A Proof of Theorem 1: General regret bound

In this section, we provide a proof of the general eluder-dimension-based bound on the Bayesian regret of
Thompson Sampling (TS), and the proofs of technical lemmas which support the main proof. Certain results
and definitions from the main paper will be restated for convenience.

Theorem 1 Consider Thompson sampling with prior py on a function class F applied to the bandit problem
(A, fo,py) where the reward function fy is drawn from a po, all functions f € F are f : A — [0,C] for
some C > 0, and the reward noise distribution p, is (0%, b)-sub-exponential. For all problem horizons T € N,
nonincreasing functions r : N — R, and parameters a > 0,6 < 1/(2T), and |\| < (20b)~1, it is the case that

BR(T) < Tk(T) + (dimg(F,s(T)) + 1)C + 4\/dimE(]:, k(1) 5 (F, o, 0, \)T.

We begin the proof with the following martingale concentration result, an extension of Lemma 3 of Russo and

Van Roy (2014) (which holds for sub-Gaussian noise). The result below says that with high probability, for any
function f : A — R, its squared error Lo (f) = ZZ;}(f(Az) — R;)? is lower bounded. In particular, we say that

with high probability the squared error of f will not fall below the sum of the squared error of the true reward
generating function, fy, and a measure of the distance between f and fy, by more than a fixed constant.

Lemma 1. For any action sequence Ai, As,--- € A, inducing (o2, b)-sub-exponential reward observations
Ry, Ro, ... and any function f: A — R, we have

P(Lania (1) 2 Laia (o) + (1= 200) 307040 - Aol = 02 wmen) =126 (a)

i=1

for all X with |\| < (2Cb)~ 1.

Proof. The proof is based on the sub-exponential property of the reward noise. First consider arbitrary random
variables {Z;}ien adapted to a filtration {#;};en. Assume that E(e*?:) is finite for A > 0, and define the
conditional mean p; = E(Z;|H;_1) and conditional cumulant generating function of the centred random variable
[Z; — i) as ¥;(\) = log E(exp(A[Z; — pi])|[Hi—1). By Lemmas 6 and 7 of Russo and Van Roy (2014), for all > 0,
and A > 0,

]P’(Z)\Zi §z+2[/\ui+1/1,;(>\)], VnEN) >1—e " (A.2)
i=1 i=1

Now consider Z; defined in terms of squared error terms of both the true function fy and an arbitrary function
I
Zi = (fo(Ai) = Ri)* = (f(Ai) — Ri)®
= —(f(A) = fo(A))? +2(f(A) — fo(Ai))mi,

where we have used that R; = fo(4;) 4+ ;. The conditional mean and conditional cumulant generating function
of these Z; are

i = E(Zi|[Hi—1) = —(f(A;) — fO(Ai))Qa (A.3)
¥i(A) = log E(exp(A[Z; — pi]|Hi—1) = log E(exp(2A(f(A:i) — fo(Ai))ei) [ Hi-1)- (A4)
Therefore, by the sub-exponentiality assumption we have that

AN*(f(A) = fo(Ay))?a?

where the bound on A results from the bound in absolute value of both fy and f.

Noting that Y., Zi = L2 n+1(fo) — Lant1(f), use (A.2), (A.4), and set x = log(1/4), to find

P<L27n+1(f) > Loni1(fo) + (1 —2X0?) Z(f(Ai) — fo(Ay))? — M, Vn € N) >1-9, (A.5)

for |A| < (2Cb)~*,

for all A with [A\| < (20b)~1, completing the proof. O



Lemma 1 allows us to construct high-probability confidence sets for the true reward function, fy. These sets are
defined with respect to the least squares estimate of fj, i.e. the function ftLS = argming. r Lo +(f) with minimal
squared error, in reference to the observed rewards. The following lemma gives the definition and high-confidence
property of said confidence sets.

Lemma 2. For all § >0, a >0, |\ < (2Cb)7!, n € N and {A;,... A, } € A", define the confidence set
Fu= {f € F1) (Fr¥(4) — F(4))° < Bi(F .60, A)}- (A.6)
i=1

It is the case that

]P’<fo €N ]-‘n) >1-—26.
n=1

Proof. Let F* be an a-covering of F of size N(a, F,||-||oc), in the sense that for any f € F there is an f* € F«
such that ||f* — f||oo < @. By Lemma 1 and a union bound over F* we have, with probability at least 1 — 4,

n

Laa(£%) = Lamia(fo) 2 (1= 200%) Y (4) = fo(4))? = J1og (). e, wpe e 7o
=1

Then, by simple addition and subtraction, we have for any f € F, with probability at least 1 — ¢,

n

Loni1(f) = Lans1(fo) > (1 —2X0?) ;(f(Ai) — folA))? — %10g (|];a|>

n

+ Loni1(f) = Lamir (f) + (1= 200") D {(f*(A) = fo(Ai)® = (F(Ai) — fo(A))*}, ¥n €N, Vf* € F.

=1

The probability this statement holds for all f,, is no larger than the probability it holds for the minimising f,.
So, for arbitrary f € F, with probability at least 1 — 9,

n

Lont1(f) = Lant1(fo) > (1 — 2X0?) Z(f(Al) — fo(A))? - ilog <|];a|>
i=1

n

+ min | Lo (f) = Lot (f) + (1= 2X0%) Y {(F*(Ai) = fo(Ai)* = (f(A) = fo(A)*}|, Vn €N,

agcFa
! =1

We refer to the term in the second line of this expression as the discretisation error. Lemma 3 gives a probability
1 — & bound of 2an(4C + )(1 — Ao?) + 2« Di<|ng) V207 10g(4i%/6) + 2cx i o] 2blog(4i%/§) on the absolute

. . . 2
value of the discretisation error, where ng = % exp 57 -

We now set f equal to the least squares estimator, ﬁfs Noting that LQ’n+1(f,,%S) < Ly n+1(fo), and recalling
that |F*| = N(a, F,|| - ||oo), with probability at least 1 — 2§

(1 - 200%) S (FE5(A) ~ fo(A0)” < + o (W) +20n(4C + a)(1 - A?)

i=1
n

+2a Y \/20%log(4i%/6) +2a Y 2blog(4i*/5) Vn € N.

i<|no] i>[no]

Dividing throughout by (1 — 2\c?), and recalling the formula (3) for 8* and the definition (A.6) of the F,,, this
shows that P (fy € ()~ Fn) > 1 — 2§ as required. O

We now prove the discretisation error result required for the proof.



Lemma 3. If f satisfies ||f — f||co < @, and |\| < (2Cb)~1, then with probability at least 1 — 4,

n

Lani1(f) = Lanra (f*)+(1 = 2X0%) Y (f A0)? = (f(Ai) = fo(A:))?

=1

< 2am(4C + a)(1 — Ao?) + 2a Z V202 log(4i%/d) + 2« Z 2blog(4i%/6),

i<|no| i>[no]

2
where ng = \/gexp o7 -

Proof. As in the proof of Lemma 8 of Russo and Van Roy (2014) we have

[(f*(a) = fo(a))® = (f(a) — fo(a))?| < 4Ca + o
|(Ri — f(a))® — (Ri — f*(a))?| < 20|R;| + 2Ca + o

for all a € A and « € [0,C]. Then summing over time, we have that

n

Lopnt1(f) = Losr (f) + (1= 2X0%) Y (f° A9)? = (f(A) = fo(A:))?

i=1

< 2(1 —2X0?)(4Ca + a?) + 20| R;| + 2Ca + o
=1
<) (1-2x0%)(4Ca + a®) +2a(C + mi) + 2Ca + o

%

Il
—

2(4Ca + a?)(1 — Ao?) + 2aln;].

|

Il
_

7

Since 7; is (02, b)-sub-exponential we have the following exponential bound

2exp(—z%/20?) if0<z<o?/b
2exp(—x/2b)  if x > o?/b.

P(jm| = z) < {

Then, by the independence of reward noises, and union bound:

IP’(EIZ’ € N: |n;| > /202 1og(4i2/0)1{i : /202 log(4i2/5) < o /b}

+ 2blog(4i? /6)I{i : 2blog(4i?/5) > o /b})

Thus, with probability at least 1 — 4,

n

Lo ni1 (f)=Lamia (f*) + (1= 2X0%) > (f° (A)? = (F(A) = fo(A))?

i=1

<) 2(4Ca+a?)(1— Ao?)
i=1

442 442 o? 442 442 o?
2 = g = = g
+2a( 20 log( 5 )H{log( 5 ) < 2b2}+2b10g( 5 )H{log( 5 ) > 2b2}>

= 2an(4C + a)(1 — A\o?)



- 402\ | 5§ o2 4%\ | 5 o2
+ 204; ( 202 log <5>H{z < 1 &P 2b2} + 2blog ( 5 )H{z > 1P 52 })

and the required result follows. O

The confidence sets {F,}52; defined in Lemma 2, allow us to bound the Bayesian regret of T'S. Specifically, we
can decompose the Bayesian regret in terms of a notion of the width of these confidence intervals.

By Lemma 4 of Russo and Van Roy (2014), we have for all problem horizons T' € N, that if sets {F}_; are such
that infre 7, f(a) < fo(a) <supsez, f(a) for all t < T and a € A with probability at least 1 —1/7" then

BR(T )<C+E(Zfs:£f Ay) — mf f(At)> (A7)

It is clear from Lemmas 1 and 2 that the sets defined in (A.6) satisfy this property. Therefore, the proof of
Theorem 1 can then be completed by bounding the widths of the confidence sets, defined as

wr,(a) = sup f(a) — inf f(a).

fEF: feF:

The following Lemma provides such a result by bounding the sum of the widths in terms of the x(T)-eluder
dimension, dimg(F, x(T)). It is a generalisation of Lemma 5 of Russo and Van Roy (2014) which fixes x(t) = ¢t~

Lemma 4. If {f;}ten is a non-negative, non-decreasing sequence and Fy is

Fp = {f €F Y (FF9(A) — f(A)? < ﬁt}

then for oll T € N, and nonincreasing functions k : N — R

T
> wr, (A1) < Tr(T) + dimp(F, &(T))C + 4y/dimp(F, (T))BrT. (A.8)
t=1

Proof. The proof of Lemma 4 depends on Proposition 8 of Russo and Van Roy (2014), which tells us that the
definition of F; in the lemma implies that

Zn{wﬂ Ay) > e} < ( + 1) dimp(F,e) (A.9)

t=1

for all T € N and € > 0.

Now, define wy; = wg, (A;) and reorder the sequence (ws, ..., wr) = (w;,,...,w;,) in descending order such that
Wi, > Wiy > -+ > Wy We have

T
D wr(A) =
t=1

MH I M‘i

T
itﬂ{wit < "{(T)} + Zwitﬂ{wit > KJ(T)}

t=1

T
T)+ Y wi,H{w;, > r(T)}.

H_
Il
—

As a consequence of (wj,,...,w;;) being arranged in descending order we have for ¢ € [T] that w;, > ¢ =
S Hwz, (Ay) > €} > t. By (A9), wi, > € is only possible if t < (4’% + 1) dimpg(F,€). Furthermore,
€ > k(T) = dimg(F,e) < dimg(F,k(T)) since dimg(F,€') is non-increasing in €’. Therefore if w;, > € >



k(T) we have that t < (4‘% + 1) dimp(F,¢), ie. € < w%. Thus, if w;, > &(T) = w;y <

min(C, %m), and finally

S , d 48r dimp (F, k(T))
> wilw, > K(T)} < dims(F, MT)C + t_dimE(;ﬁ(T))H i~ dimp(F. w(T)
T
< dimp(F, 5(T))C + 2+/Br dimp (F, #(T)) /t . %dt
< dimg (F, 5(T))C + 4v/Br dimg (F, «(T))T. O

The conclusions of Lemmas 2 and 4, along with (A.7), combine to give the bound on Bayesian regret which
comprises Theorem 1,

BR(T) < Tk(T) + (dimg(F,xk(T)) +1)C + 4\/dimE(]:, k(1)) B (F, o, 0, )T



B Further Proofs for the Eluder Dimension Bound

In this section, we provide a proof of the bound on the eluder dimension of the function classes F¢ a1 of
functions with M € N Lipschitz derivatives, and the proofs of technical results which support the main proof.
Again, where necessary, we will restate results and definitions from the main paper.

B.1 Proof of Proposition 1

Proposition 1 All functions g € Geo a1 are [—C, Cl-bounded and possess M 2L-Lipschitz smooth derivatives.

Proof of Proposition 1: We have that any function g € Go ar,z, is bounded since, f(a) € [0,C] for all a € [0, 1].
The Lipschitz-smoothness of the m!" derivatives can be shown as follows. For any function ¢ = f — f’ where
f,f' € Femn, m=0,..., M, and pair of actions a,a’ € [0,1],

9™ (@) — g™ (a)] = | £ (a) — £/ (@) = FO (') + £ ()]
< [ (a) — £ ()| + 117 (@) — £ ()]

< 2L|ja — d'|],

where the first inequality holds by the triangle inequality, and the second by the L-Lipschitz smoothness of the
M derivatives of functions in Fe s,z O

B.2 Proof of Theorem 3

Theorem 3 For M € N, and C, L,e > 0 the e-eluder dimension of Fc .1 s bounded as follows,

dimpg(Fonrz,€) = o (e/L) "/ M),

Proof of Theorem 3: For any k € N and sequence a;.; € [0, 1]¥, the event {wy(ai.x,€’) > ¢’} by definition implies
that there exists g € Ge .z such that g(ax) > € and - '(g(a:))? < (€)% Conversely if for all g € Go a1
the event {g(ax) > €'} is known to imply Zi-:ll (g(a;))? > (¢')%, then wy(ay.k,€') < €. This second idea will be
central to proving Theorem 3.

We will show that for functions g € Go a1 if g(ax) > € then g2(b) > (¢/)%/9 for all b in a certain region around
ar. This is a consequence of functions in Ge, a7, having M smooth derivatives. If g takes value greater than € at
a given point, then it must take relatively large values within a certain neighbourhood of that given point. The
size of this neighbourhood is a function of the level of smoothness of g. As M increases, the size of this region
where g2(b) > (¢')2/9 increases. It follows that as M increases, the previous actions aj.x_1 must be increasingly

far from ay, for Zf:_ll (g9(a;))? < (€')? to be satisfied. Thus as M increases, the eluder dimension decreases, since

the condition that Zi:ll (g(a;))? < (¢)? can only be satisfied for smaller k.

To be precise about this behaviour and derive the required bound on the eluder dimension, we will first lower
bound the size of the neighbourhood in which g must take large absolute values if g(a) > ¢ for some a € [0, 1].
To aid in this we introduce the following additional notation. For a function g : [0, 1] — [—C, C] define the region
where it takes absolute value greater than ¢/3 as

B(g) := |{b € [0,1] : g(b)* > €2/9}|. (A.10)

Then for an action a € [0, 1] define the minimum size of the set such that g* must exceed €2/9 if g(a) > € and
g€ Gcom,L as
BEM,L(a) = min B(yg), (A.11)

9€Gc, m,L:g(a)>e

and the set of functions attaining this minimum as

gaMyL(a) = argmin B(g). (A.12)
9€Gc,m,L:g(a)>e



Bounds on Bf 1 (a), derived by identifying and considering the form of functions in G¢ 5, 1 (a), will allow us
to bound the eluder dimension.

We will first provide lower bounds on B¢, , ;, for the special cases of M =0 and M = 1, and then show a general
result for M > 2. In the case of M = 0 the lower bound follows from the Lipschitz property of all functions
9 € Gc,m,z.- We give the lower bound on Bf  ; (a) for all a € [0, 1] in the following lemma.

Lemma 5. Fora € [0,1], and C,L > 0 we have B¢, (a) > 57

Proof of Lemma 5: We have that |g(b) — g(t')| < 2L||b—1V'|| for all g € Go a1, and b, b € [0, 1]. Thus if g(a) > €
for some a € [0,1] we have that (g(b))? > €2/9 for all b € [0,1] : (min(0,e — 2L|a — b]))? > €2/9, equivalently
be[0,1] : |a —b] > 5%. The conclusion that B,z > 57 then follows immediately. [J

The following lemma gives a similar result for the case of M = 1. In this case the proof relies on the observation

that ¢/, the gradient of a function g € G¢ 5, 1 (a), should satisfy g'(a) = 0, i.e. a should be a maximiser of g.
The bound on the size of B¢, 1 (a) then follows from the Lipschitz property of g’. The result holds only for
a sufficiently from the edges of [0, 1], since ¢’(a) need not take value 0 to minimise [{b : g2(b) > (¢)2/9}] if a
is close to an edge. Fortunately, however, the impact of these special edge cases is negligible when it comes to
bounding the eluder dimension.

Lemma 6. For a € [0,1] such that a > \/ 3¢ and 1 —a > /3£, and C, L > 0 we have Bg ; 1 (a) > 24/ 35.

Proof of Lemma 6: We have that |¢'(b) — ¢'(b')| < 2L||b—¥'|| for all g € Ge1,1, and b,b" € [0,1]. Thus, for g with
¢'(a) = 0, we have |¢'(b)| < 2L||a — b|| for all b € [0,1]. For any ¥’ < b € [0, 1] we have g(b) — g(V/) = fbb, g (z)dz.
It follows that for 0 < b < a

o(t) = 9(0) = g(a) +90) = g(a) ~ | " ()

> g(a) —/ 2L(a — z)dx
b

= g(a) — La* + 2Lab — LV*

>¢€ — L(a — b)>.

A similar argument follows for @ < b < 1 and thus g(b) > € — L||a — b||? for all b € [0, 1] given g(a) > € and
g'(a) = 0. It follows that under these conditions we have g2(b) > €2/9 for all b € [0, 1] : (min(0, € — L|a — b|?))? >

€2/9, equivalently b € [0,1] : |a — b| < /2.

If ¢'(a) # 0 then Jc € [0,1] with g(¢) > g(a) > € and ¢’(¢) = 0. Then by the logic used for the case with
g'(a) = 0 it follows that g?(b) > €2/9 for all b € [0,1] : |[b— ¢|| < /1 (g(c) — €/3). Since g(c) > € it follows that
if g(a) > € then the region such that g?(b) > €2/9 is larger if ¢’(a) # 0 than if g(a) = 0. Thus we have ¢’(a) = 0
for all g € G¢, 1 (a) and Bey,p(a) > /3% for all a € [0,1] such that a > /3¢ and 1 —a > /3. O

Bounding B¢, ) ;, for larger values of M is more involved. To do so we will first define a particular function
ham € Gou,p for each M > 2 and a € [0,1] and bound B(hg a), the size of the region where hy as takes
absolute value greater than ¢/3. We will then show that h, i is in the set of B-minimising functions G y/ 1,

and thus that B¢ 5, 1 (a) = B(ha,a). The form of h, p will vary depending on whether M is even or odd. We
will first specify hq ps for M even.

For M > 2 even, let h, s be maximised at a with he ar(a) > €, and let 21 3 = @10, = MAXycq by 1 (x)=e/3 T
be the point closest to a on the left where h, ps takes value €/3. Define Ay = a — 1,0, and then further points
yim = T1,m — Am, T = a+ Apr, and Yo = a + 2Ap,. We then specify hq ar as a function with Mth
derivative given as
hg]\ﬁ(z) — 2L(£1,M_Z>7 z € (yl,Maa’)’ (A13)
' 2L(z —xo.Mm), 2 € [a,Y2,M),

and whose lower order derivatives satisfy the following properties:

hainj&(xl) = I’Lgm]a[(l'g) =0,2<m < M,m even, (A.14)



h((lm]a[(yl) = hgnj\zl(a) = hgm]&[(yg) =0,m < M,m odd. (A.15)
Since h(Aﬁ/)j is necessarily Lipschitz (by hg ar’s membership of Go arr) this defines the function that can have

hmﬁ( ) = 0 where it crosses €/3 and change most rapidly elsewhere. To bound B(hj) we first require expressions

for the lower order derivatives of & M- Havmg the restricted behaviour on {y1,a, 1 0, @, T2, a1, Y2,0r } means that
these functions can be identified from hr(z, v alone. The following lemma specifies the form of these lower order
derivatives. We focus on the left of a, as a symmetry argument will give an analogous result for the right.

Lemma 7. For the function hq p with M*™ derivative given by (A.13), and whose lower order derivatives satisfy
conditions (A.14) and (A.15) where M is even, the lower order derivatives are of the form

1 —m j —7 , 0,2,4,.... M
7}%% )(Z) _ .].m-i-l(l'l,M)' .]m-',—l(Z) m € { } c (yl,M7a) (A.16)
2L % ]m+1(a)7‘7m+1(z)7 m€{1,3,...,M71}
where
(2)=> S (=DF"J, ke{l,...,M+1},

A
i=

1
= ju(al{k even} + z1I{k odd}),
and jo(z) =1 for all z € (y1,a).

Proof of Lemma 7: We prove this Lemma via an induction argument over m. Firstly, for m = 1, we have
FrhM=m (2) = LR (2) = [ay — 2dz = 212 — 22/2+ D. Since M — 1 is odd and h € G2 5, ; (a ) we have
that h(M=1(a) = O and the 1ntegrat10n constant, D, must be a?/2 — x1a, i.e. we have

1 . .
ﬁh(M_l)(z) =212 —2%/2+ a2/2 —axy = ja(a) — ja2(2).

Second, for some m’ with 2 < m/ < M let us assume that
1

ih(Mim/)(Z) = Jm’+1 7jm/+1(z) z € (ylaa)'

Finally we consider R(M=m'=1) e have,

1 /
Eh(M—m —1)(2)

:/%%—M%ww

’

_ /m 1 (z1I{m/ 4+ 1 odd} + al{m’ + 1 even})i — 2 (—1)™ gz
> i e
i=1

- "fl z(zI{m’ + 1 odd} + al{m’ + 1 even})

Z' ( )m 41— lJm i
i=1 ’

(_1)m’+17iJm/+1_i +D
B “il z(zI{m’ + 1 odd} + al{m’ + 1 even})

Z' ( 1)m 41— ’LJm 1

i=1

Rl i ym'+1=i g + ”il o1 I{m’ odd} + al{m’ even})""
(1 +1)! e (i+1)!

i=1

Y (2 I{m’ odd} + al{m’ even})(z1I{m’ + 1 odd} + al{m’ + 1 even})

- il (=)™
- !

( 1)m+1 ZJm-O-l i

’

Ss
< I

.
Il



m'+2
A ’
= 2Tmp2-1— Y, = (=)™ P o s — (@l{m’ + 2 odd} + al{m’ + 2 even}) Sy 121

s!
s=2

m'+2 ’ / s
z1I{m’ + 2 odd} + all{m’ + 2 even
s (211§ } { 1)

’
s! (_1)m +2_8Jm’+278

s=2
m 42 (z1I{m’ + 2 odd} + al{m’ + 2 even})” — 2°

- s! (_1)m jL278Jm/+2fs

s=1
- Jm’+2 - jm/+2(z)
The first equality uses the assumed form of h(M —m') the fourth evaluates the integration constant D based

on the knowledge that if m/ + 1 is odd, we will have h(M=""=1)(q) = 0 and if m/ + 1 is even, we will have
RM=m"=1)(2,) = 0, and the fifth uses a change of variable s =i + 1. [J

Since hgq s is unimodal, and symmetric about a, we have B(hq ) > @2,m — T1,m = 2(a — z1,m) = 2A3. In the
following lemma, we determine the order of B(hg ar) by bounding Ajs for each even M > 2.

Lemma 8. For the function hqe n with M*™ derivative given by (A.13) where M is even, there exist finite
constants K1 pr, Ko v > 0 such that

KI,M(€/L)1/(M+1) < B(hau) < K27M(€/L)1/(M+1).

Proof of Lemma 8: Firstly observe that since hq a(21,0) = €/3 we have by definition that

@ , 2¢
ha,m(a) = ho v (z1,00) = / an(2)dz > 3

1, M
Using the definition of h;’ u in (A.16), we expand the centre term of the above display as follows,

/ fl_’M(z)dz = / h((%;(M_l))(z)dz
xT T1i,M

1,M

=7 " i) — ()

1,M

= 2L/ Jjm(a) — %(—1)M*ijMﬂ- (z1,mMI{M — i odd} + al{M — i even})dz
T1,M i=1
Mo i1 M a
=2L|jm(a)z — Z =] (=DM jar—i (w1, I{M — i odd} + al{M — i even})
i=1 T1,M
M it1 it+1 i i+l
_ a’a _ T1,MaQ Tim N\, o \M—i: . .
= ZLZ; ( F ) a + it 1)!>( DM =i (@1, I{M — i odd} + al{M — i even})
aitl aitl 1 pdl xﬁ\b
ca 3 (e )
| | | |
(o ) 7! (14 1)! 7! (14 1)!
at+! at+! £ 0 xi*‘}&[
_ oL - _ o : N
2 ( T T TR R 1)!)“4 (#1,00)

ie{1,3,...,M—1}
From the definition of the recurrence relation j, we have that for k even ji(a) may be written, for some x; g,
l=1,...k as ji(a) = Zle i gpalzi Sl e for k even ji(a) is O(a®) and O(z¥7}). Similarly for k& odd jk (1)

may be written, for some 75, | = 1,...,k as jx(z1.0) = Yy Tkt pah Tl e for koodd ji(x1ar) is O(af )
and O(a*~1).

It follows from this and the above display, that we may write

a aitl aitl o1 asal xﬁ\} M—i )
! — _ o , 1 M—i—l
/m na(2)dz=2L ( T GED P it 1)!> > kia—iatzy’y
MY =1

1,M ie{2,4,..
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‘ il (i +1)! i! (t+ 1) LM ’
i€{1,3,..,M—1}

and that there exist constants Has r;, 2 =0,..., M 4 1 such that

M+1
ha,m(a) — hanr (1) Z Hup a2 = O((a — 1 a0) ™M),

Since hg ar(a) — hanr(z1.01) = 2¢/(3L) we have that z1 y = a — o((e/L)"/M+1D). By a symmetry argument
about a we will also have that z2 5 = a+ o((¢/L)/*1). Furthermore, by symmetry of ¢’ about x1 s and g as
we have that h, ar need not fall below —e/3, as yi a and y2 p may be global minimisers of hq as Thus for he ar
as described above, and M > 2 even, we have

B(hau) =280 = o((e/ L)/ MHD)
for all a sufficiently far from the edges of [0,1]. O

Lemmas 7 and 8 pertain only to the case where M is even. We must now consider the complementary case of
M odd. The function hg as is different, but the argument used to bound B(hg, ) is very similar.

For M > 3 odd let hq pr be a function in Q&M’L(a) with M*" derivative specified as

z=yim, %€ (YmT1m),
a—z, z€|[z1,m, ToMm), (A.17)

Z—=Yam, 2 € [Tan,Y2,M),

Loy,
2LhaM( )

and whose lower order derivatives satisfy conditions (A.14) and (A.15). This is chosen similarly to in the case of M
even as the fastest varying function which meets the constraints on the derivatives on {y1 ar, 1 a1, @, 2,01, Y2,00 }-
Again, we derive expressions for the lower order derivatives of h, s and focus on the left of a, since similar
expressions follow for the right hand side by symmetry.

Lemma 9. For the function hq p with M*™ derivative given by (A.17), and whose lower order derivatives satisfy
conditions (A.14) and (A.15) where M is odd, the lower order derivatives are of the form

1 h(M_m)(z) _ { Jm+1(2) = Jmt1, 2 € (Yy1,m,21,M), (A.18)

2L "M L1 —lmi1(2), 2 € [w1,m,0),
where

2t »
ﬁ(—l)k Te—in 2 € (Ya,m,T1,M),

I
M=

Jr(2)

Je(yi,m{k odd} + x1 pI{k even}),
k .

ZZ*, )" 'Li—i, 2 € [x10,0)

2!

= k(a]I{k odd} + a1I{k even}),

3

=

for ke {1,...M + 1} and where jo(z) =lo(z) =1 for all z € (y1,m, ).

Proof of Lemma 9: As in the case of M even, we prove this lemma via an induction argument over m. Firstly,

for m = 1 we have for z € (y1,71), 5oh MV (2) = [z —ydz = 22/2 —yz + D. Since M — 1 is even and
h € G¢ a1 (a) we have that h(M_l)(ml) =0 and the integration constant, D, must be yz; — 2%/2 = —.J,. For
z € [z1,a), 35z h™M~V(2) = [a— 2dz = az — 2*/2+ D, and D = 2% /2 — ax; = Ly. Thus,

ih(Mfl)(Z) _ JQ(Z) - J27 Z € (yhxl)
2L Ly —l5(2), z € [x1,a).



Secondly, for some m’, 2 < m’ < M we assume that

ih(M—m/)(z) _ ) Ima(2) = I, 2 € (Y1, 1)
2L L1 = lr11(2), 2 € [z1,0).

We now consider h=""~1) For z € (y1,2;) we have,
1 /
ih(Mfm 71)(2:)

= /jmurl(z) — JImry1dz

m/'+1 _;

:/ Z 20— (i I{m’ +1 odd}z'—l— i I{m’ +1 even}) ()™

i=1

<.

/

N 1t (yl]l{m’ + 1 odd} + 21 I{m/ +1 even})i
(14 1)! i!

)(1)m,+1i‘]m’+l—i +D

)
—

3

’
m

+

2 S
= (=™ 28 o s — 2 ra_1 + (y1l{m’ + 2 odd} + z1I{m’ + 2 even}) 12 1

»
I
(V)
® |

_ £ (snI{m’ + 2 odd} + a1 1{m’ + 2 even})" (=)™ 42 gy

s!
s=2

+

:jm’+2 z m+2

This follows the same steps as the proof for M even, but with the opposite sign and slightly different definition
of j. The proof for z € [x1,a) follows the same steps as the above and the proof for M even. The required result
follows by induction. O

Lemma 10. For the function hgn with M™ derivative given by (A.17) where M is odd, there ewist finite
constants Kz nr, Ka > 0 such that

K37M(€/L)1/(M+1) < B(hau) < K47M(€/L)1/(M+1)

Proof of Lemma 10: By the definition of x1 a we have hq ar(a) — ho,m(21,0m) = f;l o e (2)dz > 2¢/3. We
rewrite the LHS of this relation as follows, ’

/ wn(2)dz = 2L/ Ly — Iy (2)dz

1,M 1,M
=2L |:L]\/[Z — ( 1) _lei:|
=1 (Z + 1) Z=T1,M
M i+l i1 i i+1
a a T1,MG Ty v M—i
=2L — - = -1 "Lar—i.
;( G Dl +(z+1).)( )7 L

This is the same expression derived for hg pr(a) —he ar(21,3r) as in the M even case, and thus the same conclusion
follows. O

The combined insight from Lemmas 8 and 10 is that for any M > 2 and a € [2Ap,1 — 2A ] there exists a
function ha ar € Gorr With B(ha ar) = o((e/L)YM+1). We will demonstrate that this o((e/L)"/(M+1)) result
is optimal, in the sense that B, 5/ 1 (a) = o((¢/L)Y/M*1) also.

Firstly, notice that g'(a) = 0 necessarily for all g € G, ;1 (a). If for some g € Ge a1 with g(a) > €, g'(a) # 0
then either there exists ¢ € [0, 1] such that g(c) > g(a) and ¢'(c) = 0 or else g(b) > g(a) for all b in either [0, a)
or (a,1]. If the first event happens, by the same theory that says Ay is increasing in g(a), there will be a region
of width greater than 2A ), centred ¢ where g(b) > €/3. If the second event happens, B(g) is plainly greater



than 2A,s since a > 2Ap and 1 —a > 2A,7. We therefore deduce that ¢'(a) = 0 for all g € G 5, 1(a) since
B(ha,m) < B(g) for any g with g(a) > ¢’ and ¢'(a) # 0.

Next we observe that B(hg ) is the optimal value of B(g) among functions g € Ge ar,r, with g(a) > € and
derivatives constrained as in (A.14) and (A.15). For any such g € Go a1 it is true that B(g) = x2,4 — 1,4 Where
T1,9 = MAXy<q:9(z)=e/3 T and similarly xo y = ming s q:9(z)=c/3 - For he ar, we know that xy 5, ,, = a — Ay and
T2 b,y = @+ Ay, thus that xo 4, \, — 1.4, ,, = 2An. The value of Ay is determined by h;7M7 which we have
previously pointed out changes at the fastest rate possible for a function with derivatives constrained according
to (A.14) and (A.15). Thus for any other function g with derivatives constrained according to (A.14) and (A.15),
To.g — 1,9 > 20 and B(g) > B(hgm)-

On the other hand, functions whose derivatives are not constrained according to (A.14) and (A.15) may have
T2,g — 21,9 < 2Apr. However, such functions will take value less than —e/3 at some points in [0, 1]. That is to
say B(g) # x2,4 — 21,4 for such functions, since y; 4, and y, 4 cannot not be global minimisers. We will show that
B(g) > B(hqa,m) for functions g € Ge a,p, with g(a) > € and zo g — 1,4 > 24

As before, we will consider the left hand side of a and allow the behaviour on the right hand to be explained
by a symmetry argument. If, for a function g € Go ar,r with g(a) > € and ¢'(a) = 0 (otherwise it would not
be optimal anyway) we have x1 4 > x1,) - i.e. the point on the left where g takes value €/3 is nearer to a than
under hq as - then we have that f;,q g (z)dz > f;’q Ry (2)dz. Since g'(a) = hj, j,(a) = 0, this implies that
9"(z) < hy y(2) over [z1,4,a] and that ¢'(y1,4) = 0 is not possible. There instead exists a point Y1 min < Y14
with g(y1,min) < —€/3 and ¢'(y1,min) = 0. The contribution to B(g) from the left side of @ is then at least
a— 21,9 +2(Y1,9 — Y1,min)- Y1,g — Y1,min = T1,¢ — T1,m by the smoothness properties of functions in G, s, and
thus the contribution to B(g) from the left of a will be greater than that of B(hg as). A similar result follows on
the right of a, and we thus have that B(g) > B(hq,a) for functions with zo g — 21,4 < 28 If 20 g — 21,4 > 24N
then the function g is obviously not optimal.

By showing that h, a is optimal amongst functions with similarly constrained derivatives, and that B(hg ) <
B(g) for functions g without these constraints, we have therefore demonstrated that B, /1 (a) = o((e/ L)Y/ (M+1))
for a € [QAM, 1-— QAM]

We complete the proof of Theorem 3 by noticing that if &k = 9/B&M7L + 2 then for any sequence a;.; € [0,1]
there must exist an index j € {1,...,k} such that a; € [2A5,1—2A )] and there exist distinct at least 9 distinct
points ay,, l; € {1,...,j — 1}, i = 1,...,9 with |a; — a;,| < B 5, /2. Then if g(a;) > ¢ and g € Go a1 it
follows that (g(as,))? > (€')?/9 for i € {1,...9} and E:f;ll(g(al))2 > (€)%

Therefore if k > 9/B¢ 5 1 + 2 there exists no sequence ay.;, € [0, 1% such that w, (ay.,,€’) > ¢ for every 7 < k,
and thus dimg(Foar.r,€) < k = o((e/L)Y/ M+ O



C Proof of the Regret Lower Bound

In this section we provide a proof of the lower bound on regret for CABs whose reward functions have M > 0
Lipschitz derivatives, restated below.

Theorem 5 Let ALG be any algorithm for the CAB problem with reward function in Fc . There exists a
problem instance T = Z(x*,9) for some x* € [0,1] and § > 0 such that

E(R(T)[T) 2 QT2 @),

We first state a lower bound on regret for stochastic K-armed bandits, on which the proof of Theorem 5 relies.
This result, presented below, is a generalisation of the well-known Q(+/KT) problem independent regret lower
bound in Theorem 5.1 of Auer et al. (2002), and its proof can be extracted from the proof of the original result.
The version we state is from Slivkins (2019), but a very similar generalisation of Auer et al’s theorem was
originally presented in Bubeck et al. (2011).

Theorem 6 (Theorem 4.3 of Slivkins (2019)) Consider stochastic bandits with K arms and horizon T. Let ALG
be any algorithm for this problem. Pick any positive 6 < \/coK /T, where cq is a small universal constant. Then
there exists a problem instance J = J(a*,9), a* € [K], such that

E(R(T)|T) = Q(dT).

By relating the regret of algorithms for the CAB problems of interest to that of algorithms for particular MAB
problems, we will be able to utilise Theorem 6 to prove Theorem 5.

Proof of Theorem 5: We define the CAB problem instance Z(z*,d, M) as that with reward function vy« 5 €
F1,um,1, whose form we shall specify below. The function v« 50 is identical to the function p used in the original
lower bound proof for Lipschitz bandits, and stated as equation (8) in the main text. For clarity we define,

)< (05Tl —al  w:lat —al <L,
V= .6,0 o5 otherwise.

For general M > 1, vy« sar : [0,1] — [0,5,0.5 + §] are symmetric (around z*), unimodal, bump functions with
Ve s (@) = 0.5+ 8, and whose (M + 1) derivatives, V;é/{gj/}, are piecewise-constant functions from [0, 1] to
{=L,0,L}. In particular, they are the functions which minimise the width of such a bump, the region where the
function takes value greater than 0.5. Let ]-"g 11\7/][ ;, be the restriction of F¢ a1 to its elements which are defined

[0,1] — [a,b] for 0 < a < b < C. The functions of interest may then be defined as follows:

1
Vgr 5. € argmin / 0.5 — v(z)|dx. (A.19)
)=0.5+6 0

ue]-‘g)y'lf‘/;?f*"” w(z*

We do not require the exact form of the functions v« 5 s for the analysis that follows, and as they are complex
to write in closed form we will not do so. Their key property, however, is given in the following lemma.

Lemma 11. For any M € N, function vy« s pr as defined in (A.19) there exists a finite constant ¢ pr > 0 such
that

=05 x|zt —x| > ey (6/L)Y MY
> 0.5 otherwise.

Vm*,é,M(x) {

Proof. Two properties are apparent from the definition of v, 5 ps. Firstly that the (M +1)t" derivative of v« 51
is piecewise-constant on {—L, 0, L}, since otherwise the rate of change of lower order derivatives could be more
rapid, and the width of the bump could be smaller. Secondly, by the fundamental theorem of calculus, we have

that the first derivative satisfies fom 1/';*, s, v (x)dz = 6. However, since the function v« 5 is constant on a large

proportion of the unit interval, we also have f; Vi s (@)dT = fox* Vi s (@)dz = 0 for all y € [0, 2,4,] for
some Tppqr < x*. The width of the bump is 2(z* — Zp4z)-



The Cauchy formula for repeated integration tells us that we may write the first derivative in terms of an
antiderivative of a higher order derivative, specifically, to relate the first and (M + 1) derivatives, we have

1 ‘ —1, (M+1
V;*’(;’M«I}) = m/o ($ — t)M 1Vi*’;:]\4)(t)dt

As the (M +1)*" derivative is piecewise constant, it follows that Vglc*7 5,M 1S an O(zM) piecewise polynomial, iden-
tifiable given z/i]*wgrj} by the property that v. 5 /(") = 0 (which follows from the unimodality of v« 5 ). Simi-
larly, v~ 5.2 must be a O(x™+1) piecewise polynomial and z,,,, may be written as being z* — O((§/ L)/ (M+1)),
completing the proof. [J

The idea of the proof of Theorem 5 is to derive a reward distribution such that the expected reward is given by
v but that the regret of any algorithm applied to the problem with that reward distribution is bounded below
by that incurred when playing a related K-armed bandit problem. This is the same approach used to prove
Theorem 4, but here the proof is adapted to handle the more complex reward functions.

Fix K € N to be defined later, and let § = L(1/2¢; 3 K)M*!. We introduce a function f5 : [K] — [0, 1] which
will be used to associate arms of a particular K-armed bandit problem with points in the CAB action space. We
define this function as follows,

fs(a) = (2a — 1)6 (A.20)

Now let J(a*,d, M) be the K-armed bandit problem instance where for a € [K] we have p, = vy« 5 m(fs5(a)).
By the definition of fs we we have that p,» = 0.5+ ¢ and that p, = 0.5 for a € [K], a # a*.

Let ALG be any algorithm for the CAB problem instance Z(z*, d, M) - i.e. a rule which selects actions x1,za,- - €
[0,1]. Then define ALG’ as an associated algorithm which for the MAB problem instance J(a*,d) which makes
decisions on the basis of those of ALG as follows. When ALG selects an action z; € [0, 1], ALG’ selects an action
ar = a(zy) € [K] such that z; € (fy- 5,0 (ar) —1/2K, for 50 (ar) +1/2K]. By the definition of the MAB problem,
ALG’ receives reward r which is a Bernoulli random variable with parameter ,,. ALG receives reward r, defined
as follows,

- r  with prc?bability Dz € [0,1], (A21)
X  otherwise,
where X is a Bernoulli variable with parameter 0.5.

Choosing the probability p, as follows,
0.5 — v+ 5.1 ()

Pe = 0.5 - Ha(zx)

we then have
E(rg|z) = (1 — p2)E(X) + peva(f(a(2)))
=0.5— 05])1 + pxuz*,&M(f(a’(‘r)))
= Vg 5, (T)
The construction of ALG and ALG’ ensures that
Vgr 5,m (2) = E(ry, |2¢) <E(rlar) = pia, -
It follows that 23;1 Vgr s (Te) < 23;1 Wa, and since vy« 50 (2*) = pg- we have
E(R(T)|T) > E(R(T)|T).

Thus any lower bound on the regret of ALG’ on J serves as a lower bound on the regret of ALG on Z. Recall,
that Theorem 6 can be used to lower bound the regret of any algorithm for 7, and thus all that remains is to
specify a choice of § to achieve the required bound.

Theorem 6 requires § < /coK /T, so we select

1/(2M+3)
K- (Lt
Co (261,M)2M+2



so that this is satisfied. Then by Theorem 6, there exists an instance 7 such that
E(R/(T)|J) > Q(5T) = Q(Tl—m>

and therefore E(R(T)|Z) > Q(TM+2)/ZM+3)) a5 required. O



D Finite and (Generalised) Linear Function Classes

Equipped with the general bound of Theorem 1, providing regret bounds for specific function classes and action
sets is a matter of bounding the eluder dimension dimg(F, x<(T)) and ball width function g} (F,d, a, A). In the
setting of sub-Gaussian reward noise, Russo and Van Roy (2014) provide bounds for dimpg(F,T~!) and the
sub-Gaussian version of the ball-width function for three simple function settings: finitely many actions, linear
function classes, and generalised linear function classes. We present analogous results for these settings under
sub-exponential reward noise.

D.1 Eluder Dimension

The eluder dimension does not depend on the reward noise, and thus translates directly from the work of Russo
and Van Roy (2014). Thus for finite function classes, we may bound the eluder dimension as dimg(F, €) < |A] for
all € > 0. For linear reward functions fy(a) = 67 ¢(a) where § € © C R? such that F = {f,,p € ©}. If there exist
constants S and v, such that ||p||2 < S and ||¢(a)||2 < v for all a € A then the eluder dimension may be bounded
as dimp(F,€) < 3d—% log(3+3(22)2)+1. Finally, consider generalised linear reward functions fo(a) = g(67 ¢(a))
where again 6 € © C R? and F = {f,, p € ©}, and where g(-) is a differentiable and strictly increasing function.

If there exist constants h, h, S and v such that for all p € © and a € A, 0 < h < ¢'(pT¢(a)) < h, Ilpll2 < S, and
||¢(a)||2 < ~ then the eluder dimension can be bounded as dimg (F, €) < 3dr? <5 log(3r? 4 3r?(22%)2) 41, where

r=sup; , ¢'(< ¢(a), 6 >)/inf; , g'(< ¢(a),0 >) bounds the ratio between the maximal and minimal slope of g.

D.2 Ball Width Function

log(|F1/9)
X(1—2Xa2)

generalised linear reward functions we have log N (o, F, || - ||oc) = O(dlog(1/c)) from Russo and Van Roy (2014).
It follows from the definition (3) that in both cases Bi(F,d,1/T%, ) = O(dlog(T/9)).

For finite function classes, and @ = 0 we have S (F,0,0,\) = For both the class of linear and

D.3 Regret Bounds

As a result, for finite function classes we have,

| Allog(2|.F|T)

BR(T) <1+ (JA[+1)C +4 NI = 220%)

For linear and generalised linear function classes we have, for 6 < 1/2T,

BR(T) = o(dlog(T) + /@log(T + T/5)T )

The orders, with respect to T', of these bounds match those of Russo and Van Roy’s bounds for the sub-Gaussian
case, and are optimal up to the small contribution of the logarithmic factors.
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