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1 Preliminary lemmas

The following lemma gives some fundamental results for sin Θ(U, V ), which can be easily verified via definition.

Lemma 1. Let [U, Uc] and [V, Vc] be two orthogonal matrices with U, V ∈ Rn×k. Then

‖ sin Θ(U, V )‖ui = ‖UT
c V ‖ui = ‖UTVc‖ui.

Here ‖ · ‖ui denotes any unitarily invariant norm, including the spectral norm and Frobenius norm. In particular,
for the spectral norm, it holds ‖ sin Θ(U, V )‖ = ‖UUT−V V T‖; for the Frobenius norm, it holds ‖ sin Θ(U, V )‖F =
1√
2
‖UUT − V V T‖F .

The following lemma is the well-known Weyl theorem, which gives the perturbation bound for eigenvalues of
Hermitian matrix.

Lemma 2. (Stewart and Sun, 1990, p.203) For two Hermitian matrices A, Ã ∈ Cn×n, let λ1 ≤ · · · ≤ λn,
λ̃1 ≤ · · · ≤ λ̃n be eigenvalues of A, Ã, respectively. Then

|λj − λ̃j | ≤ ‖A− Ã‖, for 1 ≤ j ≤ n.

The following lemma is used to establish the perturbation bound for the invariant subspace of a Hermitian matrix,
which is due to Davis and Kahan.

Lemma 3. (Davis and Kahan, 1970, Theorem 5.1) Let H and M be two Hermitian matrices, and let S be a
matrix of a compatible size as determined by the Sylvester equation

HY − YM = S.

If either all eigenvalues of H are contained in a closed interval that contains no eigenvalue of M or vice versa,
then the Sylvester equation has a unique solution Y , and moreover

‖Y ‖ui ≤
1

δ
‖S‖ui,

where δ = min |λ− ω| over all eigenvalues ω of M and all eigenvalues λ of H.

For a rectangular matrix A ∈ Rm×n (without loss of generality, assume m ≥ n), let the SVD of A be
A = UΣV T, where U = [U1 |U2 |U3] = [u1, . . . , uk |uk+1, . . . , ur |ur+1, . . . , um] ∈ Rm×m, V = [V1 |V2 |V3] =

[v1, . . . , vk | vk+1, . . . , vr | vr+1, . . . , vn] ∈ Rn×n are orthogonal matrices, and Σ =

[
diag(Σ1,Σ2) 0r×(n−r)

0(m−r)×r 0(m−r)×(n−r)

]
,

Σ1 = diag(σ1, . . . , σk), Σ2 = diag(σk+1, . . . , σr) with σ1 ≥ · · · ≥ σr > 0, k ≤ r = rank(A). Then the spectral

decomposition of
[

0 A
AT 0

]
can be given by

[
0 A
AT 0

]
= X diag(Σ1,Σ2,−Σ1,−Σ2, 0n−r, 0m−r)X

T, (1)

where X = 1√
2

[
U −U 0

√
2U3

V V
√

2V3 0

]
is an orthogonal matrix.

With the help of (1) and Lemmas 2 and 3, we are able to prove Lemma 4, which established an error bound for
singular vectors.

Lemma 4. Given A ∈ Rm×n (m ≥ n), let the SVD of A be given as above. Let σ̂j, ûj, v̂j be respectively the
approximate singular values, right and left singular vectors of A satisfying that Û = [û1, . . . , ûk] ∈ Rm×k and
V̂ = [v̂1, . . . , v̂k] ∈ Rn×k are both orthonormal , Σ̂ = ÛTAV̂ = diag(σ̂1, . . . , σ̂k) with σ̂1 ≥ · · · ≥ σ̂k > 0. Let

E = AV̂ − Û Σ̂, F = ATÛ − V̂ Σ̂. (2)



If

‖(Im − Û ÛT)A(In − V̂ V̂ T)‖ < σ̂k, max{‖E‖, ‖F‖} < σk − σk+1,

then

max{Θu,Θv} ≤ η,
‖U1Σ1V

T
1 − Û Σ̂V̂ T‖max

‖A‖
≤ (‖U1‖2,∞Θv + ‖V1‖2,∞Θu) + (1 + 3‖U1‖2,∞‖V1‖2,∞)ΘuΘv,

where Θu = ‖ sin Θ(U1, Û)‖, Θv = ‖ sin Θ(V1, V̂ )‖, η = max{‖E‖,‖F‖}
σk−σk+1−max{‖E‖,‖F‖} .

Proof. Let

H =

[
0 A
AT 0

]
, X1 =

1√
2

[
U1 −U1

V1 V1

]
,

X̂1 =
1√
2

[
Û −Û
V̂ V̂

]
, X2 =

1√
2

[
U2 −U2 0

√
2U3

V2 V2

√
2V3 0

]
.

By calculations, we have

‖X1X
T
1 − X̂1X̂

T
1 ‖ui = ‖ diag(U1U

T
1 − Û ÛT, V1V

T
1 − V̂ V̂ T)‖ui (3)

By simple calculations, we have

HX̂1 − X̂1 diag(Σ̂,−Σ̂) =
1√
2

[
AV̂ − Û Σ̂ AV̂ − Û Σ̂

ATÛ − V̂ Σ̂ −ATÛ + V̂ Σ̂

]
=

1√
2

[
E E
F −F

]
, R, (4a)

HX2 −X2 diag(Σ2,−Σ2, 0, 0) = 0, (4b)

where (4a) uses (2), (4b) uses the SVD of A. Then it follows from (4a) that

‖R‖ =

∥∥∥∥diag(E,F )
1√
2

[
Ik Ik
Ik −Ik

]∥∥∥∥ = ‖ diag(E,F )‖ = max{‖E‖, ‖F‖}. (5)

Pre-multiplying (4a) by XT
2 and using (4b), we have

XT
2 R = XT

2 HX̂1 −XT
2 X̂1 diag(Σ̂,−Σ̂) = diag(Σ2,−Σ2, 0, 0)XT

2 X̂1 −XT
2 X̂1 diag(Σ̂,−Σ̂). (6)

To apply Lemma 3 to (6), we need to estimate the gap between the eigenvalues of diag(Σ̂,−Σ̂) and those of
diag(Σ2,−Σ2, 0, 0). Using (4a) and ÛTAV̂ = Σ̂, we have

(H −RX̂T
1 − X̂1R

T)X̂1 = HX̂1 −R = X̂1 diag(Σ̂,−Σ̂), (7)

which implies that ±σ̂j are eigenvalues of H −RX̂T
1 − X̂1R

T, and the corresponding eigenvectors are 1√
2

[
±ûj

v̂j

]
,

for j = 1, . . . , k. Next, we declare that σ̂1, . . . , σ̂k are the k largest eigenvalues of H − RX̂T
1 − X̂1R

T. This is
because

max
X̂T

1 x=0

xT(H −RX̂T
1 − X̂1R

T)x

xTx

≤‖(I − X̂1X̂
T
1 )(H −RX̂T

1 − X̂1R
T)(I − X̂1X̂

T
1 )‖

=‖(I − X̂1X̂
T
1 )H(I − X̂1X̂

T
1 )‖

=

∥∥∥∥∥
[
Im − Û ÛT 0

0 In − V̂ V̂ T

] [
0 A
AT 0

][
Im − Û ÛT 0

0 In − V̂ V̂ T

]∥∥∥∥∥
=‖(Im − Û ÛT)A(In − V̂ V̂ T)‖ < σ̂k.



Therefore, by Lemma 2, we have

|σj − σ̂j | ≤ ‖RX̂T
1 + X̂1R

T‖, for j = 1, . . . , k. (8)

Together with (5), we get

|σj − σ̂j | ≤ ‖RX̂T
1 + X̂1R

T‖ = max
j
|λj([R, X̂1]

[
X̂T

1

RT

]
)| = max

j
|λj(

[
X̂T

1

RT

]
[R, X̂1])|

= max
j
|λj(

[
0 Ik

RTR 0

]
)| = ‖R‖ = max{‖E‖, ‖F‖}. (9)

Here we uses the property that for any two matrix A ∈ Rm×n, B ∈ Rn×m, the nonzero eigenvalues of AB and
BA are the same.

Now by the assumption that max{‖E‖, ‖F‖} < σk − σk+1, we have

σ̂k − σk+1 = σk − σk+1 + σ̂k − σk ≥ σk − σk+1 −max{‖E‖, ‖F‖} > 0, (10)

therefore, the eigenvalues of diag(Σ2,−Σ2, 0, 0) lie in [−σk+1, σk+1], which has no eigenvalues of diag(Σ̂,−Σ̂). We
are able to apply Lemma 3 to (6), which yields

‖XT
2 X̂1‖ui ≤

‖XT
2 R‖ui

σk − σk+1 −max{‖E‖, ‖F‖}
. (11)

Using (3), Lemma 1, (10) and (11), we get

max{Θu,Θv} = ‖ sin Θ(X1, X̂1)‖ = ‖XT
2 X̂1‖ ≤

‖XT
2 R‖

σk − σk+1 −max{‖E‖, ‖F‖}
≤ η. (12)

Let

Û = UΓu = [U1, U2, U3]

[
Γu1

Γu2

Γu3

]
, V̂ = V Γv = [V1, V2, V3]

[
Γv1

Γv2

Γv3

]
, (13)

where Γu1 ∈ Rk×k, Γu2 ∈ R(r−k)×k, Γu3 ∈ R(m−r)×k, Γv1 ∈ Rk×k, Γv2 ∈ R(r−k)×k, Γv3 ∈ R(n−r)×k, and
[

Γu1

Γu2

Γu3

]
,[

Γv1

Γv3

Γv3

]
are both orthonormal. By (12), we have

∥∥[ Γu2

Γu3

]∥∥ = Θu, σmin(Γu1) =
√

1−Θ2
u,

∥∥[ Γu2

Γu3

]∥∥ = Θv, σmin(Γv1) =
√

1−Θ2
v. (14)

Substituting (13) into ÛTAV̂ = Σ̂ and using the SVD of A, we have

Σ̂ = [ΓT
u1,Γ

T
u2,Γ

T
u3] diag(Σ1,Σ2, 0(m−r)×(n−r))

[
Γv1

Γv2

Γv3

]
= ΓT

u1Σ1Γv1 + ΓT
u2Σ2Γv2. (15)

Then it follows that

‖Σ1 − Γu1Σ̂ΓT
v1‖ =‖(Σ1 − Γu1ΓT

u1Σ1) + (Γu1ΓT
u1Σ1 − Γu1ΓT

u1Σ1Γv1ΓT
v1)− Γu1ΓT

u2Σ2Γv2ΓT
v1‖

≤‖I − Γu1ΓT
u1‖‖Σ1‖+ ‖Γu1ΓT

u1‖‖I − Γv1ΓT
v1‖‖Σ1‖+ ‖Γu2‖‖Γv2‖‖Σ2‖

≤(Θ2
u + Θ2

v + ΘuΘv)‖Σ1‖. (16)



Finally, using (14), (15), (16) and ‖Γu1‖ ≤ 1, ‖Γv1‖ ≤ 1, ‖Σ̂‖ ≤ ‖A‖, we have

‖U1Σ1V
T
1 − Û Σ̂V̂ T‖max = max

i,j
|eT
i (U1Σ1V

T
1 − Û Σ̂V̂ T)ej |

= max
i,j
|eT
i (U1Σ1V

T
1 − UΓuΣ̂ΓT

v V
T)ej |

≤ max
i,j
|eT
i (U1Σ1V

T
1 − U1Γu1Σ̂ΓT

v1V
T
1 )ej |+ ‖[U2, U3]

[
Γu2

Γu3

]
Σ̂
[

Γv2

Γv3

]T
[V2, V3]T‖

+ max
i,j

(
|eT
i [U2, U3]

[
Γu2

Γu3

]
Σ̂ΓT

v1V
T
1 ej |+ |eT

i U1Γu1Σ̂
[

Γv2

Γv3

]T
[V2, V3]Tej |

)
≤ max

i,j

(
3‖eT

i U1‖‖eT
j V1‖‖A‖ΘuΘv + ‖A‖ΘuΘv + ‖eT

j V1‖‖A‖Θu + ‖eT
i U1‖‖A‖Θv

)
≤ ‖A‖ ((‖U1‖2,∞Θv + ‖V1‖2,∞Θu) + (1 + 3‖U1‖2,∞‖V1‖2,∞)ΘuΘv) ,

completing the proof.

Lemma 5. (Tropp, 2015, Corollary 6.1.2) Let S1, . . . ,Sn be independent random matrices with common dimension
d1 × d2, and assume that each matrix has uniformly bounded deviation from its mean:

‖Sk − E(Sk)‖ ≤ L, for each k = 1, . . . , n.

Let Z =
∑n
k=1 Sk, v(Z) denote the matrix covariance statistic of the sum:

v(Z) = max{‖E[(Z− E(Z))(Z− E(Z))H]‖, ‖E[(Z− E(Z))H(Z− E(Z))]‖}

= max{‖E[

n∑
k=1

(Sk − E(Sk))(Sk − E(Sk))H]‖, ‖E[

n∑
k=1

(Sk − E(Sk))H(Sk − E(Sk))]‖}.

Then for all t ≥ 0,

P{‖Z− E(Z)‖ ≥ t} ≤ (d1 + d2) · exp
( −t2/2
v(Z) + Lt/3

)
.

Lemma 6. For any linear homogeneous function F : Rk → Rm×n, assume that the linear system of equations
F (x) = C either has a unique solution or has no solution at all. Then it holds

argminx ‖F (x)− C‖ = argminx ‖F (x)− C‖F .

Proof. For any A,B ∈ Rm×n, define 〈A,B〉 = trace(ATB). It is easy to see that 〈·, ·〉 is an inner product over
Rm×n. Denote the range space of F (·) by F , and its orthogonal complement space by F⊥. Write C = CLS + C
such that CLS ∈ F , and C ∈ F⊥. Then the solutions to min ‖F (x)− C‖ and min ‖F (x)− C‖F are nothing but
the solutions to F (x) = CLS. Since CLS ∈ F , F (x) = CLS has at least a solution. By the assumption, the solution
should be unique. The proof is completed.

Lemma 7. Let L∗ ∈ Rm×n with m ≥ n, let the SVD of L∗ be L∗ = U∗Σ∗V
T
∗ , where U∗ ∈ Rm×r, V∗ ∈ Rn×r

are orthonormal, Σ∗ = diag(σ1∗, . . . , σr∗) with σ1∗ ≥ · · · ≥ σr∗ > 0. Let G ∈ Rm×n be a perturbation to L∗,
X ∈ Rm×r, Y ∈ Rn×r have full column rank. Denote θx = ‖ sin Θ(U∗, X)‖, θy = ‖ sin Θ(V1, Y )‖. Then

min
X,Y
‖L∗ −G−XY T‖ ≥ σr∗max{

√
1− θ2

xθy,
√

1− θ2
yθx}

√
1− θ2

x

√
1− θ2

y − ‖G‖.

Proof. Let U∗,c, V∗,c be such that U = [U∗, U∗,c], V = [V∗, V∗,c] are orthogonal. Let X̂ = U∗Cx + U∗,cSx,
Ŷ = V∗Cy + V∗,cSy, where the columns of X̂, Ŷ form the orthonormal basis for R(X) and R(Y ), respectively,
CT
x Cx + ST

x Sx = Ir, CT
y Cy + ST

y Sy = Ir. By Lemma 1, we know that ‖Sx‖ = θx, ‖Sy‖ = θy.

Noticing that

min
X,Y
‖L∗ −XY T‖2 = min

D
‖UTL∗V − UTX̂DŶ TV ‖2 = min

D

∥∥∥∥[Σ1 0
0 0

]
−
[
Cx
Sx

]
D[CT

y , S
T
y ]

∥∥∥∥2

=

∥∥∥∥[Σ1 0
0 0

]
−
[
Cx
Sx

]
[Cx, Sx]T

[
Σ1 0
0 0

] [
Cy
Sy

]
[CT
y , S

T
y ]

∥∥∥∥2

,



we have

min
X,Y
‖L∗ −XY T‖2 ≥ max

{∥∥∥∥Cx[Cx, Sx]T
[
Σ1 0
0 0

] [
Cy
Sy

]
ST
y

∥∥∥∥2

,

∥∥∥∥Sx[Cx, Sx]T
[
Σ1 0
0 0

] [
Cy
Sy

]
CT
y

∥∥∥∥2
}

≥ max{σ2
min(Cx)‖Sy‖2, σ2

min(Cy)‖Sx‖2}σ2
min

(
[Cx, Sx]T

[
Σ1 0
0 0

] [
Cy
Sy

])
≥ max{(1− θ2

x)θ2
y, (1− θ2

y)θ2
x}(σr∗

√
1− θ2

x

√
1− θ2

y)2

Combining it with the fact that ‖L∗−G−XY T‖ ≥ ‖L∗−XY T‖−‖G‖ for any X, Y , we get the conclusion.

Lemma 8. Let L∗, G be the same as in Lemma 7. Let X = (L∗−G)Y , where Y ∈ Rn×r is orthonormal. Denote
θx = ‖ sin Θ(U∗, X)‖, θy = ‖ sin Θ(V∗, Y )‖. If ‖G‖ < σr∗

√
1− θ2

y, then

σr(X) ≥ σr∗
√

1− θ2
y − ‖G‖, θx ≤

‖G‖

σr
√

1− θ2
y − ‖G‖

.

Proof. By Lemma 2 and Lemma 1, we have

σr(X) = σr((L∗ −G)Y ) ≥ σr(L∗Y )− ‖GY ‖ ≥ σr(Σ∗V T
∗ Y )− ‖G‖ ≥ σr∗σmin(V T

∗ Y )− ‖G‖

= σr∗σ
1
2

min(Y TV∗V
T
∗ Y )− ‖G‖ ≥ σr∗σ

1
2

min(Ir − Y T(I − V∗V T
∗ )Y )− ‖G‖

= σr∗

√
1− ‖(I − V∗V T

∗ )Y ‖2 − ‖G‖ = σr∗

√
1− θ2

y − ‖G‖ > 0. (17)

Therefore, X has full column rank. Denote Gx = (XTX)−
1
2 , X̂ = XGx. Then X̂ and X = AY can be rewritten

as X̂ = AY Gx. Using Lemma 1 and (17), we have

‖θx‖ = ‖UT
∗,cX̂‖ = ‖UT

∗,c(L∗ −G)Y Gx‖ ≤ ‖GY Gx‖ ≤ ‖G‖‖Gx‖ ≤
‖G‖
σr(X)

≤ ‖G‖

σr∗
√

1− θ2
y − ‖G‖

.

The proof is completed.

Lemma 9. Let U , X ∈ Rm×r both have orthonormal columns. It holds ‖X‖2,∞ ≤ ‖U‖2,∞ + ‖ sin Θ(U,X)‖.

Proof. Let Uc be such that [U,Uc] is an orthogonal matrix. We can write X = UCx+UcSx, where CT
x Cx+ST

x Sx =
Ir. By Lemma 1, we have ‖ sin Θ(U,X)‖ = ‖UT

c X‖ = ‖Sx‖. Then for any 1 ≤ i ≤ m, we have

‖eT
i X‖ = ‖eT

i UCx + eT
i UcSx‖ ≤ ‖eT

i U‖+ ‖Sx‖,

the conclusion follows.

Lemma 10. (Jain and Netrapalli, 2015, Lemmas 8,10) Let A ∈ Rm×n with m ≥ n. Suppose Ω is obtained by
sampling each entry of A with probability p ∈ [ 1

4m , 0.5]. Then w.p. ≥ 1− 1/m10+logα,

‖1

p
ΠΩ(A)−A‖ ≤ 6

√
αm
√
p
‖A‖max.

2 Proof for Main Theorems

2.1 Proof of Theorem 1

Proof of Theorem 1. First, it holds ‖(I − U∗UT
∗ )M(I − V∗V T

∗ )‖ = ‖(I − U∗UT
∗ )S∗(I − V∗V T

∗ )‖. Then by
assumption, we have ‖(I − U∗UT

∗ )M(I − V∗V T
∗ )‖ < σr∗.



Second, we have

‖E‖ = ‖MV∗ − U∗Σ∗‖ = ‖L∗V∗ − U∗Σ∗ + S∗V∗‖ = ‖S∗V∗‖,
‖F‖ = ‖MTU∗ − V∗Σ∗‖ = ‖LT

∗ U∗ − V∗Σ∗ + ST
∗ U∗‖ = ‖ST

∗ U∗‖.

It follows
max{‖E‖, ‖F‖} = max{‖S∗V∗‖, ‖ST

∗ U∗‖} < σr − σr+1.

Then applying Lemma 4 gives the conclusion. �

2.2 Proof of Theorem 2

Throughout the rest of this section, we follow the notations in Algorithm 1. Besides that, we will also adopt the
following notations. Denote

r = rank(L∗), κ∗ = κ2(L∗), p′ = p(1− %), Ωt = Ω/ supp(St), Gt = St − S∗. (18)

The SVDs of L∗ is given by

L∗ = [U∗, U∗,c] diag(Σ∗, 0)[V∗, V∗,c]
T, (19)

where [U∗, U∗,c] and [V∗, V∗,c] are orthogonal matrices U∗ ∈ Rm×r and V∗ ∈ Rn×r, Σ∗ = diag(σ1∗, . . . , σr∗) with
σ1∗ ≥ · · · ≥ σr∗ > 0. Further denote

θx,t = ‖ sin Θ(U∗, Xt)‖, θy,t = ‖ sin Θ(V∗, Yt)‖. (20)

Lemma 11. ‖St − S∗‖max ≤ 2‖ΠΩ(XtΣtY
T
t − L∗)‖max for t = 0, 1, . . . .

Proof. Denote Φ∗ = supp(S∗), Φt = supp(St), it is obvious that St−S∗ is supported on Φt ∪Φ∗ and Φt ∪Φ∗ ⊂ Ω.
Now we claim that

‖ΠΩ(St − S∗)‖max ≤ 2‖ΠΩ(XtΣtY
T
t − L∗)‖max.

To show the claim, it suffices to consider the following two cases.

Case (1) For any (i, j) ∈ Φt, it holds (St)(i,j) = (L∗ + S∗ −XtΣtY
T
t )(i,j). Then it follows that

|(St − S∗)(i,j)| = |(L∗ −XtΣtY
T
t )(i,j)| ≤ ‖ΠΩ(XtΣtY

T
t − L∗)‖max.

Case (2) For any (i, j) ∈ Φ∗ \Φt, it holds (St)(i,j) = 0. If |(St−S∗)(i,j)| = |(S∗)(i,j)| > 2‖ΠΩ(XtΣtY
T
t −L∗)‖max,

then
|(L∗ + S∗ −XtΣtY

T
t )(i,j)| > ‖ΠΩ(L∗ −XtΣtY

T
t )‖max.

Noticing that S∗ only changes s entries of ΠΩ(L∗ −XtΣtY
T
t ), we know that the (i, j) entry of |ΠΩ(L∗ + S∗ −

XtΣtY
T
t )| is larger than the (s+1)st largest entry of |ΠΩ(L∗+S∗−XtΣtY

T
t )|. This contradicts with (i, j) /∈ Φt.

Lemma 12. Assume (A1). Denote r′s =
‖S0−S∗‖2F
‖S0−S∗‖2 . Let S0 be obtained as in Algorithm 1. It holds

‖S0 − S∗‖ ≤ 2

√
2%p

r′s
µr‖L∗‖.

Proof. First, for any i, j, we have Lij = eT
i U∗Σ∗V

T
∗ ej . Using (A1), we have

|Lij | ≤ ‖eT
i U∗‖‖Σ∗‖‖eT

j V∗‖ ≤
µr√
mn
‖L∗‖,

and hence

‖L∗‖max ≤
µr√
mn
‖L∗‖. (21)



By Lemma 11, we have

‖S0 − S∗‖max ≤ 2‖ΠΩ(L∗)‖max ≤
2µr√
mn
‖L∗‖. (22)

Therefore, using (21), (22) and (A2), we have

‖S0 − S∗‖F ≤
√

2s‖S0 − S∗‖max ≤ 2
√

2s‖ΠΩ(L∗)‖max ≤ 2
√

2s‖L∗‖max ≤ 2
√

2%pµr‖L∗‖. (23)

By the definition of r′s, it follows that

‖S0 − S∗‖ ≤
‖S0 − S∗‖F√

r′s
≤ 2

√
2%p

r′s
µr‖L∗‖.

The proof is completed.

Proof of Theorem 2. By (A3), Lemma 10 and (21), w.p. ≥ 1− 1/m10+logα, it holds

‖ 1

p′
ΠΩ0(L∗)− L∗‖ ≤

6
√
αm√
p′
‖L∗‖max ≤ ξµr‖L∗‖. (24)

Using Lemma 12 and (24), we have w.p. ≥ 1− 1/m10+logα,

‖ 1

p′
ΠΩ0(M − S0)− L∗‖ ≤ ‖

1

p′
ΠΩ0(L∗)− L∗‖+

1

p′
‖S0 − S∗‖ ≤ (ξ + γ)µr‖L∗‖. (25)

Let the SVD of XT
1 L∗Y1 be XT

1 L∗Y1 = P Σ̃QT, where P , Q are orthogonal matrices, Σ̃ = diag(σ̃1, . . . , σ̃r).
Denote Ũ = X1P , Ṽ = Y1Q, and let

E = L∗Ṽ − Ũ Σ̃, F = LT
∗ Ũ − Ṽ Σ̃. (26)

Then it follows that

‖Σ1 −XT
1 L∗Y1‖ = ‖XT

1 [
1

p′
ΠΩ0

(M − S0)− L∗]Y1‖ ≤ ‖
1

p′
ΠΩ0

(M − S0)− L∗‖. (27)

Using (25) and (27), by calculations, we get

‖E‖ = ‖L∗Ṽ − Ũ Σ̃‖ = ‖L∗Y1 −X1P Σ̃QT‖ = ‖L∗Y1 −X1X
T
1 L∗Y1‖

≤ ‖L∗Y1 −X1Σ1‖+ ‖X1(Σ1 −XT
1 L∗Y1)‖

= ‖L∗Y1 −
1

p′
ΠΩ0

(M − S0)Y1‖+ ‖Σ1 −XT
1 L∗Y1‖

≤ 2‖ 1

p′
ΠΩ0

(M − S0)− L∗‖ ≤ 2(ξ + γ)µr‖L∗‖, w.p. ≥ 1− 1/m10+logα. (28)

Similarly, we get

‖F‖ ≤ 2(ξ + γ)µr‖L∗‖, w.p. ≥ 1− 1/m10+logα. (29)

Next, we only need to show max{‖E‖, ‖F‖} ≤ σr∗ and ‖(Im − Ũ ŨT)L∗(In − Ṽ Ṽ T)‖ < σ̃r. Once these two
inequalities hold, we may apply Lemma 4.

For the first inequality, using (28), (29) and the assumption (ξ + γ)µκr < 1
6 , we get

max{‖E‖, ‖F‖} ≤ 2(ξ + γ)µr‖L∗‖ < σr∗, w.p. ≥ 1− 1/m10+logα. (30)



For the second inequality, using (23) and (24), we have

‖ 1

p′
ΠΩ(M − S0)− L∗‖ ≤ ‖

1

p′
ΠΩ(L∗)− L∗‖+

1

p′
‖S∗ − S0‖ ≤ (ξ + γ)µr‖L∗‖. (31)

Then using Lemma 2, (25),(27) and (31), we have

|σ̃r − σr∗| ≤ |σ̃r − γ̂r,0|+ |γ̂r,0 − σr∗| ≤ ‖XT
1 L∗Y1 − Σ1‖+ ‖ 1

p′
ΠΩ0(M − S0)− L∗‖ ≤ 2(ξ + γ)µr‖L∗‖.

It follows that

σ̃r ≥ σr∗ − 2(ξ + γ)µr‖L∗‖. (32)

Then using the assumption (ξ + γ)µκr < 1
6 , (25) and (32), we have

‖(Im − Ũ ŨT)L∗(In − Ṽ Ṽ T)‖ = ‖(Im −X1X
T
1 )[L∗ −

1

p′
ΠΩ0

(M − S0)](In − Y1Y
T
1 )‖

≤‖L∗ −
1

p′
ΠΩ0

(M − S0)‖ ≤ (ξ + γ)µr‖L∗‖ < σr∗ − 2(ξ + γ)µr‖L∗‖ ≤ σ̃r.

Now using (28), (29), the assumption (ξ + γ)µκr < 1
6 and Lemma 4, we have

max{θx,1, θy,1} = max{‖ sin Θ(U∗, Ũ)‖, ‖ sin Θ(V∗, Ṽ )‖} ≤ 2(ξ + γ)µrκ

1− 1/3
= 3(ξ + γ)µrκ, (33a)

‖L∗ − Ũ Σ̃Ṽ T‖max/‖L∗‖ ≤ (‖U∗‖2,∞θy,1 + ‖V∗‖2,∞θx,1) + (1 + 3‖U∗‖2,∞‖V∗‖2,∞)θx,1θy,1. (33b)

Using the assumption (ξ + γ)µκr < 1
3

√
µ′1r
m , by (33a), we have max{θx,1, θy,1} ≤

√
µ′1r
m . On the other hand,

assumption (A1) implies that

‖U∗‖2,∞ ≤
√
µr

m
, ‖V∗‖2,∞ ≤

√
µr

n
. (34)

Then it follows from Lemma 9 that

‖X1‖2,∞ ≤ ‖U∗‖2,∞ + ‖ sin Θ(X1, U∗)‖ ≤
√
µr

m
+

√
µ′1r

m
≤
√
µ1r

m
, (35a)

‖Y1‖2,∞ ≤ ‖V∗‖2,∞ + ‖ sin Θ(Y1, V∗)‖ ≤
√
µr

n
+

√
µ′1r

m
≤
√
µ1r

n
. (35b)

Using the assumption (ξ + γ)µκr < 1
3

√
µ′1r
m , (25), (27), (33b), (34) and (35), by calculations, we have

‖L∗ −X1Σ1Y
T
1 ‖max/‖L∗‖ ≤‖L∗ − Ũ Σ̃Ṽ T‖max/‖L∗‖+ ‖Ũ Σ̃Ṽ T −X1Σ1Y

T
1 ‖max/‖L∗‖

=‖L∗ − Ũ Σ̃Ṽ T‖max/‖L∗‖+ ‖X1(XT
1 L∗Y1 − Σ1)Y T

1 ‖max/‖L∗‖

≤‖L∗ − Ũ Σ̃Ṽ T‖max/‖L∗‖+ ‖X1‖2,∞‖XT
1 L∗Y1 − Σ1‖‖Y1‖2,∞/‖L∗‖

≤‖L∗ − Ũ Σ̃Ṽ T‖max/‖L∗‖+ ‖X1‖2,∞‖Y1‖2,∞(ξ + γ)µrκ,

≤(‖U∗‖2,∞θy,1 + ‖V∗‖2,∞θx,1) + (1 + 3‖U∗‖2,∞‖V∗‖2,∞)θx,1θy,1

+ ‖X1‖2,∞‖Y1‖2,∞
1

3

√
µ′1r

m

≤
(√

µr

m
θy,1 +

√
µr

n
θx,1 + θx,1θy,1

)
+O(n−3/2),

which completes the proof. �



2.3 Proof of Theorem 3

Proof of Theorem 3. First, we give an upper bound for supX∈Rm×r ‖ΠΩt
(R)ΠΩt

(XY T
t )T‖/‖X‖. Let {δij} be

an independent family of Bernoulli(p′) random variables, XT = [x1, . . . , xm] ∈ Rr×m be arbitrary nonzero
matrix with ‖X‖ = 1, and Y T

t = [y1, . . . , yn]. Denote Eij = eie
T
j , R = [rij ], Wil =

∑
j,k δijrijEijδlkx

T
k ylE

T
kl,

Z =
∑
i,l Zi,l. By calculations, we have

E(Wil) = p′2
∑
j,k

rijEijy
T
k xlEkl,= p′2

∑
j

rijEijy
T
j xlEjl = p′2R(i,:)YtxlEil = 0,

‖Wil‖ ≤
√
p′nmax |rijxT

j yl| ≤
√
µ′rp′‖R‖max,

‖E[
∑
i,l

WilW
T
il ]‖ = ‖E[

∑
i,l

(
∑
j,k

δijrijEijδlkx
T
k ylE

T
kl)(

∑
j′,k′

δij′rij′Eij′δlk′x
T
k′ylE

T
k′l)

T]‖ = 0,

‖E[
∑
i,l

WT
ilWil]‖ = 0.

By Lemma 5, we have P{‖W‖ > t} ≤ (m+ n) exp
(
− 3t/2√

µ′rp′‖R‖max

)
. Let t = 2

3 (log(m+ n) + 5)
√
µ′rp′‖R‖max,

then w.p. ≥ 0.99, it holds

‖W‖ ≤ 2

3
(log(m+ n) + 5)

√
µ′rp′‖R‖max. (36)

Second, It is easy to see that Xopt = (M − St)Yt. By calculations, we have

min
X
‖ΠΩt(XY

T
t )−ΠΩt(M − St)‖2 (37)

= min
∆X
‖ΠΩt

((Xopt + ∆X)Y T
t )−ΠΩt

(
(M − St)YtY T

t + (M − St)(I − YtY T
t )
)
‖2

= min
∆X
‖ΠΩt

(∆XY T
t )−ΠΩt

(R)‖2. (38)

Then we declare that (38) is minimized when ∆X = X̃opt − Xopt. This is because (37) is minimized when
X = X̃opt and X = Xopt + ∆X. Thus, we have

‖X̃opt −Xopt‖ = ‖∆X‖ ≤
supX∈Rm×r ‖ΠΩt

(R)ΠΩt
(XY T

t )T‖
σ2

. (39)

Substituting (36) into (39), we get the conclusion. �

2.4 Proof of Theorem 4

Lemma 13. Denote rs = inft
‖St−S∗‖2F
‖St−S∗‖2 , ζ =

√
2sµr
mrs

. If ‖L∗ − XtΣtY
T
t ‖max ≤ ct‖L∗‖

√
µr
m for some positive

parameter ct, then

‖St − S∗‖ ≤ 2ct‖L∗‖ζ, |γj,t − σj∗| ≤ 2ct‖L∗‖ζ.

Proof. Using Lemma 11, by simple calculations, we have

‖St − S∗‖ ≤
‖St − S∗‖F√

rs
≤
√

2s

rs
‖St − S∗‖max ≤ 2

√
2s

rs
‖ΠΩ(L∗ −XtΣtY

T
t )‖max ≤ 2ct‖L∗‖

√
2sµr

mrs
= 2ct‖L∗‖ζ.

Then by Lemma 2, we know that

|γj,t − σj∗| ≤ ‖(M − St)− L∗‖ = ‖St − S∗‖ ≤ 2ct‖L∗‖ζ.

The proof is completed.



Proof of Theorem 4. First, denote X̄t+1 = (M −St)Yt, then we know that X̄t+1 is the solution to minX ‖M −
St −XY T

t ‖. Also note that X̃t+1 on line 8 of Algorithm 1 is the solution to minX ‖ΠΩt
(M − St −XY T

t )‖. Then
by Theorem 3, we have

‖X̄t+1 − X̃t+1‖ ≤ CLS‖(M − St)(I − YtY T
t )‖max, w.p. ≥ 0.99.

Then it follows that from Lemma 1, Lemma 11 and Lemma 13 that

‖X̄t+1 − X̃t+1‖ ≤ CLS(‖L∗(I − YtY T
t )‖max + ‖(St − S∗)(I − YtY T

t )‖max)

≤ CLS(‖L∗‖
√
µr

m
θy,t + ‖St − S∗‖2,∞) ≤ CLS(‖L∗‖

√
µr

m
θy,t +

√
2p%n‖St − S∗‖max)

≤ CLS(‖L∗‖
√
µr

m
θy,t + 2

√
2p%n‖L∗ −XtΣtY

T
t ‖max) ≤ C√

m
‖L∗‖θy,t. (40)

Second, using Lemma 13 and 4cκζ < 1, we have

‖St − S∗‖ < 2cθy,t‖L∗‖ζ ≤
√

2c‖L∗‖ζ <
σr∗√

2
≤ σr∗

√
1− θ2

y,t, (41)

Then by Lemma 8, we know that

‖ sin Θ(X̄t+1, U∗)‖ ≤
‖St − S∗‖

σr∗

√
1− θ2

y,t − ‖St − S∗‖
. (42)

Using (42), the assumption ‖L∗ −XtΣtY
T
t ‖max ≤ c‖L∗‖ θy,t

√
µr
m , Lemma 13 and θy,t ≤ 1√

2
, we get

‖ sin Θ(X̄t+1, U∗)‖ ≤
2c‖L∗‖ζθy,t

σr∗√
2
− 2c‖L∗‖ζθy,t

≤ 2
√

2cκζθy,t
1− 2cκζ

< 4
√

2cκζθy,t. (43)

Therefore, using Lemma 1, (40) and (43), we have

‖θx,t+1‖ = ‖UT
∗,cXt+1‖ = ‖UT

∗,cX̃t+1R
−1
x,t+1‖ ≤ ‖UT

∗,cX̄t+1R
−1
x,t+1‖+ ‖UT

∗,c(X̃t+1 − X̄t+1)R−1
x,t+1‖

≤ ‖R−1
x,t+1‖(‖ sin Θ(X̄t+1, U∗)‖‖X̄t+1‖+ ‖X̃t − X̄t‖)

≤ 1

σr(X̃t+1)

(
4
√

2cκζ‖X̄t+1‖+
C√
m
‖L∗‖

)
θy,t. (44)

Now using Lemma 2, (40), θy,t ≤ 1√
2
and (41), we have

‖X̄t+1‖ = ‖(M − St)Yt‖ ≤ ‖L∗Y ‖+ ‖St − S∗‖ ≤ ‖L∗‖+
√

2c‖L∗‖ζ,

σr(X̃t+1) ≥ σr(X̄t+1)− C√
m
‖L∗‖θy,t ≥ σr((M − St)Yt)−

C√
2m
‖L∗‖ ≥ σr(L∗Yt)− ‖St − S∗‖ −

C√
2m
‖L∗‖

≥ σr∗
√

1− θ2
y,t −

√
2c‖L∗‖ζ −

C√
2m
‖L∗‖ ≥

σr∗√
2
−
√

2c‖L∗‖ζ −
C√
2m
‖L∗‖.

Substituting them into (44), we get the conclusion. �

2.5 Proof of Theorem 5

Lemma 14. Follow the notations and assumptions in Lemma 1. Then

‖L∗ − X̂t+1Rx,t+1Y
T
t ‖max ≤

(
(1 + CLS

√
µ′r

n
)

√
µr

m
+ (1 + CLS

√
2%pn)

√
µ′r

n
2cζ
)
‖L∗‖θy,t.



Proof. Direct calculations give rise to

‖L∗ − X̃t+1Y
T
t ‖max ≤ ‖L∗ − (M − St)YtY T

t ‖max + ‖(M − St)YtY T
t − X̃t+1Y

T
t ‖max

≤ ‖L∗ − (M − St)YtY T
t ‖max + ‖(M − St)Yt − X̃t+1‖

√
µ′r

n
(45a)

≤ ‖L∗ − (M − St)YtY T
t ‖max + CLS

√
µ′r

n
‖(M − St)(I − YtY T

t )‖max (45b)

≤ (1 + CLS

√
µ′r

n
)‖L∗(I − YtY T

t )‖max + (1 + CLS

√
2%pn)

√
µ′r

n
‖St − S∗‖max

≤
(

(1 + CLS

√
µ′r

n
)

√
µr

m
+ (1 + CLS

√
2%pn)

√
µ′r

n
2cζ
)
‖L∗‖θy,t (45c)

where (45a) uses ‖Yt‖2,∞ ≤
√

µ′r
m , (45b) uses Theorem 3, (45c) uses the SVD of L∗, ‖U∗‖2,∞ ≤

√
µr
m and

Lemme 1.

Proof of Theorem 5. First, by Lemma 7, we have

‖M − St −XtΣtY
T
t ‖ ≥ σr∗max{

√
1− θ2

x,tθy,t,
√

1− θ2
y,tθx,t}

√
1− θ2

x,t

√
1− θ2

y,t − ‖St − S∗‖

Then using (41), θx,t ≤ 1√
2
and θy,t ≤ 1√

2
, we get

‖M − St −XtΣtY
T
t ‖ ≥

σr∗

2
√

2
θy,t − 2c‖L∗‖

√
µr

m
θy,t. (46)

Second, by calculations, we have

‖M − St − X̂t+1Ỹ
T
t+1‖ ≤ ‖(I − X̂t+1X̂

T
t+1)(M − St)‖+ ‖X̂t+1X̂

T
t+1(M − St)− X̂t+1Ỹ

T
t+1‖

≤ ‖(I − X̂t+1X̂
T
t+1)L∗‖+ ‖St − S∗‖+ ‖X̂T

t+1(M − St)− Ỹ T
t+1‖

≤ ‖L∗‖θx,t+1 + 2c‖L∗‖ζ
√
µr

m
θx,t+1 +

C√
m
‖L∗‖θx,t+1 (47)

≤ (1 + 2cζ

√
µr

m
+

C√
m

)φ‖L∗‖θy,t, (48)

where the first two terms of (47) use Lemma 1 and (41), respectively, and the last term can obtained similar to
(40), with the help of Lemma 14.

Then it follows that

‖M − St+1 −Xt+1Σt+1Y
T
t+1‖ ≤ ‖M − St −Xt+1Σt+1Y

T
t+1‖ (49a)

≤ (1 + 2c

√
µr

m
+

C√
m

)φ‖L∗‖θy,t (49b)

≤
(1 + 2cζ

√
µr
m + C√

m
)φ‖L∗‖

σr∗
2
√

2
− 2cζ‖L∗‖

√
µr
m

‖M − St −XtΣtY
T
t ‖ (49c)

= ψ‖M − St −XtΣtY
T
t ‖,

where (49a) uses Lemma 6, (49b) uses (48), (49c) uses (46). The proof is completed. �
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