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Abstract

Bagging can significantly improve the gen-
eralization performance of unstable machine
learning algorithms such as trees or neural net-
works. Though bagging is now widely used in
practice and many empirical studies have ex-
plored its behavior, we still know little about
the theoretical properties of bagged predic-
tions. In this paper, we theoretically inves-
tigate how the bagging method can reduce
the Mean Squared Error (MSE) when applied
on a statistical estimator. First, we prove
that for any estimator, increasing the number
of bagged estimators IV in the average can
only reduce the MSE. This intuitive result,
observed empirically and discussed in the lit-
erature, has not yet been rigorously proved.
Second, we focus on the standard estimator of
variance called unbiased sample variance and
we develop an exact analytical expression of
the MSE for this estimator with bagging. This
allows us to rigorously discuss the number of
iterations N and the batch size m of the bag-
ging method. From this expression, we state
that only if the kurtosis of the distribution
is greater than %, the MSE of the variance
estimator can be reduced with bagging. This
result is important because it demonstrates
that for distribution with low kurtosis, bag-
ging can only deteriorate the performance of
a statistical prediction. Finally, we propose a
novel general-purpose algorithm to estimate
with high precision the variance of a sample.
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1 Introduction

Since the popular paper (Breiman, 1996)), bootstrap ag-
gregating (or bagging) has become prevalent in machine
learning applications. This method considers a number
N of samples from the dataset, drawn uniformly with
replacement (bootstrapping) and averages the different
estimations computed on the different sub-sets in order
to obtain a better (bagged) estimator. In this article,
we theoretically investigate the ability of bagging to
reduce the Mean Squared Error (MSE) of a statistical
estimator with an additional focus on the MSE of the
variance estimator with bagging.

In a machine learning context, bagging is an ensemble
method that is effective at reducing the test error of pre-
dictors. Several convincing empirical results highlight
this positive effect (Webb and Zheng, |2004; Mao), [1998)).
However, those observations cannot be generalized to
every algorithm and dataset since bagging deteriorates
the prediction performance in some cases (Grandvalet),
2004)). Unfortunately, it is difficult to understand the
reasons explaining why the behavior of bagging dif-
fers from one application to another. In fact, only a
few articles give theoretical interpretations (Bithlmann
et al., |2002; |[Friedman and Hall, |2007; [Buja and Stuet{
zle}, 12016)). The difficulty to obtain theoretical results
is partially due to the huge number of bootstrap pos-
sibilities for the estimator with bagging. For instance,
in (Buja and Stuetzlel 2006; |Xi Chen and Hall, 2003;
Buja and Stuetzlel 2016), authors studied properties
of bagging-statistic, which considers all possible boot-
strap samples in bagging, and provided a theoretical
understanding regarding the relationship between the
sample size and the batch size. However, in practice,
one cannot consider all possible bootstrap samples. As
a result, bagging estimators, which considers a number
of randomly constructed samples in bagging are always
used. The bagging-statistics studied in the literature
(Buja and Stuetzlel 2006; | Xi Chen and Hall, 2003} |[Buja
and Stuetzle, 2016)) considers the mean of bagging sam-
ples and the bagging estimator considers the average of
randomly selected bagging samples, which have more
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randomness (We will detail the mathematical difference
in section 2.1). These insufficient theoretical guidelines
generally lead to arbitrary choices of the fundamental
parameters of bagging, such as the batch size m and
the number of iterations N.

In this paper, we investigate the theoretical proper-
ties of bagging applied to statistical estimators and
specifically the impact of bagging on the MSE of those
estimators. We provide three core contributions:

e We give a rigorous mathematical demonstration
(proof) that the bias of any estimator with bag-
ging is independent from the number of iterations
N, while the variance linearly decreases in %
This intuitive behavior, observed in several pa-
pers (Breimanl, [1996; [Liu et al., [2018]), has not yet
been demonstrated. We also provide recommen-
dations for the choice of the number of iterations
N and the batch size m. We further discuss the
implication in a machine learning context. To
demonstrate these points, we develop a mathemat-
ical framework which enables us, with a symmetric
argument, to obtain an exact analytical expression
for the bias and variance of any estimator with
bagging. This symmetric technique can be used
to calculate many other metrics on estimators, we
hope that our findings will enable more research
in the area.

e We use our framework to further study bagging ap-
plied to the standard estimator of variance called
unbiased sample variance. This estimator is widely
used and a lot of work has been done on specific
versions, such as the Jackknife variance estimator
(Efron and Stein| [1981) or the variance estimator
with replacement (Cho and Chol 2009). In this
paper, we derive an exact analytical formula for
the MSE of the variance estimator with bagging.
It allows us to provide a simple criteria based on
the kurtosis of the sample distribution, which char-
acterizes whether or not the bagging will have a
positive impact on the MSE of the variance esti-
mator. We find that on average, applying bagging
to the variance estimator reduces the MSE if and
only if the kurtosis of the sample distribution is
above % and the number of bagging iterations N
is large enough. From this theorem, we are able to
propose a novel, more accurate variance estimation
algorithm. This result is particularly interesting
since it describes explicit configurations where the
application of bagging cannot be beneficial. We
further discuss how this result fits into common
intuitions in machine learning.

e As a byproduct, using our framework, we provide
an alternative proof to the results in (Buja and

Stuetzle, 2006]) on the bagging-statistics of biased
variance estimator. We include this proof and a
short comparison of (Buja and Stuetzle, |2006) in
the supplementary material.

e Finally, we provide various experiments illustrating
and supporting our theoretical results.

The rest of the paper is organized as follows. In Sec-
tion [2] we present the mathematical framework along
with our derivation of the MSE for any bagged estima-
tors. In Section [3] we focus on the particular case of
the bagged unbiased sample variance estimator and we
provide a new criteria on the variable kurtosis. In Sec-
tion [, we support our theoretical findings with three
experiments.

2 Bagged Estimators: The More The
Better

In this section we rigorously define the notations before
presenting the derivation of the different components
of the MSE of a bagged statistical estimator, namely
the bias and the variance. We subsequently deduce
our first contribution: the more iterations N used in
the bagging algorithm, the smaller the MSE is, with a
linear dependency.

2.1 Notations, Definitions

A dataset, denoted £ = (2;)ieq1,...n}, is the realization
of an independent and identically distributed sample
set, noted L = (X1,..., X,,), of a variable X € X. A
statistic of the variable X is noted #(X) € R. An
estimator of 0, computed from L, is noted 0(L).

By considering U : {1,..,m} — {1,..,n}, a random
function, we denote Ly = (Xy (1), -+, X (m)) @ uniform
sampling with replacement from L of size m. The
random variable U is defined on U = {(ug)k=1...nm },
the finite set of all m sized sampling with replacement,
of cardinal n™. The bagging method considers N
such sampling functions taken uniformly from U, noted
B = (U',..,UY). We can now define the bagging
estimator:

O(Xtri(1)s s Xtri(m))-

(1)

uMZ

N
ZéLUl =

Usually, the size of the sample sets is n. Here, we
consider the general case where 6 is a function of a set
of any size m. The number N of iterations is often
set to N € [|10,100[] (where [|a,b|] represents all the
natural numbers between a and b) without rigorous
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justification (Breiman, (1996} Dietterich,|2000; |Lemmens
and Croux), [2006). We discuss this parameter in the
following section.

The average with respect to L is noted Ej, and with
respect to B, U is noted Ep and Ey. We assume that
Vi € [|1,n™]], EL(0(Ly:)?) < co. Since B is defined
on a finite set, we define Iy, gy which is the expected
value taken with respect to the pair of random variables
(L,B) and we have E(L,B) = EL(EB) = EB(EL). Us-
ing this notation, we remark that the bagging-statistics
studied in the literature (Buja and Stuetzlel 2006
Xi Chen and Hall, |2003; |Buja and Stuetzlel, [2016]) is
Ey ((Ly), whereas 6(L, B) defined in equation is
an estimator of the bagging-statistics.

There are (n™)" possibilities to draw N sampling func-
tions taken uniformly from U ((u1,..,uy) € U") and
at L fixed, the average over B takes the form:

1L

EB(é(LvB)) = (n“ll)N Z

(’U.l,..,UN)GZ/{N

2.2 MSE of Estimators with Bagging

In this subsection we state the theorem on the depen-
dence of the bagged estimators in terms of the number
of iterations N. The central idea of the proof is to
count all the (n™)" possible bagged estimators and to
use a symmetric argumemﬂ The proof of Theorem [2.1
can be found in the supplementary material. We even-
tually adapt this framework to the case of regression
predictors.

Theorem 2.1 For a general statistic 0, there exists
two positive terms F and G, independent of N, such
that the MSE of the bagged estimator, 0 defined by ,
satisfies:

MSE(f) = %F +G
with
F =B (Vary (0(Ly)))

G = VarL (EU(é(LU))) + (EL(EU(é(LU))) - 0)2

where U is a random variable uniformly distributed on
U.

More generally, the following equations hold.

1. E(L,B)(é(LvB)) = EL(EU(é(LU))) )

2. Var (g, p)(0(L, B)) X
= xEr(Varg(0(Lv))) + Var, (Eu(9(Lo)))

1For more details, please refer to the complete proof in
the supplementary material

Remark 2.1 IEL(VarU(é(LU))), VarL(EU(é(LU)))

and (EL(EU(é(LU))) - 0)2 are positive and do not
depend on N. We deduce that:

1. The higher the N, the lower the MSE.

2. As N goes to oo, we have:

lim MSE(9)
= Var,, (Ey (6(Lv))) + (BL (B (0(Ly))) — 6)°.

In this last expression we find the classical MSE decom-
position in terms of bias and variance. This expression
should be compared with the MSE for the non bagged
estimator: MSE(f) = Vary,(8) + (E(6) — 6)°. Gen-
erally the variance term of the bagged estimator is
smaller than the one in the non bagged estimator and
it is the opposite for the bias. Nevertheless the sign of
the MSE which is the sum of the two terms cannot be
easily deduced as we will show later when analysing
the variance estimator.

2.3 Bagging for Regression

In the regression setup, the variable X considered is
a pair (input, label), X = (Y,T) from Y x 7. For
any input y € ), the statistic considered is 0,(Y,T) =
E(T|Y = y). The prediction is noted ,(L) and the
MSE of this estimator represents the prediction error
that needs to be reduced. The bagging version of the
estimator is noted 6, (L, B).

The MSE of the bagged predictor is
Eyoy (E(L,B) ((éy(Lv B) - ey)2>)

According to Theorem for every y, there exists two
positive values

Fy = EL (VarU(éy(LU)))7
and
Gy = Vary (Bu (0,(Lv))) + (BL(Bu (0, (Lv))) - 9y)2,

independent of N, such that:

. 2 1
Br.5) ((ey(L,B) — 9y) ) = B+ Gy

Therefore,

~ 1
MSE(0) = NEyNY(Fy) + EyNY(Gy)-
We deduce that on average, increasing the number of
iterations N can only reduce the average of the MSE
of the bagged estimator in a regression setting.
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In this section, we demonstrated that the MSE of
an estimator with bagging is a linear function of %
(= 4 F 4+ G). The multiplicative component of the de-
pendency, F, is positive. Thus, increasing the number
of iterations N can only improve the accuracy of the
estimator. This fact has been observed in several em-
pirical studies (Breiman) [1996; |Sorokina et al., [2007)),
but to our knowledge has never been rigorously proved.
G represents a lower bound on the MSE of the esti-
mator with bagging. This means that a sufficient N
ensures that the term %F is negligible compared to
G. Moreover, if G is bigger than the MSE of the esti-
mator without bagging, then bagging only deteriorates
the precision of the estimator. This deterioration was
observed empirically, but the reasons had not yet been
theoretically explained (Grandvalet), 2004} |Skurichina
and Duinl [1998). This result holds for machine learning
algorithms in the regression setup as well. In the fol-
lowing section, we apply this general framework to the
specific case of the unbiased sample variance estimator.

3 Sample Variance Estimator

In this section, we study the specific case of the bagged
unbiased sample variance estimator. Applying the
above framework on this particular case, we are able to
deduce precise constraints under which using bagging
improves on average the MSE of the unbiased sample
variance estimator. We derive from this result, given
in Theorem [3.3] a criteria expressed in terms of the
kurtosis « of the sample distribution, the batch size
m and the number of iterations N. We eventually
propose at the end of the section, a novel algorithm
which provides a more accurate variance estimation if
those criteria are met. Carrying the notation of the
precedent section, we assume without loss of generality
that E(X) = 0 by taking X := X — E(X). We denote
1o the second moment of the centered random variable
and p4 the forth moment. Since X is centered, uo is the
variance of X and y4/p3 is the kurtosis of X. In the rest
of the section 6(X) = ug is the variance of X and we
note O(L) = (L) = 25 0 (X, — L 30 | X;)%. The
version of this estimator with bagging follows definition
and is noted (L, B).

3.1 Bias and Variance of the Sample
Variance Estimator with Bagging

The following theorem gives an exact expression of
the bias and variance of the variance estimator with

bagging.

Theorem 3.1 Let X be a random variable with finite
fourth moment and satisfying TE(X) = 0. The bagged
variance estimator v(L, B) with batch size m and num-

ber of bagging iteration N satisfies:

1. Bp,p)(0(L, B)) = 2=y,
2. Var(LyB)(f)(L,B))
= LB (Vary (0(Ly))) + Varg (Ey (6(Le)));

where

Ep (Vary (9(Lv))) (2)
- Wfil) <3m—3+n2§2n+3(6—4m)) 15
+ W_il) (m— 1+ nn_21(6—4m)> pa,  (3)

and

Vary, (Ey (6(Ly))) = 8- ",)Lgn — DH% Lo ;31)2#4-

Moreover, the MSE of the variance estimator with bag-
ging 1s:

- 5 1
MSE(3(L, B)) = Var(z,)(3(L, B) + —123

The proof of Theorem [3.1] can be found in the supple-

mentary material.

3.2 Asymptotic Analysis and Comparison of
Estimators

In this section, we analyze the asymptotic behavior of
the bagged estimator with respect to the parameters
m and N. We also compare the bagged estimator and
the non-bagged estimator. Recall that for the standard
variance estimator, the MSE is known(see (Rose and
Smithl, 2002)).

Proposition 3.2 Assuming that X has a finite fourth
moment, the variance of the standard sample variance
estimator ©(L) is given by:

3—n o n 1
n(n — 1)'u2 nt
Since this estimator is unbiased, it holds:

MSE(4(L)) = Var(6(L))
= %u% + %m-

Vary (0(L)) =

Proposition (3.2) combined with Theorem enables
us to compare the MSE of ¢ and ¢(L, B) and we find
that:
MSE(4(L, B)) — MSE(%)
1 o1 ) 11
= — (s — — (—2u4+3 —+ ).
Nm (ha = 1i2) + n?2 (=244 +3p13) + o (Nm + n2>

We state the following theorem.
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Theorem 3.3 Asn tends to 400, bagging reduces on
average the MSE of the variance estimator if and only

if:

— 244 + 3p3 < 0, (4)
and s o
Ha — B T

N> — = —, )

24 — 33 m )

Therefore, bagging should be used when and
are satisfied. Thus N and m should be carefully chosen.
Moreover, the gain obtain by using bagging is in O(%)
The equation can be rewritten as k > %, with & the
kurtosis of X.

Remark that if m < n, then

pa— My mo
24 — 33 m

1

5

We deduce that the number of iterations NV should be
at least n/2 in this case. As previously mentioned,
the number of iterations IV of bagging is often cho-
sen as N € [|10,100|] without theoretical justifications
(Fazelpour et al., [2016). Theoremgives, for the sam-
ple variance estimator, a minimum number of iterations
N above which bagging improves the estimation.

Note that the condition on the kurtosis (k> 2) is not
restrictive. In fact, many classical continuous distribu-
tions satisfy this condition. For example, x = 3 for a
normal distribution, k = 4.2 for a logistic distribution,
x = 1.8 for a uniform distribution, x = 9 for an expo-
nential distribution. We now propose a novel algorithm
to estimate the variance of a sample.

3.3 Algorithm for Higher Precision Variance
Estimation

We deduce from the preceding theoretical results a
simple algorithm to estimate the variance of a sample
with higher precision. To simplify the procedure, we
choose to take the batch size m equal to the full sample
size n. Let ¢, an integer greater or equal to 1, denote a
parameter used to control the quality of the resulting
estimation. The higher the ¢, the higher N; and as
a result of the Theorem and Theorem the
better the estimation is (at the cost of an increasing
computation time). We suggest taking ¢ ~ 2 — 10. |.]
is the floor function. The reader can find an analysis
of the algorithmic complexity in the supplementary
material.

4 Experiments

In this section we present various experiments illus-
trating and supporting the previous theoretical results.

Algorithm 1 Variance Estimation Algorithm
1: procedure VARIANCEESTIMATOR(L =
(xly e 7xn)7n, q)

2 T YT w

3: flg — %Z?:1($l — .f)4

4 b AT (w — )2

5: if —2/i4 + 392 < 0 then

6: N e qx (|52=0n] +1)
7 forie{l,---,N} do

8: Draw with replacement n points from

the dataset

9: U f}(xU(l), s ,LEU(n))
10: b SN 0,
11: V4D
12: return o

The section begins with experiments on general estima-
tor, with a focus on regression estimators as presented
in section Then, we present empirical experiments
about the bagging version of the sample variance esti-
mator, supporting our theoretical results of section [3]
For the experiments, we used Python and specifically
the Scikit-Learn (Pedregosa et al.,[2011), Numpy (Walt
et all 2011), Scipy (Jones et al., [2001)) and Numba
(Lam et all |2015) librarieﬁﬂ More details on the ex-
perimental setup can be found in the supplementary
material.

4.1 Variance of Bagged Estimators in
Regression

In order to empirically validate Theorem we per-
formed experiments on two regression predictors: the
linear regression and the decision tree regression. In
each case, we measured the MSE on the test set af-
ter training each model on bagged samples, varying
the parameter N of bagging iterations. We generated
toy regression datasets using the Scikit-Learn library.
Each dataset, has a specific amount of Gaussian noise
(o) applied to the output (0.5 or 5). The number of
samples (1000) and the size of the feature space di-
mension (2) remained constant. To obtain the bagged
and non-bagged predictors, we trained the regressors
on 5% of the data and tested it on the remaining 95%.
This partition was chosen to enable a fast training
of the growing number of bagged predictors. We are
interested in showing empirically that our theoretical
relation holds, not to achieve good absolute results. Us-
ing the notations from the average IE, was taken
over the test set of size 950. Eg was taken over 100
trials and IE;, was taken over 10 trials. As expected,
we observe that the MSE of those estimators decreases

2To reproduce the experiments, please use: https://
github.com/cdcsai/bagging_research
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at a rate of % We fit a non-linear function on the

resulting datapoints of the form § = a + % to better
observe this relationship. More details on the experi-
ment setup and hyperparameters used can be found in
the supplementary material.

4.2 MSE of Bagged and Non-Bagged
Unbiased Variance Estimator

In this experiment, we test the empirical validity of
Theorem 3.3l Our condition on the kurtosis comes
from the following equality that we proved in the
supplementary material: MSE(¢(L, B)) — MSE(9) =
# (—2,u4 + 3u§) +0 (N—lm + #) Here we set m = n.
We measured the distance between the MSE of a bagged
and non-bagged unbiased sample variance estimator
for three classical probability distributions: a standard
Gaussian distribution, a uniform distribution on [—1, 1]
and a Rademacher distribution. We fixed the number
of iterations N to 50, only varying the sample size n,
and averaged the estimated variance over 10000 trials.
As expected, it follows the same shape as our condition
(—2p4 + 3p3) divided by n?.

4.2.1 Kurtosis Condition

In this experiment, we tested the kurtosis condition x >
%. Distributions with kurtosis lower than % are unusual
as previously mentioned. We designed a distribution
whose kurtosis can vary above and below % when the
parameter p is changing. Let X be a random variable
following this distribution. With p € [0,1], a > 0 and
p+qg=1:

and

P(X = Va) = P(X = —/a) = 1.
The kurtosis of this distribution is thus:

p+ qa®
(p+qa)?

Varying the parameter p between 0 and 1, the kurtosis
varies from 1 to co and Figure [3] shows the MSE with
and without bagging accordingly. We fixed N to 20,
n to 10, a to %, and we averaged over 100000 trials.
As expected, The MSE of the estimator with bagging
becomes better than the MSE of the estimator without
bagging when the % threshold is passed.

5 Conclusion

In this paper, we theoretically investigate the MSE of
estimators with bagging. We prove the existence of a
linear dependency of the MSE on %, N being the num-
ber of bagged averaged estimators. This dependency

enables us to provide guidelines for setting the param-
eter N. We also explain why bagging is detrimental in
some cases. We use the mathematical framework devel-
oped in Section [2] to describe the MSE for the sample
variance estimator with bagging. It appears that the
bagging can reduce the MSE of this estimator if and
only if the kurtosis of the distribution is above % This
condition holds for a large number of classical probabil-
ity distributions. Using this condition, we eventually
propose a novel algorithm for more accurate variance
estimation. We hope that our mathematical frame-
work will help generalize our results to more complex
estimators like decision trees or neural networks.



Martin Mihelich, Charles Dognin, Yan Shu, Michael Blot

0270
0=0.5 XERIN02 800 0=0.5 XERIN02
0.268 —— Without Bagging —— Without Bagging
e With Bagging e With Bagging
0.266 — fit with (0.25,0.016) 700 —— fit with (3.4e+02,4.7e+02)
0264
L 0.262 L, 600
4 %
2 ¢
0.260
500
0258
0.256 o
400
0.254 o
g o Aerer
[ 20 ) 60 80 100 o 20 B 60 80 100
N N
27.0
0=5 XER002 0=5 XERW02
268 —— Without Bagging —— Without Bagging
©  With Bagging 800 o With Bagging
266 — fit with (25,1.6) — fit with (3.6e+02,5e+02)
26.4 700
L, 262 w
8 8
2 2 600
26.0
25.8 500
256 o
254 3 400
g e
0 20 40 60 80 100 o 20 40 60 80 100
N N

Figure 1: Linear Regression (Top-Left and Bottom-Left) and Regression Tree (Top-Right and Bottom-Right)
Predictors. We observe the O(%) convergence rate that we demonstrated analytically. We also observe that for
the Linear Regression, considered as a stable predictor, bagging does not help. On the other hand, for the Decision
Tree Regression, considered as an unstable predictor (following the definition of , predictors are
unstable if a small change in the training set can result in large changes in predictions), bagging helps.
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Figure 3: The MSE of the variance estimator of a distribution with or without bagging with respect to the
kurtosis. As expected, we observe that the MSE of the bagged variance estimator becomes lower than the MSE
of the non-bagged variance estimator after %
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