Supplementary Material for Contextual Constrained Learning for
Dose-Finding Clinical Trials

A PRELIMINARIES

Before providing the proof of the theorems, we introduce some regularity assumptions on the dose-toxicity model
as follows.

Assumption 1. There ezist C15% > 0, 1 < y15k, Cask, and 0 < yas5x < 1 such that |psx(a) — psx(a’)| =
Ciskla—a'|" sk and |psi(a) — psix(a’)| < Cosila—a’'|?2sk foralls €S, k€ K, and a, a’ € A.

We then immediately have the following proposition.

Proposition 1. For psi(a), Vs € S,Vk € K satisfying Assumption 1,
1. ps.i(a) is invertible;

2. For each s € S, k € K, and d, d’ € P, we have |p_’ (d) — p;L(d")| < Crsxld —d’|"1sk, where y1 51 =
1

~ _ _71,.s‘,k
Cl,s,k - Cl,s,k .

and

Yi,s.k

For notational simplicity, we denote Ci s = mingex Ci,5,k, Co,s = maxgex Cos.k, Y1, = MAXkeK V1,5.ks V2,5 =
. _ | ~ _ Y1
Mg ek Y2,5,ks Yi,s = Vi s and Cis = Cl,s *

B PROOF OF THEOREM 1

From the Hoeffding bound, the following upper bound of the probability is given:
Pla(r) — a& > a,(t) + €] < exp(=2N,(1)(as(t) + €)?).
In addition, the difference between the MTD threshold and the expected toxicity is also bounded as

Ps.a)(ay) = ¢ < psoy(as) ¢+ = ps.iaay — as(t))
< Cola; — as(t) + as(t)|">

By rearranging the terms, we have

N (T %
Zt:j( )pn,I(Ngl(t))(as)
Ny(T)

P —{ < Cu2e™2| > 1—exp(—2N,(T)(as(Ns(T)) + €)?)

> 1 - 0.
C PROOF OF THEOREM 2

C.1 Casel:k;+#0

We first bound the probability that the recommended dose error for subgroup s occurs with C3T-Budget if &k # 0.
The event that the recommended dose error occurs satisfies the following:

{];: # k:} c {ps,kj (as(T)) > g} U {‘js,ki (T) < 6} U {l{rég(x QS,k(T) # k;} .
Thus, the probability of the recommended dose error for subgroup s can be bounded as

P [ic;‘ # k;‘] <P [psi:(as(T)) > ¢| + P [Gop:(T) < 0] + P

gs 1(T) # kX .
g;g(qu,k( ) s]



Then, we can bound the probability by obtaining the bound for each term.

Bound of First Term: The probability in the first term can be transformed and bounded as

P |asVe(1) < T (0)] < P [1a; - a(Ny(T)] > T |

Ty, Ny(T) "
sZP[|ﬁs,k(Ns(T>)—ps,k<a:)|>( - ()) }

Ns,k (T)CI,SK

keK
RAGI
< k;{2exp (—QNS,k(T) (W) ) "
I Vi,s
< 2K exp (_2 (CIZ}) NS(T)) , @)

where Ty, = |a; — p_;({)|. The inequality in (1) follows from the Hoeffding’s inequality and the inequality in (2)
follows from the regularity assumption y; ¢ > 1.

Bound of Second Term: From the Chernoff-Hoeffding’s inequality, we have
P[Gsi:(T) < 0] =P [Gsx:(T) < gsiz — (qs,i: — )]
< exp <—2Ns’k§ (T)Af’e)
8 CNS(T)Az 0
< e s 3
< exp( 5% Af* (3)
where Ay g = |gs i — 6| and

A = I(ming eqe k2ks gs.k2 — gs,k)»  if ky = maxgex{qgs.r},
* maxgex{qs.k} = Gs.kzs otherwise.

The inequality in (3) follows from the lemmas in (Audibert et al., 2010).

Bound of Third Term: The bound of the third term can be obtained by following the proof of Theorem 1 in
(Audibert et al., 2010). The third term is bounded as

(4)

P [max gsx * k;

keKs

< 2N(T)K exp (—QCN—Y(T)) .

25

Total Bound: From the bounds in (2), (3), and (4), we can bound the probability of the recommended dose
error for subgroup s as

P [IE: # k:] < exp (—M(14)Ns(T)) + 2K (exp (~M1p)Ns(T)) + N5(T) exp (~M(16)Ns(T))) ,

cA? ;. \7Ls
where M(14) = %—AQ e, Map)y =2 (C‘IU:K) , and Mi¢) = g—g

*

C.2 Case 2: k;=0

For the case with k; = 0, we can bound the probability of the recommended dose error for subgroup s similar to
Case 1. We have A
i = 0b < | {postasm < ¢hu | {aen = 6}
keK kekK
and .
2li; 0] < 3 P pos@m) < 2]+ Y Pla® 2 6]

keK keK

Similar to Case 1, we can bound the probability as

P [/2;“ # 0] < K exp (~MayNs(T)) + 2K* exp (—M2p)Ns(T)) ,

8 CAi* I:US Yis - .
where Maa) = Q_SATU’ Map) =2 G LK , Ay 9 = maxgex 10 — gy i, és* = maxgex{¢gs,k} — Mingexc{gs.x}, and
AL .

*

I:US = MaXgex FUS .



C.3 Recommended Dose Error Bound

Finally, we have the theorem with Mg, = max{l + 2K + N,(T),K + 2K?} and Mry, =
min{Maqa), Map) M(1c) M2a), M2p) }-

D Worst-Case Reget Bound For Total Efficacy of C3T-Budget-E

To evaluate C3T-Budget-E, we compare its performance to that of an algorithm with the complete knowledge of
gsx’s and pgr’s called an oracle algorithm. We denote the expected total cumulative efficacy achieved by the
oracle algorithm by E*(T,B). Then, the regret of C3T-Budget-E is defined as

R(T,B) = E*(T,B) — E(T,B), (5)

where E(T, B) is the expected total cumulative efficacy. Then, we provide the efficacy regret bound of C3T-Budget.
Theorem 1. Given a fized p € (0,1), the worst-case regret of C3T-Budget-E is bounded as

R(T,B) < TOA + g{\p(1 — p)T + Mg log T + O(1),

where Mg is a non-negative constant (provided in our supplementary material).

Proof. For the regret bound of C3T-Budget-E, we first define the optimal value of the LP problem that can be
obtained by solving the LP problem with ¢}’s (see (3) in our main paper) as
S(p)
v(p) = ). wedy + sy (P)soye1 iy -

s=1

This optimal value v(p) can be considered the maximum expected reward in a single round with average budget
p. Thus, using v(p), we can bound the total expected cumulative efficacy of the oracle E*(T, B) as the following
lemma.

Lemma 1. (Wu et al., 2015) If the time-horizon and budget are given by T and B, respectively, then we have
E(T,B) = Tv(p) > E*(T,B).
Then, the upper bound of the expected cumulative efficacy of the oracle E*(T, B) as follows.
R(T,B) = E*(T,B) - E(T, B)
< E(,B)-E(T,B)
=Tv(p) = ) > qsxBINgi(T)].

seSkeK

From the regret using E(T,B), we can partition the regret according to the source of regret as follows:

R(T,B) =Tv(p) = Y > dskEINsx(T)]

seSkeK
= > DL AYEIN k(D] + Tv(p) = " gJEINS(T)]
seSkeK seS
T
= D DL ATEINGDT+ ) E v(p) = ) ds(p(0)ss | -
seSkeK t=1 seS
=RO)X(T,B) =R®2)X(T,B)

Recall that A&Y;() is the difference between the optimal expected efficacy of subgroup s’ and the expected efficacy
of subgroup s with dose k, A(Y‘/k) = gy — gs.k- The decomposed regret RY represents the regret due to taking

suboptimal doses and the other decomposed regret R® represents the regret due to ordering errors in subgroups. It
is worth noting that in R®, it is supposed that the optimal doses are chosen. Finally, the regret of C3T-Budget-E
is bounded as

R(T,B) < RV(T, B) + R?(T, B).

Then, we can bound the regret of C3T-Budget by obtaining the bound of each regret.



D.1 Bound of RV

We first bound the first part of the regret, RY. In C3T-Budget-E, the set of candidate recommended doses is
constructed in each round and the dose is chosen among the doses in the set. Thus, taking the suboptimal doses
can occur due to not only the inaccurate estimation of the efficacy but also the inaccurate estimation of the
toxicity. To reflect this, we decompose the regret R into two parts according to whether the optimal dose is
included in the set of the candidate doses or not as follows.

T T
RO(T,B) = ) > {H() = sYPlk; ¢ Ko(D]As+ Y D HH@) = s}P[k] € Ki(D]Ry (1),

=1 se8 =1 seS

=R(1a)(T ,B) =ROb)(T,B)

where Ay = maxyex A(SSL.

Bound of R')(T, B): We bound the regret R, Since the event {k¥ ¢ Ki(f)} can be bounded by {Ps. i (as(t) —
as(t)) > £} U {Gsx:(t) < 8}, we can bound the regret RO a5

T
RUNT, B) < 3" D I{H() = 5} (Plpys (d5(1) = a5(t)) > {1+ Plgo i (1) < 60]) Ay

t=1 seS
T T

= D DV HH® = sYPIpy i (a0 = as(0) > (A + Y D" THH() = sYP[Gs g5 (1) < O1A,
t=1 se8S t=1 se8

=R(a-1)(T B) =R(1a-2)(T B)

We first bound RM~(T, B). In the following lemma, we show that the safe dose for each subgroup (i.e., the
toxicities of the dose levels are below the MTD threshold) are included in the set of the candidate doses with
high probability.

Lemma 2. For each subgroup s, P|ps.i(as(t) + as(t)) > £] < 6, for any psi(al) < <.
Proof. We have
Plas(r) + as(t) < ag] = Plag — as(t) > as(1)]

< Z P [lﬁs,k([) - psi(ay) > (

keK

ay(ONs(1) |
S 22w (‘”&k(’) (Ftr)

as(1)Ns (1) )7‘“1]
Ns,k(I)Cs,lK

—~
D
=

keK
2y5,1
as(1) '
Xp (Cs,lK) (1) s
The inequality in (6) follows from the Hoeffding’s inequality. O

From this lemma, the probability that the event {ps iz (ds(f) — as()) > {} occurs is bounded by J, since the set of
the candidate doses for subgroup s is constructed by {k € K : ps.x(ds(t) + as(?)) < ¢} in C3T-Budget-E. Then, the
regret R14~1 can be simply bounded as

RU(T,B) < )" Ny(T)6,Aq
seS
< TOA,
where § = maxseg 05 and A = maxses Ay.

We bound the regret R14~2(T, B). For the minimum efficacy threshold, we have the following lemma.



Lemma 3. Let For each subgroup s, P[gsx: (1) < 6] < Ny(1)™2¢.

_ clog Ny(t)
SP|Gsie(t) < gspr — 4| ————
s,k () < Gs i ‘/ Nor:()

< Ny(1)7%¢

Proof. We have

Bgoas (1) < 6]

The first inequality follows from the fact g,z > 6 and the second inequality follows from the Chernoff-Hoeffding
inequality. O

Then, for ¢ > L, the regret R14=2(T, B) is bounded as

_2,

T
Z 2 HH®) = $}Pldeic (1) < 1Ay < )7 > HH@) = s)No(0)*A,
t=1 se8S

=1 se8

In summary, we have the bound of R'(T, B) as following.

RY(T,B) < (T5 + Slog T)A

Bound of R)(T, B):We now bound the regret R(*?). In this case, the optimal dose is included in the set of the
candidate doses. Then, the error occurs when the suboptimal doses are chosen in the set due to the inaccurate
parameter estimation dy and the inaccurate efficacy estimation. To bound this, in the following lemma, we show
that the unsafe dose for each subgroup (i.e., the toxicities of the dose levels exceed the MTD threshold) are
excluded from the set of the candidate doses with high probability.

Lemma 4. Let Iy = mingeg |ag — p; . ({)| and

'7.?,1
~ log 2K\ 72~
a’s(t) = Cs,lK( Os

~ 2ys,
For each subgroup s, if Ny(t) > t(lb) = % (%) ' log 26—1_<, then we have P[ps x(as(t)+as(t)) < ] < exp(—2N,(1)€e?),
for any ps x(ag) > ¢.

Proof. From the Hoeffding’s inequality, we have
as(t) < Py —ay —€e= Ay — €

where Ag x = |a; —p;lk({)|. With the definition of a(f), we can conclude the lemma. O

Let N;1() = min,{t : Ns(t) = 7} which represents the round index at which the 7-th patient of subgroup s arrives.
Then, we can bound the regret RUP) a5

Ny(T) N.(T)
R < 3P 4 (k - Uy) Z exp(-2e?)+ > > HINSU() = k}
ses | 12+ kipy o(ay) <¢
K - U, log T
sZtﬁ”’H 223 cczsg)
ses | T kpdtanse By
<, K _2Q . Cl(z;g)T,

SeSkpy(an<s By



(1b)

15) = maXges s

where

Bound of R(T,B): Finally, from the bounds of R'® and R?), we have the regret bound of R as following:

and U = minges Us.

_ _ log T
RV(T,B) < (T§ +SlogT)A + ¢ (;sg)

seSkips (as)<d sk

+0(1). (8)

D.2 Bound of R®

We now bound the second part of the regret, R®?. Recall that the regret R is decomposed into two parts: the
regret due to taking suboptimal doses R and the regret due to ordering errors in subgroups R®. Thus, in here,
we do not have to consider the suboptimal doses and consider the ordering errors only.

In Wu et al. (2015), the regret due to the ordering error is analyzed. Compared with the case that is analyzed, we
additionally consider the safety constraint. However, we can follow the analysis on the regret due to the ordering
error in Wu et al. (2015) for the bound of R® since the safety constraint reduces the ordering errors by excluding
the unsafe doses which is not the optimal doses. Thus, we can provide the regret bound of R® by using the
analysis.

Before providing the regret bound, we define some boundary cases according to p and n,’s since the bound
depends on them. We first define a non-boundary case for a given fixed p € (0,1) as a case in which p # 55 for any
s € S, and define a boundary case for a given fixed p € (0,1) as a case in which p = 5, for some s € S. Then, by
applying the analysis on our algorithm, we have the regret bounds on the following lemma.

Lemma 5. (Wu et al., 2015) Given a fived p € (0,1), the regret R?(T, B) is bounded as follows:

(1) For the non-boundary case,
RA(T,B) < [§" +v(p)IM2 log T + 0(1)

(2) For the boundary case,
RA(T,B) < gi\[p(L = p)T + M log T + O(1)

where §* = Y cs Tsqs,

5(0) S
27 27
M(Q) — } § + ZSK,
nb s=1 kek 2 nb A(S) 2 S1+2kek 2 nb A(§+1) 2
SERER 285 )41 | Ps(o)+1.k s=5+2kek 287 | ALy
5(0)-1 S
27 27
M](,Q) — § —— + E ——— + 2SK,
= b (s) = b [ A
s=1 keX 2g§(p) [A§(p) k] s=5+1keK 28 [As k]

. 1 1
¥ = min {ﬂs, §(P ~ N5(p))» 5(775(p)+1 - P)} ,
y 1 1
and g¢ = min {7y, 5(.0 — N5(0)-1)s §(n§@>+1 -p){-

D.3 Regret Bound of R(T,B)

Form Lemma 5, we can see that the boundary case has a worse bound O(VT logT) than the non-boundary case
O(logT). Hence, with (8) and Lemma 5, we have the worst-case regret bound of C3T-Budget-E in the theorem

with
5(0)-1

27 S 27 _
VESYEDY AZL+ZZT+ZZ—2+QS(K+A)’
s,

2 N
SES kipylal) <l s=1 kek 2g§(p) [Ag(p) k] s=s+1kek 2gb [Afl]

. 1 1
and g7 = min {ﬂs, §(P = N5(0)-1)s 5(77§(p)+1 - P)} .



E DESCRIPTION OF C3T-Budget-E

For C3T-Budget-E, we consider the following formulation:

maximize Ep(T,B)
subject to P [Sms(T.B) < | >1-6;, Vs €S
>,z <B.

where we have simply substituted the objective function Dy(T, B) in the limited-budget C3T problem (See (2)
in our main paper) with Ep(7, B). With this formulation, the agent tries to achieve high efficacies (rather than
low dose recommendation error), which results in focusing on subgroups with high efficacies. We now provide a
detailed description of C3T-Budget-E to solve the above problem.

Algorithm 1 C3T-Budget-E
1: Input: Time-horizon T, budget B, and subgroup arrival distributions x’s
2: Initialize: =T, b=B,t=1
3: whilet <T do
4 as(t) — LA as, k(t 1)N> k(t-1) VseS

3 K1) = {k € 7( pv k(av(t) +as(t) < (hVseS
6: if b > 0 then
7 if Nu)(t) < K then
8: Sample each dose once I(f) = Ny)(t)
9: else
10: ki(t) « argmax; ¢ Gs.k(1),Vs €S
11: qi(t) « maxgex, 4s,k(t),Vs €S
12: Obtain ¥ (b/1)’s by solving the LP problem (See (3) in our main paper) with ordered §:(r)’s
13: Allocate dose I(t):{ H(t)(t) with probability l/IH(t)(b/T)
0, otherwise.
14: end if
15: end if

16: Observe the efficacy X; and toxicity ¥;

17: Update 7, b, Ns(t), N5k (), qsk(?), Psk(t)

18: ds k(1) « argming, |ps 1)(a) = Ps,10)(®)|, Vs € S,Vk € K
19: te—t+1

20: end while

F DESCRIPTION OF BASELINE ALGORITHMS

To evaluate the performance of C3T-Budget and C3T-Budget-R, we implement the following baseline algorithms:

e Contextual UCB (C-UCB) (Auer et al., 2002; Varatharajah et al., 2018): C-UCB is an extended version
of a traditional UCB algorithm in Auer et al. (2002) for a contextual bandits. We implement it by running S
instances of the tradition UCB algorithm for each subgroup as introduced in Zhou (2015). In the algorithm,
the safety and budget constraints are not considered. The algorithm updates the empirical expected efficacy
of each dose for each subgroup and its confidence bound. It also updates the empirical toxicities, but they are
used only for the recommendation. In each round, the algorithm chooses the dose having the highest UCB
index for the subgroup arrived in the round. At the end of trial, it recommends a dose for each subgroup as:
ds = argmaxy.s . <z.g, (126 s.k, where psj and gy x are the empirical expected toxicity and efficacy of dose
k for subgroup s.

e Contextual KL-UCB (C-KL-UCB) (Garivier and Cappé, 2011; Varatharajah et al., 2018): C-KL-UCB
is an extended version of a KL-UCB algorithm in Garivier and Cappé (2011) for a contextual bandits. Similar
to C-UCB, we implement it by using S instances of KL-UCB. The algorithm is same with C-UCB except for



using the KL-UCB index instead of the UCB index, which is given by

st,k(t) = Sup{q 2 q.v,k(t) : Nv,k(t - 1)1(675,k)’ (’I) < log N(t) + log log Ny (1)},
where I(p,q) = plog § +(1-p)log 1:—1; is the Kullback-Leibler divergence.

e Contextual independent Thompson sampling (C-Indep-TS) (Aziz et al., 2019): C-Indep-TS is an
extended version of an Indep-TS algorithm in Aziz et al. (2019); Thompson (1933) for a contextual bandits.
Similar to other extended algorithms, we implement it by using S instances of Indep-TS. In Indep-TS, a
Bayesian approach is used to estimate the efficacy and toxicity as follows:

dua(1) ~ Beta(a? (1).87, (1)) and pyx(t) ~ Beta(a? (.87 (1),

where @, (1) = X, (0) + 1, B0 = Noa() = Xox (1) + 1, Xy (0) = ooy (D) = 5,1(7) = K}X(@), af (1) =
Yor(t) + 1, Bf’k(t) = Noi(t) = Ysx(t) + 1, and Y 1(t) = XL I{H(7) = 5,1(t) = k}Y(7). In each round ¢, the
efficacy and toxicity for subgroup H(t) is realized based on the posterior distribution as above equation,
and then, the dose k that has the maximum realized efficacy gu()x is chosen. At the end of the trial, it
recommends a dose for each subgroup as: dy = argMaxy. s, (1)<z.gs 1 (120 9s.k (1)

e Contextual 343 (C-3+3) (Storer, 1989): C-3+3 is an extended version of a 3+3 clinical trial design in
Storer (1989) for a contextual model. Similar to other extended algorithms, we implement it by using §
instances of 3+3 design. In 343 design, for each subgroup, the lowest dose is treated to 3 patients. Then,
it observes the toxicity of the patients. If the agent observes the toxicity from none of patients, then the
next dose is treated to another 3 patients. If the agent observes only one toxicity, the same dose is treated
to additional 3 patients. If the agent still observes only one toxicity among the 6 patients, then the next
dose is treated to another 3 patients. Otherwise, the trial is stopped and the dose treated before stopping is
recommended. If the instance of 3+3 design for a subgroup is stopped once, then the patients in the subgroup
are skipped.
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