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Supplementary Material: Sharp
Thresholds of the Information
Cascade Fragility Under a
Mismatched Model

A Proof of Theorem 2

We start with the case where liminf; . ‘{OQ 1 —)

To lower bound the error probability we need to un-
derstand first how the mismatched MAP decisions
evolve over time/players. We next establish some no-
tation, which will simplify the analysis. For i € {1,2}

and ¢ > 1, recall our notation in (4)—(8). Also, for
x € {1,2}, let
o) 2 tle=il+ LA @
T atp a+tp

Note that D! = L!"1¢;(X;). Finally, we define

Lt Dt
R & =, R = —-. (23)
L5 D
It is clear that
$1(X4)
R, =R 24
(X)) (24)

Since the ratio ¢1(X¢)/d2(X:) can take values in
{B/a,a/B}, we have three possible cases only:

e If R;_1 < B/a then, clearly R, < 1, irrespective
of the value of X;. Thus, Z; = 1 only if player ¢
is irrational and X; = 1. Otherwise, Z; = 2.

o If Ri_1 € [B/a, /B3] then it can be easily shown
that Zt = Xt~

e If R;_1 > «/f then, clearly R, > 1, irrespective
of the value of X;. Thus, Z; = 2 only if player ¢
is irrational and X; = 2. Otherwise, Z; = 1.

Let {F;},~, denote the filtration spanned by {Z;}, .
Let I@l(Zt = i|F;—1) be the probability that the guess
by player ¢ is i, given the history and § = 1, and the
evaluation of this probability is with respect to the
mismatched revealers probabilities Q. Then, based on
the above, we have

Py (Z = 1|1 Fi_1)

aiwqta lf Rtfl < ﬁ/aa
—{ if Roi € [3/a 0/l (25)
1- (,v—i—,@qt’ if Rt—l >O‘/57

and

Py (Zy = 1| Fi—1)

s, if Ry <B/a,
={ L if Ri_1 € [B/a,a/8], (26)
1*%_,’_5(]15, lf Rt—l >O{/ﬁ

There are two main sources for wrong action: 1) the
' player is irrational, which happens with probability
p¢, and his draw is of minority color type, or, 2) the t*®
player is rational, but his mismatched MAP estimate
is wrong. Accordingly, we can write

Pe(P*, Q) =P (MAPo(Z{™", X;) #60) - (1 —p})
+P(X; #0) - p;
> P (MAPg(Z]™ ', Xy) #0) - (1 — p})
=Py (MAPo(Z;™ Xt) =2) (1 =pi),
(27)

where the last equality follows by symmetry. We next
lower bound the probability term at the r.h.s. of (27).
To this end, we define an event that implies that the
output of the mismatched MAP is 2, given that 6 = 1.
Let t1,t2 < t* be three natural numbers, to be defined
in the sequel. Let rev(t*) = {iy,ia,..., it} be the set
of the last t* revealers. Define the following event

E(ty, T2, 1) 2 {X; = 2,Vi € rev(t*)
U{ig, i +1...,05 + 123}, (28)

namely, it is the event that the last t* revealers are
such that their private signal is “2”, and all consecu-
tive players iz, iz, + 1,..., iz + to (either revealers or
rationals) are such that their private signal is “2” as
well. We claim that by carefully choosing the values
of t1, t2, and t*, we can show that £(t1,%2,t*) implies
that the t'! player (mismatched MAP) guess is “2”. To
this end, note that the first two individuals follow their
private signals, that is Z7; = X7 and Z3 = X5. There-
fore, if X; = X» = 1, then Ry = (a/f)?, otherwise,
Ry = (B/a)?. Depending on either one of the above
situations, the proceeding guesses depend on whether
a student is a revealer or not, and value of the likeli-
hood R; at each step t. Accordingly, at step i1 — 1, the
worst-case (largest) attainable value of the likelihood
ratio is

a\? 51—
Rill—(ﬁ) -H—l_ 2 )

i=3 a—pdi
« 2 i1 —1

which corresponds to the situation where X; = X5 =
1, and the proceeding players decisions up to ¢ < iy —1
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are Z; = 1. Now, over &(t1,12,t*), we know that the
i1 player is a revealer and its private information is
Xi, = 2. Since he is a revealer its decision will be
Z;, = 2, which implies that the likelihood ratio is

il—ll_ B i

o « a—pB 1t

%= (5) T
=3

(31)
254

The index of the next revealer is is. Thus, since
Ri, > a/f, the decisions of the proceeding players up
to player 25, are “1”, which imply that

B4

a i2—11_i )
Riy 1 = <5> ===,

. (32)
=3 5qi

Then, since i is a revealer and its private information

is X;, = 2, we have
ii—-1q_ B .
e/l
Ri2: || 1— (e lJ" (33)
i=3 a=p 1t

and the above process continues. In particular, assum-
ing that R;, , > «/f, the likelihood ratio after the i;*"
decision is

B4

3 i a% )
We denote by #; the index at which the likelihood
ratio th , after the ig th decision, is in the interval
B/a,af B} Indeed, when this happens, according to
(25)-(26), the likelihood ratio R;, will be multiplied
by either 8/a or a/f depending on whether the pri-
vate information is “2” or “1”, respectively, until the
likelihood ratio value will be either below 3/« or above
a/B. Accordingly, over £(t1,t2,t*), we force the pri-
vate information of players iz, iz, +1,...,i; + f2 to
be “2”, so that the corresponding likelihoods will be
multiplied by §/a, until the likelihood ratio value will
get bellow 3/, and accordingly, 3 is chosen such that

38 fi+ip—20—1 1 _ %ﬁqz‘
Rt1+t2 (O[) g 1_ %_quv (35)
will be less than /a. Next, due to the fact that over
E(t1,ta,1*) the leftover revealers are such that their
private information is “2”, and the likelihood ratio is
below §/a (and so MAP outputs “27), it is clear that
all the leftover players decisions will be “2”. To assure
that we take enough revealers at the end, we chose t*

such that,
*_2t—t* B_ ..
é t H ]. — r_ﬁqz < é
a 1— -2 _g. o’

(36)
i=3 a—pdi

which reflects the case where the players decision are
always “1” up to time ¢t — t*, and then the left over t*
players are all revealers with “2” being their private
information. It is evident that (36) holds if

e a—B |2
P23 05 Togla/B)

Note that when ||Q;|| is a finite number which happens
to be the case when ¢; = o(t™1) (as opposed to ||P;||
which grows logarithmically with t), implies that ¢* is
finite, which in turn is the reason for the fact that the
error probability is finite. Also, by the same token,
it is clear that ¢; and ¢, are finite too, with 5 < t*.
The latter implies that £(¢1,t*,t*) C E(tl,tg, *). Fi-
nally, we need to make sure that the size of the
set of all revealers, denoted by Rev; = {i € [f] :
player i is revealer} is bigger than ¢* with high proba-
bility. Let M; 2 3!, pi ~ logt. Then, by Chernoff’s
bound P (|Revy| < t*) < exp(t* - M, +t¥) =
O(t™1) < 1/2. Thus, we get that

(37)

Py (MAPo(Z{™", X;) = 2) > Py [E(f1, T2, )]

> > P(Rev, = A)Py [E(f1,T2,t")| Revy = A]
A:|A|>t*
> Y P(Rev; = A)Py [E(F1, £, 1%)|Rev, = A]
Az A|>t*
B 2t*
><a+ﬂ> P (|Revy| > t*)
1 5 2t*
>2(a+5) : (38)

Therefore, using (27), (38), and the fact that
liminf;_, qift‘l =0 we get

IOg Pe)t(lp*, Q)

E(P*,Q) = lim inf — Tog (39)
a+ t*
< - =
< 2log < 3 ) hgg(l)rolf gt =0. (40)

Since it is clear that E(P*, Q) > 0 we may conclude
that in this regime E(P*, Q) = 0. Finally, proving that

E(P*, Q) = 0 for the case liminf;_, o, ‘L)Qgttu =
from Theorem 3 (specifically, using the fact that for
p > p1 we have E(P*,Q) = 0), and a monotonicity
property of the error probability w.r.t. the revealing
probabilities Q. We provide the complete details in

Appendix B.2.

oo follows

B Proof of Theorem 3

We split the proofs into several upper and lower
bounds, which together characterize tightly the
asymptotic learning rate. Note that by “lower bounds”
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(“upper bounds”) we mean lower- (upper-) bounding
the learning rate by upper- (lower-) bounding the error
probability.

B.1 Lower Bound: py < p < p;

We analyze next the probability of wrong action by the
' player. Accordingly, there are two main sources for
wrong action: 1) the ¢! player is irrational, which hap-
pens with probability p;, and his draw is of minority
color type, or, 2) the t*® player is rational, but his mis-
matched MAP estimate is wrong. Accordingly, we can
write

Pet(P,Q) =P (MAPo(Z] ™1, X;) #60) - (1 —ps
+P(X: #0) - pe
=P (MAPQ(Z%717Xt) #* 9) . (1 — Dt

+ —— Py
a+p Y43

Therefore, to upper bound P. (P, Q) we need to up-
per bound the probability that the mismatched MAP
estimator is incorrect. To this end, we next establish
some notation, which will simplify the analysis. For
i € {1,2} and ¢ > 1, recall our notations in (4)—(8),
as well as the definitions in (22)—(24). Finally, recall
that depending on the value that R;_; takes, there are
three modes of operation for the MAP estimator (see,
the paragraph following (24)). In particular, the error
probability associated with the MAP estimator can be
upper bounded as follows,

P (MAPo(Z{ ™!, X,) # 6) = P1 (MAPo(Z7 ™", X;) # 1)
=P (R, < 1)

<P, (RH < g) . (43)

Thus, it is suffice to upper bound Py (Ri—1 < a/f).
To this end, we use similar techniques used in
[Peres et al., 2018, Sec. 2.2], but with modifications
which handle the mismatch aspect of our model. Let
{Fi},>, denote the filtration spanned by {Z;},.,.
Then, for A € [0, 1], we have -

. [(R?tl)_A f“]

N -2
= E, (?ﬂzﬁf“)) Fioa (44)
Po(Z¢|Fe-1)

. Y

, Py (Zy = i| Fee

= Z Py (Z; = il Fy_1) <M> ’
i€{1,2} Po(Zy = 1| Fi-1)

(45)

where Py (Z; = i|F;_1) is the probability that player ¢
guess is ¢ given the history and # = 1, and the evalua-
tion of this probability is with respect to the underly-
ing true revealers probabilities P. On the other hand,
I@’l(Zt = i|F;—1) is the probability that player ¢ guess
is ¢ given the history and § = 1, and the evaluation
of this probability is with respect to the mismatched
revealers probabilities Q. Accordingly, the values of
these probabilities are given in (25)—(26), and

Py (Z; = 1|F-1)

5aPts if Rio1 < B/,
=9 o35 if Ri—1€[B/a,a/p],  (46)
1-— a%ﬂpt, if Ry_1 > a/p.

Therefore, we have,

Fi-1,Rim1 < ﬂ}
a

1-A QA 1- L 4 A
o « ~arpt
atp ( a+6pt> L_aiﬂqt]

r Y
Eq <R|jt1) Fi—1,Ri-1 € {jg”

&lfAﬁ)\ + a)‘ﬁI*A
a+p

E ( Ry )AJ—' R, >2
1 i Rt_l t—1, Nt—1 B

A
Al—A 1_Lq
= a™B D+ <1 . B pt) a;ﬁ t . (47)

i

Since we assume that both p; and ¢; decay with ¢, we
use the fact that (1—6)* =1—X-5+0(42), as § — 0.
Let

1o pA
h=hlap2 22 )
A (=)
=g (a,B) = %a (49)

 apleA
hy = ha(a,8) 2 22078 0 (50)

a+p
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Then, we have

R A
Eq (R t ) Fi-1,Re—1 < ﬁ]
t—1 a
=1—frpit+orn-a+0@ +q), (51)
[/ R - Q
Ey _ <Rtt1> Fi-1,Ri-1 € [§7 B}
_ alf)\ﬁ)\ +O/\51ﬂ\ (52)
= oy ,
ol L I PP
1 i Rt_1 t—1, N¢—1 ﬁ
=1—hxpe—gr @ +0®; +q7). (53)
Define the following two sets:
A2 {z €t]: Ry > g} (54)
and B; 2 A§ = [t] \ A;. Define also,
R.
RV 2 [T & (55)
i€ A i—1
and
2 Ri
R 2 ] - (56)
ies, 1

Note that R, = R,El) ‘ Rgz). We these definitions, using
(51)—(53), we note that there exist some constants C
and C’ independent of A, such that for all X,

Y
( Rq > ehapitanas
Ri—1

Eq

Ri_i,t € -At‘| < ecl(l)?-&-qg)’

(57)

Ri_1,t € By| < Citar),

R, )‘A B
E efxpt IAGt
' l(RH

Recall that ||P| = Z§=1 pi and || Q| = Z§=1 G-
Also, let T} = ZZeAt p; and T = ZZeAt q;- By in-
duction, we can easily see that there exists a constant
C such that for any A1, Ay € [0, 1],

E, [(R£1)>_>\1 ehxlFf‘f’gAlF(tz (REQ))_A2

efA2<|Pt|rf>gA2<|Qt|rz>] < Ot (59)

(58)

and since Z:Zl(pf +¢?) is finite, we can upper bound
the r.h.s. of (59) by a constant Cy. Now, as was shown

in [Peres et al., 2018, Appendix A], the condition R; <
% implies that Rgl) < 1. Thus, we may write

P, (Rt < g) <P, (Rt < %, % <R < 1)

+P, (RE” < t’C1> . (60)
A simple application of multiplicative Chrenoff’s
bound shows that the second term on the r.h.s. of
the above inequality is upper bounded by t~2, for
some constant C7 < oco. We next upper bound the
first term on the r.h.s. of the above inequality. Since
R = Rgl) . R§2), we can write

P, (Rt < %, = <R < 1)

Cilogt
< Z P, (Rgl) c [e—(z-‘rl)’e—l} 7R£2) < ew-i—Cs)
=0

Cqlogt
< Z P, (Rgl) < efx,REQ) < 6z+C3)7
=0

(61)

where C3 £ 1+ log % Then, for any A1, A2 € [0,1], we
have

y (RID < o R < 05+5)

— P, [<R§1))A1 > e (RP) T 2 et |

(62)

P, (Rgl) <e T, REQ) < 6x+03)

-1
(1) ha, TP gy, I'? Aiz+hy, TP4gy T
|:<Rt ettt TN >e 1 Al TN t,

(Rg))‘& P (P I=T)—gx, (122 -T)
> e—(?f+cs)>\2+fx2(I\PtH—Ff)—gxz(HQtH—Fg)} )

(63)

Now using the facts that P[X; > Xo, X3 > Xy] <

P[X;- X35 > X5 X4, for non-negative random variables
X, and Markov inequality along with (59), we get
By (RIY < R < )
< CO -E, |:e*/\190*h/\1rf*g>\1 T'l+X2(z+Cs)

e~ PaPU=T+ar,(1Q1-T] (64
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Using the facts that ||Q]| = p - ||P:]| and '} = p - 'Y,
we obtain,

Py (R < e RP < et )
< Cpy- By [easuz—h)mcg—(m—p%)uﬂn

e(fAQ*ngthA17pg*1)Ff:| - (65)

By symmetry, we can get the above upper bound with
(A2 — A1) replaced by (A1 — A2). Indeed, to show this
we replace (62) with

By (R < on R < o7403)
—(1-A1)
=P [(Rgl)) D> e

~(1-22)
(RE) 7= e—“—*ﬂ(”@}, (66)

and follow the (63)—(64). Therefore, we may write
By (R < o R < o=+3)
<Cy-Ey {e*ﬂ)\z*)\l|+>\zc3f(fngpgxz)|\7’t\|

e(frz 7pgA2*hA1*pgA1)Ff} ) (67)

We can now optimize our choices of Ay and Ay to min-
imize the above upper bound. We take A\; + Ay = 1.
For such a pair it is easy to check that,

a—p

p— 6(1 —p).  (68)

f)\Q — PYx, — h>\1 — PIx. =

We next consider the case where p > 1, for which the
r.h.s. of (68) is negative, and so,

P, (Rgl) < €7m,R§2) < eerCs)

< Cy-Ey {e—$|2>\1—1|+)\203—(f17&—pg1fxl)\|7’t||
ez%g(l—f))rf} (69)

<Cp- e~ 221 —1+(1=2)Cs—(f1-x; =pg1-aIPe]l (70)

In the interval Ay € [0,1], it can be checked that
fi—a, — pg1—», is maximized at

log (P' ﬁ/ﬂﬁ)
AT = mi 1, —— %7/ 71
e =

We mention here that A7 satisfies the following equal-

ity
(‘“)AI yCh)) (72

which proves to be useful. It can be shown that A} >
1/2. Thus, whenever A} < 1, which happens to be the
case exactly when p < p;, we have

P, (Ril) <e®, R§2) < ez+C3)

<C- e E2A 1+ (A=A Cs=(f1ng P91 ap)IPell. (73)
It can be checked that

Jioxy — pgi-x;
alog 2 — pla — B)
(a+B)log §
alog s — pla— B)
(a+ B)log 5

_a=p
pa+ﬁ

(=X (14

log [pm/ﬁ—n}

log %

pla—pB)

— 1-— 75
a+p log & (75)
8 8 8 Elogﬂ
_glogg —plg — 1) 1+ 1og (76)
(14 3)log 3
= 6(a/B, p), (77)

where 6(a/B, p) is defined (18). Combining the above
result with (60), we get

* 1
P, (Rt < g) < Celt-Der-ste/poP | L (7

where we have used the fact that Y151 18" e=2Ai~1|
is finite, and absorbed its value in the constant Cf.
Then, substituting the above result in (43) and then
in (42), we obtain

CAT)Ca— 1
P.:(P,Q) < Che(=AC=6(vnlIPel 4 | (1—p,)

B

+ —— Pt 79

a+t B bt (79)

Therefore, taking p, = w A1l = p;, we obtain

that for 1 < p < pq,

NS log P, ¢(P*, Q)

E(P*, Q) = htrggolf B Fer— (80)
—ral

> 0(a/B,p) - htrgg.gf@ (81)

=0(7,p) (A +7)()], (82)
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as claimed. Next, we consider the case where p < 1.
In this case, the the r.h.s. of (68) is positive, and so,

P, (Rgl) < e—x’REQ) < ew-l—C’s)

< Cy-Ey {elemlfllwcsf(fl_hfpgl_mum
6%12(1*0)1“5} (83)

<y - e~ T2AM =1+ =2)Cs—(f1-x; —pg1-a ) IP: ]l

e SFE=PIPel (84)

Again, fi_x, — pgi—», is maximized at

a/B—1
v log (p~ 1oga/,a) (85)
Y7 loga/B

and note that for p < 1 it is always the case that
AT < 1. Also, for pg < p < 1, we have that A} € [0,1].
Hence, we may write

Py (R < e, R < o)
< Coe—x|2A;—1|+(1—A;>ca—[6<a/5,p)—z%§(1—p>]||7>t|\.

(86)

Combining the above result with (60), we get

P, (Rt < g) < O MO =[5 =) I

1
ta (87)
Then, substituting the above result in (43) and then
in (42), we obtain

B

Pe,t(P, Q) < m

“Ppit

* a— 1
C(/)e(lfz\l)cr[(;(wo)*a+§(1*p)]|\7vt“ + 152} H(1=py).
(88)

Therefore, taking p; = %M A1 = p;, we obtain
that for pg < p <1,

E(P*, Q) = liminf —M
t—o0 logt

> o) - 0= 92 | tpmine 1]

iminf ——
t—oo logt

- [5(% p)—(1— pﬂy:] (L+7)5(7),
(89)

as claimed.

B.2 Upper Bound: p > p; and ||Q;|| > logt

We prove that for p > p; we have E(P*, Q) = 0. We

show that this is correct also when lim inf;_, ., qogg‘t” =

oo as stated in Theorem 2. To this end, first note that
from (8), we have

P (MAP(Z{™", X;) #0) =P1 (MAPo(Z{ ™!, X;) # 1)
>Pi (R < 1)

> Py (RH < 5) o (90)
o

and so it is suffice to lower bound the r.h.s. of (90).
It is clear that

P, (Rt < i) >P (Ri < g, Vi € [t]> . (91)

Accordingly, in order to obtain a lower bound on
(91) we define three events that together imply that
R: < B/a. We note that the derivations bellow follow
[Peres et al., 2018, Sec. 2.2], with modifications which
handle the mismatch aspect of our model. We need a
few definitions. Let 7(s) £ min{t > 1 : ||Q;| > s},

and to £ 7(225 log & +2). Define

&2 {Rto < (6/@)4}. (92)

The above initial event takes the mismatched likeli-
hood ratio below §/«, and the events we define be-
low ensure that it always stays below this bar. Let
Ji £ 1ogRy, and define the stopping time 7' £ min{s >
to: Js & [—logt,2log(8/a)]}. We define the events

€2 Ur < —logt}, (93)
and
&2 {minJS > —log3/4t} . (94)
s€[t]

We observe that & N E; N E; imply together that Jg €
{—log‘o’/4 t,2log g}, for all s € [to,t], which in turn
implies that R; < 8/a. Thus,

Py (Rt < g) >Pi(&Nné&NE). (95)

We next lower bound the probability of the event &
which is easier to handle. Note that according to our
setting the first two individuals follow their private
signal, and hence if X; = Xy = 2, we have Z; = Z5 =
2. This in turn implies that Ry = (3/a)?. Now, if X; =
2 for all i € {3,4,...,t}, then it is clear that Z; = 2,
for all i € {3,4,...,t0} as well. Accordingly, using
(25)—(26), this implies that the mismatched likelihood
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ratio at time t( is given by

B\’ 5 1 — 2554
Ri, = ( H — (96)
B
o/ sl oipd
5 2 _ﬂ to
<= -——r i |- 97
<(2) e (-234 >4 (97)
However, by the definition of ¢y, we know that

to

o+ «a
S ezl 2222 1, (o8)
P -8 "B
which together with (97) implies that R, < (8/a)*.

Thus,

ofrﬁ)to . (99)

Therefore, because tg is a constant it is suffice to lower
bound the probability P;(&; N &3]&y). Given &y, the
log-likelihood ratio J; performs a random walk from
time ty until the stopping time T. Specifically, using
(25)-(26), and (46), for s > to, we may write

Py (&) = Py (X; =2 Vi € [to]) = <

sAT

Joar=Ji+ Y. &

i=tg+1

(100)

where {¢;} are statistically independent random vari-
ables such that

a a
Py <§i = log 5) = mpu (101)
and
1 - 35354 a
P i = 10 ﬂ =1- -
(o) 1t

Now, note that

(102)

By (6] = 5 1o §oi — S ai + Ol + 57)
_ptlogy—p)
= sz +0(p) (103)

where v = a/f. The important observation here is
that p > pp is equivalent p + y(logy — p) < 0, which
implies that the log-likelihood ratio has a downward
(non-positive) drift. More precisely, it can be seen
that the expectation can be written as Eq[¢;] = —n -
pi+O(p?), for some n > 0. Since p; is decaying with i,
it is clear that there exists a finite index ig € N, such
that Ei[&] < 0, for all ¢ > ig. Accordingly, letting
to £ to V ip, we obtain that under P;, the random
walk {Jsar} >, IS @ supermartingale. For simplicity
of notation, for the rest of the proof we use ¢y in place

of ty. Therefore, by the optional stopping theorem we
have

El [JT|£0] S El [Jto] S 410g g (104)

On the other hand, by the definition of T, it is
either the case that Jp > 210g§7 in which case

Jr € (210g§,
[—logt — logg, -

log §]7 or Jp < —logt, and then Jr €
logt). Thus, we can write

EI[JT|SO] Eq |:JT]1 |:JT > 210g :l 60:|

+ Eq [JT]l [JT < — IOg t] |50] (105)

> [1 - y(6:16)] 2log

—P1(&11&) - <logt + log i) (106)

> 2105~ By(1lEo) lost,  (107)
which together with (104) implies that
2logy
Py (&11&) > . 108
1(&1]&0) = o 1 (108)

on the tails of
[Freedman, 1975,

Finally, using classical results
supermartingales  (see, e.g.,
Fan et al., 2015]), we have

P <miﬁJs < —log®*t 50> <e~evlost (109)
se|t
and thus
logy
P (&1 NE|EY) > 110
1 (&1 N & 0)—logt’ (110)

for ¢ large enough. Combining (27), (90), (95), (99),
and (110), we obtain

log Pe+(P*, Q)

E(P*, Q) = liminf — Tou (111)
log P
< liminf —8FLENEE) )
t—00 logt
which concludes the proof. Finally, using the

above arguments we prove that when Q satisfies

liminf,_ o0 ‘L)Qgty = o0, then E(P*, Q) = 0, as stated
in Theorem 2. Specifically, let Q be any sequence of
assumed revealing probabilities such that ¢, = p - p},
with p > p1. Let R2 and RE designate the likelihoods
corresponding to the revealing probabilities Q and Q,

respectively. Then, from (91) it is clear that

P (MAP(Z}, Xy41) #£6) > Py (R? < i) (113)

>P (R? < g Vi € [t]) .
(114)
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Now, note that for large enough ¢ it must be the case
that ¢ > ¢:. The log-likelihood ratio JtQ performs a
random walk with probabilities given in (101)—(102),
with ¢; replaced by ;. Accordingly, it is clear that
the random variables {;} can take only smaller values
under o) compared to @. This in turn implies that
RC < R2, and thus,

P (MAP5(Z;, Xy41) #0) > Py (R? < g Vi € [t])

> Py (R? < é, Vi € [t])
«

> P& NENE), (115)

which is the same lower bound we started with for O.

B.3 Upper Bound: 1 <p<p

We consider the case where 1 < p < pp, and continue
from (103). Indeed, in this regime, the expectation
in (103) is non-negative and thus the log-likelihood
ratio J; has an upward drift. We remove this drift by
defining a new measure Py, such that for i > ¢,

IP)1 <£z - IOg B) = Vi, (116)
- QL(]%
P, <§z =1lo e ) =1-u, (117)
atp i
where
5
logi atp di
v; — iR (118)

o 1-—L g ’
a 189
log (ﬂ 1—;;5%)
Now, under P;, the random walk {JS/\T}s>tO is a mar-

tingale, and thus using the same steps we used in
(104)—(110), we obtain that

~ logy
P >
1(&1N&&) > logt’

(119)

for t large enough. Next, performing a change of mea-
sure we may write
EO:| )

(120)

dPy(-|&0)

= 1 [51 ﬂ52]
dPy(-|&0)

Py (&1 N&|E) =K, {

so we need to understand how the Radon-Nikodym
derivative of Py(-|&) w.r.t. Py(-|€) behaves. Note
that

dBr(leo) _ ﬁ {‘ﬁﬁp?ﬂ [&- = log a]

dpl(‘go) ito+1 Vi B
1—-“=pr 1— 5354
4o g =log — 2B L (121)
- 1- %%‘

We claim that each factor in the product can be lower
bounded for some C' = C(«, 3) as follows

(e} *
a p;
LS| [fi = log a}

Vi B
[0 * [0
— o 1— —%¢
4 adBg fizlog%ﬁl
- ~ a1l

> e(I7AE L K (&) (122)

where A* = A7 is defined in (71), and

. . 1— 2 g
Ki(£;) 2 e=S0nani—CoD? g [ € log %]
-

4 (it Jrimcw = os]-

B
(123)

Indeed, this inequality can be checked for both poten-
tial values of £ by expanding the expressions in p}.
Then, multiplying (122) over all i € {tc + 1,...,t},
using the fact that J; = Jy, + Z§=to+1 & on the event
&1 N &y, we obtain that

d]?1('|50)
dPy (/&)

—8(7:p) Xiepe Pi *p(%*

1[E; N Ey] > oA IUe=deg)=C Ti, (01)°

a—p . *
e (a+ﬂ)log%> Zzevpz ]l [81 052]

> (1= —C"

- o1 __a=p .
Rl o3 ((,Wlog%)zievpl]l €ne.
(124)
where V2 {i>ty:& =log(a/B)}, O =

C Zle(pf)Q is finite, and the second inequality
follows because conditioned on & we know that
Ji, < 0. Also, recall that on the event £ N &; we have
that J; > — log3/4 t, and thus

dP1 (&) [E1 N &) > e~ (A 108% 4 1=C"=3(1.0) P |
dPy (-[&o)

(i o=8 _ . *
.e P(2 (a+5)log%> Zzev pi 1 [51 n 52] ) (125)

We next show that with high probability |V]| is at
most logarithmic in ¢ and thus ), ., p} is negligible
compared to other contributions in the exponent of

the r.h.s. of (125). Let Z £ Zf:tOJrl 1 {61 = log %}

Then, we already saw that under P, the random vari-
ables {¢},., are statistically independent. Specifi-
cally, Z follows a Poisson-Binomial distribution with
success probabilities v; given in (118). Using Cher-
noff’s inequality, for a Poisson-Binomial random vari-
able Z with mean p, and any s > py, it can be shown
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that

P[ZZS]Sexp(s—u—slogZ>. (126)

Accordingly, in our case it is clear that pu =
Z§=t0+1 v; = C1(1 4+ 0o(1)) - logt, as t — oo, for some
C1(a, B), due to the fact that v; oc ¢; = O(t~1). Tak-
ing s = {-p, such that ({—1—/¢log¢) < —C%, we obtain
from (126) that Py [Z > s] < t~2. Thus, with proba-
bility at least 1 — O(t~2) we have that |V| < C” logt,
for some constant C”'. This in turn implies that with
the same probability

Y b < Ca(l +o(1)) - log(logt) = o(logt).  (127)
i€V

Therefore, combining (120), (125), and (127), we ob-

tain

dPy (+[&o)

dPy (+[&o)

>k, [e—u—mlog3/4t—c’—6<v,p>u7>:||

Py (E1 N &&) = By { 1[& NE)

50] (128)

.

[1-0@?)] eoUos)=0(vRIPLIP, (£, N &,|&)
[1-0@?)]
logt

_(1___ _o=B *
e 0(2 (a+ﬁ)log%> Eieva 1 [51 N 52]

Y

085 —ottog)-s60IP7 1

Y

(129)

Combining (27), (90), (95), (99), and (129), we obtain
log P, (P, Q)

E(P*, Q) = liminf — g (130)
<liminf— 8PLENEE) gy
t—o0 logt
< 6(v, p) lim inf 172l (132)
- ’ t—oo  logt
= 6(7, (L +7)k(7)], (133)

as claimed.

B.4 Upper Bound: p < pg

For p < po we use the fact that when the log-likelihood
ratio is above log /3, it has a downward drift. This
implies that above log /3, the walk cannot go beyond
a certain value. Recall (90). As before, in order to
obtain a lower bound on (90) we define an event that
implies that Ry < 8/a. Now, when the log-likelihood
ratio J; 2 log R; is above the line log o/ 3, using (25)—
(26), and (46), we may write

Js = Zfza
=1

(134)

Likelihood Ratio

time t—t"—3 t—3

Figure 3: Hlustration of a sample path of the random
walk constructed in the lower bound.

for s > 0, where &;’s are statistically independent ran-
dom variables, and

e 8
Py (¢ =logt ) = : 1
1 <£z Oga) a+ﬁp“ ( 35)
and
1- Lo, 8
P& =log—2P2 ) =12 p. (136
1<§ gl_aiﬂql) L (136)
Note that
—1)p —lo
B e = 0707187 o0y an)

1+~

Thus, we see that for p < pg, we have E; [§;] < 0. We
next show that with high probability max;<;<; J; < 70,
namely, the maximal value that the log-likelihood ratio
can achieve is bounded by a certain constant 7g. Ac-
cordingly, using the same arguments as in the proof
of Theorem 2 this implies that only a finite num-
ber of timestamps are needed in order to drive log-
likelihood ratio bellow log «/S. Specifically, as in the
proof of Theorem 2 it is suffice to assume that the
last t* + 3 revealers are such that their private infor-
mation is X; = 2. Indeed, if for example, at time
=1t — (t* + 3) the log-likelihood ratio J; attained its
maximal possible value 7y (or e™ for Ry). Then, after
t* timestamps, i.e., at time ¢ = t — 3, the likelihood
value is at most (B/a)t* e™. Accordingly, if we set
tr=1V (logTi(g/,B — 1), then we get that the likelihood

value is (B/a)t* e™ < a/fB, namely, bellow /5. Thus,
in the worst case, at time ¢ = ¢t — 3, the likelihood ra-
tio value is in the interval [3/«, «/S]. In this interval,
the MAP estimator outputs the private signal, namely,
Z; = X; = 2, and accordingly, the likelihood ratio is
multiplied by /a. Therefore, the remaining 3 times-
tamps simply insure that at time ¢ the likelihood ratio
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value is below 3/«, as required. To wit, if the like-
lihood value at time ¢t — 3 is «/(, then at time ¢ it
value will be (3/a)? < B/a. Thus, by the above ar-
guments, it is clear that we can lower bound the error
probability as follows

P (MAPg(Z], Xi41) #6) = Py (Rt < ﬁ) (138)

5 3+t*
> < .
> (5)  Plmssn)

We next show that there exists a finite value of 7y such
that the probability term at the r.h.s. of (139) is lower
bounded by 1/2. Thus, since ¢* is finite, we obtain

(139)

log P, (P*, Q)

E(P*,Q) = liginf - Tog 1 (140)
34t
1(_8
()]
< liminf — (141)
t—00 logt
=0, (142)

as claimed. It is only left to prove that the probability
term at the r.h.s. of (139) is lower bounded by 1/2.
To this end, for any A > 0, we have

E, [(2)\&] _ /8 e)\log gp

a+ !
o aiﬂqi
+€)\1g1 4 (1—aiﬂpz)
_ B )\logé
= L (@ -] m
a—p B
+ 1+ XA—=pi+0(})| (1 — ——=pi
[ P g? (p)K a+ﬁp>
1+{(e/\log§1> b Jr)\paﬁ]piJr@(pz)
a+ a+ ¢
—1
=1 + |:(e—>\log’Y — 1) m Apz_’_]_:| Pi + ("')(p?)
(143)
Let us define the map,
A (eMeET 1)yl (14
¢ (e )7+1 oy (4

For A < 1, we have p()\) = %/\—f— O(A\?), and
since p — pg < 0, we may conclude that ¢(-) has a
negative derivative at 0, hence its minimum, attained
at A9 > 0, is strictly negative, namely, ¢(Ag) < 0.
Accordingly, due to statistical independence we may
write,

E, [6)\0Js] = C,e?PolIPII (145)

for a certain converging/bounded sequence {Cg}s>1.
Next, define the random process

M A exp()\()Js)
" Ky [exp (Aods)]’

for s > 1. It is clear that {Ms}s>1 is a positive mar-
tingale. Thus, using Doob’s martingale maximal in-
equality, we have for 7 > 0,

(146)

e I
which is equivalent to
erods 1
Py Lril?i‘t CartlPil = T} <7 (148)

In particular, using the fact that p(A\g) < 0, it is clear
that the above implies that

1
P, [max eMds > 7. max CS] < -, (149)
1<s<t 1<s<t T
or,
1 . C 1
P, [max ), > sl maxicoq S]] < -, (150)
1<s<t Ao T
The above can be written also as follows
Py {max Js > 7':| < e M7 . max C,. (151)
1<s<t 1<s<t
Therefore, taking 7 > 179 = M, we have

)
Py [maxi<s<¢ Js > 7] < 1/2, as claimed.

B.5 Upper Bound: py <p<1

For this regime we use similar arguments as in the
previous subsection. The main difference here is that
the log-likelihood ratio random walk now has a positive
drift, and thus is unbounded. However, we claim that
this unbounded value is small compared to logt, and
thus, the number of timestamps t* needed to bring
the random walk bellow logg is small compared to
log t, and more importantly will not affect the learning
rate. Specifically, recall (139). Taking 79 = logg/4 t,
we have,

P (MAPG(ZL, Xi11) # 6) > P, <Rt < 5) (152)

3 34t* )
> < log®/*
> (a+ﬁ> P, Lrggi(t_]s < log t} , (153)

and since t* = (1), we have

*
E(P*, Q) = liminf —w
t—o0 logt

log Py [maxlgsgt s < 1Og3/4 t}

(154)

< liminf —
t—00 logt

(155)
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We next upper bound the r.h.s. of the above inequal-
ity. To this end, note that above loga/8, the log-
likelihood ratio process Js forms a random walk as in
(134)—(136), now with a positive drift since p > po.
We remove this drift by defining a new measure Py,
such that,

H~Dl <§z = log i) =V, (156)

~ - LQ’L
Py (& =log—22" ) — 1y, (157)

1 -3

where
B
log =27

Vi e (158)

Now, under Py, the random walk {Js}, is a martingale,
and thus, using classical results on the tails of martin-
gales (see, e.g., [Freedman, 1975, Fan et al., 2015])

—c/logt
K

P, <1r£1ax J, <log** t) >1—e (159)

for t large enough. Next, performing a change of mea-
sure we may write

1<s<t

P1<ma Js <log3/4)

=, [3&81 {mai(th < log®/* t” . (160)

so we need to understand how the Radon-Nikodym
derivative of P;(-) w.r.t. P1(-) behaves. Note that

t
0 {2 [
dPy() | W
1— B pr 1- L ¢
+ =7 1]& =1log— 288 L6y
171/1 17mq

We claim that each factor in the product can be lower
bounded for some C' = C(a, ) as follows

B
a+,8pz |:€Z log B:|
«

Vi

1—-v 1——(]

1 - Lp’[ - Lq * ~
4 _etBTg [& = log ﬂ > ANER(E),
a+pB

(162)

where A* = A} is defined in (71), and

2 (1=p)|p; —C(p})?

Rig) 2 7000~

1- 25
1 lgi logwl
1- m(b
ol a=B ) x_ *)2
‘e P<2 <a+5>10g%)p1 c(p) 1 {&_ :logﬁ] .
e
(163)

Indeed, this inequality can be checked for both poten-
tial values of £ by expanding the expressions in p}.
Then, multiplying (162) over all i € {1,...,t}, we ob-
tain that

d]’IVDl() 2 eA*Jt—C 2521(171-*)2 [5(’}’ p)— (1 P)] Eievc P:
dPy(-)
67P<%7W) 2ievpi
> AI=C = [6(rp)— 251 (1-p)]IIPE |

1 a—f *
. e_P<§_ (a+B) log %) 2iev Pi

> N log §=C = [6(v0) =37 (1=n)]IP] |

1 a—f *
_p<*_7a o g) E: v P;
e 2 (atp)log § i€ L7 (164)

where V 2 {i > 1: & =log(8/a)}, C' 2 O L_, (pF)?
is finite. As in (126)—(127), with probability at least
1 —O(t?), we have >_,.,, pf = o(logt). Therefore,
combining this fact with (159), (160), and (164), we
obtain

P (max Js < logg/4 t)

1<s<t
- [dP,(-
=E { ~1()]l {maXJ <10g3/4t”
d]}Dl() 1<
>k [ek*log**C' =[6¢r.p) =2 A=p)]IP; |
1

P(§
€

> [1— O(t2)]e°toa D=[60r.p) =355 A=n)]IP{]]

m) 2iev Pi 1 [max Js < 10g3/4 tH
1<s<t

Py {max Js < log3/4t}
1<s<

> [1-O(t?))(1 — e V8T)

. e—ologt)=[8(v.p) = Z31 (1=p)]IP; ]|

(165)
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Finally, substituting (165) in (155), we finally obtain

E(P*, Q) = liminf —w

t—00 logt
log P, [maX1§s§th < log*/* t}

< liminf —

t—00 logt

v—1 . IP¢]l

< |§ — (1 - 1 fo—
< [ (7, p) ’Y+1( P)] 152},2 log ¢
[5( )77771(17 )] (14+7v)s(7)
= Y, P St 1Y YIE\Y)s

(166)

as claimed.

C Additional Proofs

C.1 Proof of Theorem 4

Note that the first two individuals follow their private
signal, that is, Z; = X;, for i« = 1,2. Therefore, if if
X1 = X3 = 2, then it is clear that Rg (8/a)?, which
implies that the MAP estimator outputs 2 as its deci-
sion. Accordingly, it should be clear that if all future
irrational players draw 2 as their private information,
then the MAP estimator continues to output 2. The
above scenario gives a lower bound on the error proba-
bility. Specifically, let Rev; denote the set of revealers
up to time t. It is clear that |Rev¢| follows a Poisson-
Binomial distribution with mean u = ||P|| = o(logt).
Thus, for any ¢ > 1, using (126) we get
P[|Revi| > c||Py]]] < e (close=etDIPll - (167)

Taking any ¢ such that cloge —c+ 1 > 0, it is clear
that the r.h.s. of (167) is less than half, and

B (MAPG(ZL, Xi11) 7 0)
> Pl(Xl =2,Xo=2X;,=2,Vi € Revt)

2
Zi( fﬂ) P, (iEQVt{Xizz} RevtISCIIPtH)
24-c|| Pt ||
21< b ) . (168)
2
Thus,

logP (MAPo(Zt, X;11) # 6)
logt

hrnlnf 172
—oo logt

E(P, Q) = liminf —
t—00
< [clog(1+7)] —0,  (169)
as claimed.

C.2 Proof of Theorem 5

Since the proof of Theorem 5 follows the steps of the
proof of Theorem 3 almost exactly, in this subsection

we highlight the few technical differences only. Start-
ing with the lower bounds, using the same steps as in
Subsection B.1, one obtains the same upper bounds on
the error probability as in (79) and (88), for 1 < p < p;
and pg < p < 1, respectively. In particular, for
1 < p < p;g recall that

. 1
P.:(P,Q) < 066(1—/\1)03—6(%9”\%“ + | (1 —py)
+ e - Pt (170)
Therefore, we get
. . log Pe t(P*a Q)
E =1 fo— 171
(P.Q) pae logt (171)
>1A {5(0[/6, p) - 11m1nf|1| gtt} (172)
= 1A [Cp-8(.0)]. (173)

as claimed. Similarly, using (88), we get that

v—1
E >1 : - ——n-
(174)
for po < p1, as stated in Theorem 5.

The upper bounds in Subsections B.2-B.5 remain the
same as well. In fact, the only differences are in Sub-
sections B.3 and B.5. Specifically, for 1 < p < p; the
lower bound in (129) still holds true. Then, recall that

Pet(P,Q) =P (MAPo(Z{™', X}) # 6) - (1 — py)
+P(Xy #6) - pu
g
P (1= P
(CoNé&N&) - (1—p)+ ot gl
(175)
and thus combined with (129), we obtain
. logP. (P, Q)
< 1 Aliminf— BPLENEI&)
t—oc0 logt
Pzl
< 1A [6(y,p)- htlglololf log (178)

as claimed. For py < p < 1 we have a similar situation.
Specifically, the lower bound in (165) still hold true
with P* replaced by P. Also, recalling (153) we have

Pet(P,Q) =P (MAPo(Z] ™", Xy) #0) - (1 —py)
+ ]P(Xt # 9) * Pt

3 34t ,
> < log3/4
> (aJrﬂ) Py Lrgax Js <log™/ ™t

(180)

'(1_pt)+a+[3pt'
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Thus, combining (165) and (180), we obtain

logP. (P, Q)

E(P, Q) = liminf — Tog 1

t—o0

<16 (30 - 270 -0)|.

as stated in Theorem 5.

C.3 Proof of Theorem 6

The proof of Theorem 6 follows from two facts. First,
recall that a trivial lower bound on the error prob-
ability is P.:(P,Q) > aLj_ﬁpt, which implies that
E(P, Q) < —limy_,o logp:/logt. We next show that
if Q is such that || Q|| / ||P:|l = p, and po < p < p1,
then the above also lower bounds the learning rate.
Indeed, as before, using the same steps as in Ap-
pendix B.1, we get the upper bounds in (79) and (88),
for 1 < p < py and py < p < 1, respectively. How-
ever, since in this case ||| = w(logt) the terms in
the squared brackets at the r.h.s. of (79) and (88) are
negligible compared to the other aiwpt. This implies

that (79) and (88) are dominated by ﬁpt and thus
E(P,Q) > —limy_,o logp:/logt, as well. Finally, it
is left to show that E(P, Q) = 0 in the leftover cases,
which follows from the same arguments as in Appen-
dices B.2 and B.4, and therefore omitted.

C.4 Adversarial Model is Too Stringent

In this section we show that the error probability in
(1) associated with any estimator is lower bounded by
a constant, and accordingly, the total number of errors
in (3) is proportional to the number of players N.

To this end, consider the set of revealers IIy =
[N—=VN+1:N]in (3). This choice of IIy corre-
sponds to the case where all revealers appear at the
end. Assume that Vy = o(N), otherwise, TE(Vy) is
trivially proportional to ©(N). Then, since all first
N — Vy players are rational, with a positive probabil-
ity a wrong cascade will occur. Indeed, this is just the
classical herding experiment, proposed and studied in
[Anderson and Holt, 1996, Anderson and Holt, 1997]
(see also [David and Jon, 2010, Ch. 16]). In fact, each
player ¢ € [N — V] is wrong with probability at least
% = (1 +v)~2, which is the probability that the
decisions of the first two players are wrong (both draw
marbles of minority type). Therefore, the number of
errors in (3) satisfies

N
TE(Vy) = inf  sup Pe.i(0;, Iy)
[ISC] HNC[N]: ‘HN‘:VN t=1
N — Vy

()

namely, of order ©(N—Vy), which concludes the proof.

D Conclusion and Outlook

In this paper we have studied the effect of mismatch
between players on information cascade, contrary to
related works where full/partial mismatch was taken
for granted. For the mismatch model considered in
this paper we have identified when learning is possible
and when it is not. Consequently, we demonstrated
that the learning rate exhibits several surprising phase
transitions.

We hope our work has opened more doors than it
closes. There are many questions for future work:

1. It would be interesting to generalize our results to
the case where more than two states are possible,
each corresponding to multiple private signals.

2. In this paper we focus on . Studying the asymp-
totic learning rate and the total number of wrong
errors of information cascades over random graphs
(e.g., Erd6s-Rényi random graph, stochastic block
models, etc.) is very interesting and of practical
importance.

3. Following our negative result on the worst-case
model, studying minimax learning rates in adver-
sarial models, by assuming a more structured ge-
ometry for the set of revealers in order to avoid
trivial rates is quite challenging and interesting.

4. Tt is important to check whether rational play-
ers that do not know P can do better then just
assuming some Q. In particular, devising a uni-
versal scheme that attains (or at least does not
lose too much) the optimal learning rate for P,
without knowing P, is an important question.
A reasonable approach would be using the same
¢ = O(t71), and adapt the leading constant in
some way.

5. As discussed in the introduction, it is well-
documented in social learning literature that a
fully rational model often places unreasonable
computational demands on Bayesian players (e.g.,
[Mossel and Tamuz, 2017]), hence understanding
the impact of simpler more efficient strategies is
desirable. This situation can be partially cap-
tured by our model, since a sub-optimal mis-
matched MAP, e.g., a majority rule, can be em-
ployed by the players intentionally to reduce com-
putational complexity. There are of course other
computationally efficient strategies that cannot be
covered by our mismatch MAP framework, but we
hope that the results and techniques developed in
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our paper will prove useful in the analysis of other
these strategies as well.



