and
qg=1-p,0<p <1 Sampled scores Z,...,Z, now
arise from a mixture distribution:

Z ~ Hp,, = pG + qF.

We say that F' and G are tail-equivalent if:
2 r=sup{r : F(z) <1} =sup{zr: G(z) < 1} < 0.

and _
lim —=

0<c<oo.

:C’

Without tail equivalence, as n — oo, Tk L0 or to
K, and consequently PQK converges in probability to
ZEero Or one.

It is interesting to note that the Gaussian and expo-
nential distributions are not tail equivalent. For expo-
nential F' and Gaussian G (i.e., the empirical model of
Manmatha et al., 2001):

lim Q(T)

=0

and consequently PQK converges in probability to
zero. This is consistent with the non-mixture model re-
sults for P@20 in Figure 4. Extensive TREC evidence
showing PQK continuing to increase even at a collec-
tion size of seven million documents, suggests that the
Gaussian/Exponential model may be inadequate for
analyzing tail behavior of score distributions.

4.2 A Modified P@QK

The mixture model facilitates asymptotic analysis of
an alternative “early precision” measure, P*QK. First
define a threshold u,, = H;'(1— £). Let:

Ny(un) = FofZ; > uy,
Ny Tn, = #otZ; =Y; > uy,and
Ny = Nz — Ny.
Then:
K
Ny ~ B(n,—
A (77/7 n )1
Ny ~ B(n,pG(uy)),and
Nx ~ B(n,qF(uy)).

In this context, P*@QK is the expected value of Ny /Nz,
conditioned on Nz > 0.

PROPOSITION 4.3. Asn — oo, (Ny, Nx) A (J1,J2)
where Jy and Jy are independent Poisson with param-

eters p* K and q*K respectively, and p* = pfiq and
¢ =1-—p*.

PROOF'. The marginal convergence in distribution is

clear, since:
pcK

pe+q’

npG(u,) —

and
qK

pc+ q'

nqF (uy,) —

To show the marginal independence, use the joint char-
acteristic function:

Eexp{itNy +isNx}
= (Elexp{itl{z=y>u,} +isl{z=x>u,} }])"

K _ , _ _
={1- -~ + pG(un)e™ + qF (uy)e*}"



*K(eit _ 1) +q*K(eis _ 1)
n

z{1+p 1"

— exp{p"K (e — 1)} - exp{q K (" — 1)}.

An immediate consequence is Ny A J=J1+Jy~
Poisson(K). We also have this corollary:

COROLLARY 4.4.
Nz >0, PrQK = px.

PROOF. The proof follows from the fact that if W,V
are independent Poisson random variables and T =
W + V., then, conditioned on T, W has a binomial
distribution.

Asymptotically, conditioned on

Thus, the asymptotic behavior of P*@QK depends on
the mixing proportion p, and on ¢, which describes
the relative limiting behavior of F' and G. Finally, we
present some specific examples.

1. Exzponential

Fo) = e*,(2>0) G) _ 4_,
Glr) = e @0 (x> 0) F(x)y —
2. Pareto
]’?(T) = 7% (x>1) G(x) 90— = ¢
G(x) = (0z) % (x>1/0) F(x) B o
3. Gaussian
X; ~ N(0,1) G(z) o—02/2 420
Y~ N(6,1) Flz)
o 60>0
Tz 1 0=0
0 0<0
4. Gaussian
X; ~ N(0,1) G(r) 1203
Y; ~ N(0,60?) F(z) 6
oo 0>1
L1 6=1
0 o<1

5. Beta

Xi ~ play, p1) } G(z) G

Yi ~ is Baz, )

=g p=5
oo 1> Ps
where:
Do + i)

Again, we see that generally ¢ approaches either 0 or
00, and consequently P*@K approaches either 0 or K.
However, for certain parameter settings (e.g. when
F and G are tail-equivalent), P*@QK does approach a
constant.

5 Discussion

TREC VLC participants have reported substantially
higher P@20 scores for full collections compared with
10% samples. Our probabilistic analysis sheds some
light on this phenomenon. In particular, in the case of
a mixture model, if the tail of the distribution of the
relevant documents dominates the tail of the distribu-
tion of the irrelevant documents (in the sense outlined
in Section 4), then PQK will tend to one as the collec-
tion size increases. For tail equivalent score distribu-
tions, the limiting behavior depends on the specifics of
the distributions.

Our work has some limitations. First, our analysis
assumes that document scores are independent and
identically distributed draws from some distribution
(Hy, for the mixture model; F' and G otherwise). Re-
ality for most text retrieval applications is probably
more complex. Second, while Manmatha et al. (2001)
presented evidence in favor of Gaussian/Exponential
model for document scores, work is needed to more
fully characterize useful distributional models.

Finally it would be useful to have a general closed-form
approximation for PQK and CQK.
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