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Appendix A Technical Assumptions in Section 3.1

We make two technical assumptions on the input parameters.

(A.1) The communication matrix P is irreducible. Namely, for any two i,j € {1,---, N}, with ¢ # j, there exists
2<I<Nandky,- -,k €{l,---,N}, with k; = ¢ and k; = j such that the product P(ky, ko) -, P(ki—1, k) >
0 is strictly positive.

(A.2) The communication budget (B;)ieny and € > 0 is such that for all D > 0, there exists to(D) such that for
all t > to(D), By > Dlog(t) (i-e., B, = Q(log(t))). Furthermore, we shall assume a convexity condition, i.e., for
every z,y € Nand A € [0,1], A xgq-(1-2)y] < Az + (1 —A)A,, where the sequence (A;)zen is given in Equation
(1). Furthermore, -, % < o0.

Assumption A.1l states that the graph of communication among agents is connected. Observe that if A.1 is
not satisfied, then there exists at-least a pair of agents that can never exchange information among each other,
making the setup degenerate. Assumption A.2 implies that, any agent over a time interval of T" arm-pulls, can
engage in information-pulls, at-least Q(log(7")) times. The convergence of the series in A.2 also hold true for
all ‘natural’ examples, such as exponential and polynomial. For instance, the series is convergent if for all large
I, either B; = [ log?(1)] or B, = [1*/(P+D] for all D > 0 and 3 > 1. Thus, conditions A.1 and A.2 do not
impact any practical insights we can draw from our results.

Appendix B Discussion on Theorem 1

In order to get some intuition from the Theorem, we consider a special case. Recall from Equation (1), that A,
is the time slot when any agent pulls information for the x th time. Thus, if for some 8 > 1, the communication
budget B; = [t'/#], then for all small £ and all large z, the sequence A, = [27] . In other words, if communication
budget scales polynomially (but sub-linearly) with time, then A, is also polynomial, but super linear. Similarly, if
the gossip matrix corresponded to the complete graph, i.e., P(i,5) = 1/N, for all i # j and A, = 2, we will show
in the sequel (Corollary 18), that there exists an universal constant C' > 0 such that ]E[A%gr)] < (C'log(N))~.

Thus, we have the following corollary.

Corollary 5. Suppose the communication budget satisfies B; = |t'/P], for all t > 1, for some > 1. Let & > 0
be sufficiently small. Then the communication sequence (Az)zen in Equation (1) with e < 8 — 1 is such that
A, = [2P], for all large x. If the gossip matriz connecting the agents corresponded to the complete graph, i.e.,
P(i,j) = 1/N, for all i # j, then under the conditions of Theorem 1, the regret of any agenti € {1,--- ,N} at
time T € N satisfies

(5142
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where C' is an universal constant given in Corollary 18.

The proof is provided in Appendix K. The terms denoting cost of pairwise communications correspond to the
average amount of time any agent must wait before the best arm is in the playing set of that agent. This cost
2
K B-1
can be decomposed into the sum of two dominant terms. The term of order (%) "' is the expected number

of samples needed to identify the best arm by any agent. The term (log(NV))? is the amount of time taken by a
pure gossip process to spread a message (the best arm in our case) to all agents, if the communication budget is
given by B, = [t'/#].

Appendix C Proof of Theorem 1

In order to give the proof, we first set some notations and definitions. We make explicit a probability space
construction from ( , ), that makes the proof simpler. We assume that there is

a sequence of independent {0,1} valued random variables (Yj(i)(t))ie[N},je[K],tzm where for every j € [K], the
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collection (Yj(i) (t))¢>0,ie[n is an i.i.d. Bernoulli random variable of mean p;. The interpretation being that if an
agent ¢ pulls arm j for the [th time, it will receive reward Yj(i)(l). Additionally, we also have on the probability
space a sequence of independent [N] valued random variables (Z J(Z)) j>0,ic[N], Where for each i € [N], the sequence
z J(l)) j>o is iid distributed as P(3, ). The interpretation is that when agent ¢ wishes to receive a recommendation

at the end of phase j, it will do so from agent Zj(-i).

C.1 Definitions and Notations

In order to analyze the algorithm, we set some definitions. Let B;i) to be the best arm in S](-i), ie.,

Pt = MaX, () [l Observe that since the set S](-i) is random, By) is also a random variable. For every agent
J J

i € [N] and phase j > 0, we denote by (55»“ € Sj(i) to be that arm, that agent ¢ played the most in phase j. Note,
from the algorithm, if any agent i pulled an arm from agent i at the end of phase j for a recommendation, it
would have received arm (95”.

Fix an agent i € [N] and phase j > 0. Let S be a collection of all subsets S C [K] of cardinality |S| = [£]+2,

such that 1 € S,S® c S. For any S € S@, index the elements in S as {l1,--- ’l(%H?} in increasing order of

K
arm-ids. Let a1,---arxy;, € NI%1+2 be such that ernj\[:]oﬁ am > 0. For every agent i € [N], phase j > 0 and

(ag,--- ’af%H?) € NI~ 142, denote by the event f](i)(S;al, e ,a[%]) as

&0(Ss a1, L) = {Sj(-i) = S8,T),(Aj_1) =ay, T, 4y = a(%HQ’@;i) ” 1}.

442

Denote by Egi) as the union of all such events, i.e.,

Eg'i) = U U gj('i)(S;alv"',a[%}) ;

5es® <a1,~~a(%1+2>€Nr%]+2
and by Xy) its indicator random variable, i.e.,
X? =1_. (6)
J

In words, the event Xg.i) is the indicator variable indicating whether agent ¢ does not recommend the best arm
at the end of phase j, under some sample path, i.e., we take an union over all possible set of playing arms that
contain arm 1 (i.e., set S®) and all possible number of plays of the various arms in S until the beginning of

phase j (i.e., the set of histories in .A;). In Lemma 6, we provide an upper bound to this quantity. Notice from

(@)

to the reward sequence (ij‘(l)(t))je[K],te[O, A;]- Also, trivially by definition, observe that XEZ) >1

almost-surely. This is so since Xg@) is an union bound over all possible realizations of the communication

sequence and reward sequence of other agents, while 150 41,150 considers a particular realization of the
5 711es;

the construction that for each agent ¢ € [N] and phase j > 0, the random variable x:"” is measurable with respect

A )
O8I #1,1€8¢
communication and rewards of other agents.

We now define certain random times that will be useful in the analysis.

20 —inf{j > 5"V 5 =0},

~ ~(1)
Tstab — IMAX T, y
i€[N] stab
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5_\(1) = lnf{j > ?stab :1le S](Z)} - ?stabv

spr

Tepr = MAX  Tg
Pr e, Ny P

T = Tstab + Tspr-

In words, ﬁ(zzb is the earliest phase such that, for all subsequent phases, if agent ¢ has the best arm, then it will

recommend the best arm. The time ?S(;)T is the number of phases it takes after Ty4p for agent ¢ to have arm 1 in
its playing set. The following proposition follows from the definition of the random times.

Proposition 1. For all agentsi € {1,--- , N}, we have almost-surely,
(1) _ oG
5= 50
j2T

O =1vl>7 Vie{l,---,N}.

Proof. Fix any agent ¢ € [N] and any phase j > 7. Since 7 > 70

wtab» We have for all j > 7,

Furthermore, from the definition of ng')’ we know that

(#) o
X; = 1les§.”,(5§”¢17 (8)

almost-surely. However, as 7 > ?S(;)T + Tstab, We know that

1esd. (9)

Thus, from Equations (7), (8) and (9), we have that (550 = 1. Since j > 7 was arbitrary, we have that for all
j>, 6](2) = 1. Since agent i € [N] was arbitrary, we have that for all agents i € [N] and all phases j > 7, we
have @J(-i)zl. From the Algorithm, we know that any agent will change its set of arms only if the recommendation
it receives is not present in the playing set (see line 8 of Algorithm 1). The preceding argument says that is not
the case and hence for all agents i € [N], (5, SJ(.Z) =59, O

In other words, after phase 7, the system is frozen, i.e., the set of arms of all agents remain fixed for all time
in the future. Moreover, all agents will only recommend the best arm going forward from this phase. We will
show in the sequel that E[A;] < oo for all settings of the algorithm and hence the system freezes after only
almost-surely finitely many changes in the set of arms played by the different agents.

C.2 Intermediate Propositions
Proposition 2. The regret of any agent i € {1,--- N} after playing for T steps is bounded by

K
[~ 1+2 1

i K
E[RY] < E[A,] + = + 4aIn(T) —
4 A,

<.
[ V)

Proof. From the definition of regret, we can write,
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=1 j=2
T K
S S
I=A,+1j=2
K T
BV SV SR
j=2 I=A+1

Thus, taking expectations on both sides, we get that

K T
ERY] <E[A]+>.4; Y P =j,jes9). (10)
=2 I=A,+1
We can break up the summation on the RHS as follows. Fix an arm j € {2,--- , K} and evaluate the sum
d 4a1n(T) -
S P =j,jes9) = Z IP’[I() (Z)ST,jeS@ (11)
I=A,+1 I=A,+1 J
4daIn(T) . )
Z 1 =410 > %,3 eSQ)],
=A, J
daln(T) . ‘ d i 4o In(T)
_Tp[gesﬁ>]+ Soop| =510 > x|
J I=A,+1 J
4o ln(T) 5
< — St 221~ 12
<R Plj € S + Z (12)
where in the last line we substitute the classical estimate from ( , ). We can use this estimate, as

we know that both the best arm, i.e., arm indexed 1 and the sub-optimal arm indexed j are in the set Sg) and
hence the agent can potentially play those arms. Now plugging Equation (12) into Equation (10), we get that

K %)
EIRY] < E[A A Mp' g 92(1-a)
RO <A+ 30 A (5 R e s+ ,
J 1=3

j=2
(a‘) 4aln(T) K (Z) K A]
< E[A,] A ng eS¢ ]+Z?
j=2 j=2
() daln(T) ([K K
2 s o) (K] 8

In step (a), we use the bound that A; > A, for all j € {2,---, K} and the fact that for & > 3, we have
S2a 212172 < 1/8. In step (b), we use the crucial identity that for any agent i € {1, , N} and any phase v
either deterministic or random, we have almost-surely,

K K
lees(”_ ~| T2

j=1

Taking expectations on both sides yields the result. If one were more precise in step (a), then it is possible to
establish that
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[&1+2 1 K A
< — =J
< E[A,] + 4aIn(T) Z vl Z .
j=2 j=2
This will then yield the proof. O

Proposition 3. For all N € N, A€ (0,1], >3 and M > 0,

Ay
S s

>4 1

E[A,] < Aj-
[Ar] +2a_

where j* is defined in Theorem 1.

Proof. Recall the fact that for any N valued random variable X, its expectation can be written as a sum of its
tail probabilities, i.e., E[X] =, P[X > t]. We use this fact to bound the expected value of E[A] as

E[A,] = P[4, > 1],

t>1

(a)
<> Pr>A"

= ZP[?stab + 7/:s;nr > Ail(t)}v
t>1

<Z]P>|:T§tab> ]JFZP[TW— S (A7)

t>1 t>1

~ 1, _
< Ap+ E P [rsmb > - (4 1(t))} +E[A27,,.].
2
t> A +1

Step (a) follows from the definition of A7!(-) given in Theorem 1. The estimate for E[A(27;,,)] follows by
noticing that this random variable can be coupled to the spreading time for a classical rumor spreading model,
which we do so in the sequel in Proposition 4. The first summation can be bounded by using estimates from
Lemma 6. We do so by applying a union bound over all agents and phases as follows. Fix some x > j*/2 in the
following calculations.

i=1
N %) )
ZPlUX§Z)1]7
=1 l=x
N .
<> 3P =1,
i=11>x
) X 2 (K K (2a—3)
< -
23555 0) (5] +1)a
i=1 1>z
_ 2 N K K 4—(20-3)
20 — 3 2 N
1>z
® 2
<
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In the above calculations, we use the bound from Lemma 6 in step (a) as > j*/2. In step (b), we use

2a—6
N(IQ() ]KV—‘ + 1) < (A£_1> , which follows from the definition of j* given in Theorem 1. Thus, we can
2

obtain the following.

> P[?stabZ;(A_l(t))]S > (2a23) > AL

t>Aj+1 t>Aj+1 I>1A-1(¢)

2 —3
= (2a3> L Z Ay

Step (c) follows by swapping the order of summations. The condition A.2 in Section 3.1 satisfied by the sequence
(Aj)jen ensures that the last summation is finite.

O
Proposition 4. The random variable Tsp, is stochastically dominated by TS(ZI,DT).
Proof. We construct a coupling of the spreading process induced by our algorithm and a PULL based rumor

spreading on P. We construct the coupling as follows. First we sample the reward vectors (Yj(i) (t))ie[N],je[K],t>0-
Then we can construct the random variable Ti:q,, which is a measurable function of the reward vectors. We

then sample the communication random variables of our algorithm (ZJ@)Z-E[ N],j>0- We then construct a PULL
based communication protocol with the random variables (Z_]('i))ie[N],jZ?smb' Since Tstqp 18 independent of

(ZJ('i))ie[N],jZOa the sequence of (Z(i) )i€[N],j>7uras 18 identically distributed as (Z;i))ie[N],jzo-

J—Tstab

Now, for the stochastic domination, consider the case where in the PULL based system, which starts at phase
(time) Tstap, only agent 1 has the rumor (best-arm). By definition of T4, any agent that contacts another agent
possesing the rumor (best-arm), is also aware of the rumor (best-arm). The stochastic domination is concluded
as at phase Tstqp, many agents may be aware of the rumor (best-arm) in our algorithm, while in the rumor
spreading process, only agent 1 is aware of the rumor at phase 7.

O

Proof of Theorem 1

Proof. We can conclude Theorem 1 by plugging in the estimates from Propositions 3 and 4 into Proposition
2. O

Appendix D Analysis of the UCB Error Estimates

Aj—Aj dalog(A;)
prray 21+ A

o155 (5) (5] 1) ()

where X;i) is defined in Equation (6).

Lemma 6. For any agent i € [N] and phase j such that we have

J
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Proof. As the algorithm recommends the most played arm in a phase, the arm that is recommended (i.e., Oj(-i))

must be payed by agent i at-least % times in phase j. This follows from an elementary pigeon hole
J

argument. Let S@ be the collection of all subsets S C {1,---, K} such that S0 c Sand 1€ S. Let A; be

]+2

a collection of all N valued tuples (a1, -arxq,,) € Ns.t. E = A;_1. We shall however, consider all

possible histories, i.e., N[¥1+2.

Sl U S|,

Ses [&1+2
_(al,ma(%Hz)EN N

2P U U 1904) - 1940 2 Bt

(b)
= S
Ses) +21€8,l#1 ‘ |

K
(a1,"-a’r%]+2)€N(Nw

(©) A

o> Z g U U ot-1-174,-0) = A=A g0y

Ses()t At Aj ?_)7‘—1 )eN[%przlESl#l
15571

(@1,arpy

Aj

Z Z Z P U Tl(i)(tfl) T()(AJ 1)Aj(gl|j_11,ft(i)l

IN&

SeS8W y_p,_ 1+a‘#§‘11€s,l;ﬁ1 (a1,~--a(%]+2)eNr%H2 J
(©) A . A A . _
<> > B|TV-1) 2 S - LUCBY () 2 UCBY ()| (13)
SESWIESIAL,_ A=A 15571
—Ai-1 ls](_i)l
() A
SO > 20 (14)

SeS@) 1eS,l#1 t=A’_71+Aj_éj—l
i 1587

Step (a) follows from an union bound over S). In step (b) we use the fact that if an arm [ has to be the most
played, then it must be played at-least % times. In step (c), we search over times, when the number of

times arm [ has been played exceeds % exactly. In step (d), we use an union bound over S. In step (e), for

any arm | € S, UCB( () = ul( J(t—1) +4/ T(Oz)l?t(i)l)' In step (e), we ask that arm [ and 1 has been played at-least
l

0 or more times in the past before time ¢ and that the UCB index of arm [ at agent ¢ at time ¢, exceed that of
the index of the best arm. In step (f), we plug in the classical estimate from ( , ). This bound is
applicable in our case as 1 € S and the arm gap between the best and the second best arm in S is at-least A.
Azj rAJ]l > 14 loAgz(Aj) implies that for all t € |A;_1 + % A,
the conditions in the bound in ( , ) is satisfied and is hence applicable. Notice that |S(*)| < (2)
Thus, switching the order of summation and simplifying Equation 14, we get

Furthermore, the condition in the lemma

Aj

E[x"] < (g) dﬂ - 1) > 22(1-@)

K K A
< — 2(170()
2(5) ([3]#1) [, oo
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Algorithm 3 Asynch GosInE Algorithm (at Agent )

1: Input: Communication Budget (Bi):en, UCB Parameter «, Slack §, e > 0
2: Initialization: S'\(i),S(()z) according to Equations (2) and (3) respectively.
3:7+0
4: A; = max (min{t > 0, B; > j}, [(1+j)'*]) > Reparametrize the communication budget
5: P~ Unif[(A; — Aj_1), (1+68)(4; — A1) > Uniformly distributed phase length
6: for Time t € N do
~(i aln
7: ‘ Pull - arg maxlesw <:“l( )(t - 1)+ Tl(i)(t(i)l))
8 | ift == ‘;:0 Pyi) then
|| O « GET-ARM-PREV(i,?)
10: | | if 0 ¢ SY then
11: ‘ ‘ ‘ Uﬁl — AIGMAX, ;) 1 (1)) (Tl ( i:o sti)) —T (Zz;é sti))) > Most played arm in current
phase ' .
2| || L ?J@ | |
13: ‘ ‘ ‘ 53(21 — Sy Lg?_l U U;Ql > Update set of playing arms
14: ‘ ‘ else
i ||| st e s
16: j—Jg+1
17: A; = max (min{t > 0, B; > j}, [(1 4 j)*™) > Reparametrize the communication budget
18: | | PJ@ ~ Unif[(A; — A;_1),(1+)(A; — Aj_1)] > Update next phase length

O

Similarly, we also have a bound on the error probability in the case of random phase length system in the
following lemma.

AJ—Aj_l
2+ 1

i 2 K K 1
7j—1

where X§-i) is defined in Equation (16).

4dalog(Aj)

Lemma 7. For any agent i € [N] and every j € N such that > 1+ —xz—%, we have

Proof. The proof is identical to that in Lemma 6 upto Equation 13, where the upper limit of summation is
(1+6)A, in the asynchronous communication scenario. Continuing with the rest of the calculation, identical to
that in Lemma 6 yields the result. O

Appendix E Asynchronous GosInE Algorithm

We give the pseudo code of the Asynchronous GosInE in Algorithm 3.

Appendix F Poisson Asynchronous Algorithm - Buildup to Proof of Theorem 2

In order to prove Theorem 2, we will state a more general algorithm in the sequel in Algorithm 5 and prove a
performance bound on it in Theorem 8. We shall then subsequently prove Theorem 8 in Appendix G and as a
corollary of the proof, deduce Theorem 2 in Appendix H.



Ronshee Chawla, Abishek Sankararaman, Ayalvadi Ganesh, Sanjay Shakkottai

Algorithm 4 Asynch Arm Recommendation

procedure GET-ARM-PREV((4,t)) > Input an agent i and time t

| m~P(i,) > Sample another agent

‘ jinf{r>0: Z;ZO Pém) >t} > Phase of agent m at time t
m j—1 m m j—2 m

IRVERED DAY SN R Wi

return argmax,_ ;-1 (Tl(m) (yJ(Tl)) . Tl(m) (yj(m2))> > Most played arm in phase j — 1

Algorithm 5 Distributed Poisson Asynchronous MAB Regret Minimization (at Agent 7)

1: Input Parameters: Communication Budget (Bt)ien, UCB Parameter «, Slack §, & > 0

2: Initialization: S, SZ-(O) according to Equations (2) and (3).

37«0

4: Aj; = max (inf{t >0,B;>j} (14 j)”g) > Reparametrize the commuication budget

5: P; ~ Poisson[(A; — A;_1),(1 +8)(A; — A;_1)] > Poisson distributed phase length

6: for Time ¢t € N do

: A — [_alnt)
7: | Pull arm - arg max, ¢ (ul (t—-1)+ Tl(i)(t—1)>
8: | if t ==37) P, then
|| OY) « GET-ARM-PREV(3) > Given in Algorithm 4
10: | | if 0 ¢ 87 then
11: ‘ ‘ ‘ U;Ql +— arg maxle{U;i>7L§i)}(1}(Aj) —Ti(A;-1)) > The most played arm
12: ‘ ‘ ‘ Lg-i)l — Oj(.i) > Update the set of playing arms
i Q6 i) (2)

13| | | s, < 8ouLl uul,
14: ‘ ‘ else
i ||| st e s
16: j—Jg+1
17: A; = max (inf{t > 0, B, > j}, (1 + j)'*°) > Reparametrize the commuication budget
18: | | Pj ~ Poisson[(A; — Aj_1), (1 +8)(A; — Aj_1)]

This algorithm does not fit our framework exactly, as the communication budget is not necessarily met. In
particular, this algorithm only ensures that with high probability, the number of information pulls by agents
in the first ¢ time slots is within the prescribed budget B;. Thus, we present this algorithm in the Appendix
and not as a solution to the multi-agent MAB problem. In order to prove this result, we will need a further
assumption on the input parameters.

(A.3) - The communication budget (Bt)ten and € > 0 is such that 3 x >0, 3° 5, Aa e FAa=Aam1) < oo,

where (Az)zen is given in Equation (1).

x

Theorem 8. Suppose in a system of N > 2 agents connected by a communication matriz P satisfying assumption
A.1 and K > 2 arms, each agent runs Algorithm 5, with input parameters (By)ien, and the UCB parameter
o > 3 and € > 0 satisfying assumptions A.2 and A.3 and § > 0 such that 3D > 0 with ¢(8) > 2D and

(3420 +1In(4+26)) > 2D, where ¢(§) = min (g +In(1+ g) ,(1+0)In (%) - %) Then the regret of any
agent i € [N], after any time T € N is bounded by

[~ 1+2
; 1 K . .
ERYI< | D0 & |4+ 5+ A+ 0EA,, o]+ 81 (As)sen §) + Naa((As)ren, 6).

o
j=2 Y

Cost of Asynchronous Infrequent Pairwise Communications

Collaborative UCB Regret
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where

. 2 A o e _
91((Az)zen, 8) = 2(1 +0) A2(2+6M*+(2a_3> B T2 D (Anpars)e) OO en A
1>3 -1

and

~ e _ e w 1
92((Aw)weNa 5) =2 Aioe (0)(Aeg = Asg—1) + Z Agze (0)A + @"‘r
z>1

(1+9) QZA[AI]e—c(J)(Am—Ax_l) +NZe—(3+25+1n(4+25))A*1(t)

x>1 t>1

where j* is given in Theorem 1, and xg € N is from Assumption A.2 in Section 3.1.

The proof of this theorem is carried out in Appendix G.

Appendix G Proof of Theorem 8

For every agent i € [IN] and phase j > 0, we shall denote by 77](»1) € N to be the number of times agent ¢ pulls
an arm in phase j. Notice from the conditions on the input parameter (p;);en that the following property is
satisfied -
D P[P < Aj— 4] <
Jj=0
> PPy > (14 6)(A; — Aj1)] < 0.

Jj=20

(15)

To make things simpler, we shall consider the following probability space. As before, it contains the reward and
communication random variables (}f]‘(z)(t))ie[N],je[K],tzo and (Z]('Z))jzo,ie[N]- For every j € [K], the collection
(Yj(l) (t))t>0,ic[n is an i.i.d. Bernoulli random variable of mean p;. The interpretation being that if an agent i

pulls arm j for the Ith time, it will receive reward Yj(i) (1). Similarly, for each i € [N], the sequence (Z j(z)) >0

is iid distributed as P(i,-). The interpretation is that when agent ¢ wishes to receive a recommendation at the

)

end of phase j, it will do so from agent Z}i . In addition, we also assume that the probability space consists

of another independent sequence (’P](»i))ie[N],jZO, where for each 7 € [N] and j > 0, the random variable P]@ is

independent of everything else and distributed as a Poisson random variable with mean (1 + g) (Ajp1 — 4 ).

G.1 Definition and Notations

To proceed with the analysis, define by a N valued random variable H* as
H* = inf {j’ >0:Vie[1,N,Vj>j P eA; — A1, (1+6)(4; - AH)]} ,

Equations (15) imply from Borel Cantelli lemma that H* < oo almost-surely. We will need another random
variable I' € N, which is defined as

i
F=supqt>0:3i¢€ [N],Z”P](Z) > ¢
=0

In words, T' represents the time when the last agent shift to phase H*. Similar to that done in the proof of
Theorem 1, we define a sequence of indicator random variables (X;l)) j>0,ic[n] as follows. The definition is identical
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to the one used in the proof of Theorem 1, which we reproduce here for completeness. Fix some agent ¢ € [N] and
phase j > 0. Denote by S(*) as the collection of all subsets S of [K] with cardinality [£]+ 2, such that S c S

(i) K [£142 ~1+2
and 1 € S. Clearly, |SW]| < (2) Denote by the tuples (aq, - - ’a(%H?) e NI~ such that > ¥ " " a,, > 0.
For any set S € S and tuples (ay,--- ’aT%TH) € Aj, denote by the event fj(.i)(S,al, e ’af%H—?) as

g]('i)(s7a'17' o 7a[%'|+2) = {SJ(’L) = 577-‘11(Aj71) =ar, - aj—‘l (Ajfl) = a’(%—‘+27@§'i) 7& 1} .

R 1+2

(@)

Denote by Ej as the union of all such events above, i.e.,

Eg") = U U 5](1)(57 ay, - 7af%1+2)

5es8® r&1+2
(a1, appcq H)ENTN

(@)

Denote by x; as the indicator random variable, i.e.,

X§-i) = 1E(i). (16)
J
Observe that, as before, for all agents ¢ € [N] and phases j > 0, the random variable fj(»i) is measurable with
respect to the reward sequence (Yl(i))lg 4, Furthermore, we have the almost-sure inequality that

(4) ) )
fj 21165§’),O§.’>7&1,j2H*'

This follows from the same reasoning as in Theorem 1 as f]('i) considers all possible sample paths for communication
while 1, €5 5D 41 j>H- is for a particular sample path of communications among agents. Notice that since the
j O 72

phase lengths are random, we can only reason about the sample path for agent phases larger than or equal to H*.

Similar to before, we define the random variables ?S(Zib, Tstab, ?S(;)r and Tsp,. Denote by 7 = Tgtap + Tspr. These

definitions from the Proof of Theorem 1 are reproduced here for completeness.

20, =inf{j > vi > 5 D =0,

7 _ (%)
stab — IMaxX T,

i€[N] stab’
70, = inf{j > Tarap : 1 € S} — Futans
~ (1)
T ey T

T = Tstab + Tspr-

From the definitions, the statement and proof of Proposition 1 holds verbatim for the present algorithm as well.
We will need two additional definitions to help state our result. Denote by Tiiap € N to be the first time when
all agents pull arms and are in phase T4 or larger, i.e.,

Fotan
Tstap =sup § t > T : 3i € [N], Z pj@ >t
7=0

Similarly, define H to be the maximum over all agents phases at time Ts;qp, i.€.,

J _
H = sup {j >0:3ie[N],Y P < Tsmb} .
=0

Similarly, denote by T as the first time when all agents pull arms in phase 7 or larger, i.e.,

T=sup{t>0:3ie[N,Y PV >t

=0
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.2 Structural Results

In this section, we give inequalities relating the random variables defined in the previous section, that will be
helpful in proving Theorem 2.

Lemma 9.
E[T] < E[Tstap] + (1 + 0)(E[A

where the random variable rﬁﬁ) 1s independent of H.

H+@rE) —1)246]+1 — Anl)

Proof. The proof consists of three steps. First, we will construct a coupling with a standard PULL based rumor

process on the communication matrix P such that H and T§11,37> are independent. Then we shall argue a stochastic

domination and for the constructed coupling show that, almost-surely, we have

T< Tstab+(1+5)(AH+(T§5?—1)L2+JJ+1 — Apg) (17)
where TS(II,JT) is independent of H and < represents stochastic domination. This will then conclude the proof by
taking expectations on both sides.

(1) Coupling Construction - We proceed with the coupling as follows. We assume that our probability space

consists of the random variables (}/j(l))iE[N],je[K],lzm(P§Z))j20,iE[N]7(ZJ(‘Z)>]'20,1'E[N] and (2](‘1))j20,ie[N]- The

sequence (Yj(i))ie[N],je[K],lzo is independent of everything else and is used to construct the observed rewards
of agents. The sequence (’P](-i)) j>0,ic[N] is independent of everything else and denotes the phase length random

variables of agents as before. The sequence (éj(i))jzo,ie[N] denotes a standard PULL based rumor spreading

process on P, independent of everything else. In other words, for each agent ¢ € [N], the sequence (2]@)20 is
ii.d., with each element distributed according to the distribution P(%,-). Thus, they represent the sequence of

callers called by agent ¢ in the PULL based rumor process. The random communication sequence (Z j(z)) §>0,i€[N]

will be constructed such that it is independent of (Yj(i))ie[N] GEIK],I>05 (P](i))jzo,ie[N], and equal in distribution

to (Z J(‘l))jZO,ie[N] such that the stochastic domination in Equation (17) holds.

To do so, we will recursively define a sequence of random times (¢;);>0 which are measurable with respect to the

J

know that Ti:qp is measurable only with respect to the reward random variables (Yj(z)(l))ie[ N1,je[K], >0 and the

phase lengths of the agents (Pj(i))jzo,ie[N]- For all ¢ > 1, let t; be the first time after ¢;_;, such that all agents
have changed phase at-least once in the time interval [t;_1,¢;]. More formally, we have

agent rewards and phases, i.e., for all i > 0, t; € U((Y'(l)(l))ie[N],je[K],ZEOa (Pj(-l))j207i6[N]). Let to = Tstap. We

J Jj+1
t; = inf {x >t Vie [N, eNst. > PP >0, P < x} :
1=0 1=0
We construct another sequence of random variables ( j;i))zzo’ie[ N1, where for every agent i € [N] and = > 0, jg(f)
is the first phase change of agent 7 in the time interval [t,,t,41) of our algorithm, i.e.,

Jj—1 J
39 = inf {j >0: Zpl(ﬂ < thP;” > tm} ,
=0 =0
where Zz;lo = 0. By construction observe that for all agents ¢ € [N] and all > 0, the random variable jg(f) is
measurable with respect to the rewards and phase lengths.

Equipped with these definitions, we construct the communication random variables of our algorithm

(Z§Z))j207ie[N] as follows. For every agent ¢ € [N] and = > 0, we let

79 = 70
(i) z
J2w
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For an agent ¢ € [N], and any phase j ¢ {jg),x > 0}, we let Zj(-i) be i.i.d., from P(i,-).

We only look at alternate intervals [to, t1], [t2, t3] and so on because in our algorithm, an agent recommends the
most played arm in the previous phase. Thus, if an agent becomes aware of the best arm in interval say [to, 1],
then it will definitely recommend it in phase [to, 3], if asked, as since t > T', agent will recommend the best
arm, and moreover at-least one phase elapses after the agent receives the best arm.

(2) Stochastic Domination - We now conclude about the stochastic domination as follows. In the algorithm,
we will only consider even time intervals [to, t1], [t2,t3] and so on, where an agent becomes newly aware of the
best arm. This is so since our recommendation algorithm only recommends the best arm in the previous phase.
At time tg, exactly one agent knows the rumor in the PULL rumor spreading process while potentially more
agents may be aware of the rumor (best-arm) in the algorithm. Furthermore, we consider that there is exactly
one communication request in the rumor spreading process per even time-interval, (i.e., in [to,t1), [t2, t3) and so
on), while potentially many more can occur in our algorithm. Thus, we have the following almost-sure bound
under the afore mentioned coupling,

T <ty (18)

(3) Deterministic Bounds on (t;),>0- If we further establish that for all > 0, almost-surely, we have

te < Totap + (1 +0)(Any(e—1) 24541 — AH), (19)

then we can conclude the proof from Equations (18) and (19). To establish Equation (19), first observe
that Tsp > T almost-surely. Thus, if any agent ¢ € [N] will be in any phase j, for at-least A; — A;_4
number of arm-pulls and for at-most (1 + 6)(A4; — A;—1) number of arm-pulls. Thus, by definition at time
to, we know that no agent is in phase H + 1 or beyond. Thus, at time tg + (1 + 6)(Ag4+1 — Ag), we know
that all agents would have changed phase at-least once after tg. Thus, t1 < to+(1+06)(Ag4+1—Ap) almost-surely.

We now make the above into an induction argument. For the base case, suppose that at time ¢, all agents are
within phase H — which is true by definition. For all 0 < x < z, assume the induction hypothesis that

topr Sty + 1+ 0)(Apia 245)+1 — Arsa’ |216))

and that all agents at time ¢, , are at phase H + (' +1)|2+4 6] or lower. Since t, > T, we know that in the
time interval [t;,t: + (1 4+ 0)(Afte|245)+1 — AHtz|2+5))]; all agents would have changed phase at-least once.
Thus, ty41 < te+(14+0)(Agta|246)+1 — AH+z|2+5))- It now remains to conclude that all agents will be in phase
H 4 (z +1)[2+ 6] or lower at time ¢, + (1 + 0)(Ag4a|245)+1 — AH+4a|2+6])- Notice that the maximum phase
any agent can be in at time ¢, + (1+0)(Ag4a|246/+1 — AH42|245)), given that it was in a phase H +2|2+40] or
lower at time ¢, is bounded above by Proposition 6 as H +x|2+ 0| + |2+ ¢]. This then concludes the induction
step and hence we have for all x > 0, almost-surely, by a simple telescoping sum

=

r—

ty <to+ (1+0) Z(AH+Z\_2+6J+1 — Anyi2+46));
=0

<to+ (1 +0)(Any(@—1)|2+6/+1 — AH)-

Lemma 10. For any agent i € [N], the regret after it has pulled arms for T times is bounded by

i K 1
E[RY] <E[T]+ = + 4a
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Proof. The proof of this Lemma follows similarly to that of Lemma 2. We can write the regret of any agent
i € [N] as follows -

T
R;Z) = Z,Ul - th(z‘)a
t=1

T
<T+ ), H1 = By,

t=T+1

T K
=T+ Z ZAlllfi)zl’

t=T+1+11=2

K T

(a)

=T+ Z Ay Z 11?'):111659
=2 t=T+1

In step (a), we use Proposition 1 that at time 7, all agents are in a phase that is at-least 7. Furthermore, from
Proposition 1 (recall that the statement and proof of Proposition 1 holds verbatim for the present case also)

implies almost-surely that, for all j > 7, and all i € [N], S J(»i) = Sg). Taking expectations on the last display
yields

K T
ERVI<E[T]+Y A > P =1,1€ 59
=2 t=T+1

Using the same techniques as in the proof of Proposition 2, i.e., following all steps from Equation 12 onwards,
one obtains

K T o [E7+2 1 I

A P =1,1e 8% < — | daIn(T) + —
Yoy B =tiesfls | 3 5[ al@)+ g
1=2 t=T+1 j=2

Lemma 11.

E[T] <E[]+ (1 +0)E[4z,,,] + (1 + O)E[Aar] + (1 + O)E[Asr1 17,0, ] + (1 +OE[A, 5 5 ]

Proof. From Lemma 9, we know that

E[T] < E[Tstap) + (1 + 6)E[(A

(a)
< ETstap] + (14 0)(B[Azn] + E[A, 5 51 im]),

H+(r$5) 1) [2+6]+1 — An)l;

b)
< B[l + (1 + 0)E[Az,,,,] + (1 + O)E[Aor 211451700 + (1 + OE[A, 5 51 ],
(c)

< B[N + (1+ 0)E[Ar,,,,] + (1 + O Asr] + (1 + OB Asjisin,] + (1 + OE[Ay 5, 0]
Steps (a) and (c) follow from the elementary fact that for any two random variables X and Y and any invertible
function f(-), E[f(X +Y)] < E[f(2X)] + E[f(2Y)]. Step (b) follows from Lemma 12.

O
Lemma 12.

E[Tstap] < E[I]+ (14 6)E[Az,,,]-
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Proof. The first inequality follows as the time taken to reach Ts;qp is upper bounded by the time it takes all
agents to reach phase Tyqp after time I'. However, by definition we know that all agents last in any phase j after
time T" for at-most (1 + ¢)(A,;4+1 — A;) arm-pulls. The upper bound is concluded by noticing that an agent can
be in a phase no smaller than 0 at time I" and subsequently it takes an agent a maximum of (1 + §)A time
to reach phase Tsiqp-

Tstab

Lemma 13. Almost-surely, we have

H < T+ [1+ 0]Tstap-

Proof. Notice that at time I', the maximum phase any agent can be in is I'. This follows from the trivial upper
bound, where in each time step, an agent increases its phase by one in each time slot. After time I'; we know by
definition, that any agent plays arms at-least A; — A;_; times and at-most (1+6)(A; — A;_1) in phase j. Thus,
the total number of phase changes an agent will have in the time interval [['+ 1, Tytqp) is at-most A= (Typqp — ).
Thus, we get

H S T + Ail(Tstab - F)a
(a)
S TH+ATY((1+0)A7,,,),

0
< T+ A (Angsizn.,)
ST+ [1+48]Tstab-

Step (a) follows from Lemma 12, step (b) follows from convexity of (A;),>1 and the last inequality follows from
the definition of A71(-).

O
G.3 Quantitative Results
In this section, we compute quantitative bounds in terms of the algorithm’ input parameters.
Proposition 5. For all x > 2 and 6 > 0,
PH* > 1] <2N Y e @ AemAe),
>l
where ¢(§) = min (% +In(1+3),(14+4)n (%) - g)
Proof. From the definition of H*, we have
N 5
PH* > 1] =P U U Poisson ((1 + 2) (A, — A$_1)> ¢(Ay —Ap—1),(1+6)(Az — Ar1)]]| s
i=1x>l
)
<SNYP [Poisson ((1 + 2) (Ay — AH)) ¢ [(Ay — Ap_1), (14 0)(Az — Ax_1)]]
z>1
S NZ(2672C(5)(A;57A$_1)).
z>1
In the last inequality, we use the classical large-deviation estimate for a Poisson random variable. O

Lemma 14.

w N
E[l'l < 2N Aioe_c(‘s)(AmO_A”O‘l) + ZAEG_C(J)Az‘l + «(0)’
x>1

where c(9) is given in Proposition 5 and xq is from Assumption A.2 in Section 5.1.
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Proof. We start by computing the tail probability P[I' > ¢]. The key observation to do so is the following
inequality. For every L > 0, we have

P >t <PH* > LNJ ZL:

We will then compute E[I'] by choosing L = A~1(t). We shall compute each of these terms separately.

N
PH 2 A~ =P ) U PP &4~ A), 1 +0)(As — A)] |

i=1ax>A-1(t)

<N Z 9= c(O)(Ae=As1),
z>A—1(t)

where the second inequality follows from Proposition 5. Similarly, standard large deviation estimates for Poisson
random variables (observe that for all L,Efzo PJ(Z) is Poisson distributed with mean L ) and union bound gives

N L
P |03 70 <] < e
=1 5=0
Thus, we can bound E[I'] as
<> P>,
t>1
<2NZ Z 8)(As—As— 1>+Nze—c<5
t21 x> A-1(t) >1
(a) As
<oN IS e @M denn) N YT el
z>1t=1 t>1

(®) .
< 2N | A2 e e Aeo) L N g o@D | L N [ ey,

z>1 t2>0
= 2N | A2 e Aeo=Aro1) L 3" 4 gm0 | 4 N
0 = c(d)

Step (a) follows from changing the order of summation (which is licit as all terms are positive) and step (b)
follows from the assumption A.2 in Section 3.1. Standard results from analysis gives that the series in the last
display is finite as ¢(d) > 0 and A, < Ag, < A3, where the second inequality follows from Assumption A.2 in
Section 3.1. O

Lemma 15. For all § > 0 such that ¢(6) > 2D and (3 + 26 + In(4 + 26)) > 2D~', where ¢(d) is given in
Proposition 5 and D is in Assumption A.2 in Section 3.1,

E[Air] 2N Y Ay e c@emdect) 4 NN o= (20020470,

z>1 t>1

Proof. Observe that E[Asr] < 3, P[> A7 (t)]. We use similar ideas as in Lemma 14 to bound the tail
probability. Recall that for any ¢ > 1 and any L > 1, the following bound holds

SR <

145=0

Cz

Pl > | < P[H* > L] + P

2
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<P[H"> L]+ NP {Poisson ((1+ g) AL> < t] .

In this proof, we shall use L = A~! (A_l(t)). Thus,

7|

»-lk\P—‘

A7t )} <P[H*">A'(A7'(t)] + NP [Poisson << 5) Ap-1a- 1(t))> iA 1(t)] ,
=P[H*> A" (A7'(t))] + NP [Poisson ((1 + g) Al(t)> < 4A1(t)] ,
< 2N Z e~ C(0)(Aa—Ay_1) + Ne—(3+25+1n(4+26))A71(t).

s> A= (L A-@®))

The last display follows from Proposition 5 and standard Poisson random variable Chernoff bound. Thus, we
can bound E[A4r] as

Blda] < YF |12 470

t>1

< 2NZ Z 6_0(5)(A1—Am—1) + N Z e—(3-}—26-'—111(44_26))A—1(t)7

t>12>A-1(A-1(t)) =
A(Aq )

2 2NZ Z VJ(Az—Ar_1 +NZ (3425+1In(4+268)) A~ 1(t)
z>1 t=1 t>1

=2N Y Ay e OUemdenn) 4 N§7 - (3420420470,
r>1 =1

We will choose § sufficiently large so that both the series are convergent. This is possible as the maps  — ¢(9)
and 0 — (3+25 +1n(4+29)) are non-decreasing and lims_, o ¢(d) = limys_,00 (3 + 26 +1n(4 4 26)) = co. Observe
that since 4, < eP?, for all large z, we have A~ (t) > & In(t). Thus, if ¢(6) > 3D and (3+26+In(4+26)) > D1,
both series are convergent. O

Lemma 16. For any C > 2,

2 Ag (2(2a—6)+2) ,—c(8)(As—Ar_1)
E[AC?stab] < A[%]J* + (20[ o 3) Z A?—l +2 Z (AFCIT) “ e ’
(>3 225

where ¢(8) is given in Proposition 5 and j* is given in Theorem 1.

Proof. We start with the definition of expectation and repeatedly applying union bound yields,

E[Ac?emb] = Z]P)[Acﬂmb 2 t}v
t>1

< ZP |:?stab > é,Al(t):l )
t>1

~ L
< A"%M* + Z P |Tstap > 5‘4 1(t):| s
tZA’.%]j*+1 -

N
<Aig+ 2 PIU =0

tZA(%“*le [i=11>

<Argy-+ Y, NP W =ol,
t2Ap g+l 1> A-1(t)
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SAigyt > N Y (P =00z B4R =01 < 1Y),
tzA(%”*Jrl >3 A-1(t)

<Aieyat > NN (P[Xf“:o,zzH*]+P[z<H*]),

tZAr%1j*+1 I>EA-1(t)
=Aicy+ Y. N Y P =01>HT+ Y S NPU<HY,
t2Argq 25 A7) t2Ar ot lI> LA
(@) 2 Ay, .
Qg+ (i) Sat+ XX wri<m)
123 71T 2 Argy iz LA

Step (a) follows as C' > 2, and hence, the first summation follows from identical calculations as carried out in
Proposition 3. This is so as the bound in Lemma 6 and in Lemma 7 are identical. Thus, the first series is upper

bounded by (ﬁ) >3 ﬁ. We shall now estimate the second series.

Aren
> > NPi<H < > > NPI<HY,
tZA(%“lelz%A*l(t) 1> t:A(%”H—l

< > NAgnPll < H,

>[4

(®)

S Z NZA[C” 22676(6)(A17Az—1)’
12141 w2l

-N Y i Apon2e=c@Ha=As),

e[ ]1=[4]
§N2 Z xA"Cr"e_C(g)Aifl,

a>[17]

Step (b) follows from Proposition 5 and in step (c), we use the fact that for all z > %, we have N < A22-6,

Step (d) follows from Assumption A.2 that for all sufficiently large I, Ay < A3, which on iterating yields that
for all large  and any C' > 2, we have Ag, < Aiﬂogﬂc”. Thus, we have the following chain of inequalities.

Z (A(Cw])2(2a76)+2267c(5)(1417AZ_1) < Z (Ax)gflogz(Cﬂ(2(2a,6)+2)2676(5)(1427141_1),

e>[L] x>[4]

(e) w
< Dy ZAgzechf—l < 0.
r>2

for some D1, D2,w, > 0. Step (e) follows as we can replace the tail terms of the series with A, — A,_1 > A%Y_,

from Assumption A.2. The finiteness of the series in (e) is a standard fact from real analysis and can be proven
for instance through a Taylor series approximation of the exponential function. O

G.4 Proof of Theorem 8

The proof of Theorem 2 is concluded by using estimates in Lemmas 14 and 16 into Lemmas 11 and 10.
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Appendix H Proof of Theorem 2

The proof follows identical steps as that of Theorem 8, with the exception that H* = I" = 0 almost-surely. More
precisely, substituting these two facts in Lemma 11 and re-using all the remaining structural and quantitative
results from the proof of Theorem 8 will yield the desired result.

Appendix I Auxillary Results

Proposition 6. For each § >0, y > 0 and convex sequence (A;);>0, we have

sup{j+2>0:3j <y+1,(Aj4z —Aj) < (1 +0)(Ayy1 — Ay} <y +[2+7]

Proof. Let x > 0 and 7 < y + 1 be such that
(Ajpz + (1 +0)A,) < (Q1+6)A,41 + A, (20)
Now since j <y + 1, and (A4;);>0 is non-decreasing, the above inequality implies

Ajis + (1 +6)A
246

Y
< Ay+1~

Now, let j + 2 =y + |2+ 6] + k, for some k£ > 0. From convexity of (A;);>1, we have

Ajis + (14 6)4,
249

A | lovsitk <A
y+1 2+J5 - = Sytl

But for all £ > 1, we have Ay+ 1254k > Ayt1 and hence k = 0 is the only possibility such that Equation (20)
2495
holds. O

Appendix J Proof of Theorem 3

Proof. In order to prove the bound, we shall consider a system of full interaction among agents, where there
are no constraints on communications. In this system, each agent after pulling an arm and observing a reward,
communicates this information (the arm pulled and reward observed) to central board. Thus, at the beginning
of each time-step, every agent has access to the entire system history (arms pulled and rewards obtained) up-to
the previous time step, by which to base the current time step’s action (arm pull) on. As all agents have access
to the same history at the beginning of a time step, the optimal strategy to minimize per agent regret is one
where in each time step, all agents play the same arm. Hence, this system is equivalent to a single leader
playing arms, such that on playing any arm at any time, the leader observes NV i.i.d. reward samples from the
chosen arm, each corresponding to the obtained reward by the agents. From henceforth, we mean by the full
interaction setting, as one wherein a single leader agent pull an arm at each time step, and observes N 1i.i.d.
reward samples from the chosen arm.

By construction, a lower bound for regret incurred by the leader agent in the full interaction setting forms a lower
bound on the per-agent regret in our model with communication constraints. This is so, since the leader agent
in full interaction setting can ‘simulate’ any feasible policy of any agent i € [N] with communication constraints
among agents. Notice that each time the leader agent in the full-interaction setting plays an arm, it receives N
i.i.d. samples of rewards, corresponding to the reward on that arm obtained by the N agents. We will consider
an alternate system where a fictitious leader agent plays for NT time steps, where at each time, the fictitious
agent is playing arms, as a measurable function of its observed history. From standard results, (for eg. (
, )), the total regret of the fictitious agent, after N7 arm-pulls satisfies

[ g\f;ctitious)] K-1 AL
liminf —2&L - > -7 21
it =N 2 | 2 Ky ) @1

=1
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Now, we shall argue that the preceding display implies the desired lower bound on per-agent regret in the full
interaction setting. Fix some a € {0, -+, N — 1}. Denote, by the regret incurred by the fictitious agent at time

steps a, N +a,--- ,N(T — 1)+ a as RY). Clearly Zivzl RY) = E[Rg\f;;titious)].

Denote by IT,gen: to be the set of consistent policies for the agents in the full-interaction setting and by Il f;ctitious
as the set of all consistent policies for the fictitious agent. Denote by the set of policies Il fictitious C Il fictitious

as those policies for the fictitious agents, where for any policy = € I fictitious, the arms played at time instants
N,2N,--- |NT, belong to Il gens. Furthermore, for all a« € {1,---,T}, and all b € {1,--- ,N — 1}, and all

T € W ictitious, the arm chosen by 7 at time instant alV is the same as the arm chosen at time-instant aN + b.
In other words, the the set of policies Il ;ctitions are the ones that any agent under the full interaction setting of

our model can play. This definitions now give us for any a € {0,--- , N — 1}
inf ERY]= _inf R,
m€Mlagent 7€l fictitious
1N
ﬂeﬁfictitious Naz::l ¢
1 s
_ ) inf 7E[R§?;f1tlous)]7
€l fictitious N
. 1 (fictitious)
> f —E[R .
- ﬂenflirititious N [ NT ]

The first equality follows as under any policy in I Fictitious, the arms played by the fictitious agent only chooses
potentially new arms to play at instants N, 2N, ---. Now, using Equation (21), we get from the previous display,
that for any policy 7 € Il gent,

E[RY] 1 A,
liminf — L+ > [ =) ——L
T—oo In(NT) ~— N; KL (g5, p1)

Appendix K Proof of Corollary 5

In order to prove the corollary, we first establish that A, < 22, for all small ¢ in Equation (1). Notice from
Equation (1) that for all z € N, we have
A, = max (min{t € N: B, >z}, [(1 + 2)'*°]),

= max (min{t € N: B, >z}, [(1 4+ z)'*]),

< max (27, (1 4+ z)'),

< max(2z”, 2217¢),

= 2x6,
In(zo)

In(zo+1)
A, = zP. Such a z( exists since 8 — 1 > 0. Moreover, from definition of A,, we have A, > =P, for all z.

where the last equality follows since € < 8 — 1. Furthermore, for all z > xg where ¢ < 8 — 1, we have

Recall that g((Az)zen) = Aj« + ﬁ le%fl ?42?111 . We first bound the series term in as follows

Aogiq (Z) Z (21 +1)P

3 = (1 —=1)38"
lZ%*l Al*l 1>2 (l 1)

(22)
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1
< B
—223 (1_1)2ﬂ’

1>2

2

<2--38, 2
< 63 (23)

We now bound j* in this case. Recall that

57 = 2 (41 ((N(f;) ([4] H))@:@) m{mwb

: 7 —(2(j —1))8 4alog(5°
< 9max [ K755 4 Lmindjen: L —CUZDIT  dalos(7) L)
2+ ¥ A3

5 —(2(j —1))? _ Salog(j®
< 2max KB<22*6>7min jEN:‘7 (<‘7K ) > aog2(j ) ,
2+ %] A3

N
yo KT\ T
< 2max (Kﬁ@s—s), (16@%)
A3

Thus, we have

Aj- <2(5%)7,

2+(§1>ﬁ“

3
<4max | K@= | 16«
( A3

. Thus from Equations (23) and (24), we get that
B

4 72 s 2+ K7\
Ay)w < Z 3844 K@ _ | 16—
9((4g) EN)_Qa—S 63 + 4 max ,( 6o AZ

The proof is completed thanks to the formula in Corollary 17.

Appendix L. Impact of Gossip Matrix P

Corollary 17. Suppose N > 2 agents are connected by a d-reqular graph with adjacency matricz Ag having
conductance ¢ and the gossip matriz P = d~ ' Aq. If the agents are using Algorithm 1 with parameters satisfying
assumptions in Theorem 1, then for any i € [N] and T € N

_ &1z K
ERY] <daln(T) | > | T Asoesn 9 (As)aen) + A5 + 1,
j=2 7

Cost of Pairwise Communications

Collaborative UCB Regret

where g(+) is from Theorem 1, and C > 0 is an universal constant stated in Lemma 19 in the Appendiz. Similarly,
if all agents run Algorithm 3 with assumptions as in Theorem 2, then

[~ 1+2
i 1 K ~
E[R<T>] < 4o In(T) E ~ | tat (1+ 5)A2L2+6jclog;m +3((A)wen,d) + 1,
j=2 7

Cost of Pairwise Communications

Collaborative UCB Regret
where g(+) is given in Theorem 2.

Before providing the proof, we provide a special case of above to be able to derive some intuition.



The Gossiping Insert-Eliminate Algorithm for Multi-Agent Bandits

Corollary 18. Suppose N > 2 agents are connected by a d-regular graph with adjacency matric Ag having
conductance ¢ and the gossip matriz P = d~'Ag. Suppose the communication budget scales as By = Ltl/ﬁj, for
all t > 1, where B > 1 is arbitrary. If the agents are using Algorithm 1 with parameters satisfying assumptions
in Theorem 1, then for any i € [N] and T € N

(5142 e 8 2
(i) « 1 K log(NV) 37 m g
E[R}’] < 4aln(T) ;:2 A tot (20 5 +22a_3 e + ()7 +1,

—_— ———
Tmpact of Gossip Matrizc Constant Independent of P
Collaborative UCB Regret

where j* is a constant independent of the gossip matriz P, depending only on N, K and Ay (given in Theorem

1),

We now prove Corollary 17.

Proof. The proof follows if we establish that ]E[AQT(P)] < Asciogny + 1 and E[A2L2+6JT(P)] < As2is)ciogny + 1.
spr 3 spr )

We can bound them using the main result from ( , ), restated as Lemma 19 in the sequel.
That lemma in particular gives that, one can compute ]E[A2 ] as follows.
Tspr

E[A. »] < A log(N P[A
[A, ] < c¢<>+ Z [

spr

L >t

2Tspr
t>A 20 10g(N)
¢

< Ascrogny + E P {AQ Py > AQCllog(N):| Asciiogn) ,
¢ >1 Terr ¢ ¢

S 2C11og(N) ]

S AQClog(N) + Z]P) |:27'§;;) - Azczlog(N) B
¢ 1>1 ¢

(a)
< Azciogny) + E e~ 4og(N) A, 0, log(N) 5
® ®

1>1

(b)
< A os —2llog(N),
< 201¢(N) + E e

1>1

(c)
< Azciogny + 1.
¢

In step (a), we use the estimate from Lemma 19. In step (b), we use the additional assumption in the corollary
that A4; < eP!, for all D > 0. Thus, we can choose D < % to arrive at the conclusion in step (b). In step (c), we

use N > 2 to bound the geometric series. Similar computation will yield the bound on E[A, 1246 JT(P>]' O

Lemma 19. There exists an universal constant C > 0, such that for every d > 2 regular graph on N wvertices

with conductance ¢, the spreading time of the standard PULL process completes in time 7'5(;;) which satisfies for
alll € N,

P {Ts(;;) > Clloi(jv)} <N

Proof. The main result (Lemma 6) of ( , ) gives that there exists a constant C' > 0, such
that for all d-regular graphs with conductance ¢, the spreading time satisfies

P {rs(;? > cloggv)} <N

Now, given any [ € N, we can now divide the time into intervals [0, ClogéN)] ) [C’ log(;N) , ZC’logd()N)} Lo

, [C’(l - 1)%, C % . For the event {TS(II:T) > CZ%} to occur, we need the spreading to be not finished
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in each of the [ intervals. However, at the beginning of each interval, we know that at-least one node is informed
of the rumor. Thus, the probability, that the rumor spreading does not complete in a single interval is at-most
N—*, which follows from monotonicity, where we can bound by saying that exactly one worst-case node is aware
of the rumor. As the sequence of callers is independent across intervals, the probability that rumor spreading
fails in all I intervals is then at-most N~%. O

Appendix M Regret Communication Tradeoff

Corollary 20. Suppose, Algorithm 1 is run with K arms and N agents connected by a gossip matrix P, with
&)

two different communication schedules (Aé”)xeN and (AEEQ))TGN, such that limg,_, % = 0. Then there exist

positive constants Ny, Ko € N (depending on the two communication sequences), such that for all N > Ny and

K > Ky, and P, the cost of communications in the regret bound in Equation (/) is ordered as
9(AD) +E[AY)] > g((AP)) + E[AT),. ).

27'5(57? z 27'5(52

Proof. Consider a fixed (A;l))meN and (Ag))meN, such that lim, % = 0. The ordering on E[(A;P) Y] <

Tepr

E [(Aé];)w)(g)] follows trivially as P is fixed for the two cases. It suffices to show that there exist positive constants

Ny and K (depending on (A(;))xeN and (Ag))zeN)), such that for all N > Ny and K > K, g(Ag)) < g(Agf)).
1

. . (2a—6)
If N or K is sufficiently large, then (5*)(®) = 2(A~1)® (N([Q() (lrﬁ—‘ + 1)) , for i € {1,2}. Notice

that

(2) (1) (2) (1) 2 Agll 2 AS)H
SADD —g(A) = A —AGo+ 555 | 2 GBS T s | 2 Gy | |
lz(j*%(Z) 1 -1 lz(j*;(1)71 -1
(1)
@ 0 2 Azt
Z AGhe —AGhm T 55 3 > (A |- (25)
1>1 \A
Notice that Agl)m — AE;Z)u) > 0 and scaling (is monotone non-decreasing) with N and K. In other words, for
fixed K, limN%oo(Agl)m — AE;’)‘)“)) = oo and for fixed N, limKﬁoo(Agl)(z) — AE;Z)<1)) = o0o. This follows as
(A_gf))wzl is super-linear for ¢ € {1,2} and lim,_, % = 0. From the hypothesis that the two communication
' M
sequences satisfy assumption A.2, we have that ﬁ <Zl>1 (j:f{)*;g) < oo and independent of N and K. Thus,
- -1
for all large N or K, Equation (25), simplifies to g(A(f)) - g(A(zl)) > 0. O

Appendix N An Algorithm without using agent ids

The initialization in Line 2 of Algorithms 1 and 3 relied on each agent knowing its identity. However, in many
settings, it may be desirable to have algorithms that do not depend on the agent’s identity. We outline here a
randomized initialization procedure in Line 2 to convert Algorithms 1 and 3 to one without using agent ids. Fix
some 7y € (0,1). We replace Line 2 in Algorithms 1 and 3 with a randomization, where each agent ¢ € [N] chooses

independently of other agents, a uniformly random subset of size [ln (%) g-‘ 4+ 2 from the set of K arms as S(()i).

Each agent ¢, then subsequently chooses a random subset of size {ln (%) ﬁ—‘ uniformly at random from S(()i) as

its ‘sticky set’ S@ . The rest of the algorithms from Line 3 will be identical. One can then immediately see that
the regret guarantees stated in Theorems 1 and 2 hold verbatim for this modification, with probability at-least
1 —, where the probability is over the initial random assignment of the sets S to agents. More precisely, with
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probability at-least 1 — +y, the above random initialization ensures that there exists an agent ¢ € [N], such that
the best arm 1 € S@). On this event, the regret guarantees along with the same proof of Theorems 1 and 2 hold.
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