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Abstract

We consider the problem of PAC learning the
most valuable item from a pool of n items us-
ing sequential, adaptively chosen plays of sub-
sets of k items, when, upon playing a subset,
the learner receives relative feedback sampled
according to a general Random Utility Model
(RUM) with independent noise perturbations
to the latent item utilities. We identify a
new property of such a RUM, termed the
minimum advantage, that helps in character-
izing the complexity of separating pairs of
items based on their relative win/loss empiri-
cal counts, and can be bounded as a function
of the noise distribution alone. We give a
learning algorithm for general RUMs, based
on pairwise relative counts of items and hier-
archical elimination, along with a new PAC
sample complexity guarantee of O( %z log %)
rounds to identify an e-optimal item with con-
fidence 1 — §, when the worst case pairwise
advantage in the RUM has sensitivity at least
c to the parameter gaps of items. Fundamen-
tal lower bounds on PAC sample complexity
show that this is near-optimal in terms of its
dependence on n, k and c.

1 Introduction

Random utility models (RUMs) are a popular and well-
established framework for studying behavioral choices
by individuals and groups (Thurstone, |1927)). In a
RUM with finite alternatives or items, a distribution
on the preferred alternative(s) is assumed to arise from
a random utility drawn from a distribution for each
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item, followed by rank ordering the items according to
their utilities.

Perhaps the most widely known RUM is the Plackett-
Luce or multinomial logit model (Plackett}, [1975; [Luce,
2012) which results when each item’s utility is sampled
from an additive model with a Gumbel-distributed
perturbation. It is unique in the sense of enjoying
the property of independence of irrelevant attributes
(ITA), which is often key in permitting efficient infer-
ence of Plackett-Luce models from data (Khetan and
Ol 2016). Other well-known RUMs include the probit
model (Bliss| 1934) featuring random Gaussian pertur-
bations to the intrinsic utilities, mixed logit, nested
logit, etc.

A long line of work in statistics and machine learning
focuses on estimating RUM properties from observed
data (Soufiani et al., [2014; Zhao et al.l 2018; [Soufiani
et al., [2013)). Online learning or adaptive testing, on
the other hand, has shown efficient ways of identify-
ing the most attractive (i.e., highest utility) items in
RUMs by learning from relative feedback from item
pairs or more generally subsets (Szorényi et al., |2015}
Saha and Gopalan|, 2019; |Jang et al.l |2017)). However,
almost all existing work in this vein exclusively em-
ploys the Plackett-Luce model, arguably due to its very
useful ITA property, and our understanding of learning
performance in other, more general RUMs has been
lacking. We take a step in this direction by framing the
problem of sequentially learning the best item/items in
general RUMs by adaptive testing of item subsets and
observing relative RUM feedback. In the process, we
uncover new structural properties in RUMs, including
models with exponential, uniform, Gaussian (probit)
utility distributions, and give algorithmic principles
to exploit this structure, that permit provably sample-
efficient online learning and allow us to go beyond
Plackett-Luce.

Our contributions: We introduce a new property of
a RUM, called the (pairwise) advantage ratio, which
essentially measures the worst-case relative probabili-
ties between an item pair across all possible contexts
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(subsets) where they occur. We show that this ratio
can be controlled (bounded below) as an affine func-
tion of the relative strengths of item pairs for RUMs
based on several common centered utility distributions,
e.g., exponential, Gumbel, uniform, Gamma, Weibull,
normal, etc., even when the resulting RUM does not
possess analytically favorable properties such as ITA.

We give an algorithm for sequentially and adaptively
PAC (probably approximately correct) learning the
best item from among a finite pool when, in each de-
cision round, a subset of fixed size can be tested and
top-m rank ordered feedback from the RUM can be
observed. The algorithm is based on the idea of main-
taining pairwise win/loss counts among items, hierar-
chically testing subsets and propagating the surviving
winners — principles that have been shown to work
optimally in the more structured Plackett-Luce RUM
(Szorényi et all [2015} |[Saha and Gopalan) 2019).

In terms of performance guarantees, we derive a PAC
sample complexity bound for our algorithm: when
working with a pool of n items in total with subsets
of size-k chosen in each decision round, the algorithm
terminates in O(z% log %) rounds where c is a lower
bound on the advantage ratio’s sensitivity to intrinsic
item utilities. This can in turn be shown to be a
property of only the RUM’s perturbation distribution,
independent of the subset size k. A novel feature of the
guarantee is that, unlike existing sample complexity
results for sequential testing in the Plackett-Luce model,
it does not rely on specific properties like IIA which are
not present in general RUMs. We also extend the result
to cover top-m rank ordered feedback, of which winner
feedback (m = 1) is a special case. Finally, we show
that the sample complexity of our algorithm is order-
wise optimal across RUMs having a given advantage
ratio sensitivity ¢, by arguing an information-theoretic
lower bound on the sample complexity of any online
learning algorithm.

Our results and techniques represent a conceptual ad-
vance in the problem of online learning in general
RUMs, moving beyond the Plackett-Luce model for the
first time to the best of our knowledge.

Related Work: For classical multiarmed bandits set-
ting, there is a well studied literature on PAC-arm
identification problem (Even-Dar et al., 2006; |Audibert
and Bubeck] 2010} [Kalyanakrishnan et al.| [2012; Karnin
et al., [2013; [Jamieson et al.| 2014)), where the learner
gets to see a noisy draw of absolute reward feedback of
an arm upon playing a single arm per round. On the
contrary, learning to identify the best item(s) with only
relative preference information (ordinal as opposed to
cardinal feedback) has seen steady progress since the
introduction of the dueling bandit framework

2013) with pairs of items (size-2 subsets) that

can be played, and subsequent work on generalisation
to broader models both in terms of distributional pa-
rameters (Yue and Joachims, |2009; Gajane et al., |2015;
'Ailon et al. [2014; Zoghi et al., 2015)) as well as combina-
torial subset-wise plays (Mohajer et al., 2017; |Gonzélez|
let al.} [2017; |Saha and Gopalanl [2018b; |Sui et al., [2017)).
There have been several developments on the PAC ob-
jective for different pairwise preference models, such
as those satisfying stochastic triangle inequalities and
strong stochastic transitivity (Yue and Joachims, |[2011)),
general utility-based preference models (Urvoy et al.,
2013), the Plackett-Luce model (Szérényi et al., 2015)
and the Mallows model (Busa-Fekete et all 2014al)].
Recent work has studied PAC-learning objectives other
than identifying the single (near) best arm, e.g. re-
covering a few of the top arms (Busa-Fekete et al.,
[2013; [Mohajer et al. [2017), or the true ranking of
the items (Busa-Fekete et all [2014b} [Falahatgar et al.|
. Some of the recent works also extended the
PAC-learning objective with relative subsetwise pref-
erences (Saha and Gopalan, [2018a}; (Chen et al.l [2017]
[2018} [Saha and Gopalan| 2019 [Ren et al.| [2018]).

However, none of the existing work considers strategies
to learn efficiently in general RUMs with subset-wise
preferences and to the best of our knowledge we are
the first to address this general problem setup. In
a different direction, there has been work on batch
(non-adaptive) estimation in general RUMs, e.g.,
let all [2018} [Soufiani et al.l [2013)); however, this does
not consider the price of active learning and the asso-
ciated exploration effort required as we study here. A
related body of literature lies in dynamic assortment
selection, where the goal is to offer a subset of items
to customers in order to maximise expected revenue,
which has been studied under different choice models,
e.g. Multinomial-Logit (Talluri and Van Ryzin) 2004)),
Mallows and mixture of Mallows (Désir et al., 2016a)),
Markov chain-based choice models (Désir et al.l |2016D)),
single transition model etc., but again
each of this work addresses a given and a very specific
kind of choice model, and their objective is more suited
to regret minimization type framework where playing
every item comes with a associated cost.

2 Preliminaries

Notation. We denote by [n] the set {1,2,...,n}. For
any subset S C [n], let |S| denote the cardinality of
S. When there is no confusion about the context, we
often represent (an unordered) subset S as a vector,
or ordered subset, S of size |S| (according to, say, a
fixed global ordering of all the items [n]). In this case,
S(4) denotes the item (member) at the ith position in
subset S. ¥g = {0 | o is a permutation over items of
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S}, where for any permutation o € Xg, o(i) denotes
the element at the i-th position in o,i € [|S]]. 1(¢) is
generically used to denote an indicator variable that
takes the value 1 if the predicate ¢ is true, and 0
otherwise. =V y denotes the maximum of x and y, and
Pr(A) is used to denote the probability of event A, in
a probability space that is clear from the context.

2.1 Random Utility-based Discrete Choice
Models

A discrete choice model specifies the relative preferences
of two or more discrete alternatives in a given set.
Random Utility Models (RUMs) are a widely-studied
class of discrete choice models; they assume a (non-
random) ground-truth utility score 6; € R for each
alternative ¢ € [n], and assign a distribution D;(-|6;)
for scoring item ¢, where E[D; | ;] = 0;. To model
a winning alternative given any set S C [n], one first
draws a random utility score X; ~ D;(:|0;) for each
alternative in S, and selects an item with the highest
random score. More formally, the probability that an
item 7 € S emerges as the winner in set S is given by:

Pr(ilS) = Pr(X; > X, Yj€S\{i}) (1)

In this paper, we assume that for each item i € [n],
its random utility score X; is of the form X; = 0; + ¢,
where all the (; ~ D are ‘noise’ random variables drawn
independently from a probability distribution D.

A widely used RUM is the Multinomial-Logit (MNL) or
Plackett-Luce model (PL), where the D;s are taken to
be independent Gumbel(0, 1) distributions with loca-
tion parameters 0 and scale parameter 1 (Azari et al.)
2012)), which results in score distributions Pr(X; €
[z, 2+dz]) = e~ =0 e="""" 4z Vi € [n]. Moreover,
it can be shown that the probability that an alternative

1 emerges as the winner in any set S 3 4 is simply pro-
3.

edi
Zjes %"
Other families of discrete choice models can be obtained
by imposing different probability distributions over the

iid noise (; ~ D; e.g.,

portional to its score parameter: Pr(i|S) =

1. Ezponential noise: D is the Exponential(\) distri-
bution (A > 0).

2. Noise from Eztreme value distributions: D is the
Extreme-value-distribution(p, 0,€) (1 € R,o0 >
0,¢ € R). Many well-known distributions fall
in this class, e.g., Frechet, Weibull, Gumbel.
For instance, when y = 0, this reduces to the
Gumbel(, o) distribution.

3. Uniform noise: D is the (continuous) Uniform(a, b)
distribution (a,b € R,b > a).

4. Gaussian or Frechet, Weibull, Gumbel noise: D
is the Gaussian(p, o) distribution (€ R, 0 > 0).

5. Gamma noise: D is the Gamma(k, £) distribution
(where k, € > 0).

Other distributions D can alternatively be used for
modelling the noise distribution , depending on desired
tail properties, domain-specific information, etc.

Finally, we denote a RUM choice model, comprised
of an instance 8 = (61,0s,...,0,) (with its implicit
dependence on the noise distribution D) along with a
playable subset size k < n, by RUM(k, 0).

3 Problem Setting

We consider the probably approximately correct (PAC)
version of the sequential decision-making problem of
finding the best item in a set of n items, by making
only subset-wise comparisons.

Formally, the learner is given a finite set [n] of n > 2
items or ‘armsﬂ along with a playable subset size k < n.
At each decision round ¢t = 1,2, ..., the learner selects
a subset S; C [n] of k distinct items, and receives
(stochastic) feedback depending on (a) the chosen sub-
set Sy, and (b) a RUM(k,80) choice model with pa-
rameters 6 = (61,0s,...,0,) a priori unknown to the
learner. The nature of the feedback can be of several
types as described in Section [3.1] For the purposes of
analysis, we assume, without loss of generalityﬂ that
01 > 0;Vi € [n]\ {1} for ease of expositiorﬂ We define
a best item to be one with the highest score parameter:
i* € argmax 0; = {1}, under the assumptions above.
1€ [n]

Remark 1. Under the assumptions above, it follows
that item 1 is the Condorcet Winner (Zoghi et al.,|2014)
for the underlying pairwise preference model induced

by RUM(k, ).

3.1 Feedback models

We mean by ‘feedback model’ the information received
(from the ‘environment’) once the learner plays a subset
S C [n] of k items. Similar to different types of feedback
models introduced earlier in the context of the specific
Plackett-Luce RUM (Saha and Gopalanl, [2019), we
consider the following feedback mechanisms:

e Winner of the selected subset (WI: The en-
vironment returns a single item I € S, drawn

'terminology borrowed from multi-armed bandits

Zunder the assumption that the learner’s decision rule
does not contain any bias towards a specific item index

3The extension to the case where several items have the
same highest parameter value is easily accomplished.
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independently from the probability distribution
Pr(I =1i|S) = Pr(X; > X;, Vje S\ {i}) Vie
S, S C [n].

e Full ranking selected subset of items (FR):
The environment returns a full ranking o € Xg,
drawn from the probability distribution Pr(o =
olS) = H‘ii‘l Pr(X,um > Xo4), Vi € {i +
1,...]15|}), Vo € Xg. In fact, this is equivalent
to picking o (1) according to the winner feedback
from S, then picking o (2) from S\ {o(1)} follow-
ing the same feedback model, and so on, until all
elements from S are exhausted, or, in other words,
successively sampling |.S| winners from S according
to the RUM(k, ) model, without replacement.

3.2 PAC Performance Objective:
Correctness and Sample Complexity

For a RUM(k, @) instance with n > k arms, an arm
i € [n] is said to be e-optimal if 6; > 6; — e. A sequen-
tiaﬂ learning algorithm that depends on feedback from
an appropriate subset-wise feedback model is said to
be (e, 8)-PAC, for given constants 0 < e < %, 0<d<1,
if the following properties hold when it is run on any
instance RUM(k, 6): (a) it stops and outputs an arm
I € [n] after a finite number of decision rounds (subset
plays) with probability 1, and (b) the probability that
its output I is an e-optimal arm in RUM(k, 0) is at
least 1 — ¢, i.e, Pr(I is e-optimal) > 1 — §. Further-
more, by sample complexity of the algorithm, we mean
the expected time (number of decision rounds) taken
by the algorithm to stop when run on the instance
RUM(k, 0).

4 Connecting Subsetwise preferences
to Pairwise Scores

In this section, we introduce the key concept of Advan-
tage ratio as a means to systematically relate subsetwise
preference observations to pairwise scores in general
RUMs.

Consider any set S C [n], |S| = k, and recall that
the probability of item ¢ winning in S is Pr(i|S) :=
Pr(X; > X;, Vje[n]\{i}) forall i € S, S C [n]. For
any two items 4, j € [n], let us denote A;; = (6; — ;).
Let us also denote by f(-),F(-) and F(-) the proba-
bility density functionEL cumulative distribution func-

“We essentially mean a causal algorithm that makes
present decisions using only past observed information at
each time; the technical details for defining this precisely
are omitted.

®We assume by default that all noise distributions have
a density; the extension to more general noise distributions
is left to future work.

tion and complementary cumulative distribution func-
tion of the noise distribution D, respectively; thus,
F(z) = [*_ f(z)dz for any x € Support(D) and
F(z) = [° f(z)dz = 1— F(z) for any z € Support(D).

We now introduce and analyse the Advantage-Ratio
(Def. ; we will see in Sec. how this quantity helps
us deriving an improved sample complexity guarantee
for our (e, §)-PAC item identification problem.

Definition 1 (Advantage ratio and Minimum advan-
tage ratio). Given any subsetwise preference model
defined on n items, we define the advantage ratio of
item i over item j within the subset S C [n], i,j € S

as Advantage-Ratio(i, j,S) = g:gl‘?)

Moreover, given a playable subset size k, we define the
minimum advantage ratio, Min-AR, of item-i over j,
as the least advantage ratio of i over j across size-k
subsets of [n], i.e.,

Pr(i]S)

Min-AR(i, j) = i Pr(j|8)
in-AR(i, j) SCln].|S =k, 51,5 Pr(jl5)

(2)

The key intuition here is that when Min-AR(i,j) does
not equal 1, it serves as a distinctive measure for identi-
fying item ¢ and j separately irrespective of the context
S. We specifically build on this intuition later in Sec.
[5.1]to propose a new algorithm (Alg. [I)) which finds the
(e,0)-PAC best item relying on the unique distinctive
properly of the best-item 6; > 6;Vj € [n] \ {1} (as
described in Sec. .

The following result shows a variational lower bound,
in terms of the noise distribution, for the minimum ad-
vantage ratio in a RUM(k, @) model with independent
and identically distributed (iid) noise variables, that is
often amenable to explicit calculation/bounding.
Lemma 2 (Variational lower bound for the advantage
ratio). For any RUM(k,0) based subsetwise preference
model and any item pair (i,j)ﬁ

Pr(X; > max(X,,
Min-AR(i,5) > min r(Xi > max(; Z))
zeR Pr(X; > max(Xi,z))

3)

Moreover for RUM(k,0) models one can show that
for any triplet (i,7,5), Pr(Xi > max(X;,z)) = F(z —
0;)F(z—0;) + f:fej F(z — Ayj) f(x)dz, which further
lower bounds Min-AR(3, j) by:
- F(z— 0;)F(z—0;) + f:jaj F(x — Ajj) f(z)dx
min — —— .
z€R F(Z — QZ)F(Z — Hj) —+ fzfei F($ —+ A”)f(:r)das

The proof of the result appears in Appendix [A]
Fig. || shows a geometrical interpretation behind Min-
AR(t, ), under the joint realization of the pair of values

(Gir Gj)-

SWe assume % to be oo in the right hand side of Eqn.



Saha, Gopalan

Figure 1: A two-dimensional geometrical interpretation
for the quantity Min-AR(i,j). Let z € R be a random
variable denoting the max score observed for the rest
of the items, i.e. max,cg\ (4,53 Xo- Let the blue, green
and red dot respectively denote the position of z, z —6;
and z—0;. With X; = 6;,+(;, Vi € [n], the green shaded
region is where X; > max(X;, z), the red shaded region
is where X; > max(X}, z) i.e. item ¢ is the winner, and
the white rectangle is where max(X;, X;) < z i.e. some
other item wins. The shape of the green and red region
varies as z moves on R (in the hindsight this basically
covers the realizations of all z over all possible subsets
S)-Min-AR(i, j) is attained at the particular z where
the ratio of the mass of the red and green region is
minimized (see Eqn. for details).
Remark 2. § S = i jes 2rdl8)
emark 2. Suppose S := argmin|gi—i jes ;13-
It is sufficient to consider the domain of z in the right
hand side of to be just the set max,cg\ ;3 0r +
support(D), as the proof of Lemma brings out. How-
ever, for simplicity we use a smaller lower bound in
Egn. [3 and take z € R.

We next derive the Min-AR(%, j) values certain specific
noise distributions:

Lemma 3 (Analysing Min-AR for specific noise mod-
els). Given a fized item pair (i,j) such that 6; > 0;,
the following bounds hold under the respective noise

models in an itd RUM.
1. Exponential(\): Min-AR(i,7) > e®i > 1+ Ay
for Ezxponential noise with A = 1.

distribution(u, o, x): For
0) noise, Min-

2. Extreme wvalue

Gumbel(pu,0)  (x
Ay
AR(i,j)=e= >1+

Aiy
3. Uniform(a,b): Min-AR(i,j) > 1+ % for
Uniform(a,b) noise (a,b € R,b > a, and Ay; < 5).

4. Gamma(k,&): Min-AR(i, )
Gamma(2,1) noise.

2 1 + Aij fOT’

5. Weibull(\, k): Min-AR(i,7) > e*i > 1+ AA;
for (k=1).

6. Normal N'(0,1): 3¢ > 0 such that, for A;; small
enough (in a neighborhood of 0), Min-AR(i,j) >
1 + CAij .

The proof appears in Appendix

5 An optimal algorithm for the
winner feedback model

In this section, we propose an algorithm (Sequential-
Pairwise-Battle, Algorithm [1)) for the (e, §)-PAC objec-
tive with winner feedback. We then analyse its correct-
ness and sample complexity guarantee (Theorem {4 for
any noise distribution D (under a mild assumption of
its being Min-AR bounded away from 1). Following
this, we also prove a matching lower bound for the
problem which shows that the sample complexity of
Algorithm Sequential- Pairwise-Battle is unimprovable
(up to a factor of log k).

5.1 The Sequential-Pairwise-Battle algorithm

Our algorithm is based on the simple idea of dividing
the set of n items into sub-groups of size k, querying
each subgroup ‘sufficiently enough’, retaining thereafter
only the empirically ‘strongest item’ of each sub-group,
and recursing on the remaining set of items until only
one item remains.

More specifically, it starts by partitioning the initial
item pool into G := [#] mutually exclusive and ex-
haustive sets G, Ga, - - - Gg such that US_,G; = S and
Gg;inNGgy =0, ¥j,5 € [G] |G| =k, Vj € [G—1]. Each
set Gg, g € [G] is then queried for t = O(%ln %)
rounds, and only the ‘empirical winner’ ¢, of each
group ¢ is retained in a set S, rest are discarded. The
algorithm next recurses the same procedure on the
remaining set of surviving items, until a single item is
left, which then is declared to be the (e, d) PAC-best
item. Algorithm [I| presents the pseudocode in more
detail.

Key idea: The primary novelty here is how the al-
gorithm reasons about the ‘strongest item’ in each
sub-group G,: It maintains the pairwise preferences
of every item pair (7,7) in any sub-group G, and sim-
ply chooses the item that beats the rest of the items
in the sub-group with a positive advantage of greater
than 1 (alternatively, the item that wins maximum
number of subset-wise plays). Our idea of maintaining
pairwise preferences is motivated by a similar algo-
rithm proposed in (Saha and Gopalan, 2019); how-
ever, their performance guarantee applies to only the
very specific class of Plackett-Luce feedback models,
whereas the novelty of our current analysis reveals the
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Algorithm 1 Sequential-Pairwise-Battle(Seq-PB)
1: Input:
2 Set of items: [n], Subset size: n >k > 1
3 Error bias: € > 0, Confidence parameter: § > 0
4 Noise model (D) dependent constant ¢ > 0
5: Initialize:
6
7

Se[n},eoe%,and&)eg

: Divide S into G := [ %] sets G1,Ga, ..., Gg such

that Uszlgj = S and gj N gj/ = (Z), Vj7j/ S [G],
where |G| =k, Vj € [G —1]

If |Gg| < k, thenset Ry + Ggand G =G —1

9: while ¢/ =1,2,... do
10: Set S + @, O¢ 5551,62 — %62_1
11: forg=1,2,...,G do

*®

12: Play the set G, for t := (% In £—| rounds
13: w; <— Number of times ¢ won in ¢ plays of G,
Vi€ G,
14: Set ¢4 <= argmax w; and S < SU {¢y}
i€A

15:  end for
16: S+ SURy

17 if (]S] ==1) then

18: Break (go out of the while loop)

19:  else if |S| < k then

20: S’ < Randomly sample k& — |S| items from

[n]\S,and S+ SUS", e« 5,006
21:  else
22: Divide S into G := f%] sets G1,Ga,...,Ga,
such that US,G; = S, and G; NGy =
0, Vj,j" € [G], where |G| =k, Vj € [G — 1]

23: If |Gg| < k, then set Ry41 < Gg and G =
G-1
24:  end if

25: end while
26: Output: The unique item left in S

power of maintaining pairwise-estimates for more gen-
eral RUM(k, ) subsetwise model (which includes the
Plackett-Luce choice model as a special case). The
pseudo code of Sequential-Pairwise-Battle is given in

Alg.

The following is our chief result; it proves correctness
and a sample complexity bound for Algorithm [T}

Theorem 4 (Sequential-Pairwise-Battle: Correctness
and Sample Complexity). Consider any iid subsetwise
preference model RUM(k,0) based on a noise distri-
bution D, and suppose that for any item pair i,j, we
have Min-AR(i,5) > 1+ 410?21'5 for some D-dependent
constant ¢ > 0. Then, Algorithm [1], with input con-
stant ¢ > 0, is an (€,0)-PAC algorithm with sample

complezity O( % log £).

The proof of the result appears in Appendix

Remark 3. The linear dependence on the total num-

ber of items, n, is, in effect, indicates the price to
pay for learning the n unknown model parameters
0 = (01,...,0,) which decide the subsetwise winning
probabilities of the n items. Remarkably, however, the
theorem shows that the PAC sample complexity of the
(e,0)-best item identification problem, with only winner
feedback information from k-size subsets, is indepen-
dent of k (except some mild logarithmic dependencies).
One may expect to see improved sample complexity as
the number of items being simultaneously tested in each
round is large (k > 2), but note that on the other side,
the sample complexity could also worsen, since it is also
harder for a good item to win and show itself in a few
draws against a large population of k —1 other competi-
tors — these effects roughly balance each other out, and
the final sample complexity only depends on the total
number of items n and the accuracy parameters (e, 9).

Note that Lemma [3] gives specific values of the noise-
model D dependent constant ¢ > 0, using which we can
derive specific sample complexity bounds for certain
noise models:

Corollary 5 (Model specific correctness and sample
complexity guarantees). For the following representa-
tive noise distributions: Exponential(1), Gumbel(u, o)
Gamma(2,1), Uniform(a,b), Weibull(A,1), Standard
normal or Normal(0,1), Seq-PB (Algld)) finds an (e, d)-
PAC item within sample complexity O(Eﬂ2 In %)

Proof sketch. The proof follows from the general per-
formance guarantee of Seq-PB (Thm. [4) and Lem.
More specifically from Lem. [3]it follows that the value
of ¢ for these specific distributions are constant, which
concludes the claim. For completeness the distribution-
specific values of ¢ are given in Appendix O

5.2 Sample Complexity Lower Bound

In this section we derive a sample complexity lower
bound for any (e, d)-PAC algorithm for any RUM(k, 8)
model with Min-AR(i, j) strictly bounded away from 1
in terms of A;;. Our formal claim goes as follows:

Theorem 6 (Sample Complexity Lower Bound for
RUM(k,0) model). Given e € (0,%], 6 € (0,1], ¢ >
0 and an (¢,0)-PAC algorithm A with winner item
feedback, there exists a RUM(k, 0) instance v with Min-
AR(3,5) > 1+4cA;;j for alli, j € [n], where the expected
sample complexity of A on v is at least Q(# In ﬁ),

The proof is given in Appendix [B:3] It essentially
involves a change of measure argument demonstrating
a family of Plackett-Luce models (iid Gumbel noise),
with the appropriate ¢ value, that cannot easily be
teased apart by any learning algorithm.

Comparing this result with the performance guarantee
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of our proposed algorithm (Theorem @ shows that
the sample complexity of the algorithm is order-wise
optimal (up to a logk factor). Moreover, this result
also shows that the ITA (independence of irrelevant
attributes) property of the Plackett-Luce choice model
is not essential for exploiting pairwise preferences via
rank breaking, as was claimed in (Saha and Gopalan),
2019). Indeed, except for the case of Gumbel noise,
none of the RUM(k, 8) based models in Corollary

satisfies ITA, but they all respect the O(E% In %) (,9)-

PAC sample complexity guarantee.

Remark 4. For constant ¢ = O(1), the fundamental
sample complexity bound of Theorem[f] resembles that
of PAC best arm identification in the standard multi-
armed bandit (MAB) problem (Fven-Dar et al., |2006]).
Recall that our problem objective is exactly same as
MAB, however our feedback model is very different since
in MAB, the learner gets to see the noisy rewards/scores
(i.e. the exact values of X;, which can be seen as a
noisy feedback of the true reward/score 0; of item-i),
whereas here the learner only sees a k-wise relative
preference feedback based on the underlying observed
values of X;, which is a more indirect way of giving
feedback on the item scores, and thus intuitively our
problem objective is at least as hard as that of MAB
setup.

6 Results for Top-m Ranking (TR)
feedback model

We now address our (¢, 4)-PAC item identification prob-
lem for the case of more general, top-m rank ordered
feedback for the RUM(k, 0) model, that generalises
both the winner-item (WI) and full ranking (FR) feed-
back models.

Top-m ranking of items (TR-m): In this feed-
back setting, the environment is assumed to return
a ranking of only m items from among S, i.e., the
environment first draws a full ranking o over S ac-
cording to RUM(k, 6) as in FR above, and returns
the first m rank elements of o, i.e., (6(1),...,0(m)).
It can be seen that for each permutation ¢ on a sub-
set S, C S, |Sm| = m, we must have Pr(o =c|S) =
[T2, Pr(Xew > Xog), Vi € {i+1,...m}), Vo € 7,
where by X5 we denote the set of all possible m-
length ranking of items in set .S, it is easy to note
that |S| = (:fl)m!. Thus, generating such a o is also
equivalent to successively sampling m winners from S
according to the PL model, without replacement. It
follows that TR reduces to FR when m = k = |S| and
to WI when m = 1. Note that the idea for top-m rank-
ing feedback was introduced by (Saha and Gopalan)
2018a) but only for the specific Plackett Luce choice
model.

6.1 Algorithm for top-m ranking feedback

In this section, we extend the algorithm proposed earlier
(Alg. to handle feedback from the general top-m
ranking feedback model. We also show that we can
achieve an %—factor improved sample complexity rate
with top-m ranking feedback (Thm. @ We finally give
a fundamental sample complexity bound (Thm. ,
which shows the optimality of our proposed algorithm
mSeq-PB up to logarithmic factors.

Main idea: Same as Seq-PB, the algorithm proposed
in this section (Alg. in principle follows the same
sequential elimination based strategy to find the near-
best item of the RUM(k, 8) model based on pairwise
preferences. However, we use the idea of rank breaking
(Soufiani et all 2014; [Saha and Gopalan} 2018a)) to
extract the pairwise preferences: formally, given any
set Sofsize k, if o € X, (Sp, € S, |Sim| = m) denotes
a possible top-m ranking of S, then the Rank-Breaking
subroutine considers each item in S to be beaten by its
preceding items in o in a pairwise sense. For instance,
given a full ranking of a set of 4 elements S = {a, b, ¢, d},
say b > a > ¢ = d, Rank-Breaking generates the set of
6 pairwise comparisons: {(b > a), (b = ¢), (b = d), (a =
¢),(a>=d),(c>d)} etc.

As a whole, our new algorithm now again divides
the set of n items into small groups of size k, say
Gi,...Ga, G = [%], and play each sub-group some

t:O( k

me?

In %) many rounds. Inside any fixed sub-

group Gy, after each round of play, it uses Rank-
Breaking on the top-m ranking feedback o € Eg:,

to extract out (3') + (k—m)m many pairwise feedback,

which is further used to estimate the empirical pairwise
preferences p;; for each pair of items 4, j € G,. Based
on these pairwise estimates it then only retains the
strongest item of G, and recurse the same procedure
on the set of surviving items, until just one item is left
in the set. The complete algorithm is given in Alg.

(Appendix .

Theorem [7] analyses the correctness and sample com-
plexity bounds of mSeq-PB. Note that the sample com-
plexity bound of mSeq-PB with top-m ranking (TR)
feedback model is L--times that of the WI model (Thm.
. This is justified since intuitively revealing a ranking
on m items in a k-set provides about m many WI feed-
back per round, which essentially leads to the m-factor
improvement in the sample complexity.

Theorem 7 (mSeq-PB(Alg. [2): Correctness and
Sample Complexity). Consider any RUM(k,8) sub-
setwise preference model based on noise distribution
D and suppose for any item pair i,j, we have Min-
AR(i,j) > 1+ 41€_A2ic" for some D-dependent constant
¢ > 0. Then mSeq-PB (Alg@ with input constant
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¢ > 0 on top-m ranking feedback model is an (e,6)-
PAC algorithm with sample complexity O (5 log %)

(Proof is given in Appendix[C.2}) Similar to Cor. [5] for
the top-m model again, we can derive specific sample
complexity bounds for different noise distributions, e.g.,
Ezxponential, Gumbel, Gaussian, Uniform, Gamma etc.,
in this case as well.

6.2 Lower Bound: Top-m ranking feedback

In this section, we analyze the fundamental limit of
sample complexity lower bound for any (¢, )-PAC al-
gorithm for RUM(k, @) model.

Theorem 8 (Sample Complexity Lower Bound for
RUM(k, 8) model with TR-m feedback). Given € €
(0,1] and 6 € (0,1], and an (e, 8)-PAC algorithm A with
winner item feedback, there exists a RUM(k, @) instance
v, in which for any pair i,j € [n] Min-AR(i,j) >
1+ 4cA;j, where the expected sample complexity of A
on v with top-m ranking feedback has to be at least

Q(mc’;62 In 2111(;) for A to be (¢,6)-PAC.
(The proof is given in Appendix ) Similar to the
case of winner feedback, comparing Theorem [7| with
the above result shows that the sample complexity
of mSeq-PB is orderwise optimal (up to logarithmic
factors), for general case of top-m ranking feedback as
well.

7 Experiments

To complement our theoretical guarantees, we carry
out some empirical simulations, as detailed below.

RUM models. We use the following 4 different
noise models: 1. Gumbel(0, 1), 2. Normal(0,1), 3.
Uniform(0,1), 4. Exponential(1).

Utility Scores. Towards modelling different RUM
based choice models, we combine the above noise mod-
els with the following 4 different ground utility scores
(@): 1. bl: 6, = 0.8, §; = 0.6, otherwise. 2. gl:
01 = 0.8, 6; = 0.2, otherwise. 3. geo: fy = 1, % =
0.9, Vi € [Tl} 4. arith: 01 = 1,91'701‘4_1 = 001, Vi € [n]
with respectively n = 8,16,50 and 100 items.

All reported performances are averaged across 50 runs.
To the best of our knowledge no known algorithm
address our problem setup for general RUM models,
unfortunately we could not compare our method (Alg.
and [2) with any baseline. Given the above setup, we
run two types the experiments to investigate:

Success probability (1 — ) (i.e. rate of correct-

ness) vs sample complexity. We set k = 5, m = g,

€ = miny; |§; — 0] (i.e. the minimum pairwise gap
among the utility scores) for each different environ-
ment. As expected from Thm 4, 6—with higher sample
complexity, the success probability 1 — d goes to 1 for
each noise model showing that the algorithm is almost
always correct with sufficient queries; similarly for lower
number of observations the algorithms errors too often.

- 1)
1 =Normal(0,1)
“Uniform(0,1) .+
0.5 Exponenlial(l)"

o 7

success-rate (1-3)
S
Q

**Gumbel(0,1)
=Normal(0,1)
**Uniform(0,1)

success-rate (1-3)

2 g g o 0
sample complexity
arith geo

? 1+ Gumbel(0,1)
=Normal(0,1)
5} ** Uniform(0,1)
Exponential(1)

=Normal(0,1)
** Uniform(0,1)
Exponential(1)

success-rate (1-3)
)

Q
success-rate (1-3)
)

Q
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=)

' o’ 10* 10°
sample complexity

10 10
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Figure 2: Success probability (1 — ¢) vs sample com-
plexity of Alg. [1] on different utility score-noise model
combination

Sample complexity vs length of rank-ordered
feedback (m). We run these expeiments on the geo
dataset. Fig. shows that the sample complexity
seem to scale as O(1) while ¢, § is kept fixed to 0.1
(validating the claim from Thm. [7)).
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Figure 3: Sample complexity vs length of rank-ordered
feedback (m) of Alg. [2Jon geo utility score for different
RUM models

1 2 4 8 16
top-ranking size (m)

8 Conclusion and Future Directions

We have identified a new principle to learn with general
subset-size preference feedback in general iid RUMs —
rank breaking followed by pairwise comparisons. This
is by extending the concept of pairwise advantage from
the Plackett-Luce (PL) choice model to more general
RUMs, and by showing that the ITA property that PL
models enjoy is not essential for optimal sample com-
plexity. Several interesting directions exist for future
investigation, e.g., considering correlated noise models
(more general RUMs), explicitly modeling item features
or attributes, other metrics like regret for online util-
ity optimization, and relative preference learning in
time-correlated Markov Decision Processes.



Saha, Gopalan

Acknowledgements. This work was supported by
the Qualcomm Innovation Fellowship IND-417067,
2019, and by a grant from the Robert Bosch Centre for
Cyber-Physical Systems, Indian Institute of Science.

References

Ailon, N., Karnin, Z. S., and Joachims, T. (2014).
Reducing dueling bandits to cardinal bandits. In
ICML, volume 32, pages 856-864.

Audibert, J.-Y. and Bubeck, S. (2010). Best arm iden-
tification in multi-armed bandits. In COLT-23th
Conference on Learning Theory-2010, pages 13—p.

Avzari, H., Parkes, D., and Xia, L. (2012). Random
utility theory for social choice. In Advances in Neural
Information Processing Systems, pages 126—-134.

Bliss, C. I. (1934). The method of probits. Science.

Busa-Fekete, R., Hiillermeier, E., and Szorényi, B.
(2014a). Preference-based rank elicitation using sta-
tistical models: The case of mallows. In Proceedings
of The 31st International Conference on Machine
Learning, volume 32.

Busa-Fekete, R., Szorenyi, B., Cheng, W., Weng, P.,
and Hillermeier, E. (2013). Top-k selection based
on adaptive sampling of noisy preferences. In In-

ternational Conference on Machine Learning, pages
1094-1102.

Busa-Fekete, R., Szorényi, B., and Hiillermeier, E.
(2014b). Pac rank elicitation through adaptive sam-
pling of stochastic pairwise preferences. In AAAIL
pages 1701-1707.

Chen, X., Gopi, S., Mao, J., and Schneider, J. (2017).
Competitive analysis of the top-k ranking problem.
In Proceedings of the Twenty-Eighth Annual ACM-

SIAM Symposium on Discrete Algorithms, pages
1245-1264. SIAM.

Chen, X., Li, Y., and Mao, J. (2018). A nearly in-
stance optimal algorithm for top-k ranking under
the multinomial logit model. In Proceedings of the
Twenty-Ninth Annual ACM-SIAM Symposium on
Discrete Algorithms, pages 2504-2522. STAM.

Désir, A., Goyal, V., Jagabathula, S., and Segev, D.
(2016a). Assortment optimization under the mallows
model. In Advances in Neural Information Processing
Systems, pages 4700-4708.

Désir, A., Goyal, V., Segev, D., and Ye, C. (2016D).
Capacity constrained assortment optimization under
the markov chain based choice model. Operations
Research.

Even-Dar, E., Mannor, S., and Mansour, Y. (2006).
Action elimination and stopping conditions for
the multi-armed bandit and reinforcement learning

problems. Journal of machine learning research,
7(Jun):1079-1105.

Falahatgar, M., Hao, Y., Orlitsky, A., Pichapati, V.,
and Ravindrakumar, V. (2017). Maxing and rank-
ing with few assumptions. In Advances in Neural
Information Processing Systems, pages 7063—7073.

Gajane, P., Urvoy, T., and Clérot, F. (2015). A rela-
tive exponential weighing algorithm for adversarial
utility-based dueling bandits. In Proceedings of the
82nd International Conference on Machine Learning,
pages 218-227.

Gongzélez, J., Dai, Z., Damianou, A., and Lawrence,
N. D. (2017). Preferential Bayesian optimization.
In Proceedings of the 34th International Conference
on Machine Learning-Volume 70, pages 1282—-1291.
JMLR. org.

Jamieson, K., Malloy, M., Nowak, R., and Bubeck, S.
(2014). 1il’ ucb : An optimal exploration algorithm
for multi-armed bandits. In Balcan, M. F., Feldman,
V., and Szepesvari, C., editors, Proceedings of The
27th Conference on Learning Theory, volume 35 of

Proceedings of Machine Learning Research, pages
423-439. PMLR.

Jang, M., Kim, S., Suh, C., and Oh, S. (2017). Optimal
sample complexity of m-wise data for top-k ranking.
In Advances in Neural Information Processing Sys-
tems, pages 1685—1695.

Kalyanakrishnan, S., Tewari, A., Auer, P., and Stone,
P. (2012). Pac subset selection in stochastic multi-
armed bandits. In ICML, volume 12, pages 655-662.

Karnin, Z., Koren, T., and Somekh, O. (2013). Almost
optimal exploration in multi-armed bandits. In In-
ternational Conference on Machine Learning, pages
1238-1246.

Kaufmann, E., Cappé, O., and Garivier, A. (2016). On
the complexity of best-arm identification in multi-
armed bandit models. The Journal of Machine Learn-
ing Research, 17(1):1-42.

Khetan, A. and Oh, S. (2016). Data-driven rank break-
ing for efficient rank aggregation. Journal of Machine
Learning Research, 17(193):1-54.

Luce, R. D. (2012). Individual choice behavior: A
theoretical analysis. Courier Corporation.

Mohajer, S., Suh, C., and Elmahdy, A. (2017). Active
learning for top-k rank aggregation from noisy com-

parisons. In International Conference on Machine
Learning, pages 2488-2497.

Nip, K., Wang, Z., and Wang, Z. (2017). Assortment
optimization under a single transition model.

Plackett, R. L. (1975). The analysis of permutations.
Journal of the Royal Statistical Society: Series C
(Applied Statistics), 24(2):193-202.



Best-item Learning in Random Utility Models with Subset Choices

Popescu, P. G., Dragomir, S., Slusanschi, E. I., and
Stanasila, O. N. (2016). Bounds for Kullback-Leibler
divergence. FElectronic Journal of Differential Equa-
tions, 2016.

Ren, W., Liu, J., and Shroff, N. B. (2018). Pac ranking
from pairwise and listwise queries: Lower bounds
and upper bounds. arXiv preprint arXiv:1806.02970.

Saha, A. and Gopalan, A. (2018a). Active ranking with
subset-wise preferences. International Conference on
Artificial Intelligence and Statistics (AISTATS).

Saha, A. and Gopalan, A. (2018b). Battle of bandits.
In Uncertainty in Artificial Intelligence.

Saha, A. and Gopalan, A. (2019). PAC Battling Ban-
dits in the Plackett-Luce Model. In Algorithmic
Learning Theory, pages 700-737.

Soufiani, H. A., Diao, H., Lai, Z., and Parkes, D. C.
(2013). Generalized random utility models with mul-
tiple types. In Advances in Neural Information Pro-
cessing Systems, pages 73-81.

Soufiani, H. A., Parkes, D. C., and Xia, L. (2014). Com-
puting parametric ranking models via rank-breaking.
In ICML, pages 360-368.

Sui, Y., Zhuang, V., Burdick, J. W., and Yue, Y. (2017).
Multi-dueling bandits with dependent arms. arXiv
preprint arXiw:1705.00253.

Szorényi, B., Busa-Fekete, R., Paul, A., and
Hillermeier, E. (2015). Online rank elicitation for
plackett-luce: A dueling bandits approach. In Ad-
vances in Neural Information Processing Systems,
pages 604-612.

Talluri, K. and Van Ryzin, G. (2004). Revenue man-
agement under a general discrete choice model of
consumer behavior. Management Science, 50(1):15—
33.

Thurstone, L. L. (1927). A law of comparative judg-
ment. Psychological review, 34(4):273.

Urvoy, T., Clerot, F., Féraud, R., and Naamane, S.
(2013). Generic exploration and k-armed voting ban-
dits. In International Conference on Machine Learn-
ing, pages 91-99.

Yue, Y. and Joachims, T. (2009). Interactively opti-
mizing information retrieval systems as a dueling
bandits problem. In Proceedings of the 26th An-

nual International Conference on Machine Learning,
pages 1201-1208. ACM.

Yue, Y. and Joachims, T. (2011). Beat the mean bandit.
In Proceedings of the 28th International Conference
on Machine Learning (ICML-11), pages 241-248.

Zhao, Z., Villamil, T., and Xia, L. (2018). Learning
mixtures of random utility models. In Thirty-Second
AAAI Conference on Artificial Intelligence.

Zoghi, M., Whiteson, S., and de Rijke, M. (2015).
Mergerucb: A method for large-scale online ranker
evaluation. In Proceedings of the Eighth ACM Inter-
national Conference on Web Search and Data Mining,

pages 17-26. ACM.

Zoghi, M., Whiteson, S., Munos, R., and de Rijke,
M. (2013). Relative upper confidence bound for the
k-armed dueling bandit problem. arXiv preprint
arXiw:1312.3393.

Zoghi, M., Whiteson, S., Munos, R., Rijke, M. d., et al.
(2014). Relative upper confidence bound for the k-
armed dueling bandit problem. In JMLR Workshop
and Conference Proceedings, number 32, pages 10—18.
JMLR.



Saha, Gopalan

Supplementary for Best-item Learning in Random Utility Models
with Subset Choices

A Appendix for Section

A.1 Proof of Lemma 2

Lemma 2 (Variational lower bound for the advantage ratio). For any RUM(k,0) based subsetwise preference
model and any item pair (i,j)m
Pr(X; > max(X}, 2))

M. _AR C s . . 3
in-AR(i, j) > R Pr(X; > max(X;, 2)) B

Moreover for RUM(k,8) models one can show that for any triplet (i,j,S), Pr(X; > max(X;,z)) = F(z —
0;)F(z—0;) + f:jej F(z — Ayj) f(x)dz, which further lower bounds Min-AR(i,j) by:

- F(z—0;)F(z—6;) + f:jej F(x — Ay) f(2)da
z€R F(Z — GZ)F(Z — GJ) + f;jei F(.’E + A”)f(x)dx

Proof. Let us fix any subset S and two consider the items ¢,j € S such that §; > ;. Recall that we also denote
by Ai; = (0; —0;). Let us define a random variable X = max,.¢ S\(i} X, that denotes the maximum score value
taken by the rest of the items in set S. Note that the support of X2, say denoted by supp(X?) = max,cs\ (5,5} Or+

supp(D).

Let us also denote S := arg mingc [n||s|=k g:gl‘?) We have:

, o Pr(ilS)  Pr{X:> X;}n{X;> X, Vre S\ {i,j
Min-ARG ) = PT((J'||5)) N PT(%X;‘ > Xzi n %Xj > X, Vr € 5&{2,;]},3
~ Pr({X; > X3 0 {X; > X2}1))
Pr({X; > X;} n{X; > X5})
 Jappxs Pr({Xi > 2} 0{Xi > Xj}) fxs (2)da
= fsupPX§ Pr({X; >z} n{X; > Xi})fX§(x)dx

) _ _ 1 Prixien{xi>x;})
fSHPPX? Pr({XZ > )N {X] = XZ}) Pr({Xi>I}m{Xj>Xi})

fsupr§ Pr({Xi >zn{X; > Xi})fX;@ (z)dz
in Pr({X; > 2} n{X; > X;}) fsuppxg’ Pr({X; >z} n{X; > Xi}) fx
z€supp(XS) P’I“({Xl > Z} n {Xj > Xz}) fsupr§ P?‘({Xi > SL’} N {Xj > Xz})fx
R, Pr({X; > max(X}, 2)})
zEsupp(X,?) Pr({Xg > maX(Xiﬂ Z)})
* min Pr({X; > max(Xj, 2)})
zeR Pr({X; > max(X;,2)})

fX§ (z)dx

(x)dx
(x)dx

V

Sun (Y

Let us now introduce a random variable Y = max(X,,z). Now owing to the ‘independent and identically
distributed noise’ assumption of the RUM(k, ) model, we can further show that:

Pr(X; > max(X;,2)) = Pr(X; >Y) =Pr({X; > Y}n{Y =z}) + Pr({X; > Y} n{Y > 2})

"We assume % to be oo in the right hand side of Eqn.
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Pr({X; >z} |[{Y =2})Pr(X; < z)+ Pr({X; > Y}n{Y > z})
Pr({G+6; > 2})Pr(¢; +6; < 2) + Pr({X; > X;} n{X; > 2})
Pr{G >z =03)Pr(¢ < z=0;) + Pr({G > ¢ = (6 = 6,)} 0 {¢ > 2 = 6,})

oo

=F(z 9')1*:’(,2—92»)—&-/_0‘F’(ﬂc—Aij)f(a:)da:7

which proves the claim. O

A.2 Proof of Lemma [3]

Lemma 3 (Analysing Min-AR for specific noise models). Given a fizved item pair (3, ) such that 6; > 0;, the
following bounds hold under the respective noise models in an iid RUM.

1. Ezponential(\): Min-AR(i,j) > e®ii > 1+ A;; for Ezponential noise with A = 1.

2. Extreme value distribution(u, o, x): For Gumbel(u, o) (x = 0) noise, Min-AR(i,j) = e =

3. Uniform(a,b): Min-AR(i,j) > 1+ > - 284 2 for Uniform(a,b) noise (a,b € R,b > a, and Ai; < 5).

4. Gamma(k,§): Min-AR(i,5) > 1+ A;; for Gamma(2,1) noise.

5. Weibull(\, k): Min-AR(i,j) > e*ii > 1+ \A;; for (k= 1).

6. Normal N'(0,1): 3¢ > 0 such that, for A;; small enough (in a neighborhood of 0), Min-AR(i,5) > 1+ cA;j.

Proof. We can derive the Min-AR(i,j) values for the following distributions by simply applying the lower bound

F(z2—0;)F(z2—0:)+[>°, Agj) f(z)de
formula stated in Thm. (mlnzeR F(z—0)F(z—0;,)+ >, F(T+L\'J~)f("f)d?"
(@) dx

> along with their specific density functions
as stated below for each specific distributions:

1. Exponential noise:

When the noise distribution D is Ezponential(1), i.e. ;,; i Ezponential(1) note that: f(x) =e™*, F(z) =1—e™%,
and support(D) = [0, 00).

2. Gumbel noise:

i, p—p _(z—p)
When the noise distribution D is Gumbel(u, o), i.e. ¢, w Gumbel(u, o) note that: f(x) = - ’

(z—p)

F(r)=e=¢ ° , and support(D) = (—o0, 00).

3. Uniform noise case:

When the noise distribution D is Uniform(a,b), i.e. ;,(; i Uniform(a, b) note that: f(z) = 2, F(z) = =2
and support(D) = [a, b].

4. Gamma noise:

When the noise distribution D is Gamma(k,§), with k = 2 and £ =1, ie. (,(; . Gamma(2,1) note that:
fx)=ze ™ F(z)=1—e"* —ze ®, and support(D) = [0, c0).

5. Weibull noise:

When the noise distribution D is Weibull(\, k), with k=1, i.e. §,(; i Weibull(\, 1) note that: f(z) = +e~
F(z) =1— e~ %, and support(D) = [0, 00).

e

6. Gaussian noise. (sketch) Note that Gaussian distributions do not have closed form CDFs and are difficult

to compute in general, so we propose a different line of analysis specifically for the Gaussian noise case: Take the
noise distribution to be standard normal, i.e., (;, (; ~ by N(0,1), with density f(z) = \/%6_12/2. When X; = 6,4+ ;
and X; = 0; + (; with A;; = 0; — 0; > 0, we describe a method to find a lower bound for the quantity

of Pr(X; > max(Xj, z))
in .
zeR Pr(X; > max(X;, z))
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First, note that by translation, we can take 6; = 0 and 0; = A without loss of generality. Doing so allows us to
write

Pr(X, > max(X;,2)) = F(2)(1 - F(z — A)) + / T(= Fly - A) S )y = g(A, 2),

where
g(a,b) = Prw vy~n(a,1)xA(0,1) [U > max(V,b)].
It follows that

oo

Pr(X; > max(X;, ) = F(z — A)(1— F(2)) + / P+ A)fw)dy = g(-A,z - A)

With this notation, we wish to minimize the ratio % over z € R.

Notice that ¢(0, z) = 2= F ) and aggﬁ’z) =F(2)f(z—A)+ [° f(y — A) f(y)dy. Hence, up to first order, for A
small enough, we haveﬂ
dg(A',z
JA2) L gl0)+ AR,
_ _ 9g(A,z—A
g(—=A,z— A) 9(0,z — A) — A%M:O

L - B0 4 AFGf() + A [T )y

1B ARGz - A)f(z—A) = A [7°, f(y)2dy
_Mmi)
= h2(2)7 say.

Differentiating the above ratio w.r.t. z and equating it to 0 to find its minimum, we obtain the condition

hi (2 ha(z) = ha(2:)hy(2)
& (1= A)F(2)f (2)ha(z) = (L+ A)VF (2, — A)f (20 — A (2.). (4)
The solution z, to is 0 for A = 0. Since the Gaussian density is infinitely smooth, it follows that there exists

a universal constant ¢; > 0 such that the solution z, to , for a general small A is, z, = ¢;A up to first order.
This implies that

hi(z) 3 ELB) L AF(e1A) f(erd) + A [ f(y)?dy
ha(z) 1 Fz(CIZA_A) — AF(—c1A)f(—a1 ) = A [75 5 Fy)2dy
~ 1+ cA,

for a universal constant ¢ > 0. This concludes the argument.

B Appendix for Section

B.1 Proof of Theorem [4]

Theorem 4 (Sequential-Pairwise-Battle: Correctness and Sample Complexity). Consider any iid subsetwise

preference model RUM(k,0) based on a noise distribution D, and suppose that for any item pair i,j, we have
Min-AR(i,j) > 1+ 416 T2 for some D-dependent constant ¢ > 0. Then, Algorithm |1, with input constant ¢ > 0, is

an (€,0)-PAC algorithm with sample complexity O( = log 5).

Proof. We start by analyzing the required sample complexity of Sequential-Pairwise-Battle. Note that at any
iteration ¢, any set G, is played for exactly ¢ = % In % many number of rounds. Also, since the algorithm
p .

8The argument can be made rigorous using the Taylor expansion up to 2nd order.
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discards exactly k£ — 1 items from each set G,, the maximum number of iterations possible is [In; n]. Now at any

iteration ¢, since G = VST“J < |S—k@|, the total sample complexity the for iteration is at most ‘S—k@lt < ln
‘- 1

as |S¢| < & for all £ € [[Ingn]]. Also note that for all but last iteration £ € [|[Ing n]], we have ¢, = < ( 2 ,

zkf 12

and &, = 2/11 Moreover for the last iteration £ = [lng n], the sample complexity is clearly t = 63’52

this case ¢ = <, and §y = 2, and |S| = k. Thus, the total sample complexity of Algorithm [1fis given by

In %, as in

[Ing n] o (41
1Se] .k LR 2k 2k
ol <> + = In=
2 — 2.2
o 2 o 2ke<ce( " 1> 0 «e 0
8
64n = 16¢71 2k 2k
— 2c2¢2 Z (9k)e— 1( €+1))+c2e2 IHF

k - 2k . 2k k
< — - = =
—c22 5; 9k“< 0)+ g O( 22 5) [for any k > 1],

and this proves the sample complexity bound of Theorem |4l We next prove the (e, 6)-PAC property of Sequential-
Pairwise-Battle.

Consider any fixed subgroup G of size k, such that two items a,b € G. Now suppose we denote by Pr({ab}|G) =

Pr(alG) + Pr(b|G) the probability that either a or b wins in the subset G. Then the probability that ¢ wins

in G given either a or b won in G is given by pgyg = Pf&(;blﬁ)g) = pr(al\jgggilpgr)(mg) — this quantity in a way

models the pairwise preference of a over b in the set G. Note that as long as 0, > 0y, papig > é, for any G (since
Pr(alG) > Pr(b|G)). We in fact now introduce the notation p,p := mingc,)|jg|=k Pab|g-

Lemma 9. For any item pair i,j € [n] and any set S C [n], if their advantage ratio g:g;l‘?) > 1+ «, for some

a > 0, then pairwise preference of item i over j in set S p;jjs > % +9

Proof. Note that

Pr(i|S) Pr(i|S) — Pr(j]5)
7o 2 1l ta = -
Pr(jlS) Pr(j15)
Pr(i|S) — Pr(j|5) aPr(j|S)) o
e —0.5 = > _ =
7 Pals =0 = S EiS) 1 Pr(j[)) © 2PrGIS) + Pr(IS)) | 4
which concludes the proof. O

Corollary 10. For any item pair i,j € [n], if If Min-AR(i,j) > 1+ « for some o > 0, then p;; > % + 9.
Proof. The proof directly follows from Lem . |§| by using subset S = mingcin)|sj=k Min-AR(i, j). O

Let us denote the set of surviving items S at the beginning of phase ¢ as Sy. We now claim the following crucial
lemma which shows at any phase ¢, the best (the one with highest 6 parameter) item retained in Sy41 can not be
too bad in comparison to the best item of S;. The formal claim goes as follows:

Lemma 11. At any iteration £, for any Gy, if iy := argmax 0;, then with probability at least (1—0;), 0., > 0;, — .
i€Gy

Proof. Let us define p;; = Vi,j € Gg,1 # j. Then clearly p., i, > é, as ¢4 is the empirical winner in ¢

w; +w )

rounds, i.e. ¢4 < argmax w;. Moreover ¢, being the empirical winner of G, we also have w., > %, and thus
i€G,

cg T Wry 2= % as well. Let n;; := w; +w; denotes the number of pairwise comparisons of item ¢ and j in ¢ rounds,
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1,7 € Gg. Clearly 0 < n;; <t. Then let us analyze the probability of a ‘bad event’ where ¢, is indeed such that
Gcg < 9% — =

This implies that the advantage ratio of i, and ¢4 in G is g:gzgl‘g; > 1+ 4ey.

But now by Lem. |§|this further implies p; ., g > + €¢. But since ¢4 beats ¢, empirically in the subgroup G,
this implies pe,i, > 2
probability (1 — d,/k):

The following argument shows that this is even unlikely to happen, more formally with

Pr({pe,i, 2
R t t . 1 t
= Pr({peyi, = 530{neyi, = 23 )+Pr({ne,i, < 23)Pr({pegs, = 33 [{ne,i, <7 })
1 t
= Pr({ﬁcg ig €25 ee} N {ne,i, > %})
. t
S PT({ngig _pcgigig 2 GE} N {nc.qig 2 %})

< exp ( — QE(64)2> = %.

)
2
1
> -
-2

where the first inequality holds as p. i g < % — ¢4, and the second inequality follows from Hoeffdings lemma.
Now taking the union bound over all ¢;-suboptimal elements i’ of G, (i.e. 8y < 6;, — €;), we get:

1 1) 1
Pr({fli’ €, |pirig<§ —¢er,and ¢g = z’}) < EZ’{EIZ" €g, |pi/ig<§ —eg,and ¢y = Z/}‘ < dy,

as |Gy| = k, and the claim follows henceforth. O

Let us denote the single element remaining in S at termination by r € [n]. Also note that for the last iteration

¢ = [Ing n], since ¢, = §, and Jp = §, 9 applying Lemmaon S, we get that Pr (0,« <0;, — 5) < 5

Without loss of generality we assume the best item of the RUM(k, 8) model is 0y, i.e. 81 > 6;Vi € [n]\ {1}. Now
for any iteration £, let us define g, € [G] to be the index of the set that contains best item of the entire set Sy, i.e.
arg max;es, 0 € Gg,. Then applying Lemma [11} with probability at least (1 —d¢), 0.,, > 0;, — €/c. Note that
initially, at phase £ =1, 44, = 1. Then, for eac 1terat10n ¢, applying Lemma [11]| recursively to G,,, we finally get

0, > 0; — (8+§<%)+...+§(4)UHMJ) £>60, —5(2120(4))—5291—6. Thus assuming the algorithm

does not fail in any of the iteration ¢, we ﬁnally have that p, 1 > % — e—this shows that the final item output by
Seq-PB is € optimal.

Finally since at any phase £, the algorithm fails with probability at most &y, the total failure probability of the
algorithm is at most (g + g 4+ -+ 2“%) + g < 4. This concludes the correctness of the algorithm showing
that it indeed satisfies the (e, §)-PAC objective. O

B.2 Proof of Corollary

Proof. The proof essentially follows from the general performance guarantee of Seq-PB (Thm. [4) and Lem.
More specifically from Lem. [3]it follows that the value of ¢ for these specific distributions are constant, which
concludes the claim. For completeness the distribution-specific values of ¢ are given below:

1. ¢ =0.25 for Exponential noise with A =1
2. ¢ = %25 for Gumbel(y, o)

3. c=

(bo_f;) for Uniform(a,b)

4. ¢ =1 for Gamma(2,1)
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for Weibull(\, 1)

Wl x>

Normal N(0,1), etc.

B.3 Proof of Theorem

Before proving the lower bound result we state a key lemma from (Kaufmann et al.l [2016) which is a general
result for proving information theoretic lower bound for bandit problems:

Consider a multi-armed bandit (MAB) problem with n arms or actions A = [n]. At round ¢, let A; and Z; denote
the arm played and the observation (reward) received, respectively. Let F; = 0(Ay, Z1,. .., As, Z;) be the sigma
algebra generated by the trajectory of a sequential bandit algorithm up to round ¢.

Lemma 12 (Lemma 1, (Kaufmann et all 2016)). Let v and v’ be two bandit models (assignments of reward
distributions to arms), such that v; (resp.v)) is the reward distribution of any arm i € A under bandit model
v (resp.v'), and such that for all such arms i, v; and v, are mutually absolutely continuous. Then for any
almost-surely finite stopping time T with respect to (Ft)¢,

> B Ni(n)KL(vi,v}) > sup kl(Pr,(E), Pr,(£)),
i=1 &/

where kl(z,y) := zlog(y) + (1-x) log(%) is the binary relative entropy, N;(T) denotes the number of times
arm i is played in T rounds, and Pr,(E) and Pr,/(E) denote the probability of any event £ € F, under bandit
models v and V', respectively.

We now proceed to proof our lower bound result of Thm. [6]

Theorem 6 (Sample Complexity Lower Bound for RUM(k, 8) model). Given € € (0,1], 6 € (0,1], ¢ > 0
and an (€,0)-PAC algorithm A with winner item feedback, there exists a RUM(k,0) instance v with Min-

AR(i,j) > 1+ 4cAy; for alli,j € [n], where the expected sample complexity of A on v is at least Q(# In Tha)'

Proof. In order to apply the change of measure based lemma Lem. we constructed the following specific
instances of the RUM(k, @) model for our purpose and assume D to be the Gumbel(0, 1) noise:

True Instance (v!) : 0;- =1-¢Vje[n\ {1}, and 0] =1,
Note the only e-optimal arm in the true instance is arm 1. Now for every suboptimal item a € [n] \ {1}, consider

the modified instances v such that:

Instance-a (v) : 07 =1 —2¢,Vj € [n] \ {a,1}, 07 =1 —¢, and 0 =1

For any problem instance v%, a € [n] \ {1}, the probability distribution associated with arm S € A is given by
vé ~ Categorical(p1,pa, ..., pr), where p; = Pr(i|S), Vi€ [k],VS € A,

where Pr(i|S) is as defined in Section Note that the only e-optimal arm for Instance-a is arm a. Now
applying Lemma [T2] for any event £ € F, we get,

Z E,: [Ns(74)|KL(v§,v%) > kl(Pr,(E), Pr,.(£)). (5)
{S€A:aeS}

The above result holds from the straightforward observation that for any arm S € A with a ¢ S, v is
same as v%, hence KL(v},v%) =0,VS € A, a ¢ S. For notational convenience, we will henceforth denote

Se={SeA:acS)
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Now let us analyse the right hand side of , for any set S € S°.
Case-1: First let us consider S € S* such that 1 ¢ S. Note that in this case:

1
vs(i) = o foralli € S

On the other hand, for problem Instance-a, we have that:

€

! .
a(;) = {W when S(i) = a,
m,

I/S —2¢ .
otherwise

Now using the following upper bound on K L(p1,P2) < D, cx Zz—g; — 1, p1 and p> be two probability mass

functions on the discrete random variable X (Popescu et al.| 2016]) we get:

. (k—1)el=2e p el (k—1)el =2 4 ¢!
KL(vg,vg) < (k—1) j2(el—2¢) + klel -1

B 2 B 2
_ (k—1) (ee . 66) _ ueﬂﬁ(ef — 1)2 < % for any € € {0, ;]

k2 k2

Case-2: Now let us consider the remaining set in 5% such that S > 1,a. Similar to the earlier case in this case
we get that:

1
——4——1 when S(i) =1,
v3(i) = {(k‘”f: er when S0

e .
imTyer=rger» Otherwise

On the other hand, for problem Instance-a, we have that:

1—e
(k—2)el_2€1+e
a/s\ e N
VS(Z) - (k—2)el 2¢felctel when S(Z) =a,
el—2e
(k—2)el—Zeqel—ctel?

——r when S(i) =1,

otherwise

Now using the previously mentioned upper bound on the KL divergence, followed by some elementary calculations
one can show that for any [O, i]:

2
KL(ufg, vg) < 8%

Thus combining the above two cases we can conclude that for any S € 5%, KL(vi,v%) < %, and as argued

above for any S ¢ S* KL(vi,v%) =0.

Note that the only e-optimal arm for any Instance-a is arm a, for all a € [n]. Now, consider & € F, be an
event such that the algorithm A returns the element i = 1, and let us analyse the left hand side of for &€ = &.
Clearly, A being an (e, §)-PAC algorithm, we have Pr (&) > 1 — 4, and Prya(&) < §, for any suboptimal arm
a € [n]\ {1}. Then we have

KI(Pros (£), Proe (&) > kI(1— 6,5) > In 2—15 (6)
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where the last inequality follows from (Kaufmann et al. |2016]) (Eqn. 3).

Now applying () for each modified bandit Instance-v®, and summing over all suboptimal items a € [n]\ {1} we
get,

" 1
Y. Y. EuNs(ra)KLwhvg) > (n— 1) (7)
a=2 {SeAlacS} ’

Using the upper bounds on K L(v},v%) as shown above, the right hand side of @ can be further upper bounded
as:

S Y BalNsalKLwhve) < Y BalNsGa)l Y,
a=2{ScAlacS} SeA {a€S|a#1}
8 2
=Y Ea[Ns(ra)lk - (1(1 € S))% < 3 B [Ns(ra)l8e*. (8)
SeA SeA
Finally noting that 74 = > 4. 4[Ns(7a)], combining and (8), we get
1
(86*) By [ra] = > Eyi[Ns(r4)l(8¢*) > (n—1)In i (9)

SeA

Now note that as derived in Lem. [3| for Gumbel(0,1) noise, we have shown that for any pair ¢,j € [n], Min-

AR(i,j) = e®9 > 1+ Ay; = 1 +45A;; = the value of the noise dependent constant ¢ can be taken to

be ¢ = %. Thus rewriting Eqn. |§|We get Epi[ra] > (7;21) lnrfw = =D 15 L The above construction

128¢2€? 2.40 "
shows the existence of a problem instance of RUM(k, @) model where any (e, §)-PAC algorithm requires at least

Uz=n 2%15) samples to ensure correctness of its performance, concluding our proof. O
Remark 5. It is worth noting that our lower bound analysis is essentially in spirit the same as the one proposed
by (Saha and Gopalan, |2019) for the Plackett luce model. However note that, their PAC objective is quite different
than the one considered in our case—precisely their model is positive scale invariant, unlike ours which is shift
invariant w.r.t the model parameters 6. Moreover our setting aims to find a e-best item in additive sense (i.e.
to find an item i whose score difference w.r.t to the best item 1 is at most € > 0 or 61 — 0; < €), as opposed to
the (¢€,0)-PAC objective considered in (Saha and Gopalan, |2019) which seeks to find a multiplicative-e-best item
(i.e. to find an item i which matches the score of the best item up to e-factor or 60; > €01 ). Therefore the problem
instance construction for proving a suitable lower bound these two setups are very different where lies the novelty
of out current lower bound analysis.

C Appendix for Section [6]

C.1 Pseudo code of Sequential-Pairwise-Battle for top-m ranking feedback (mSeq-PB)
The description is given in Algorithm
C.2 Proof of Theorem

Theorem 7 (mSeq-PB(Alg. : Correctness and Sample Complexity). Consider any RUM(k,0) subsetwise
preference model based on noise distribution D and suppose for any item pair i, j, we have Min-AR(i,j) > 1+ 41°7A21é
for some D-dependent constant ¢ > 0. Then mSeq-PB (Alg@ with input constant ¢ > 0 on top-m ranking

feedback model is an (¢, 8)-PAC algorithm with sample complexity O (25 log %)
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Algorithm 2 Sequential-Pairwise-Battle (TR-m feedback)
1: Input:

2:  Set of items: [n], and subset size: k > 2 (n > k > m)

3: Error bias: € > 0, and confidence parameter: § > 0

4:  Noise model (D) dependent constant ¢ > 0

5: Initialize:

6: Se[n},eoe%,and&)eg

7 Divide S into G := [}] sets G1,Ga, - - Gg such that ulegj =Sand G;NGy =0, Vj,j € [G], |G| =

k,Vj e [G—1]. If |Gg| < k, then set R1 - Gg and G =G — 1.

8: while £ =1,2,... do

9: 6@ 1
10: forg:1,2,~~~Gdo
11: Initialize pairwise (empirical) win-count w;; < 0, for each item pair ¢,j € G,
12: forT=1,2,...t (:= fﬁ% %ﬂ do
13: Play the set G, (one round of battle)
14: Receive: The top-m ranking o, € X¢'
15: Update win-count w;; of each item pair ¢,j € G, applying Rank-Breaking on o,
16: end for
17: Define p; ; = m Vi, j € Gg
18: If 3 any i € G, such that p;; + < > 1, Vj € G, then set ¢4 < 1, else select ¢, < uniformly at random

from Gy, and set S + S U {cy}
19:  end for
200 S+ SUR,

21:  if (]S| ==1) then

22: Break (go out of the while loop)

23:  elseif |S| < k then

24: S’ + Randomly sample k — | S| items from [n] \ S, and S <+ SUS’, ey < 5, 0y < 0

25:  else

26: Divide S into G := [71 sets G1, - - - G such that ulegj =5,G;NGy =0, Vj,j €G], |Gj| =k, Vj e
[G —1]. If |Gg| < k, then set Ryy1 + Gg and G =G — 1.

27:  end if

28: end while
29: Output: The unique item left in S

Proof. Same as the proof of Thm. [4] we start by analyzing the required sample complexity of the algorithm.

Note that at any iteration ¢, any set G, is played for exactly ¢ = n‘i’; In % many number of times. Also since
p .

the algorithm discards away exactly k£ — 1 items from each set G,4, hence the maximum number of iterations

possible is [Ing n]. Now at any iteration ¢, since G = {%J < |S—lf|, the total sample complexity for iteration

¢ is at most %t < k@ T In 2 5 , as |Sy| < g7 for all £ € [[Ingn]]. Also note that for all but last iteration

1"
Ce[|lngn]], e =% (Z) , and 0 = 55+. Moreover for the last iteration ¢ = [Inj n], the sample complexity is

clearly t = m In 4 5 , as in this case ¢y = &, and &y = g, and |S| = k. Thus the total sample complexity of
Algorithm [2] is given by
[ng n| 00 {+1
2k 4 k2t+ 16k 4k
%mfgz " zhln ==+ 622111?

o0

256n 161 16k . 4k
In—+(£+1 ——In—
*mCQQ (9k)51<n6+(+)>+m0262n6
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256n ko= 4071 16k | 4k k
< < - = - .
In 5 Z =) (3[) + m0262 n-— O( o In 5) [for any k > 1]

We are now only left with proving the (e, §)-PAC correctness of the algorithm. We used the same notations as
introduced in the proof of Thm.

We start by making a crucial observation that at any phase, for any subgroup G, the strongest item of the G,
gets picked in the top-m ranking quite often. More formally:

Lemma 13. Consider any particular set G, at any phase £, and let us denote by q; as the number of times
any item 1 € G, appears in the top-m rankings when items in the set G, are queried for t rounds. Then if

iy = argmax;eg, 0, then with probability at least ( — 5—’5), one can show that q;, > (1 — n) , for any

2%
ne (32—3\’/5,1].

Proof. Fix any iteration ¢ and a set Gy, g € 1,2,...,G. Define i} := 1(i € 0,) as the indicator variable if ith
element appeared in the top-m ranking at iteration 7 € [t]. Recall the definition of TR feedback model (Sec. [3.1)).

Using this we get E[ij] = Pr({i; € o) = Pr(3j € [m] | 0(j) = iy) = X7, Pr(o(j) = ig) = " 1j >,
as Pr({iy|S}) > ﬁ for any S C [Gy] (iy := argmax;cg, 0; being the best item of set G,). Hence E[g;,] =

Zi:l E[ij] > mt . Now applying Chernoff-Hoeffdings bound for w;,, we get that for any n € (32 1],

Pr(qig <(- U)E[Qig]) < exp(—

2
con( -3 (2) (- ()

where the second last inequality holds as n > f and ey < for any iteration £ € [Inn]; in other words for any

32’

n= 4 \/5, we have f" > 1 which leads to the second last inequality. Thus we finally derive that with probability

at least ( - %), one can show that ¢;, > (1 —n)E[g;,] > (1 - 77)77 and the proof follows henceforth. O
In particular, fixing n = 5 in Lemma | we get that with probability at least (1 — —) g, > (1— %)E[wlq] > ’Q”—kt

Note that, for any round 7 € [¢], Whenever an item ¢ € G, appears in the top-m set Gg,,,, then the rank breaking
update ensures that every element in the top-m set gets compared with rest of the £ — 1 elements of G,. Based
on this observation, we now prove that for any set G,, a near-best (e;-optimal of i,) is retained as the winner ¢,
with probability at least (1 — %") More formally:

Lemma 14. Consider any particular set G, at any iteration €. Let iy < argmax;eg, 0;, then with probability at
least (1 - (54), Oc, > 0;, — ¢,

c

Proof. With top-m ranking feedback, the crucial observation lies in that at any round 7 € [t], whenever an
item ¢ € G, appears in the top-m ranking o, then the rank breaking update ensures that every element in the
top-m set gets compared to each of the rest £ — 1 elements of G, - it defeats to every element preceding item in
o € Xg,,.,and wins over the rest. If n;; = w;; +wj; denotes the number of times item ¢ and j are compared after
rank-breaking, for i, j € G4, n;; = nj;, and from Lemma 3| with n = 5 we have that n; ; > ;"—k with probability
at least (1 — d,/2k). Given the above arguments in place, for any item j € G, \ {i4}, by Hoeffdings inequality:

R € mt
Pr({psi, = Piilg, > 5} N {nii, = 5 3) Sexp (= 27(65/2) ) < 50
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Pr(iglGy)

Now consider any item j such that 6; —6; > €;/c, then we have Pri1G.)
N g

> 1+ 4ey, which by Lem. |§|implies
DigjlG, > % + €¢, or equivalently PjiglGy < % — €.

But since we show that for any item j € G, \ {1}, with high probability (1 — d,/2k), we have pj;, — pji, |6, < 5 -
Taking union bound above holds true for any j € G, \ {1} with probability at least (1 — §/2). Combining with
the above claim of pj; g, < % — €, this further implies pj;, + 5 < pji,|g, + €0 < % Thus no such €, suboptimal

item can be picked as ¢4 for any subgroup Gy, at any phase /.

On the other hand, following the same chain of arguments note that p; ;—p;_ jig, > —5 = Di,j+5 > Pi,jig, > %
for all j € Gy, iy is a valid candidate for ¢, always, or in other case some other ¢,-suboptimal item j (such
0; > 0;, — €;) can be chosen as ¢ . This concludes the proof. O

The correctness-claim now follows using a similar argument as given for the proof of Thm. 4l We add the details
below for the sake of completeness: Without loss of generality, we assume the best item of the RUM(k, 8) model is
01, 1.e. 61 > 0;¥i € [n]\ {1}. Now for any iteration ¢, let us define g, € [G] to be the index of the set that contains
best item of the entire set Sy, i.e. argmax;eg, 0; € Gg,. Then applying Lemma with probability at least (1—dp),
909[ > F)ig[ — ¢7/c. Note that initially, at phase ¢ = 1, i5, = 1. Then, for each iteration ¢, applying Lemma
recursively to Gy,, we finally get 0, > 6 — <§ +5 (%) 4+ g(%) L nJ) —52>01— §(Z;‘io (%)Z) —52>01—¢
Thus assuming the algorithm does not fail in any of the iteration ¢, we finally have that p, ; > % — e—this shows
that the final item output by Seq-PB is € optimal.

Finally note that since at each iteration ¢, the algorithm fails with probability at most 6,(1/2 + 57) < ¢, the

total failure probability of the algorithm is at most (g + g + -+ 2[%) + g < §. This shows the correctness of
the algorithm, concluding the proof. O

C.3 Proof of Theorem

The proof proceeds almost same as the proof of Thm. [6] the only difference lies in the analysis of the KL-divergence
terms with top-m ranking feedback.

Consider the exact same set of RUM(k, @) instances, {v®}”_; we constructed for Thm. @ It is now interesting to
note that how the top-m ranking feedback affects the KL-divergence analysis, precisely the KL-divergence shoots
up by a factor of m which in fact triggers an % reduction in regret learning rate. We show this below formally.

Note that for top-m ranking feedback for any problem instance v®, a € [n], each k-set S C [n] is associated
to (:L) (m!) number of possible outcomes, each representing one possible ranking of set of m items of S, say
Sp. Also the probability of any permutation o € X is given by p& (o) = Prya(o|S), where Pry«(o|S) is as
defined for top-m ranking feedback for RUM(k, @) problem instance v* (see Sec. @ More formally, for problem
Instance-a, we have that:

p4(o) = Pry, (o =0lS) = [[ Pr(Xo) > Xo), Vi €{i+1,...m}), Vo € B¢
=1

= Pry, (0 =0[5) = HPT(Ca(i) > Co(j) — (Uoi) — O5j))s Vi€{i+1,...m}), Vo € B¢
=1

As also argued in the proof of Thm. @ note that for any top-m ranking of o € X, KL(p(o),p%(o)) = 0 for
any set S # a. Hence while comparing the KL-divergence of instances v! vs v, we need to focus only on sets
containing a (recall we denote this as S%). Applying the chain rule for KL-divergence, we now get:

K L(ps,p%) = KL(pg(01),p4(01)) + KL(pg(o2 | 01),p&(0a | 01)) + - -
+ KL(ps(om | o(1:m —1)),p&(oy, | o(1:m —1))), (10)
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where we abbreviate (i) as o; and KL(P(Y | X),Q(Y | X)) := 3, Pr (X - x) [KL(P(Y | X =2),Q(Y | X =

))] denotes the conditional KL-divergence. Moreover it is easy to note that for any o € £ such that o(i) = a
we have KL(ps(oi1 | o(1:4)),p&(0iq1 | o(1:4))) := 0, for all i € [m].

)

Now using the KL divergence upper bounds, as derived in the proof of Thm. [f] we have than

1 A/Q
KL(pg(o1),p4(01)) < 55
&

One can potentially use the same line of argument to upper bound the remaining KL divergence terms of as
well. More formally note that for all i € [m — 1], we can show that:

KL(p5(ois1 | o(1:0),p§(0ir1 | 0(1:1)))

. . 8e?
= 3 PrOKLwh(oi | 0(1: 1) = o' phlown [ o(1: ) = o) <
o'exy

Thus applying above in we get:

8me2

KL(pg,p%) = KL(pg(o1) + -+ + KL(pg(om | o(1:m = 1)), p&(om | o(L:m — 1)) < o (11)

Eqn. precisely gives the main result to derive Thm. [8l Note that it shows an m-factor blow up in the
KL-divergence terms owning to top-m ranking feedback. The rest of the proof can be derived by following
exactly the same argument used in [6] which yields to the desired sample complexity lower bound.
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