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1 Derivations of do-calculus for the synthetic experiment

1.1 Do(B =)

p(yldo(B = b)) = / p(yle, do(B = b)p(c|B = b)de

p(yldo(C = ¢),do(B = b))p(C = c|B =b)dc (YIC|B in Gpc)

p(yldo(C = ¢))p(e|B = b)de (Y ILBIC in G, )
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p(ylb', do(C = c))p(t'|do(C = c))p(c| B = b)dbde
= [ p(|t',C = c)p(t)p(c|B = b)db'dc (Y I.C|B in Gp o)
1.2 Do(D = d)

p(y|do(D = d)) /p (yle, do(D = d))p(c|ldo(D = d))db

/p yle,D = d)p(c)de (Y ILDI|C in Gp)

1.3 Do(E =¢)

p(yldo(E = e))

/p(y\a,c, do(E = e))p(a, c|do(E = e))dadc
-/p(y\a,c,E = e)p(a)p(c)dade (YILE|A,C in Gg)

1.4 Do(B="b,D=4d)

p(yldo(B = b),do(D =d)) = [ p(y|do(B =b),c,do(D = d))p(c|do(B = b),do(D = d))dc

p(yldo(B = b),do(C = ¢),do(D = d))p(c|B =b)de (YIC|B,D in gQBD)

p(yldo(C = ¢),do(D = d))p(c|B = b)dc (YLB|C,D inGpep)

p(y|t/, do(C = ¢),do(D = d))p(t/|do(C = ¢),do(D = d))p(c|B = b)dcdlt/

I
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pylt', € = ¢, do(D = d))p(t')p(c|B = b)dedt’ (Y_LC|B, D in Ggpc)

p(y|t/,C = ¢,D = d)p(b')p(c|B = b)dedb’ (Y ILD|B,C in Gp)
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p(y|do(B =b), ¢c,do(E = e))p(c|B = b)dc

p(yldo(B =b),do(C = c),do(E = e))p(c|B =b)dc (Y IC|B,E inGgpc)

p(y|do(C = ¢),do(E = e))p(c|B =b)de (YIB|C,E inGsgp)

p(y|do(C = ¢),do(E =€),V )p(b'|do(C = ¢),do(E = €))p(c|B = b)db'dc

p(y|C = ¢,do(E = €),b")p(t)p(c|B = b)d'dc (Y I.C|B,E in Ggg)

p(yla,C = ¢,do(E = ¢e),b)p(a|C = ¢,do(E = €),b")p(b')p(c|B = b)db'dcda

p(yla,b',C = ¢, E = e)p(a)p(b')p(c|B = b)db'deda (Y IE|A,B,C in Gg)
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p(yldo(D = d),do(E =¢)) = [ p(y|a,c,do(D = d),do(E = e))p(a,c|do(D = d),do(E = e))dadc

= /p(y|a, ¢,D=d,E =e)p(a)p(c)dade (Y I (D, E)|A,C in Gp,p)

1.7 Do(B=b,D=d,E =e)
p(yldo(B = b),do(D = d), do(E = ¢)) = p(yldo(D = d),do(E = ¢)) (Y LB|D,E in Gp 5 )

2 SEM for the synthetic experiment

The SEM for the synthetic example is:

Ui =e€eya

U = evyB

F=¢p
A=F?4+Uj +¢€y
B=Us;+c¢€p

C =exp(—B) + ¢c

D = exp(—C)/10. 4+ +€p

E =cos(A) +C/10+ €

Y = cos(D) +sin(E) 4+ Uy + Use,y

3 Cost configurations

Denote by Co(X,x) the cost of intervening on node X at the value x. For the toy example and the real-data
examples we consider fix unit cost across nodes. For the synthetic example we consider three possible cost
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Obhservational dataset with size N =100

12 == Py --- By
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E[Y]do(Xs = x5)]
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Figure 1: Toy example. Convergence of CBO and standard BO across different initializations of D’. The red line
gives the optimal Y* when intervening on sets in ng, ]P’gy or ]Bgy. Solid lines give CBO results when using
the causal GP model which is denoted by GP*. Dotted line correspond to CBO with a standard GP prior model
p(f(xs)) = GP(0, kppr(xs,x%)). Shaded areas are £ standard deviation.

configurations: equal fix costs across nodes, different fix costs across nodes and variable costs across nodes. These
are set to:

1. Fix equal costs: Co(B,b) = Co(D,d) = Co(E,e) = Co(F, f) = 1.

2. Fix different costs: Co(B,b) = 10, Co(D,d) =5, Co(E,e) = 20 and Co(F, f) = 3.

3. Variable costs: Co(B,b) = 10+ |b|, Co(D,d) =5+ |d|, Co(E,e) = 20 + |e| and Co(F, f) =3+ |f].
4 Additional synthetic results

In Fig. [1| we show the results for the toy experiment across different initialization of DI.

In Fig. 2] we show the results for the synthetic experiment across different cost structures and values of N.

5 Example in Healthcare

The DAG describing the causal relationships between statin drugs and PSA (Thompsonl [2019} [Ferro et all [2015)) is
given in Fig. 3. The SEM for this example is:

age = U(55,75)
bmi = N'(27.0 — 0.01 x age, 0.7)
aspirin = 0(—8.0 4+ 0.10 x age + 0.03 x bmi)
statin = 0(—13.0 + 0.10 x age 4+ 0.20 x bmi)
cancer = (2.2 — 0.05 x age + 0.01 x bmi — 0.04 x statin + 0.02 X aspirin)
Y = N(6.8+0.04 x age — 0.15 x bmi — 0.60 x statin + 0.55 X aspirin + 1.00 X cancer, 0.4)

where U(a, b) denotes a uniform random variable with parameters a and b, A/(m, s) represents a normal random
variable with mean m and standard deviation s and o denotes the sigmoidal function computed as o(z) = H%

6 Example in Ecology

The DAG describing the causal relationships between a set of environmental variables and NEC (Courtney et al.
2017) is given in Fig. [l The variables included in the DAG are:
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Ohservational dataset with size N =100, Co(X;, x;) = Co(X:) Observational dataset with size N= 300, Co(X;, xs) = Co(X;)
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Figure 2: Synthetic example. Convergence of CBO and standard BO. The orange line gives the optimal Y* when
intervening on Bg’y. The red line gives the optimal Y* when intervening on sets in ng or IP’S’Y, Solid lines

give CBO results when using the causal Gp model which is denoted by GP™. Dotted line correspond to CBO with
a standard GP prior model. Upper left: option (2) in N =100. lower left: option (3) in N =100. Upper
right: option (2) in §3) N = 300. Lower right: option (3) in §3}, N = 300.

e Chla: sea surface chlorophyll a;

e Sal: sea surface salinity;

e TA: seawater total alkalinity;

e DIC: seawater dissolved inorganic carbon;
e Pco,: seawater Pco,;

e Tem: bottom temperature;

e NEC: net ecosystem calcification;

e Light: bottom light levels;

e Nut: PC1 of NH4, NiO2+4NiO3, SiO4;

e pHgyy: seawater pH;

e (24: seawater saturation with respect to aragonite.

See [Andersson| (2018) for more details.
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Figure 3: Causal graph of PsA level. Shaded nodes represent variables which can be intervened and dotted nodes
represent non-manipulative variables. The target variable PSA is denoted with a thick shaded node.

Figure 4: DAG of NEC level. Shaded nodes represent manipulative variables. Dotted nodes represent non-
manipulative variables. The target variable NEC is denoted with a thick shaded node.
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