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A Supplementary Material

In the proofs below, for α, β ≥ 0, we let Yt(A, β) and Zt(A, β) be matrix polynomials such that

Yt(A, β) = 2AYt−1(A, β)− βYt−2(A, β), t ≥ 2, Y1(A, β) = A, Y0(A, β) = I, (20)

Zt(A, β) = 2AZt−1(A, β)− βZt−2(A, β), t ≥ 2, Z1(A, β) = 2A, Z0(A, β) = I. (21)

and let yt(α, β) and zt(α, β) be recurrence polynomials such that

yt(α, β) =
√
αyt−1(α, β)− βyt−2(α, β), t ≥ 2, y1(α, β) =

√
α

2
, y0(α, β) = 1, (22)

zt(α, β) =
√
αzt−1(α, β)− βzt−2(α, β), t ≥ 2, z1(α, β) =

√
α, z0(α, β) = 1. (23)

For a sequence of matrices B0, B1, B2, · · · , let

k∏
i=j

Bi =

{
BjBj−1 · · ·Bk if j ≥ k
I, otherwise

.

Since the eigenvectors u1, u2, . . . , ud form an orthogonal basis, we frequently use the fact that for w ∈ Rd, we
have ‖w‖2 =

∑d
k=1(uTkw)2.

A.1 Main Results

Lemma A.1. For w0 ∈ Rd, let w = w0/‖w0‖. Then, for t ≥ 0, we have

‖P [(1− η)I + ηC]
t
w‖2 ≤ 2(1− η + ηλ1)2t(1− (uT1 w)2), (24a)

‖PYt((1− η)I + ηC, β(η))w‖2 ≤ 4(1− (uT1 w)2)pt(α1(η), β(η)), (24b)

‖Zt((1− η)I + ηC, β(η))‖2 ≤ qt(α1(η), β(η)). (24c)

Proof. Since u1, u2, · · · , ud forms an orthogonal basis in Rd, we can write w =
∑d
k=1(uTkw)uk. From that (λk, uk)

are eigenpairs of C, we have

[(1− η)I + ηC]
t
w =

d∑
k=1

(uTkw)(1− η + ηλk)tuk. (25)

From the definition of w and P in (6), we have P = I − wwT . Since

‖P [(1− η)I + ηC]
t
w‖2 = wT [(1− η)I + ηC]

t
P 2 [(1− η)I + ηC]

t
w

= wT [(1− η)I + ηC]
t
P [(1− η)I + ηC]

t
w

= wT [(1− η)I + ηC]
t
(I − wwT ) [(1− η)I + ηC]

t
w

= ‖ [(1− η)I + ηC]
t
w‖2 −

(
wT [(1− η)I + ηC]

t
w
)2
,

using (25), we have

‖P [(1− η)I + ηC]
t
w‖2 =

d∑
k=1

(uTkw)2(1− η + ηλk)2t −
( d∑
k=1

(uTkw)2(1− η + ηλk)t
)2

≤ (1− η + ηλ1)2t − (uT1 w)4(1− η + ηλ1)2t

≤ 2(1− (uT1 w)2)(1− η + ηλ1)2t

where the last inequality follows from

1− (uT1 w)4 =
(
1 + (uT1 w)2

)(
1− (uT1 w)2

)
≤ 2
(
1− (uT1 w)2

)
. (26)
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To prove (24b), we first show that

Yt((1− η)I + ηC, β(η))uk = yt(αk(η), β(η))uk. (27)

First, consider the cases when t = 0 and t = 1. For t = 0, we have Y0((1− η)I + ηC, β(η))uk = y0(αk(η), β(η))uk.
For t = 1, it follows that

Y1((1− η)I + ηC, β(η))uk = ((1− η)I + ηC)uk = (1− η + ηλk)uk =

√
αk(η)

2
uk = y1(αk(η), β(η))uk.

Suppose that (27) holds for t− 1 and t− 2. Using the definition of Yt in (20), we have

Yt((1− η)I + ηC, β(η))uk = [2((1− η)I + ηC)Yt−1((1− η)I + ηC, β(η))− β(η)Yt−2((1− η)I + ηC, β(η))]uk

= [2(1− η + ηλk)yt−1(αk(η), β(η))− β(η)yt−2(αk(η), β(η))]uk

=
[√

αk(η)yt−1(αk(η), β(η))− β(η)yt−2(αk(η), β(η))
]
uk

= yt(αk(η), β(η))uk.

This completes the proof of (27).

Next, we show that
(yt(αk(η), β(η))2 = pt(αk(η), β(η)). (28)

For the base cases, we have

(y0(αk(η), β(η))2 = 1 = p0(αk(η), β(η)), (y1(αk(η), β(η))2 =
αk
4

= p1(αk(η), β(η))

and

(y2(αk(η), β(η))2 =
(√

αk(η)y1(αk(η), β(η))− β(η)y0(αk(η), β(η))
)2

=

(
α(η)

2
− β(η)

)2

= p2(αk(η), β(η)).

Using the definition of yt in (22) for t and t− 1, we have

(yt(αk(η), β(η)))2 = (
√
αk(η)yt−1(αk(η), β(η))− β(η)yt−2(αk(η), β(η)))2

= αk(η)(yt−1(αk(η), β(η)))2 − 2
√
αk(η)β(η)yt−1(αk(η), β(η))yt−2(αk(η), β(η))

+ β(η)2(yt−2(αk(η), β(η)))2

and

(yt−1(αk(η), β(η)))2 = αk(η)(yt−2(αk(η), β(η)))2 − 2
√
αk(η)β(η)yt−2(αk(η), β(η))yt−3(αk(η), β(η))

+ β(η)2(yt−3(αk(η), β(η)))2.

Moreover, since

yt−1(αk(η), β(η))yt−2(αk(η), β(η)) =
√
αk(η)(yt−2(αk(η), β(η)))2 − β(η)yt−2(αk(η), β(η))yt−3(αk(η), β(η)),

we have

(yt(αk(η), β(η)))2 = αk(η)(yt−1(αk(η), β(η)))2 − 2αk(η)β(η)(yt−2(αk(η), β(η)))2 + β(η)2(yt−2(αk(η), β(η)))2

+ 2
√
αk(η)β(η)2yt−2(αk(η), β(η))yt−3(αk(η), β(η))

= αk(η)(yt−1(αk(η), β(η)))2 − 2αk(η)β(η)(yt−2(αk(η), β(η)))2 + β(η)2(yt−2(αk(η), β(η)))2

+ β(η)
(
αk(η)(yt−2(αk(η), β(η)))2 + β(η)2(yt−3(αk(η), β(η)))2 − (yt−1(αk(η), β(η)))2

)
= (αk(η)− β(η))(yt−1(αk(η), β(η)))2 − β(η)(αk(η)− β(η))(yt−2(αk(η), β(η)))2

+ β(η)3(yt−3(αk(η), β(η)))2.

This proves (28).
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Now, using (27), we have

Yt((1− η)I + ηC, β(η))w =

d∑
k=1

yt(αk(η), β(η))(uTkw)uk. (29)

Since u1, u2, · · · , ud form an orthogonal basis in Rd, we have

‖Yt((1− η)I + ηC, β(η))w‖2 =

d∑
k=1

(yt(αk(η), β(η)))2(uTkw)2 =

d∑
k=1

pt(αk(η), β(η))(uTkw)2.

Using (90) and (92) in Lemma A.4, for k ≥ 2, we have

pt(αk(η), β(η)) ≤ pt(α1(η), β(η)) (30)

Since
∑d
k=1(uTkw)2 = 1, we have

‖Yt((1− η)I + ηC, β(η))w‖2 ≤ pt(α1(η), β(η)).

Moreover, using (uT1 w)2 ≤ 1 and (29), we obtain

(
wTYt((1− η)I + ηC, β(η))w

)2
=
(
yt(α1(η), β(η))(uT1 w)2 +

d∑
k=2

yt(αk(η), β(η))(uTkw)2
)2

≥ (yt(α1(η), β(η)))2(uT1 w)4 − 2yt(α1(η), β(η))

d∑
k=2

|yt(αk(η), β(η))|(uTkw)2

≥ (yt(α1(η), β(η)))2(uT1 w)4 − 2(yt(α1(η), β(η)))2(1− (uTkw)2)

Therefore,

‖PYt((1− η)I + ηC, β(η))w‖2 = ‖Yt((1− η)I + ηC, β(η))w‖2 −
(
wTYt((1− η)I + ηC, β(η))w

)2
≤ (yt(α1(η), β(η)))2(1− (uT1 w)4) + 2(yt(α1(η), β(η)))2(1− (uTkw)2)

≤ 4(yt(α1(η), β(η)))2(1− (uTkw)2)

where the last inequality follows from (26).

Lastly, we prove (24c). In the same way we prove (27) and (28), we can show that

Zt((1− η)I + ηC, β(η))uk = zt(αk(η), β(η))uk, (zt(αk(η), β(η))2 = qt(αk(η), β(η)). (31)

Using (91) and (92) in Lemma A.4, for k ≥ 2, we have

qt(αk(η), β(η)) ≤ qt(α1(η), β(η)). (32)

Using (31), we have

wTZt((1− η)I + ηC, β(η))w =

d∑
k=1

zt(αk(η), β(η))(uTkw)2 ≤
d∑
k=1

|zt(αk(η), β(η))|(uTkw)2.

Moreover, using (32) and the fact that
∑d
k=1(uTkw)2 = 1, we have

d∑
k=1

|zt(αk(η), β(η))|(uTkw)2 ≤ |zt(α1(η), β(η))|
d∑
k=1

(uTkw)2 = |zt(α1(η), β(η))|.

This results in

wTZt((1− η)I + ηC, β(η))w ≤ |zt(α1(η), β(η))|,

leading to

‖Zt((1− η)I + ηC, β(η))‖2 ≤ |zt(α1(η), β(η))|2 = qt(α1(η), β(η)).

This complets the proof.
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A.1.1 VR Power

Proof of Lemma 3.1. Since Pw0 =
(
I − w0w

T
0

)
w0 = 0, we have

uTkw1 = (1− η)uTkw0 + ηuTkCw0 + ηuTk (C0 − C)Pw0 = (1− η + ηλk)uTkw0. (33)

Taking the expectation of the square of (33), we obtain

E[(uTkw1)2] = (1− η + ηλk)2E[(uTkw0)2]. (34)

For t ≥ 2, we have
uTkwt = (1− η + ηλk)uTkwt−1 + ηuTk (Ct−1 − C)Pwt−1. (35)

Since St is sampled uniformly at random, Ct is independent of S1, . . . , St−1 and w0 with E[Ct] = C, leading to

E[uTkwt−1u
T
k (Ct−1 − C)Pwt] = E[E[uTkwt−1u

T
k (Ct−1 − C)Pwt|w0, S1, . . . , St−2]]

= E[uTkwt−1u
T
kE[Ct−1 − C]Pwt] = 0.

Therefore, taking the expectation of the square of (35), we have

E[(uTkwt)
2] = (1− η + ηλk)2E[(uTkwt−1)2] + η2E[wTt−1P (Ct−1 − C)uku

T
k (Ct−1 − C)Pwt−1]

= (1− η + ηλk)2E[(uTkwt−1)2] + η2E[wTt−1PMkPwt−1]
(36)

where the last equality follows from

E[wTt−1P (Ct−1 − C)uku
T
k (Ct−1 − C)Pwt−1] = E[E[wTt−1P (Ct−1 − C)uku

T
k (Ct−1 − C)Pwt−1|w0, S1, . . . , St−2]]

= E[wTt−1PE[(Ct−1 − C)uku
T
k (Ct−1 − C)]Pwt−1]

= E[wTt−1PMkPwt−1].

Repeatedly applying (36) and using (34), we obtain

E[(uTkwt)
2] = (1− η + ηλk)2tE[(uTkw0)2] + η2

t−1∑
i=1

(1− η + ηλk)2(t−i−1)E[wTi PMkPwi].

Proof of Lemma 3.2. By Lemma A.2, we have

d∑
k=2

E[wTt PMkPwt] =

d∑
k=2

E[wTt PMkPwt] = E[wTt P

d∑
k=2

MkPwt] ≤ ‖
d∑
k=2

Mk‖ · E[‖Pwt‖2]. (37)

Using the Jensen’s inequality and the fact that ‖
∑d
k=2 uku

T
k ‖ = 1, we have

‖
d∑
k=2

Mk‖ = ‖
d∑
k=2

E[(Ct − C)uku
T
k (Ct − C)]‖ ≤ E[‖Ct − C‖2] = E[‖(Ct − C)2‖] = K,

resulting in
d∑
k=2

E[wTt PMkPwt] ≤ KE[‖Pwt‖2]. (38)

Let
Bi = (1− η)I + ηC + η(Ci − C)P.

Since Pw0 = 0 and

0∏
i=t−1

Bi =

1∏
i=t−1

Biη(C0 − C)P +

1∏
i=t−1

Bi ((1− η)I + ηC)

=

1∏
i=t−1

Biη(C0 − C)P +

t−1∑
j=1

j+1∏
i=t−1

Biη(Cj − C)P [(1− η)I + ηC]
j

+ [(1− η)I + ηC]
t
,
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which can be seen by elementary manipulation, we have

wt =

0∏
i=t−1

Biw0 =

t−1∑
j=1

j+1∏
i=t−1

Biη(Cj − C)P [(1− η)I + ηC]
j

+ [(1− η)I + ηC]
t

w0,

resulting in

Pwt = P

0∏
i=t−1

Biw0 =

t−1∑
j=1

P

j+1∏
i=t−1

Biη(Cj − C)P [(1− η)I + ηC]
j

+ P [(1− η)I + ηC]
t

w0. (39)

Since C0, · · · , Ct−1 are independent with E[Ci] = C for all 1 ≤ i ≤ t− 1, we obtain

E
[
wT0 [(1− η)I + ηC]

t
P 2

j+1∏
i=t−1

Biη(Cj − C)P [(1− η)I + ηC]
j
w0

]
= 0 (40)

E
[
wT0 [(1− η)I + ηC]

j1 P (Cj1 − C)η

t−1∏
i=j1+1

BiP
2

j2+1∏
i=t−1

Biη(Cj2 − C)P [(1− η)I + ηC]
j2 w0

]
= 0 (41)

where 1 ≤ j, j1, j2 ≤ t− 1 and j1 6= j2. Therefore, we have

E[‖Pwt‖2] =

t−1∑
j=1

E
[∥∥P j+1∏

i=t−1

Biη(Cj − C)P [(1− η)I + ηC]
j
w0

∥∥2]
+ E[‖P [(1− η)I + ηC]

t
w0‖2] (42)

due to cross-terms being 0 from (40) and (41) when “squaring” (39). Using Lemma A.1 with w = w0/‖w0‖ and

the fact that ‖w0‖2(1− (uT1 w0)2/‖w0‖2) =
∑d
k=2(uTkw0)2, we have

E[‖P [(1− η)I + ηC]tw0‖2] ≤ 2(1− η + ηλ1)2t
d∑
k=2

E[(uTkw0)2]. (43)

By Lemma A.2 and ‖P‖ = 1, we have

∥∥P j+1∏
i=t−1

Biη(Cj − C)P [(1− η)I + ηC]
j
w0

∥∥2 ≤ η2
∥∥ j+1∏
i=t−1

Bi(Cj − C)P [(1− η)I + ηC]
j
w0

∥∥2
. (44)

Moreover, by repeatedly using first the property that Bi is independent of w0, Cj , Bj+1, · · · , Bi−1 and Lemma A.2,
we have

E
[∥∥ j+1∏

i=t−1

Bi(Cj − C)P
[
(1− η)I + ηC

]j
w0

∥∥2]
= E[wT0 [(1− η)I + ηC]jP (Cj − C)

( j+1∏
i=t−2

Bi

)T
BTt−1Bt−1

j+1∏
i=t−2

BiP (Cj − C)[(1− η)I + ηC]jw0]

= E[wT0 [(1− η)I + ηC]jP (Cj − C)
( j+1∏
i=t−2

Bi

)T
E[BTt−1Bt−1]

j+1∏
i=t−2

BiP (Cj − C)[(1− η)I + ηC]jw0]

≤ ‖E[BTt−1Bt−1]‖ · E
[∥∥ j+1∏

i=t−2

Bi(Cj − C)P
[
(1− η)I + ηC

]j
w0

∥∥2]
≤

j+1∏
i=t−1

∥∥E[BTi Bi]
∥∥ · E[‖(Cj − C)P [(1− η)I + ηC]

j
w0‖2].

In the same way, using the fact that Cj is independent of w0 and Lemma A.2, we have

E[‖(Cj − C)P [(1− η)I + ηC]
j
w0‖2] ≤ ‖E[(Cj − C)2]‖ · E[‖P [(1− η)I + ηC]

j
w0‖2],
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resulting in

E
[∥∥ j+1∏

i=t−1

Bi(Cj − C)P [(1− η)I + ηC]jw0

∥∥2] ≤ j+1∏
i=t−1

‖E[BTi Bi]‖ · ‖E[(Cj − C)2]‖ · E[‖P [(1− η)I + ηC]
j
w0‖2].

(45)

Since Ci is independent of w0 and E[Ci] = C, we have

‖E[BTi Bi]‖ ≤ ‖ [(1− η)I + ηC]
2 ‖+ η2‖E[P (Ci − C)2P ]‖.

Since all induced norms are convex, using the Jensen’s inequality, we have

‖E[P (Ci − C)2P ]‖] ≤ E[‖P (Ci − C)2P‖] ≤ E[‖(Ci − C)2‖] = K,

leading to

‖E[BTi Bi]‖ ≤ ‖ [(1− η)I + ηC]
2 ‖+ η2‖E[P (Ci − C)2P ]‖ ≤ (1− η + ηλ1)2 + η2K. (46)

In the same way, we obtain
‖E[(Cj − C)2]‖ ≤ E[‖(Cj − C)2‖] = K. (47)

Using (46), (47) and (43) for (45), we have

E
[∥∥ j+1∏

i=t−1

Bi(Cj − C)P [(1− η)I + ηC]jw0

∥∥2] ≤ K [(1− η + ηλ1)2 + η2K
]t−j−1

(1− η + ηλ1)2j
d∑
k=2

E[(uTkw0)2].

(48)

From (42), (43), (44) and (48), we finally have

E[‖Pwt‖2] ≤ 2

t−1∑
j=1

η2K
[
(1− η + ηλ1)2 + η2K

]t−j−1
(1− η + ηλ1)2j + (1− η + ηλ1)2t

 · d∑
k=2

E[(uTkw0)2]

≤ 2
[
(1− η + ηλ1)2 + η2K

]t · d∑
k=2

E[(uTkw0)2],

where the last inequality can be checked by elementary manipulation. This results in

d∑
k=2

E[wTt PMkPwt] ≤ 2K
[
(1− η + ηλ1)2 + η2K

]t · d∑
k=2

E[(uTkw0)2]. (49)

This proves the first part of the proof.

Next, we have

d∑
k=2

t−1∑
i=1

(1− η + ηλk)2(t−i−1)E[wTi PMkPwi] ≤ (1− η + ηλ1)2t ·
t−1∑
i=1

(1− η + ηλ1)−2(i+1)
d∑
k=2

E[wTi PMkPwi]

and

t−1∑
i=1

(1− η + ηλ1)−2(i+1)
[
(1− η + ηλ1)2 + η2K

]i ≤ 1

(1− η + ηλ1)2

t−1∑
i=1

(
(1− η + ηλ1)2 + η2K

(1− η + ηλ1)2

)i

≤ 1

η2K

[(
1 +

η2K

(1− η + ηλ1)2

)t−1

− 1

](
1 +

η2K

(1− η + ηλ1)2

)
≤ 1

η2K

[
exp

(
η2Kt

(1− η + ηλ1)2

)
− 1

]
.
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Using the condition that

0 <
η2Km

(1− η + ηλ1)2
< 1

and the fact exp(x)− 1 ≤ 2x for all x ∈ (0, 1), we further obtain

t−1∑
i=1

(1− η + ηλ1)−2(i+1)
[
(1− η + ηλ1)2 + η2K

]i ≤ 2t

(1− η + ηλ1)2
.

Combined with (49), this results in

η2
d∑
k=2

m−1∑
i=1

(1− η + ηλk)2(m−i−1)E[wTi PMkPwi] ≤ η2
m−1∑
i=1

(1− η + ηλk)2(m−i−1)
d∑
k=2

E[wTi PMkPwi]

≤ 4η2Km(1− η + ηλ1)2(m−1) ·
d∑
k=2

E[(uTkw0)2].

Using Lemma 3.1 for t = m and the fact that (1− η + ηλk)2m ≤ (1− η + ηλ2)2m for k ≥ 2, we finally have

d∑
k=2

E[(uTkwm)2] =

d∑
k=2

(1− η + ηλk)2mE[(uTkw0)2] + η2
d∑
k=2

m−1∑
i=1

(1− η + ηλk)2(m−i−1)E[wTi PMkPwi]

≤
(

(1− η + ηλ2)2m + 4η2Km(1− η + ηλ1)2(m−1)
)
·
d∑
k=2

E[(uTkw0)2]. (50)

On the other hand, by Lemma 3.1 and the fact that PMkP is positive semi-definite, we have

(1− η + ηλ1)2mE[(uT1 w0)2] ≤ E[(uT1 wm)2]. (51)

Combining (51) with (50), we obtain∑d
k=2E[(uTkwm)2]

E[(uT1 wm)2]
≤

[(
1− η + ηλ2

1− η + ηλ1

)2m

+
4η2Km

(1− η + ηλ1)2

]
·
∑d
k=2E[(uTkw0)2]

E[(uT1 w0)2]
.

Proof of Lemma 3.3. From the conditions on η, m and |S|, we have

0 <
η2Km

(1− η + ηλ1)2
<

1

16
.

Therefore, using Lemma 3.2, we have∑d
k=2E[(uTkwm)2]

E[(uT1 wm)2]
≤

[(
1− η + ηλ2

1− η + ηλ1

)2m

+
4η2Km

(1− η + ηλ1)2

]
·
∑d
k=2E[(uTkw0)2]

E[(uT1 w0)2]
.

By the choice of η and m, we have(
1− η + ηλ2

1− η + ηλ1

)2m

=

(
1− η(λ1 − λ2)

1− η + ηλ1

)2m

≤ exp

(
−2η(λ1 − λ2)m

1− η + ηλ1

)
≤ exp(− log 2) =

1

2
.

Also, by the choice of η, m and |S|, we have

4η2Km

(1− η + ηλ1)2
=

4σ2η2m

|S|(1− η + ηλ1)2
≤ 1

4
.

Therefore, we have ∑d
k=2E[(uTkwm)2]

E[(uT1 wm)2]
≤ 3

4
·
∑d
k=2E[(uTkw0)2]

E[(uT1 w0)2]
.
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Proof of Theorem 3.4. By repeatedly applying Lemma 3.3, we have∑d
k=2E[(uTk w̃τ )2]

E[(uT1 w̃τ )2]
≤
(

3

4

)τ ∑d
k=2E[(uTk w̃0)2]

E[(uT1 w̃0)2]
=

(
3

4

)τ
θ̃0.

Since τ = dlog(θ̃0/ε)/ log(4/3)e, we have

τ log

(
3

4

)
≤ log

(
ε

θ̃0

)
,

resulting in ∑d
k=2E[(uTk w̃τ )2]

E[(uT1 w̃τ )2]
≤ ε.
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A.1.2 VR HB Power

Proof of Lemma 3.5. From

w1 = (1− η)w0 + ηg̃

= (1− η)w0 + ηCw0,

we have

uTkw1 = (1− η)uTkw0 + ηuTkCw0

= (1− η)uTkw0 + ηλku
T
kw0

= (1− η + ηλk)uTkw0. (52)

Taking the expectation of the square of (52), we obtain

E[(uTkw1)2] = (1− η + ηλk)2E[(uTkw0)2] =
αk(η)

4
E[(uTkw0)2]. (53)

Next, from (5), we have

wt+1 = 2

(
(1− η)wt + η

1

|St|
∑
it∈St

aita
T
it

(
wt −

(wTt w0)

‖w0‖2
w0

)
+

(wTt w0)

‖w0‖2
g̃

)
− β(η)wt−1

= 2

(
(1− η)wt + η

1

|St|
∑
it∈St

aita
T
it

(
I − w0w

T
0

‖w0‖2
)
wt + C

w0w
T
0

‖w0‖2
wt

)
− β(η)wt−1

= 2

(
(1− η)wt + ηCwt + η

1

|St|
∑
it∈St

(aita
T
it − C)

(
I − w0w

T
0

‖w0‖2
)
wt

)
− β(η)wt−1

= 2
(
(1− η)wt + ηCwt + η(Ct − C)Pwt

)
− β(η)wt−1, (54)

leading to

uTkwt+1 = 2
(
(1− η + ηλk)uTkwt + ηuTk (Ct − C)Pwt

)
− β(η)uTkwt−1. (55)

Taking the square of (55), we have

(uTkwt+1)2 = 4(1− η + ηλk)2(uTkwt)
2 + 4η2wTt P (Ct − C)uku

T
k (Ct − C)Pwt + (β(η))2(uTkwt−1)2

+ 8η(1− η + ηλk)uTkwtu
T
k (Ct − C)Pwt − 4(1− η + ηλk)β(η)uTkwtu

T
kwt−1

− 4ηβ(η)uTk (Ct − C)Pwtu
T
kwt−1. (56)

Since St is sampled uniformly at random, Ct is independent of S1, . . . , St−1 and identically distributed with
E[Ct] = C. Therefore,

E[uTkwtu
T
k (Ct − C)Pwt] = E[E[uTkwtu

T
k (Ct − C)Pwt|w0, S1, . . . , St−1]] = E[uTkwtu

T
kE[Ct − C]Pwt] = 0.

Similarly, we have

E[uTk (Ct − C)Pwtu
T
kwt−1] = 0. (57)

As a result, we obtain

E[(uTkwt+1)2] = αk(η)E[(uTkwt)
2]− 2

√
αk(η)β(η)E[(uTkwt)(u

T
kwt−1)] + (β(η))2E[(uTkwt−1)2]

+ 4η2E[wTt PMkPwt]. (58)

Using (52) and (53) in (58) for t = 1, we have

E[(uTkw2)2] =
(αk(η)

2
− β(η)

)2

E[(uTkw0)2] + 4η2E[wT1 PMkPw1]. (59)
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Moreover, by using (55) with t− 1, multiplying it with uTkwt−1, taking expectation and using (57) with wt being
wt−1 (which can be derived in the same way as (57)) , we have

E[(uTkwt)(u
T
kwt−1)] =

√
αk(η)E[(uTkwt−1)2]− β(η)E[(uTkwt−1)(uTkwt−2)]. (60)

Using (60), we can further write (58) as

E[(uTkwt+1)2] = αk(η)E[(ukwt)
2]− β(η)(2αk(η)− β(η))E[(uTkwt−1)2]

+ 2
√
αk(η)(β(η))2E[(uTkwt−1)(uTkwt−2)] + 4η2E[wTt PMkPwt]. (61)

With t− 1 in (58), we have

E[(uTkwt)
2] = αk(η)E[(uTkwt−1)2]− 2

√
αk(η)β(η)E[(uTkwt−1)(uTkwt−2)] + (β(η))2E[(uTkwt−2)2]

+ 4η2E[wTt−1PMkPwt−1]. (62)

Adding (62) multiplied by β(η) to (61), we obtain

E[(uTkwt+1)2] = (αk(η)− β(η))E[(uTkwt)
2]− β(η)(αk(η)− β(η))E[(uTkwt−1)2] + (β(η))3E[(uTkwt−2)2]

+ 4η2E[wTt PMkPwt] + 4η2β(η)E[wTt−1PMkPwt−1]. (63)

With t− 1 in (63), we finally have

E[(uTkwt)
2] = (αk(η)− β(η))E[(uTkwt−1)2]− β(η)(αk(η)− β(η))E[(uTkwt−2)2] + (β(η))3E[(uTkwt−3)2]

+ 4η2E[wTt−1PMkPwt−1] + 4η2β(η)E[wTt−2PMkPwt−2] (64)

for t ≥ 3.

Using Lemma A.4 for E[(uTkwt)
2] defined by (53), (59), and (64) with

α = αk(η), β = β(η), L0 = E[(uTkw0)2], Lt = 4η2E[wTt PMkPwt],

we have

E[(uTkwt)
2] = pt(αk(η), β(η))E[(uTkw0)2] + 4η2

t−1∑
r=1

qt−r−1(αk(η), β(η))E[wTr PMkPwr].

Proof of Lemma 3.6. Since ‖
∑d
k=2 uku

T
k ‖ ≤ 1, we have

‖
d∑
k=2

Mk‖ = ‖
d∑
k=2

E[(Ct − C)uku
T
k (Ct − C)]‖ ≤ E[‖Ct − C‖2] = E[‖(Ct − C)2‖] = K.

By Lemma A.2, this leads to

d∑
k=2

E[wTt PMkPwt] = E[wTt P

d∑
k=2

MkPwt] ≤ ‖
d∑
k=2

Mk‖E[‖Pwt‖2] ≤ KE[‖Pwt‖2]. (65)

Let

F =

[
I
0

]
, G =

[
2 [(1− η)I + ηC] −β(η)I

I 0

]
, G0 =

[
(1− η)I + ηC −β(η)I

I 0

]
, Ht = 2η

[
(Ct − C)P 0

0 0

]
.

From the update rule in Algorithm 2 expressed in (54), we can write

wt = FT (G+Ht−1)(G+Ht−2) · · · (G+H1)(G0 +H0)Fw0.
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Using Lemma A.3 for the expansion of (G+Ht−1)(G+Ht−2) · · · (G+H1)(G0 +H0) , we have

Pwt = PFT

Gt−1G0 +

t−1∑
i=1

 i+1∏
j=t−1

(G+Hj)HiG
i−1G0

+

1∏
j=t−1

(G+Hj)H0

Fw0. (66)

Since C0, C1, · · · , Ct−1 are independent and identically distributed with mean C, so are H0, H1, · · · , Ht−1 with
mean 0. Therefore, the expectation of all cross-terms in the “square” of (66) are zero. Using the fact that
H0Fw0 = 0, we have

E[‖Pwt‖2] = E[‖PFTGt−1G0Fw0‖2] +

t−1∑
i=1

E
[∥∥PFT i+1∏

j=t−1

(G+Hj)HiG
i−1G0Fw0

∥∥2
]
. (67)

Note that this result is analogous to (42) in the analysis of VR Power. From FTGt−1G0F = Yt((1−η)I+ηC, β(η))
(see (20) for the definition of Yt) and (24b) in Lemma A.1 with w = w0/‖w0‖ and the fact that ‖w0‖2(1 −
(uT1 w0)2/‖w0‖2) =

∑d
k=2(uTkw0)2, we have

E
[
‖PFTGt−1G0Fw0‖2

]
= 4pt(α1(η), β(η)) ·

d∑
k=2

E[(uTkw0)2]. (68)

Using Lemma A.2, ‖P‖ = 1, Ht = 2ηF (Ct − C)PFT , we have

E
[∥∥PFT i+1∏

j=t−1

(G+Hj)HiG
i−1G0Fw0

∥∥2] ≤ 4η2‖P‖2 · E
[∥∥FT i+1∏

j=t−1

(G+Hj)F (Ci − C)PFTGi−1G0Fw0

∥∥2]
≤
∥∥E[FT [ i+1∏

j=t−1

(G+Hj)
]T
FFT

i+1∏
j=t−1

(G+Hj)F
]∥∥

· 4η2E
[∥∥(Ci − C)PFTGi−1G0Fw0

∥∥2]
. (69)

Using mathematical induction on i, we prove that

E
[[ i+1∏
j=t−1

(G+Hj)
]T
FFT

i+1∏
j=t−1

(G+Hj)
]

=
∑

(vi+1,··· ,vt−1)

∈{0,1}t−i−1

E
[[ i+1∏
j=t−1

H
1−vj
j Gvj

]T
FFT

i+1∏
j=t−1

H
1−vj
j Gvj

]
(70)

for any i ≤ t− 2 and fixed t ≥ 2. Since E[Ht−1] = 0, we have

E[(GT +HT
t−1)FFT (G+Ht−1)] = GTFFTG+ E[HT

t−1FF
THt−1].

This proves the base case for i = t− 2.

Suppose that (70) holds for i = k. Then, since Hk is independent from Hk+1, · · · , Ht−1 and E[Hk] = 0, we have

E
[[ k∏
j=t−1

(G+Hj)
]T
FFT

k∏
j=t−1

(G+Hj)
]

= GTE
[[ k+1∏
j=t−1

(G+Hj)
]T
FFT

k+1∏
j=t−1

(G+Hj)
]
G

+ E
[
HT
k

[ k+1∏
j=t−1

(G+Hj)
]T
FFT

k+1∏
j=t−1

(G+Hj)Hk

]
.

From (70), we have

GTE
[[ k+1∏
j=t−1

(G+Hj)
]T
FFT

k+1∏
j=t−1

(G+Hj)
]
G

=
∑

(vk+1,··· ,vt−1)

∈{0,1}t−k−1

E
[[( k+1∏

j=t−1

H
1−vj
j Gvj

)
G
]T
FFT

( k+1∏
j=t−1

H
1−vj
j Gvj

)
G
]
.
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Also, by the independence of Hk from Hk+1, · · · , Ht−1 and (70), we have

E
[
HT
k

[ k+1∏
j=t−1

(G+Hj)
]T
FFT

k+1∏
j=t−1

(G+Hj)Hk

]
= E

[
HT
k E
[[ k+1∏
j=t−1

(G+Hj)
]T
FFT

k+1∏
j=t−1

(G+Hj)
]
Hk

]
= E

[
HT
k

∑
(vk+1,··· ,vt−1)

∈{0,1}t−i−1

E
[[ k+1∏
j=t−1

H
1−vj
j Gvj

]T
FFT

k+1∏
j=t−1

H
1−vj
j Gvj

]
Hk

]

=
∑

(vk+1,··· ,vt−1)

∈{0,1}t−k−1

E
[[( k+1∏

j=t−1

H
1−vj
j Gvj

)
Hk

]T
FFT

( k+1∏
j=t−1

H
1−vj
j Gvj

)
Hk

]
.

Therefore, we have

E
[[ k∏
j=t−1

(G+Hj)
]T
FFT

k∏
j=t−1

(G+Hj)
]

=
∑

(vk,··· ,vt−1)

∈{0,1}t−k

E
[[ k∏
j=t−1

H
1−vj
j Gvj

]T
FFT

k∏
j=t−1

H
1−vj
j Gvj

]
,

which completes the proof of (70).

Using the Jensen’s inequality and the norm property of a symmetric matrix, we have

‖E
[
FT
[ i+1∏
j=t−1

[H
1−vj
j Gvj ]

]T
FFT

i+1∏
j=t−1

[H
1−vj
j Gvj ]F

]
‖ ≤ E

[
‖FT

i+1∏
j=t−1

[H
1−vj
j Gvj ]F‖2

]
. (71)

For (vi+1, · · · , vt−1) ∈ {0, 1}t−i−1, let J = {j1, j2, · · · , jk̄} be a set of indices such that j1 < j2 < · · · < jk̄ and
vj = 0 if j ∈ J and vj = 1 otherwise. Also, let j0 = i. Using that Hj = FFTHjFF

T , we have

E
[
‖FT

i+1∏
j=t−1

[H
1−vj
j Gvj ]F‖2

]
= E

[
‖FTGt−jk̄−1F

1∏
l=k̄

(
FTHjlFF

TGjl−jl−1−1F
)
‖2
]

≤ E
[
‖FTGt−jk̄−1F‖2

1∏
l=k̄

‖FTHjlF‖2‖FTGjl−jl−1−1F‖2
]
. (72)

Since FTGtF = Zt((1− η)I + ηC, β(η)), using (24c) in Lemma A.1, we have

‖FTGtF‖2 ≤ qt(α1(η), β(η)). (73)

Also, from that FTHtF = 2η(Ct − C)P , we have

E
[
‖FTHtF‖2

]
≤ 4η2E

[
‖(Ct − C)P‖2

]
≤ 4η2E

[
‖(Ct − C)‖2

]
= 4η2E

[
‖(Ct − C)2‖

]
= 4η2K. (74)

where the last inequality follows from ‖P‖ = 1 and the second last equality follows from the symmetry of Ct −C.
Using (73) and Lemma A.5, we have

‖FTGt−jk̄−1F‖2
1∏
l=k̄

‖FTGjl−jl−1−1F‖2 ≤
(

1

α1(η)− 4β(η)

)k̄
qt−i−1(α1(η), β(η)). (75)

Note that there are k̄+ 1 terms of the form ‖FTGtF‖2 for some t ≥ 0 on the left-hand side of the above inequality
and we use Lemma A.5 k̄ times to obtain the term on the right-hand side.

Using (71), (72), (75), and the independence of C0, C1, · · · , Ct−1, we obtain

‖E
[
FT
[ i+1∏
j=t−1

[H
1−vj
j Gvj ]

]T
FFT

i+1∏
j=t−1

[H
1−vj
j Gvj ]F

]
‖ ≤

(
4η2K

α1(η)− 4β(η)

)k̄
qt−i−1(α1(η), β(η)).
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Combined with (70), this results in

‖E
[
FT
[ i+1∏
j=t−1

(G+Hj)
]T
FFT

i+1∏
j=t−1

(G+Hj)F
]
‖

=
∥∥ ∑

(vi+1,··· ,vt−1)

∈{0,1}t−i−1

E
[
FT
[ i+1∏
j=t−1

[H
1−vj
j Gvj ]

]T
FFT

i+1∏
j=t−1

[H
1−vj
j Gvj ]F

]∥∥

≤
∑

(vi+1,··· ,vt−1)

∈{0,1}t−i−1

∥∥E[FT [ i+1∏
j=t−1

[H
1−vj
j Gvj ]

]T
FFT

i+1∏
j=t−1

[H
1−vj
j Gvj ]F

]∥∥

≤
t−i−1∑
k̄=0

(
t− i− 1

k̄

)(
4η2K

α1(η)− 4β(η)

)k̄
qt−i−1(α1(η), β(η))

= qt−i−1(α1(η), β(η))

(
1 +

4η2K

α1(η)− 4β(η)

)t−i−1

.

(76)

On the other hand, using Lemma A.2 and (68) for t = i, we have

η2E
[∥∥(Ci − C)PFTGi−1G0Fw0

∥∥2]
= η2E[w0F

TGT0 (Gi−1)TFPTE[(Ci − C)2]PFTGi−1G0Fw0]

≤ η2‖E[(Ci − C)2]‖E[‖PFTGi−1G0Fw0‖2]

≤ 4η2K · pi(α1(η), β(η)) ·
d∑
k=2

E[(uTkw0)2]. (77)

Using (76) and (77) to bound (69), we have

E
[∥∥PFT i+1∏

j=t−1

(G+Hj)HiG
i−1G0Fw0

∥∥2]
≤ 16η2K · pi(α1(η), β(η)) · qt−i−1(α1(η), β(η))

(
1 +

4η2K

α1(η)− 4β(η)

)t−i−1

·
d∑
k=2

E[(uTkw0)2]

(78)

Using (68) and (78) for (67), we finally have

E[‖Pwt‖2] ≤

[
4pt(α1(η), β(η)) + 16η2K

t−1∑
i=1

pi(α1(η), β(η)) · qt−i−1(α1(η), β(η))

(
1 +

4η2K

α1(η)− 4β(η)

)t−i−1
]

·
d∑
k=2

E[(uTkw0)2].

By (90) and (91) in Lemma A.4, we have

pt(α1(η), β(η)) ≤

(√
α1(η)

2
+

√
α1(η)− 4β(η)

2

)2t

,

qt(α1(η), β(η)) ≤
(

1

α1(η)− β(η)

)(√
α1(η)

2
+

√
α1(η)− 4β(η)

2

)2(t+1)

.
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Therefore, we obtain[
4pt(α1(η), β(η)) + 16η2K

t−1∑
i=1

pi(α1(η), β(η)) · qt−i−1(α1(η), β(η))

(
1 +

4η2K

α1(η)− 4β(η)

)t−i−1
]

≤ 4

[
1 +

4η2K

α1(η)− 4β(η)

t−1∑
i=1

(
1 +

4η2K

α1(η)− 4β(η)

)t−i−1
]
·

(√
α1(η)

2
+

√
α1(η)− 4β(η)

2

)2t

= 4

(
1 +

4η2K

α1(η)− 4β(η)

)t−1

·

(√
α1(η)

2
+

√
α1(η)− 4β(η)

2

)2t

,

which results in

E[‖Pwt‖2] ≤ 4

(
1 +

4η2K

α1(η)− 4β(η)

)t−1

·

(√
α1(η)

2
+

√
α1(η)− 4β(η)

2

)2t

·
d∑
k=2

E[(uTkw0)2].

Finally, from (65), we have

d∑
k=2

E[wTt PMkPwt] ≤ 4K

(
1 +

4η2K

α1(η)− 4β(η)

)t−1

·

(√
α1(η)

2
+

√
α1(η)− 4β(η)

2

)2t

·
d∑
k=2

E[(uTkw0)2]. (79)

This completes the proof of the first statement.

Next, from α2(η) = 4β(η) ≥ αk(η) for k ≥ 2 and (92) in Lemma A.4,

d∑
k=2

pm(αk(η), β(η))E[(uTkw0)2] ≤ pm(α2(η), β(η)) ·
d∑
k=2

E[(uTkw0)2]. (80)

Also, using (91) and (92) in Lemma A.4 and (79), we have

4η2
d∑
k=2

m−1∑
r=1

qm−r−1(αk(η), β(η))E[wTr PMkPwr]

≤ 16η2K

α1(η)− 4β(η)

m−1∑
r=1

(
1 +

4η2K

α1(η)− 4β(η)

)r−1

·

(√
α1(η)

2
+

√
α1(η)− 4β(η)

2

)2m

·
d∑
k=2

E[(uTkw0)2]

≤ 4

[(
1 +

4η2K

α1(η)− 4β(η)

)m−1

− 1

]
·

(√
α1(η)

2
+

√
α1(η)− 4β(η)

2

)2m

·
d∑
k=2

E[(uTkw0)2].

Since 0 <
4η2Km

α1(η)− β(η)
< 1, using that exp(x) ≤ 1 + 2x for x ∈ [0, 1] we have

(
1 +

4η2K

α1(η)− 4β(η)

)m−1

− 1 ≤
(

1 +
4η2K

α1(η)− 4β(η)

)m
− 1 ≤ exp

(
4η2Km

α1(η)− 4β(η)

)
− 1 ≤ 8η2Km

α1(η)− 4β(η)
,

leading to

4η2
d∑
k=2

m−1∑
r=1

qm−r−1(αk(η), β(η))E[wTr PMkPwr] ≤
32η2Km

α1(η)− 4β(η)
·

(√
α1(η)

2
+

√
α1(η)− 4β(η)

2

)2m

·
d∑
k=2

E[(uTkw0)2]. (81)

Using (80), (81) for Lemma 3.5, we finally have

d∑
k=2

E[(uTkwm)2] ≤

pm(α2(η), β(η)) +
32η2Km

α1(η)− 4β(η)
·

(√
α1(η)

2
+

√
α1(η)− 4β(η)

2

)2m
 · d∑

k=2

E[(uTkw0)2].

(82)



Cheolmin Kim, Diego Klabjan

Lastly, using Lemma 3.5 for k = 1, we have

E[(uT1 wm)2] = pm(α1(η), β(η))E[(uT1 w0)2] + 4η2
m−1∑
r=1

qm−r−1(α1(η), β(η))E[wTr PM1Pwr].

Since PMkP is positive semi-definite and qt(α1(η), β(η)) ≥ 0 for 1 ≤ t < m by (91) in Lemma A.4, we have

E[(uT1 wm)2] ≥ pm(α1(η), β(η))E[(uT1 w0)2]. (83)

Also, from α1(η) > α2(η) = 4β(η) and (90) in Lemma A.4, we have

pm(α1(η), β(η)) ≥ 1

4

(√
α1(η)

2
+

√
α1(η)− 4β(η)

2

)2m

. (84)

Using (82), (83) and (84), we eventually obtain∑d
k=2E[(uTkwm)2]

E[(uT1 wm)2
≤
[
pm(α2(η), β(η))

pm(α1(η), β(η))
+

128η2Km

α1(η)− 4β(η)

]
·
∑d
k=2E[(uTkw0)2]

E[(uT1 w0)2
,

which completes the proof.

Proof of Lemma 3.7. Using the conditions on m and |S|, we have

0 ≤ 4η2Km

α1(η)− 4β(η)
≤ 1

128
. (85)

Also, from

pm(α2(η), β(η)) = (β(η))m, pm(α1(η), β(η)) ≥ 1

4

(√
α1(η)

2
+

√
α1(η)− 4β(η)

2

)2m

.

and the choice of and m, we have

pm(α2(η), β(η))

pm(α1(η), β(η))
≤ 4 ·

( √
4β(η)√

α1(η) +
√
α1(η)− 4β(η)

)2m

= 4 ·

(
1−

√
α1(η)−

√
4β(η) +

√
α1(η)− 4β(η)√

α1(η) +
√
α1(η)− 4β(η)

)2m

= 4 ·

(
1−

ηλ1∆ +
√
ηλ1∆(2(1− η) + η(λ1 + λ2))

1− η + ηλ1 +
√
ηλ1∆(2(1− η) + η(λ1 + λ2))

)2m

≤ 4 · exp

(
−2

ηλ1∆ +
√
ηλ1∆(2(1− η) + η(λ1 + λ2))

1− η + ηλ1 +
√
ηλ1∆(2(1− η) + η(λ1 + λ2))

m

)

≤ 1

2
.

(86)

Therefore, using (85) and (86) in Lemma 3.6, we finally have∑d
k=2E[(uTkwm)2]

E[(uT1 wm)2]
≤
(
pm(α2(η), β(η))

pm(α1(η), β(η))
+

128η2Km

α1(η)− 4β(η)

)(∑d
k=2E[(uTkw0)2]

E[(uT1 w0)2]

)
≤ 3

4

(∑d
k=2E[(uTkw0)2]

E[(uT1 w0)2]

)
,

which completes the proof.
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Proof of Theorem 3.8. By repeatedly applying Lemma 3.7, we have∑d
k=2E[(uTk w̃τ )2]

E[(uT1 w̃τ )2]
≤
(

3

4

)τ ∑d
k=2E[(uTk w̃0)2]

E[(uT1 w̃0)2]
=

(
3

4

)τ
θ̃0.

Since τ = dlog(θ̃0/ε)/ log(4/3)e, we have

τ log

(
3

4

)
≤ log

(
ε

θ̃0

)
,

resulting in ∑d
k=2E[(uTk w̃τ )2]

E[(uT1 w̃τ )2]
≤ ε.
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A.2 Technical Lemmas

Lemma A.2. Let w be a vector in Rd and let M be a d× d symmetric matrix. Then, we have

wTMw ≤ ‖M‖‖w‖2.

Proof. By the cyclic property of the trace, we have

wTMw = Tr[wTMw] = Tr[MwwT ].

Since wwT is positive semi-definite, we have

Tr[MwwT ] ≤ ‖M‖Tr[wwT ].

Again, by the cyclic property of the trace, we finally have

wTMw ≤ ‖M‖Tr[wwT ] = ‖M‖Tr[wTw] = ‖M‖‖w‖2.

Lemma A.3. Let Ai and Bi be d× d matrices for i = 0, · · · , t− 1. Then, we have

0∏
i=t−1

(Ai+Bi) = (At−1 +Bt−1)(At−2 +Bt−2) · · · (A0 +B0) =

0∏
i=t−1

Ai+

t−1∑
i=0

 i+1∏
j=t−1

(Aj +Bj)Bi

0∏
k=i−1

Ak

 . (87)

Proof. We prove the statement by induction. For t = 1, we have

0∏
i=0

Ai +

0∑
i=0

i+1∏
j=0

(Aj +Bj)Bi

0∏
k=i−1

Ak

 = A0 +

 1∏
j=0

(Aj +Bj)B0

0∏
k=−1

Ak

 = A0 +B0,

which proves the base case. Next, suppose that we have (87) for t− 2. Then, we have

0∏
i=t−1

(Ai +Bi) = (At−1 +Bt−1)

0∏
i=t−2

(Ai +Bi)

= (At−1 +Bt−1)

 0∏
i=t−2

Ai +

t−2∑
i=0

 i+1∏
j=t−2

(Aj +Bj)Bi

0∏
k=i−1

Ak


=

0∏
i=t−1

Ai +Bt−1

0∏
i=t−2

Ai +

t−2∑
i=0

 i+1∏
j=t−1

(Aj +Bj)Bi

0∏
k=i−1

Ak


=

0∏
i=t−1

Ai +

t−1∑
i=0

 i+1∏
j=t−1

(Aj +Bj)Bi

0∏
k=i−1

Ak

 .
This completes the proof.

Lemma A.4. Let xt be a sequence of real numbers such that

xt = (α− β)xt−1 − β(α− β)xt−2 + β3xt−3 + Lt−1 + βLt−2

for t ≥ 3 and x0 = L0, x1 = α
4L0, x2 =

(
α
2 − β

)2
L0 + L1. Then, we have

xt = pt(α, β)L0 +

t−1∑
r=1

qt−r−1(α, β)Lr. (88)

Moreover, for t ≥ 0, we have
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• if 0 ≤ α = 4β,

pt(4β, β) = βt ≥ 0, qt(4β, β) = (t+ 1)2βt ≥ 0, (89)

• if 0 ≤ 4β < α,

pt(α, β) =

[
1

2

(√
α

2
+

√
α− 4β

2

)t
+

1

2

(√
α

2
−
√
α− 4β

2

)t]2

> pt(4β, β) ≥ 0, (90)

qt(α, β) =
1

α− 4β

[(√
α

2
+

√
α− 4β

2

)t+1

−
(√

α

2
−
√
α− 4β

2

)t+1]2

> qt(4β, β) ≥ 0, (91)

• if 0 ≤ α < 4β,

pt(α, β) ≤ pt(4β, β), qt(α, β) ≤ qt(4β, β). (92)

Proof. It is easy to check that x0, x1, and x2 satisfy (88). Suppose that (88) holds for t− 1, t− 2, t− 3. Then,
we have

xt = (α− β)xt−1 − β(α− β)xt−2 + β3xt−3 + Lt−1 + βLt−2

= pt(α, β)L0 + Lt−1 + αLt−2 + (α− β)2Lt−3 +

t−4∑
r=1

qt−r−1(α, β)Lr

= pt(α, β)L0 +

t−1∑
r=1

qt−r−1(α, β)Lr.

Therefore, (88) holds by induction.

Next, we prove (89), (90), (91) and (92). The characteristic equation of (9) is

r3 − (α− β)r2 + β(α− β)r − β3 = 0. (93)

If 0 ≤ α = 4β, (93) has a cube root of r = β. From initial conditions (11) and (12), we obtain

pt(4β, β) = βt ≥ 0, qt(4β, β) = (t+ 1)2βt ≥ 0. (94)

If 0 ≤ 4β < α, the roots of (93) are

r = β,
α− 2β

2
+

√
α2 − 4αβ

2
,
α− 2β

2
−
√
α2 − 4αβ

2
.

With initial conditions (11), we obtain

pt(α, β) =
1

4

(
α− 2β

2
+

√
α2 − 4αβ

2

)t
+

1

4

(
α− 2β

2
−
√
α2 − 4αβ

2

)t
+

1

2
βt

Using the fact that α > 4β and the arithmetic-geometric mean inequality, we have

pt(α, β) > βt ≥ 0.

Moreover, we can further write pt(α, β) as

pt(α, β) =

[
1

2

(√
α

2
+

√
α− 4β

2

)t
+

1

2

(√
α

2
−
√
α− 4β

2

)t]2

by expanding this expression.
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On the other hand, using (12), we have

qt(α, β) =
1

α− 4β

[(
α− 2β

2
+

√
α2 − 4αβ

2

)t+1

+

(
α− 2β

2
−
√
α2 − 4αβ

2

)t+1

− 2βt+1

]
=

1

α− 4β

[(√
α

2
+

√
α− 4β

2

)t+1

−
(√

α

2
−
√
α− 4β

2

)t+1]2

≥ 0.

Using the fact that At+1 −Bt+1 = (A−B)(At +At−1B + · · ·+Bt) for any A,B ∈ R, we have

qt(α, β) =

[ t∑
i=0

(√
α

2
+

√
α− 4β

2

)i(√
α

2
−
√
α− 4β

2

)t−i]2

.

Again, using the arithmetic-geometric mean inequality and the fact that α > 4β, we have

qt(α, β) ≥
[
(t+ 1)

(√
α

2
+

√
α− 4β

2

)t/2(√
α

2
−
√
α− 4β

2

)t/2]2

= (t+ 1)2βt = qt(4β, β).

If 0 ≤ α < 4β, the roots of (93) are

r = β,
α− 2β

2
+

√
4αβ − α2

2
i,
α− 2β

2
−
√

4αβ − α2

2
i.

Setting

cos θp =
α− 2β

2β
, sin θp =

√
4αβ − α2

2β

it is easy to verify that

pt(α, β) =
1

4
βt
[
cos θp + i sin θp

]t
+

1

4
βt
[
cos θp − i sin θp

]t
+

1

2
βt

=
1

4
(eiθt + e−iθt)βt +

1

2
βt

=
1

4
|eiθt + e−iθt|βt +

1

2
βt

≤ 1

4
(|eiθt|+ |e−iθt|)βt +

1

2
βt

= βt.

Moreover, with

cos θq =
α− 2β

2β
, sin θq =

√
4αβ − α2

2β
, cos φq = 1− α

2β
, sin φq = −

√
4αβ − α2

2β
,

it can be seen by using elementary calculus that

qt(α, β) =

[
2β

4β − α
+

2β

4β − α
cos(φq + tθq)

]
βt. (95)

Let

Q(t) =
qt(4β, β)− qt(α, β)

βt
.

Then, from (9) and (11), we have

Q(0) = 0, Q(1) =
4β − α
β

, Q(2) =
(4β − α)(2β + α)

β2
, Q(3) =

(α2 + 4β2)(4β − α)

β3
(96)
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resulting in

Q(2)−Q(0) =
(4β − α)(2β + α)

β2
≥ 0, Q(3)−Q(1) =

(α2 + 3β2)(4β − α)

β3
≥ 0. (97)

In order to show Q(t) ≥ 0 for t ≥ 0, we prove Q(t + 2) − Q(t) ≥ 0 for t ≥ 0. Using (94), (95) and standard
trigonometric equalities, it follows that

Q(t+ 2)− 2Q(t) +Q(t− 2) = 8 +
2α

β
cos(φq + tθq).

In turn, we have

Q(t+ 2)−Q(t) = Q(t)−Q(t− 2) + 8 +
2α

β
cos(φq + tθq)

≥ Q(t)−Q(t− 2) + 8− 2α

β

= Q(t)−Q(t− 2) +
2(4β − α)

β

≥ Q(t)−Q(t− 2). (98)

From (96), (97), and (98), for t ≥ 0, we obtain Q(t) ≥ 0 implying

qt(α, β) ≤ qt(4β, β).

Lemma A.5. If α > 4β ≥ 0, then for 0 ≤ t1 < t2, we have

qt1(α, β) · qt2(α, β) ≤
(

1

α− 4β

)
qt1+t2+1(α, β).

Proof. From (91) in Lemma A.4, we have

qt1(α, β) · qt2(α, β) =

(
1

α− 4β

)2 [(√
α

2
+

√
α− 4β

2

)t1+1

−
(√

α

2
−
√
α− 4β

2

)t1+1]2

·
[(√

α

2
+

√
α− 4β

2

)t2+1

−
(√

α

2
−
√
α− 4β

2

)t2+1]2

.

Since

0 ≤
√
α

2
−
√
α− 4β

2
<

√
α

2
+

√
α− 4β

2
,

we have[(√
α

2
+

√
α− 4β

2

)t1+1

−
(√

α

2
−
√
α− 4β

2

)t1+1][(√
α

2
+

√
α− 4β

2

)t2+1

−
(√

α

2
−
√
α− 4β

2

)t2+1]
=

(√
α

2
+

√
α− 4β

2

)t1+t2+2

−
(√

α

2
−
√
α− 4β

2

)t1+1(√
α

2
+

√
α− 4β

2

)t2+1

−
(√

α

2
+

√
α− 4β

2

)t1+1(√
α

2
−
√
α− 4β

2

)t2+1

+

(√
α

2
−
√
α− 4β

2

)t1+t2+2

≤
(√

α

2
+

√
α− 4β

2

)t1+t2+2

−
(√

α

2
−
√
α− 4β

2

)t1+t2+2

.

Therefore, we have

qt1(α, β) · qt2(α, β) ≤
(

1

α− 4β

)2 [(√
α

2
+

√
α− 4β

2

)t1+t2+2

−
(√

α

2
−
√
α− 4β

2

)t1+t2+2]2

=

(
1

α− 4β

)
qt1+t2+1(α, β).

This completes the proof.




