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7 Appendix

7.1 Details on models used

Throughout the paper four different models are con-
sidered: two variants of a Bayesian neural network
(BNN-A and BNN-B), a hierarchical Poisson model,
and Bayesian logistic regression.

Bayesian logistic regression: = We consider two
different datasets: “ala” and “Mushrooms”. In all
cases the training set is given by D = {z;,y;}, where
y; is binary. The model is specified by

w; ~ N(O, 1),
1

pi = (1+exp(wog +w-x;)) ",
y; ~ Bernoulli(p;).

Hierarchical Poisson model: By Gelman et al.
Gelman et al. (2007). The model measures the relative
stop-and-frisk events in different precincts in New York
city, for different ethnicities. The model is specified by

0,10%)
0,10%),
0,102 ),
oa)s
Bp ~N(0,03),
Aep = exp(p + ae + By + log Nep),
Y., ~ Poisson(Aep).

log oo~ N

N(
(
logog NN(
N0,

In this case, e stands for ethnicity and p for precinct,

¢p for the number of stops in precinct p within ethnic-
ity group e (observed), and N, for the total number
of arrests in precinct p within ethnicity group e (ob-
served).

BNN-A: As done by Miller et al. Miller et al.
(2017) we use a subset of 100 rows from the “Red-
wine” dataset (regression). We implement a neural
network with one hidden layer with 50 units and Relu
activations. Let D = {z;,y;} be the training set. The
model is specified by

log o ~ N(0,10?),

log T ~ N(0, 102)’
w; ~ N(0,a?),
9; = FeedForward(z;, W),
yi ~ N (g, 7%).

(weights and biases)

BNN-B: We use a subset of 200 rows from the “Red-
wine” dataset (regression). We implement a neural
network with one hidden layer with 50 units and Relu
activations. Let D = {x;,y;} be the training set. The
model is specified by

log T ~ N(0,5%),
w; ~ N(0,5%),
¥; = FeedForward(x;, W),
yi ~ N(Yi, 72).

(weights and biases)

The only difference between BNN-A and BNN-B is in
the prior used for the weights and biases.

7.2 Estimators chosen by Algorithm 1
(Section 3.4)

Time of choice

Model

T=0 T=Tp/10 T=Top/2
Log Reg (ala) (Rep) (Rep) (STL)
Hier Poisson (Miller)  (Miller) (Miller)
BNN-A (Rep)  (STL) (STL)
BNN-B (Rep) (Rep) (Rep)

Table 4: Algorithm 1 selects different gradient
estimators for different models. Gradient estima-
tors chosen by Algorithm 1. Each column shows the
estimator selected at some selection time. (In different
runs different choices may ocurr. We show the “most
popular” choice across runs.)

7.3 Mixed Integer Quadratic Program

A mixed integer quadratic program is an optimiza-
tion problem in which the objective function and con-
straints are quadratic (or linear), and some (or all)
variables are restricted to be integers:

minimize

1
—z"Qox + TOTx + ug
z 2

1
s.t. —2T Qi+ r;rac +u; >0

1=1,...,m,
2

(12)
Ar +b=0,

where € R", Qo, ..., Qm € R™"™™, and some compo-
nents of x are restricted to be integers.

We now prove Theorem 4.1.

Theorem 4.1. When different gradient estimators
are indezed by a set of J control variate weights, the
problem of finding a*(w) as in equation (10) can be



Tomas Geffner, Justin Domke

reduced to solving a mized integer quadratically con-
strained program with 2J + 2 variables, one quadratic
constraint, and one linear constraint.

Proof. Given

T(.ga) = T gbase Z az 7é 0] (13)

and

1 M
- M Z ||gbasc(w7£m) + C(wagm)aH27

m=1

G*(ga,w)
(14)
we want to find

a*(w) = argmin G*(gq, w) x T(ga)- (15)

a€R’

To simplify notation, we use G = G2(ga,w), Gom =
Ibase(W,&n) and Cp, = C(w,&,). Expanding the
squared norm in eq. 14 we get

M
G* = Z Hgbm‘i‘cma”

S \

gbm 9bm + 29bm0’na + aTOTO’IrLa)

E\
< ﬁMi HM§ I

Sl

9 M
gbmn+(Mmzlgbm St

1 1

1
5 (M Z m m)
Q1
1
=u; +7a+ iaTQla. (17)

On the other hand, equation 13 can be expressed as

T(ga) =to+1t'b, s.t. by =1[a; #0],  (18)

where tg = T(gpase), and t; = T'(c;). Using equations
17 and 18, the minimization problem from equation 15
can be expressed as

(a*,b") = argmin (laTQ1a+rIa+u1) X (to+th) ,
a€RJ ,be{0,1}7 2
s.t b, = l[ai 7& 0}. (19)

Introducing two extra varaibles, Vi and Vp, we can

express the minimization problem in eq. 19 as

(a‘*ab*7véav’1f): VGXVT7

arg min
a€RY be{0,1}7, Vo ER,Vr€R

1
st Vg > §aTQ1a + rira + uyp
Ve =to+t'b
b = 1a; # 0], (20)

The final minimization problem shown in equation 20
has the form of a general MIQCP, shown in equa-
tion 12, with the exception of the last constraint
b; = 1[a; # 0]. Despite not being in the original def-
inition of a MIQCP, several solver accept constraints
of this type (Gurobi Gurobi Optimization (2018), the
solver used in our simulation, does).

O

7.4 SGD convergence rates

Recall the following definitions:

Convexity: F is convex iff it F(0z + (1 — 0)y) <
OF(z) + (1 —0)F(y) V8 € [0,1].

Strong convexity: F is A-strongly convex iff
F(y) = F(a)+ VF(x) " (y —2) + 5ly — 2] Va,y.

Smoothness: F has Lipschitz continuous gra-
dient with constant L (F is L-smooth) iff
IVF(y) = VF()[| < Llly — x| Va, y.

We now state the convergence rates presented in Table
2 in more detail.

Theorem 7.1 (F strongly convex; decaying step-size;
By Rakhlin et al. Rakhlin et al. (2012)). Let F be a
A-strongly convez function over a convex set W. If we
assume Eel||g(w, &)|?] < G*Yw € W and set the step
size ny = 1/(At), then, after K updates of SGD, we
have

4 G?

SvNd where w* = argmin,, F(w)

E [[lwg —w*|[’] <

Proof. See Rakhlin et al. Rakhlin et al. (2012). O

Corollary 7.1.1 (F strongly convex and smooth; de-
caying step-size; By Rakhlin et al. Rakhlin et al.
(2012)). Let F be an L-smooth and \-strongly con-
vex function over a convex set W. If we assume
Eelllg(w,&)||?] < G*Vw € W and set the step size
ne = 1/(\t), then, after K updates of SGD, we have

Flu')] < 2L G?

E[F(WK)— =K
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Proof. See Rakhlin et al. Rakhlin et al. (2012). O

Theorem 7.2 (F convex; constant step-size; Ne- 1 K= Ln F(wo) — F(w”)
mirovski et al. Nemirovski et al. (2009)). Let F be E [K IVE()l[*] < ?GQ + nK
a convex function over a convexr set W. Assume =0 I D
Eelllg(w, &)||?] < G*Vw € W. Then, after K updates = 7176’2 + n—[é
: : ; « _ _Dw
}olf SGD using the optimal learning rate n* = GVE we
e - . G Where Dy = F(wo) — F(w*). The value for n that
E [F(w) = F(w")] < Dy VK minimizes the right hand side of the last inequality is
n*t =4/ LKG2 Using n = n* yields
where © = Zfil w; and Dy, = ||wg — w*|].
Proof. See Nemirovski et al. Nemirovski et al. (2009). 1 it L(F(wo) — F(w*))G2
s IV F(wn)]? = .
t=0

Theorem 7.3 (F smooth; constant step-size). Let F
be an L-smooth function. Assume E¢l||g(w,&)|?] < O
G?Vw. Then, after K updates of SGD using the opti-
mal learning rate n* = /% we have Finally,.slightly different versions of the last two
bounds in Table 2 were proposed by Yang et al. Yang
et al. (2016). The authors carry out a unified analysis
for stochastic momentum methods using a parameter
s; if s = 0 the algorithm results in the heavy ball
method, and if s = 1 in a stochastic variant of Nes-
terov’s accelerated gradient. They state the following
result:

5o

KZ |VE( w1)|21 < /LD;

i=1

where Dy = E[F(wp) — F(w*)].

Proof. This proof is a straightforward adaptation from
the one by Bottou et al. Bottou et al. (2018). Theorem 7.4 (F smooth; constant step-size; stochas-

tic momentum methods; Yang et al. Yang et al.
(2016)). Let F be a (possibly non convexr) L-smooth
function, Assume Eel||g(w, &) — VF(w)||?] < 6% and

L
F <F F(w) " ~ Z —wl)?
(we1) < Flwe) + VE(we) (werr = we) + 2 llwesr — wel] [|[VE(w)||? < V2. Then, after K updates of the pro-

L . . .
= F(wi) — neVF(we) ge + 7ngt||2 posed stochastic momentum method () with learning
rate n = min {%, %}, we have
= F(we) = neVF(wi) " g + 7||9 117,

2Ds(1 — 2L T
i EIOFC) <« 2200 {20 T

Taking the expectation on both sides we get T 1-8’ e

C LA ((1—B)s — 1)* (V2 +5%) + L&%(1 — B)?
ELF(wi1) = F(w)] < —nVE[F(w) g, + 20 ‘g llgell” VT (1—p)3 ’

where Dy = F(wo) — F(w*).

=~ E|[VF(w,)|* + %G?

The results shown in Table 2 are obtained by: 1) set-
If we take 7y = 7, and sum up both sides of the in-  ting s = 0 (momentum) or s = 1 (Nesterov); 2) finding

equality we get the optimal C; 3) bounding E¢ ||g(w, €)||?> < 82 +V? =
G?; and 4) assuming that optimization is performed
Kol Kol KL for a large enough number of steps (K > 4fi%2>.
E[F(wi) = F(w)] < —n Y E|[VF(w)|* + =5--G*
t= t=0 7.5 Raw results for individual step-sizes
K—-1
KLn?
E[F(wx) — F(wo)] < —n Y EI[VF(w)|* + =G,
t=0

Re-arranging and using the fact that F(w*) < F(wg)
gives
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