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A Conclusion and Open Problems

We have provided several new results for the best-choice problem in the prophet inequality and prophet secretary
settings, where the goal is to maximize the probability of selecting the largest value from a sequence of values
drawn independently from known distributions. Many of our proofs involve Poissonization-style arguments, where
we approximate the number of values above a threshold with a Poisson random variable. This approach was
particularly useful for generalizing results from the i.i.d. setting to the different setting of arbitrary distributions
in a random order. We believe this approach may be useful for other related problems.

Our main open problems relate to our most technical result, namely that, under the no superstars assumption, we
can use an algorithm with multiple thresholds to select the maximum with probability approximately 0.5801 in the
setting with arbitrary distributions in a random order. It is open to determine what probability can be achieved
for arbitrary distributions in a random order without the no superstars assumption. A related open question
would be to simplify our proof; it would be interesting to know if there is a more straightforward argument,
and such an argument might more readily lead to results without the no superstars assumption. Indeed, we
conjecture the following: that for any n, the worst-case instance of the best-choice prophet secretary problem
is an i.i.d. instance, so in particular the worst-case success probability matches that of the i.i.d. best-choice
problem.

Another open problem is to consider “best-case” orderings, where the player trying to select the maximum is
allowed to choose the order of the distributions for observation. Does the ability to choose the ordering provide
an advantage over random order, in the worst case? Even beyond worst-case instances, there is a computational
problem of finding the best ordering. Can the best ordering for an arbitrary problem instance be found in
polynomial time?

We extended our results to the problem of selecting one of the top k values. More generally, one could consider
the problem of maximizing other functions of the rank of the value selected, such as minimizing the expected
rank. One could also study variants in which multiple values can be selected, subject to a downward-closed
constraint, and the goal is to maximize a function of the set of ranks of the selected values. For example, how
should one select values subject to a matroid constraint, so as to maximize the probability that the largest value
is among the values selected?

B Proof of Theorem 2

Next we prove Theorem 2.

Consider the following example. There are n random variables xi,...,Xx, from distributions Dy,...,D, as
follows: for any i € {1,---,n}, x; is 1 with probability q; = 1; and 0 otherwise.® Note that the nonzero random
variable with the largest index is the maximum. Hence the probability of x; being the maximum is independent
of the xj values with j < 1. Moreover, x7 is always 1 and hence the maximum is never 0. We let p; be the
probability that x; is the maximum. The distributions will arrive in index order.

We claim that p1 = -+ =pn = % We show this by strong induction.” The base case holds for i = n where
Pn=(qn = % Assuming piy1 = =pn = %, we have
Pi=di Prixiy1 = =xn =0
= (i - Pr [maximum is not in {xiy1,...,%Xn} ]
= Ti 1
—a(l= X n)=in-w
j=i+1
Hence we have P1=P2="""=Pn= 1; AlSO, we have Pr [Xi = maX;n:1 Xj|Xi 5& 0} = ﬁ

Let Alg be the best online algorithm and let Alg; ,;_,, be the probability that Alg picks the maximum assuming

that it rejects x1,...,x;. Notice that if Alg picks a nonzero number x; from {Xi;1,...,%Xn}, it is larger than all
50ne can make this atomless by assuming that x; is drown uniformly at random from [i,1+ €] with probability q; = ll
and 0 otherwise.
"This follows similar reasoning to the analysis of reservoir sampling.
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numbers in {x1,...,xi}. Hence Alg; ;_,,, is independent of x1,...,x;. Notice that if Alg rejects xi41 it picks the
maximum with probability Alg;,,_,,,. Hence Alg;, ;_,,, > Alg;,>_,,,, which means Alg; ;_,,, is decreasing in i.

Indeed, if x; # 0, when Pr [xi = maxj-; X; Ixi # O] > Alg;_ 1_,n, Alg picks x; and stops. Otherwise, Alg rejects
xi and continues. Also remember that Pr [xi = maxj ; X; Ixi # 0] is increasing in 1 and Alg;_ ;_,, is decreasing

in i. Therefore, there exists an index 1 such that for all j < i, Alg rejects x; and accepts the first nonzero x; with
j > 1. Therefore, Alg picks the maximum with probability

n

E PI‘[Xi = ZX]‘,1 :O]Pr |:Xj = '?1)1(7()'/:|
— j'=

j=i
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n R 1
1T i-1 n+1 1
< — (ln( —) + *)
n i i
<2ty
n n i
2 i +1
< -+ ln(TL —)
n n+l i
2 i
< —+aln(1/) for o = —— €0, 1].
n n+1
Note that aln(1/a) maximizes at o« = % Thus, Alg picks the maximum with probability at most % + %

C An Algorithm for Best-Choice Prophet Secretary

Before we describe our algorithm for the best-choice prophet secretary problem, we must first provide some
definitions and fix some parameters. Throughout this subsection, for an arbitrary y € (0,1) we set Ao = v,

2 6 2 2 2 2
p=v% q=2%, and § = %-. Notice that we have % = 2’;—3 = % > % =q. We will then set ¢ = VZIng%M =
10 0
51 Y = —Y_ - this will be the value ¢ we require in the no-superstars assumption. We note that we have
og(y—‘s) 2410g(ﬁ)

not aimed to optimize these parameters.

Set ¢ = %. We let to,...,tc be the (unique) sequence of thresholds such that, for each ¢ € {0,...,c}, we
have Pr [max]* ; (xi) < t¢] = Ao+ Cp. That is, the probability that max(* ,;(xi) falls between any two consecutive

thresholds is p, and the probability that it falls below tg is Ag.

The next definition captures our desire to combine multiple distributions D; into a single collection, and study
the maximum of the values drawn from that collection of distributions.

Definition 10 (Collection Distribution) Let S C{Dy,...,Dn} be an arbitrary set. We define the collection
distribution Ds using the following procedure: Dgs draws xi from distribution Dy for each Dy € S, then returns
maxp,es Xi. We use xs to indicate an outcome of Ds.

The following lemma provides a concentration result for the distribution Ds, when S is a set of size qn chosen
uniformly at random without replacement from D1,...,Dy. Intuitively, this says that if we decompose a random
order sequence of Dq,...,D into 15 subsequences, each of size qn, these subsequences behave similarly to an
i.i.d. distribution. We use this to prove our main result. We defer the proof to Section E.1.
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Algorithm 1:
Parameters: Thresholds T1,...,T1/4

Input: Iteratively receive values Xs, , forn €{1,..., %}.

1: With probability 4y, do not pick Xs, and move to the next number.
2: Set to such that Pr [maxl* ;(xi) < to]l =Ao.
3. if )~(5n < to then
4: Do not pick xs, and move to the next number.
5: if x5, < Ty then
6: Do not pick X5, and move to the next number.
7: else
8  Pick xs, .

Lemma 11 Let S be a set of size qn, chosen uniformly at random without replacement from Dq,...,Dy. With
3
probability 1 — Y= for all £ €{0,...,c — 1} we have

(1-3v)q) pf<Prltc <xs<teal <(1+v¥)q)_pf,
i=1 i=1

,YH)

where p;y = Pr [t < xi < teyql, assuming the no e-superstars assumption with € = m.

We use the following definitions in our proof of Theorem 18.

Definition 12 For a given number x > to, we write X = max{tc: to < x}. That is, X is x rounded down to the
nearest te. Similarly, for a distribution D we use D to represent the distribution that draws x from D and then
returns X.

Definition 13 We define a distribution Dmin as follows: for any ¢ € {0,...,c — 1}, Dmin returns t¢ with
probability (1 —3v)q Zin:] pf, and otherwise Dy, returns 0.

Definition 14 For n € {1,...,%}, let Sy be the set of distributions Dy, .. 1y-+-Drpyygn- Let ﬁsq be a
distribution that returns Xs, with probability 1 —4y and returns O otherwise. We use Ks, to indicate an outcome

Of ﬁsq.

We now present results for two algorithms, Algorithm 1 and Algorithm 2, whose pseudocode is listed in the
text. These algorithms take, as parameters, a sequence of thresholds defining an arbitrary threshold-based
algorithm for the i.i.d. setting with 1/q observations. Algorithm 1 provides an intermediary result. In particular,
Algorithm 1 is meant to work with the values Xs, , which recall are “rounded down” values drawn from the
collection distributions. This algorithm is used to bound the success rate if we used the 1/q collection distributions
to generate our input instead of the actual observations. We then show that Algorithm 2, which works with the
real observations, performs nearly as well as Algorithm 1.

We first show that Algorithm 1 can simulate an arbitrary i.i.d. algorithm with minimal loss, under a no-superstars

assumption.

Lemma 15 Let Alg, be any threshold-based algorithm that selects the mazimum with probability at least o
for 1/q instances of Duin, with thresholds T1,...,7T1,q. For any arbitrary v € (0,1), Algorithm 1 selects the

mazimum with probability at least (x — 10y) for Ds,,... yDs, . assuming the no e-superstars assumption with
=¥ .

2410g( %)
Proof : First of all notice that the probability that the maximum is less than ty is Ag = y. We assume

that any number less than ty is 0 and we do not pick it. We miss the maximum with probability vy due to this
assumption. Algorithm 1 handles this assumption by the condition in line 3.
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Algorithm 2:

Parameters: Thresholds T1,...,T1/4
Input: Iteratively receive values x,, for i € {1,...,n}.

1: With probability 4y, do not pick x,, and move to the next number.
2: Set to such that Pr[max!* ;(xi) < to]l = Ao.
3: if X, < to then
4: Do not pick x,, and move to the next number.
5 if Xq, < Trqi] then
6.
7
8

Do not pick x,, and move to the next number.
: else
Pick X, .

By Lemma 11 with probability 1 — % for all ¢ € {0,...,c} we have
Pr [)A(Sn = tC] < Pr[xpin = tc] <Pr [72571 = tc] R (3)

where the first inequality follows from (1 —4vy)(1+4v) < 1—3y (where 14y and 1— 3y are coming from Lemma
10 and 1 — 4y is coming from the definition of X5, i.e. Definition 13). By the union bound this holds for all
nef{l,..., %} and all ¢ € {0,...,c} with probability at least 1— 15773 = 1—. In the rest of the proof we assume
that Inequality 3 holds for alln € {1,..., l} and all ¢ €{0,...,c}.

We define ¢, to be the probability that Alg, reaches the n-th number when running on — 1nstances of Dpjn. Sim-

ilarly, we define d)n to be the probability Algorithm 1 reaches the n-th number when runmng on D Syy- ,D S1/4q-

We also define oy, to be the probability that Algorithm Alg., conditioned on reaching the n-th number accepts

the n-th number when running on % instances of D, and succeeds. Similarly, we define 65, to be the probability

Algorithm 1, conditioned on reaching the n-th number, accepts the n-th number when running on Dsl yeeny D S1/4q
and succeeds. We refer to this notion as the probability of success at 1. Notice that the probability that Alg,
and Algorithm 1 succeed are Z;/: 4 ¢noy and Z;/: 4 ¢, 0y respectively.

In fact, running Algorithm 1 on DS] NN Ds”q is equivalent to running Lines 3 to 8 on ﬁs] yeeny ﬁsl/q. Hence
by inequality 3 we have

1/q

1/4q
D_Pnn =) bobn.
n=1

Now, let 1 € {1,..., %} be an arbitrary index. Assume for alln’ € {1,..., %} \ {n} we replace distributions Dsn,
with Dpin. By Inequality 3 this increases the the probability of success at n by at most a factor ﬁ. Next,
if we replace D s, With Dy, the probability of success at 1 decreases and becomes (1 —4y)oy,. Thus, we have

ﬁ&n > (1 —4vy)oy,, which implies &, > (1 —4y)20y, > (1 — 8y)oy,. Therefore we have

1/q 1/9
D ndn > (1-8y) ) dnoy > (1—8y)a > a—8y.
n=1 n=1

Remember that as we mentioned in the beginning, Algorithm 1 misses the maximum with probability v due to
the condition in line 3, and it loses another y probability by assuming that Inequality 3 holds for all n € {1, %
and all ¢ €{0,...,c}. Hence the probability of selecting the maximum drops to o« — 10y. O

We now want to prove that Algorithm 2 can likewise simulate an arbitrary i.i.d. algorithm with minimal loss,
by comparing to the performance of Algorithm 1. Recall that Algorithm 2 attempts to simulate Algorithm 1 by
applying threshold T, to each of the qn values in collection 1. There are two ways that this simulation might fail.
First, it might be that two values in collection 1 are above threshold Ty, and Algorithm 2 chooses the smaller
one. Second, it could be that the maximum value from two different collections both round to the same value
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X, and Algorithm 1 chooses the smaller one; this is fine for Algorithm 1, since it cares only about the rounded
values, but leads to failure for Algorithm 2.

The following two concentration results handle these two modes of failure. Lemma 16 shows that it is unlikely
that two or more values in any given collection lie above the corresponding threshold. Lemma 17 shows that it
is unlikely that the maximum value in two different collections round to the same t;. We defer the proofs to
Section E.1.

Lemma 16 Consider arbitrary numbers Ao,Y,0,q € (0,1), p € (0,1 —Np). Set e = Y2alodo  [et S pe

Zlog%
a set of size qn, chosen uniformly at random without replacement from Di,...,Dn. Let T be such that
Pr [max{‘:](xi) < TO} = 1—p. Lety; be a random binary variable that is 1 if ©° < xi and 0 otherwise.

Let p{ =Prly; = 1]. Assuming the no e-superstars assumption, with probability 1 — & we have

2
Pr3icsyi = 1] < o
Ao
and
4q?
Pr Zyi >2| < K
ies

Lemma 17 Consider arbitrary numbers p,Ao € (0,1) and A € [0,1 — (Ao + p)]. Let ™° and ' be such that
Pr [max’i‘:] (x) < TO} =1—(A+p) and Pr [maxi”:1 (xi) < T‘] =1—A. Let yi be a random binary variable that
is 1 if 0 < x; <1 and 0 otherwise. We have

n 2
Pr [Zyi 22] < %.

i=1 0

These lemmas in hand, we are now ready to bound the success probability of Algorithm 2. This is Theorem 18,
which was a restatement of our main result for the best-choice prophet secretary problem under a no-superstars
assumption, Theorem 8.

Theorem 18 Let Alg,. be a threshold based algorithm that selects the mazimum with probability at least x for 1/q

instances of Duyin, with thresholds t1,...,T1,q. For any arbitrary y € (0,1), Algorithm 2 selects the mazimum
10

with probability at least (x—13y) for D, ,...,Dx, , assuming the no e-superstars assumption with ¢ = e I IZg(%) .

Y
Proof : There are two basic differences between Algorithm 1 and Algorithm 2. First, for each of the sets of
gn consecutive numbers Sy, Algorithm 1 has the privilege to observe the maximum number in the set at once,
while Algorithm 2 sees the numbers in the set one by one. Second, the input numbers in Algorithm 1 are all
rounded to t;’s, but this is not true for the input of Algorithm 2. Therefore, there are two cases where Algorithm
1 selects the maximum of the Xs, but Algorithm 2 does not choose the maximum of the x;.

e Algorithm 1 picks Xs, . There are two numbers T, < x; < xi with i,i" € S;;, and Algorithm 2 picks x;.

e Algorithm 1 picks Xs, - But there is another 1’ such that Xs, = )Zgn, =t¢ but x5, < Xs, -

We show that first case happens with probability at most 2y and the second case happens with probability at
most y. This together with Lemma 15 proves the theorem. Notice that the probability of the first case is at
most

Pr[Jies, \qiyXir > max(ty, to)] < Pr[Jires, xir > max(tn, to)]
2
< A_ v, By Lemma 16
Ao
where Lemma 16 holds with probability 1 —& > 1 —+y. Hence the first case happens with probability at most
Y4y =2y.
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Notice that in the second case for some ( there are at least two numbers x; (corresponds to 1) and x; (corresponds
2

ton’) such that t; < x; < xis < t¢41. By Lemma 17, for a particular ¢ this happens with probability at most %2.
0

By the union bound over all choices of (, the second case happens with probability at most c% < £ = @ =v.

O »

<2

Now we are ready to prove Theorem 9, which is an unconditional improvement that holds even without the
no-superstars assumption.

Proof of Theorem 9: By Theorem 8, there is a positive constant € > 0 such that the statement of Theorem 9
holds whenever the distributions satisfy the no e-superstars assumption. We will therefore assume that there
exists a distribution in the input that violates the no e-superstars assumption for this positive constant €. That
is, Pr [i = arg maxj“:1 xj] > ¢ for some i. Without loss of generality we assume that this distribution is Dj.
Let T be the threshold selected by the algorithm in Theorem 4. Recall that Theorem 4 shows that, for any
arbitrary ¢’ > 0, there exists a single threshold algorithm that chooses the maximum value with probability at
least maxy ) o, (% )‘k]fi,ix) —¢’, for the best-choice prophet secretary problem. For the purpose of this theorem,

671A5€2 e

we set ¢/ = . We will consider two cases. In the first case we have Pr [X] <Tand 1 =arg max}‘;l xj] > 5.
In the second case we have Pr[x; > 1] > % Note that we must be in one of these cases, since

Pr [)q <Ttand 1= arg'rlnaxxj +Prix; >t >Pr {1 = argrrlnaxxj} > e
j=1 j=1

Case 1. In this case we apply the single threshold algorithm of Theorem 4, with a slight modification: if Dy is
one of the last 5+ items, and we reach it, we stop and accept it regardless of its value. Note that the probability
that D¢ appears in one of the last £* positions, and at the same time the maximum appears after D1 (and hence

. o, . . 2 . . .
also somewhere in the last 5* positions), is at most § x § x 15 = 5. This is an upper bound on the loss of using

this modification of the algorithm. On the other hand, the probability that D; appears as one of the last 5
items, is the maximum item, and is below the threshold T (which also means no item is above the threshold) is

at least Pr [)q <Tand 1 =arg maX]TL:1 xj] X 5 2> %. This is a lower bound on the expected gain of using this

modification to the algorithm. Therefore in this case we improve Theorem 4 by at least % — % = %.

Case 2. In this case we show that the analysis of Theorem 4 in not tight and hence we provide a better
bound for the algorithm with threshold t. To prove this, we show a constant gap in Inequality 2, which
directly translates to a constant improvement on the probability of success of the algorithm. Specifically, we
consider the case where D is the only item above the threshold, but more than one of its corresponding dummy
distribution is above the threshold (i.e., £’ > 2). In this situation, the algorithm certainly selects the maximum;
however, in the analysis, we assumed that of the K’ values above the threshold from the dummy distributions,
the algorithm would only choose the maximum with probability % < % due to the ordering of items. Recall

that Pr[max!* ;(xi) <7l = e > e "> and hence Pr[max* ,x; < 1] > e '*>. Moreover, note that w
is a lower bound on the probability that we see at least one item above the threshold in half of the dummy
2
Prx;>1]

distribution corresponding to D¢ and hence with probability at least ( we see at least one item above

the threshold in the first half of the distributions and at least one in the second half. Thus, we have
e 152

Pr [IC’ >2and x7 > Tand Vi, nyXi < T} > x Pr [Vie{z,...,n}xi < ’t] > —5

(Pr [x122 T})Z

Therefore, in an event that occurs with probability at least 2718'552 , we can improve our bound from something

at most % to 1. This leads to a gap of 8711'65‘2 in Inequality 2, and hence a corresponding improvement to

Theorem 4.

Thus, in either case, we obtain an improvement of €y = 162% to the bound in Theorem 4, which says we select the

. . ‘1 ke—A 2 ko—A 2
maximum value with probability at least maxy ) -, (% ARE ) —&/+ & =maxa Y (lk%) + 35515
O
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D Appendix: Omitted Proofs from Section 5

We present the proof of Theorem 5, which states that one can solve the top-k-choice prophet inequality problem
with a failure rate that is exponentially decreasing in k. We restate the theorem below for completeness.

Theorem 19 For any k > 1, there exists a single-threshold algorithm for the top-k-choice prophet inequality
problem that succeeds with probability at least 1 —2e~Y*, where y = (3 —V/5)/2.

Proof: We'll begin by showing a bound with a slightly worse constant in the exponent. We will then describe
a way to optimize the constant at the end of the proof.

For a given constant t, let X(t) be the random variable corresponding to the number of items i such that x; > t.
Choose T so that E [X(T)] = k/2.

The single threshold algorithm with threshold T will succeed unless X(t) = 0 or X(t) > k. We note that X(t) is
the sum of n Bernoulli random variables, where variable i is 1 with probability Pr[x; > t]. By the additive form
of the Chernoff bound, we have that

Pr[X(t) = 0] = Pr[X(1) < E[X(1)] — k/2] < e KL(Olk/2n)m

where KL(pl|q) denotes the Kullback-Leibler (KL) divergence. Using the bound KL(p|lq) > (p—q)?/q for p < q,
we have that
PrX(1) = 0] < e~ KLOIk/2n)m e (k/2n)?/(k/2m) _ o—k/4

Similarly, we have
PrX(1) > k] = Pr(X(1) > E[X(1)] — k/2] < e KLk/nllk/2n)m _ gn-(k/2n)?/(k/n) _ o—k/2

where the second inequality uses the bound KL(pllq) > (p — q)?/p for p > q. Taking a union bound over these
two events completes the proof.

We note that if we choose a threshold T so that E[X(1)] = vk for v = (3 — v/5)/2, we obtain a slightly better
probability of success 1T —2e~Y* with the same argument. We have not sought to optimize the constant further.
O

We next present the proof of Theorem 6, which shows that one cannot improve upon this exponential dependence
on k, regardless of n and even for i.i.d. instances. We restate the theorem below.

Theorem 20 There exists a constant ¢ such that, for any fired k > 1, no algorithm for the top-k-choice prophet
inequality problem with identical distributions selects the mazimum with probability more than 1 — e ¢k,

Proof : Take n > k sufficiently large. Our problem instance is i.i.d., with distribution D as follows. With
probability k/n, distribution D takes a value drawn uniformly from [1,2]; with the remaining probability, the
value is 0. We say that an observation is successful if it takes on a non-zero value. In order to describe our
analysis more conveniently, we will think of the random process that generates our sequence of observations in
the following alternative—but equivalent—way.

e We first draw n values uniformly from [1,2], say vi < vz < ... < vy. We think of v; as the value that x;
will take if x; is non-zero. We write D; for the distribution that takes on value v; with probability k/n and
0 otherwise. We will think of value x; as being drawn from distribution Dj.

e We choose a permutation 7t on {1,--- ;n}; (i) is the position in the sequence that distribution D; appears.

e We choose a number of successes Z; for the first n/2 observations, and correspondingly a number of successes
Z, for the second n/2 observations. Both Z; and Z; are binomial random variables Bin(n/2,k/n) and are
chosen accordingly.

e We choose permutations o7 on {1,--- ,nn/2} and 02 on {n/2+1,--- ,n}; o7 gives the order of the successful
observations in the first n/2 observations, and similarly for o2, as described below.



Prophets, Secretaries, and Maximizing the Probability of Choosing the Best

More formally, we see observations in the order X,(1),...,Xzm). For each t € {1,--- ,n/2}, Xr1) = Vu(o) if
o1(t) < Z;, and otherwise X (¢) = 0. Similarly, for each t € {n/24+1,--- ,n}, Xty = Vapy) if 02(t) < Z5, and
otherwise x,(¢) = 0. This process generates a distribution over value sequences that is identical to the distribution
of value sequences in our i.i.d. top-k-choice problem.

We now consider the following events. Event A is that Z; = k; that is, the first half has k non-zero values. Event
B is that, for each tq,t, satisfying t;1 < n/2, t2 > n/2, o1(t1) <k, and 02(t2) < k, we have that 7t(t;) < 7t(t3).
That is, event B is that the first k non-zero values in the first half of the observations (as determined by o7)
will be less than the first k non-zero values in the second half (as determined by o2). Note that, from the way
we have defined event B, it is independent of Z; and Z;, as it depends only on 71, 07, and 0;. Because of this,
events A and B are independent of each other (and independent of the value of Z5).

We make the following claims. First, each of the events A and B happen with probability e ®(%). Second,

conditioned on both A and B occurring, any algorithm must fail with probability at least e ®(*). The result
follows immediately from these claims.

For event A, Z; is distributed as Bin(n/2,k/n), and a simple calculation shows that it equals k with probability
at least e~ °'¥ for a suitable constant ¢y and large enough k. Indeed, the distribution is well approximated by a
Poisson distribution, so the desired probability is approximately e %/2(k/2)%/k!, which is e (%),

For event B, since 7t is a random ordering on the elements, the probability the first k values determined by o
are all less than the first k values determined by o is just (2&) ~ 2%k /\/mk, which is e 9(K),

Now, for any algorithm, consider any realization of {v1,...,vn}, 71, 07, 02, and Z; for which events A and B
both occur. Note that specifying Z, then specifies the entire process. Let us give the algorithm the additional
power to decide, knowing {v1,...,vn}, 7, 07, 02, and Z; (but not Z,), whether to have selected an element or
not after the first n/2 observations. If the algorithm does not select an item, it will fail when Z; = 0, as then
the k largest items have all appeared in the first half. If the algorithm does select an item, it will fail when
Z, >k, as then the k largest items all appear in the second half. As Z; is distributed as Bin(n/2,k/n), each of
these possibilities for Z, occurs with probability e=®(%). Thus, if we condition on A and B both occurring, the
algorithm fails with probability e~®) whether or not it chooses a value from among the first n/2 observations,
and the result follows. a

E Appendix: Omitted Proofs from Appendix C

E.1 Concentration Bounds

This section is dedicated to the proofs of Lemmas 11, 16, and 17. To begin, we require several prelimiary
lemmata. The following lemma, for an arbitrary pair of thresholds T < ', bounds the probability that at least
one of the x;’s is within the range [t°, '].

A€ [0,1 —p). Let ©° and ' be such that
17 _

Lemma 21 Consider arbitrary numbers p € (0,1) and
)<7 ] 1 —A. Let yi be a random binary variable

Pr [max{‘:1 (xq) < TO} =1—(A+p) and Pr [max{‘:1 (x4
that is 1 if w0 < x; <1 and 0 otherwise. We have

p <Pr [Hie{l,...,n}yi = ﬂ ST

Proof : On one hand we have

Pr(Jicir,...myi = 1] 2 Pr|1° < m’éf(xi) <t'| =p.
i=
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On the other hand we have

A+p=Pr m%x(xi) > 7°

i=1

=Pr I_nTZLiX(Xi) > + Pr {mgfc(xl) < T1:| X Pr {316{1,...,11}70 <x < T
i=

| i=1

1
Viet,..,nyXi < T

> Pr |max(x;) > 7' | +Pr [mﬁf(xi) < Tl] x Pr[Jieir,.. oyt <xi < T
i=

| i=1

=A+(1—-A)Pr [316{1,...,11}’50 <x; < T1]
=A+(1=NPr[Jien,..myi =1].

This implies

Pr[Ficq,. . myi=1] < %

O

For an arbitrary index 1, the following lemma upper bounds the probability that x; is within the range [t°,T'].
Later, we use this to show a concentration bound in Lemma 25.

Lemma 22 Consider arbitrary numbers p € (0,1) and A € [0,1 — p). Let ©° and T be such that
Pr [max}_‘:1 (%) < TO} =1—(A+p) and Pr [Inax{‘:1 (xi) < T1] = 1—A. Let y; be a random binary variable
that is 1 if ©° < x; < 1" and 0 otherwise. Assuming the no e-superstars assumption we have

Pr[j = arg max]* ; x{] €
1—(A+0p) “1—-A+p)

Proof : For any j we have

Pr [j = arg'rlnaxxi} >Pr[x; > 1% Pr| argmax x; <t°
i=1 1€{0,...,n\j

> Pr [xj > TO] Pr [arg max xXi < TO]

ig{0,...,n}
=Pr[x; >1°] (1—(A+p))
>Prt' >x >1° (1—(A+p))
=Prly; =1] (1 — A+ p)).

This together with the no-superstars assumption implies that

Pr[j = arg max]* ; x{] €

P NS TR ST

O

The following lemma, for an arbitrary set S of indices, compares the expected number of x;’s that are in a range
[1° 1'] with the probability of observing at least one x; in the range [t°,T']. We later use this to exchange
Pr [Fiesxi € [1°,1']] and Y, s Pr[x; € [t°,1']].

Lemma 23 Consider arbitrary numbers p € (0,1) and A € [0,1 — p). Let ©° and T' be such that
Pr [max’.1 (xq) < TO} =1—(A+p) and Pr [max{‘:1 (xi) < T1] = 1—A. Let y; be a random binary variable
=1].

i=1
that is 1 if ° <x; < 1' and 0 otherwise. Let p! = Pr[y; For any set S C{1,...,n} we have

max (1= ) p1—25) Y pl<Prliesyi=11< Y pf

ie$S ie$S i€$s
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Proof : We have

Pr Eiesyi = 1] =1—-"Pr [Viesyi = O]
=1—Thes(1 —p{)

>1 —exp<—ZP{)-

ie$S
This implies that
1
! <lo
ieZSpl =08 (1 —Pr Biesyi = 1])
1
< —1 log(&) < &—1
1 Pr[Biesys = 1] 8(&)

_ Pr3iesyi =1]
- 1—Pr Eiesyi = ]]

Pr Eliesyi = 1]
~1—Pr[Jien,.myyi =1
< Pr [?iesy; = 1].

T—A

Using Lemma 21

This implies
(1 — %) Zpll S Pr [Hiesgi = ]] .
ies
Similarly, we have

Y pl< Pr(Fiesyi =1
YT 1 —Pr[Giesyi =1]
Pr Eiesyi = ”
~1-E [Zies Yi]
~ Pr3Biesyi =1
o —2 iesPi ’

ies

which implies

(1=> p) > p{<PrBicsyi =1.
ies i€s
On the other hand we have

Pr Biesyi = 1] S E

Zyi] =) pi

= =

O
In Lemma 25 below we show the concentration of Zie s Pr [xi € [TO, T1]] for a set S chosen uniformly at random
without replacement. To prove Lemma 25 we use a variation of Massart’s inequality for sampling without

replacement Van Der Vaart and Wellner (1996). Then to apply Massart’s bound to Y ;s Pr [x; € [t%, '], we
use Lemma 22 to upper bound Pr [x; € [1% 1']] and use Lemma 21 to lower bound E [}_; ¢ Pr [x; € [t%,1']]].

Lemma 24 (Massart’s inequality) Let W;,..., W, be a set of n numbers and let \Py,..., . be a subset of

Wi, ..., ¥y drawn uniformly at random without replacement. We have
1 o - c?y?
Pri|=d wi—¥>v| <200 (- =)
c ; ' (Wi —w)2)

where ¥ = %2?21 Vi, and n is assumed to be divisible by c.
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Now we are ready to prove Lemma 25.

Lemma 25 Consider arbitrary numbers p,v,e,q € (0,1), A € [0,1 —p). Let S be a set of size qn, chosen
uniformly at random without replacement from D1, ...,Dyn. Let ™° and T' be such that Pr [maxi":1 (xi) < TO] =

1—(A+p) and Pr [max{‘:1 (xi) < ’t]] = 1—A. Let y; be a random binary variable that is 1 if T° < x; < T
and O otherwise. Let p/ = Pr[y; = 1]. Assuming the no e-superstars assumption, with probability 1 — 2 exp (—

2 2
Y’q p(;g—(?\ﬂ)))) we have

(1—y qZpl <Y pi<(+v)q) pi
i=1

ies
Proof : Let z; be a random variable that is T when i € S and 0 otherwise. We have
n
Zp{ > PrlJicsyi = 1] By Lemma 23
i=0
> p. By Lemma 21

Moreover, by Lemma 22 we have 0 < p/ < . Thus,

Tt
Pr “Zm qul >qupll =
iesS

1 1 &

i=1

1
Multiply both sides by —
qn

= Massart bound

@Ay I pd)’ )
I IR S
(Z‘L lp'l)z
q Y <
(pl_ HZ?:1 p{)Z)

(Zl 1]3/)2 ><
1 1p1 +Zl 1({2?:1 pl/)z -

(
(-
(-
2exp ( - 2y 11p> (Ziip)y
(-
(-
(-

Tl
1 1p1
rpl)’ , £
2 exp q y 2io = pi <
S Epw] > P{) T 1-(A+p)
1— (A
2exp +p))Zp{> <
i=1
17 n
2exp y*q%o( (?\+p))> Zplzp
i=1

O

Next, we use Lemma 25 together with Lemma 23 to show the concentration of Pr [Hiegxi € [, Tl]] for a set S
chosen uniformly at random without replacement.

Lemma 26 Consider arbitrary numbers p,y,e,q € (0,1), A € [0,1 —p). Let S be a set of size qn, chosen
uniformly at random without replacement from Dy, ..., Dy. Let T° and T' be such that Pr [max{‘:1 (xi) < To] =
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1—(AN+p) and Pr [max{‘:1 (%) < Tl] = 1—A. Let yi be a random binary variable that is 1 if ©° < xy < T
and 0 otherwise. Let p/ = Prly; = 1]. Assuming the no e-superstars assumption, with probability 1 — 2 exp (—

Y?9?e(1—(A+p))
) we have

(]—y—% qZPISPrElesyl—1 +Yqul

Proof : With probability T — 2exp (— w) Lemma 25 holds and we have

2e
Pr{3icsyi =1 < ZP{ By Lemma 23
iesS
n
< (1+v)q Zp{ By Lemma 25
Moreover, we have
Pr[Jiesyi = 1] 1 - ZPI ZPI By Lemma 23
ies ies
1—Zp1 1— qZ]o1 By Lemma 25
ies
n
—(1+v)q ZP{)(] —v)q ZP{ By Lemma 25

1—A
> — R — — _
> (1 qup(M 57 PrBiesyi = 1)1 q§ pi By Lemma 23

1—A
> — - — —
,(1 2q17(>\+p)P[16591 ] (1 UIE p1

1—2A

> (1— _

> (1 Zq1 Aol ng pi By Lemma 21
2qp /

> — — !

> (1 17(}\+p))(1 v)q'E P

e e s 7\+p qZpl

The following corollary is a simplified (and restricted) variation of Lemma 26.

Corollary 27 Consider arbitrary numbers p,Ao,v,6 € (0,1), A € [0,1—(Ao+p)] and q € (O, min (%, 1)) Set
€= YTZ?%. Let S be a set of size qn, chosen uniformly at random without replacement from Dy,...,Dy. Let
g5

7° and ' be such that Pr [max{’; (xq) < TO] =1—(A+p) and Pr [max{‘“:1 (xq) < Tq =1—A. Letyi be a random
binary variable that is 1 if ©° < x4 < 1" and 0 otherwise. Let p{ =Prly; =1]. Assuming the no e-superstars
assumption, with probability 1 — & we have

(1-2y) qZp <PrlBiesyi =11 < (1+7) qZpl

i=1



Esfandiari, HajiAghayi, Lucier, Mitzenmacher

Proof : Note that Lemma 26 holds with probability

1_zexp(_vzqu(12—£(?\+p))) - _zexp( Y ngp?\o)

2.2
Y-q-pAo
:1—Zexp<—Y2q 92p>\0>
2( Zlog% )

2
=1 —Zexp(—logg)
=1-056. (4)
Note that Lemma 26 directly gives us Pr[Jiesyi =11 < (1+v)q Y i p{. Moreover, we have

Pr[Bicsy; = 1] > (1—y— }\er qZpl Lemma 26

= —v—%op)qu{
i=1

2 Y;:)" )

> (1-
=(1-2y)q)_p!.
i=1

O

We can now prove Lemma 11. We will restate it as Lemma 28 below for convenlence Recall that for the purpose
of this lemma for some arbitrary y € (0,1) weset Ao =y, p=7v>, q =%, and 6 =

Lemma 28 Let S be a set of size qn, chosen uniformly at random without replacement from Dq,...,Dn. With
3
probability 1 — %= for all L € {0,...,c — 1} we have

(1—3y) qZpC<P1"[tc<Xs<tc+1 14+v) qZpla
i=1

,Y10

where pf = Prlte < xi < teg1], assuming the no e-superstars assumption with € = Tloa( L)
y2

Proof : Note that by Corollary 27, for a fixed ¢ € {0,...,c — 1} with probability 1—6=1— YTG we have

n

(1—2vy) qZpC < PrlFiestc <xi <tep1l < (1+7v)q pr (5)
i=1 i=1
By the union bound, this holds for all ¢ € {0,...,c — 1} with probability at least
6 _ 6
PR A N St S P A
4 p 4 4p 4

6 3

v

Similarly, using Lemma 16 with probability at least 1 — 2—3 for all ¢ €{0,...,c— 1} we have
2
Pr[&3iesteyr <xql < % =Y. (6)

Next, we prove the statement of the lemma assuming that for all { € {0,...,c — 1} Inequalities 5 and 6 hold.
First note that we have

Pr [tc <xg < tc+1] < Pr [EliEStC <xi < tc+1]

n

<(1+v)q)_ps. By Inequality 5
i=1
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This proves the upper bound. On the other hand we have

Prite <xs <teei1]l > ﬂLESXL > tep1] X Pridieste <xq < tegr]
= (1 —Pr[Jiesxq > tc+1]) x PrJieste < xi < tey]
> (T—v)PrHieste <xi <t By Inequality 6
n
> (1—v)(1—2vy)q pr By Inequality 5
X —
> (1-3y)q)_ps.
i=1
O
The following technical lemma will be useful for proving Lemma 16 and Lemma 17.
Lemma 29 Let x1,...,Xm be a sequence of independent binary random variables. We have
Pr le > 2] < P =11%.
i=1
Proof : We have
m m
Pr [ZX122‘| Z(PT[V1<JX1—O]PT x; =11P Z Xi>1 )
i=1 j=1 i=j+1
m m
j=1 i=0
m m
=Pr [ZX1>T] (Pr[Vi<in:0}Pr[Xj :1]>
i=0 j=1
m 2
i=0
2
= PI‘ EliXi = 1] .
O

We can now prove Lemma 16. For a small set of indices S chosen uniformly at random, we wish to upper bound
the probability of observing at least two x;’s with i € S above a threshold T°. We declare this as a failure case
in our algorithm in subsection C. For convenience we restate as Lemma 30 below.

Lemma 30 Consider arbitrary numbers Ao,v,0,q € (0,1), p € (0,1 —Np). Set ¢ = M. Let S be

ZIOg%
a set of size qn, chosen uniformly at random without replacement from Di,...,Dyn. Let 10 be such that
Pr [max{‘:](xi) < TO} = 1—p. Lety; be a random binary variable that is 1 if ©° < xi and 0 otherwise.

Let p{ = Prly; = 1]. Assuming the no e-superstars assumption, with probability 1 — & we have

Pr3iesyi = 1] <
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€

. T Y2 q?p(1—(A+p)) -
Proof : With probability T—2exp <— 2—) > 1—105 (see Inequality 4), Lemma 25 holds and hence
we have

Pr([Jiesy;i = 1] < Zp{ By Lemma 23
ie$S
n
<2q Zp{ By Lemma 25 with vy < 1
i=1
L Pr|i=argmax!" ; x;
SZqZ [ io =1 ]] By Lemma 22 with A=0,p =1—A¢
i=1
< z—q iPr [i = arg?naxxj] =1
0 j=1

i=1

and hence, we have

Pr lz yi > 2| <Prl3iesy; =17 By Lemma 29
ies
2
< i
AS

O

Finally we will prove Lemma 17. We wish to upper bound the probability of observing at least two x;i’s within
a narrow range [1°,7']. We declare this as a failure case in our algorithm in subsection C. For convenience we
restate as Lemma 31 below.

Lemma 31 Consider arbitrary numbers p,Ao € (0,1) and A € [0,1 — (Ao + p)]. Let T™° and ' be such that

Pr [max{‘:1 (x) < TO} =1—(A+p) and Pr [max{‘:1 (xi) < T‘] =1—A. Let yi be a random binary variable that
is 1 if 0 < x; <1 and 0 otherwise. We have

Proof : We have

n
Pr [Z yi 22| <PrEk,y =17 By Lemma 29
i=1
< (%) By Lemma 21
2
<2



