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Abstract

In this paper, we study the Bayesian thresh-
olding bandit problem (BTBP), where the
goal is to adaptively make a budget of Q
queries to n stochastic arms and determine
the label for each arm (whether its mean
reward is closer to 0 or 1). We present a
polynomial-time approximation scheme for
the BTBP with runtime O(f(e) + Q) that
achieves expected labeling accuracy at least
(OPT(Q) — ¢€), where f(-) is a function that
only depends on e and OPT(Q) is the opti-
mal expected accuracy achieved by any algo-
rithm. For any fixed ¢ > 0, our algorithm
runs in time linear with ). The main al-
gorithmic ideas we use include discretization
employed in the PTASs for many dynamic
programming algorithms (such as Knapsack),
as well as many problem specific techniques
such as proving an upper bound on the num-
ber of query numbers for any arm made by an
almost optimal policy, and establishing the
smoothness property of the OPT(-) curve,
ete.

1 Introduction

The multi-armed bandit (MAB) problem is an impor-
tant model for sequential decision making. In addition
to clinical trials [Thompson, 1933], it has been widely
used in many real-world applications, such as adver-
tisement placement [Agarwal et al., 2009, Chakrabarti
et al., 2009], hyperparameter tuning [Li et al., 2016],
crowdsourcing [Zhou et al., 2014, Chen et al., 2015],
and portfolio selection [Shen et al., 2015].

The thresholding bandit problem (TBP), a specific
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case of MAB, considers a bandit setting where the goal
is to check for each arm whether its mean is above a
threshold (e.g., 0.5) with a fixed budget of @ queries
allowed. The TBP has been formulated and studied
in a few settings such as anomaly detection [Stein-
wart et al., 2005] and active learning [Tong and Koller,
2001]. A simple quantitative measure for the TBP
goal is to maximize the success probability, which is
the probability that all arms are correctly classified.
In a recent work, Locatelli et al. [2016] proposed an
anytime parameter-free algorithm that greedily pulls
arms according to the empirical means on previously
observed outcomes. Mukherjee et al. [2017] introduced
a TBP algorithm that uses both mean and variance
estimates to make adaptive pulling strategies. Zhong
et al. [2017] studied the problem in the asynchronous
distributed computing setting.

Most recently, motivated by applications in crowd-
sourcing, Tao et al. [2019] proposed to maximize the
expected accuracy, which is the expected fraction of
the correctly classified arms, and showed an algorithm
to maximize the expected accuracy using the asymp-
totically optimal query budget. Indeed, in the crowd-
sourced binary labeling problem, the learner faces n
binary classification tasks, where each task ¢ is asso-
ciated with a latent true label z; € {0,1}, and a la-
tent soft-label #;. The soft-label 6; may be used to
model the labeling difficulty/ambiguity of the task, in
the sense that 6; fraction of the crowd will label task
7 as 1 and the rest labels task ¢ as 0. The crowd is
also assumed to be reliable, i.e., z; = 0 if and only
if 6, > % The goal of the crowdsourcing problem is
to sequentially query a random worker from the large
crowd about his/her label on task ¢ for a budget of
Q@ times, and then label the tasks with as high (ex-
pected) accuracy as possible. If we treat each of the
binary classification task as a Bernoulli arm with mean
reward 6;, then this crowdsourced problem becomes
expected accuracy maximization in TBP with 6 = %
If a few tasks are extremely ambiguous (i.e., 6; — 1),
the success probability would trivially approach 0 (i.e.,
every algorithm would almost always fail to correctly
label all tasks). In such cases, however, a good learner
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may turn to accurately label the less ambiguous tasks
and still achieve a meaningful expected accuracy.

A Bayesian version of the thresholding bandit prob-
lem (BTBP) was firstly introduced in [Chen et al.,
2015], also motivated by crowdsourcing applications.
In BTBP, we assume that the mean of each arm is
drawn from a prior distribution, such as the Beta dis-
tribution; and the goal is to find a policy to maximize
the expected fraction of n arms that are correctly clas-
sified according to a predefined threshold (or expected
accuracy) with @ queries. For simplicity and without
loss of generality, we assume that the threshold is 0.5
throughout this paper.

Comparing the TBP and the BTBP for expected ac-
curacy maximization, according to a special case con-
structed in the discussion in [Chen et al., 2015], there
is no optimal policy under the frequentist setting of
TBP in general. (Note that this does not contradict
with the results of [Tao et al., 2019] where the number
of queries used by the algorithm is within a constant
factor times the optimal amount of queries needed by
any algorithm.) In contrast, in BTBP, since the mean
of each arm is assumed to be drawn from a prior dis-
tribution, the optimal policy can be properly defined
as the policy which results in the highest expected ac-
curacy under the given prior.

However, computing the optimal policy for BTBP is
nontrivial. In [Chen et al., 2015], a straightforward
dynamic programming algorithm is introduced based
on the Bellman equation. The algorithm is computa-
tionally intractable since the size of the state space in
the dynamic programming is exponential in the size of
the problem (please refer to Section 2.1 for details). To
make the BTBP tractable for real-world applications,
such as crowdsourcing, Chen et al. [2015] proposed
a greedy heuristic algorithm to myopically select the
next arm to maximize the one-step-ahead expected ac-
curacy. While the algorithm runs in polynomial time,
no theoretical guarantee about the optimality of the
algorithm was shown in the paper.

In this paper, we present a polynomial-time approxi-
mation scheme (PTAS) algorithm for the BTBP with
runtime linear in the budget (). In particular, our
main Theorem 1 shows an algorithm to achieve the
optimal expected accuracy up to e-additive approxi-
mation in time (exp(O(e~2In*e~1)) + O(Q)). Note
that besides the additive term that is exponential in
poly(1/€), the runtime of the algorithm is linear in Q.
In other words, for fixed error parameter € (i.e., treat-
ing € as a constant), our algorithm runs in linear time

with Q.

While the trivial dynamic programming algorithm
runs in time Q®("), we introduce three algorithmic

ideas to construct the linear-time PTAS. First, we re-
strict the search space by only considering the policies
with bounded number of queries made to any single
arm. We prove that this restriction does not affect the
optimal expected accuracy by much, while substan-
tially reduces the size of the search space. The second
idea is to discretize the search space by only allowing
a list of geometrically increasing pre-defined numbers
of queries to each individual arm. The third idea is
to split the n arms into smaller partitions and obtain
policies on each partition. The second and third ideas
serve to further reduce the search space for an optimal
policy. We also need to establish a smoothness prop-
erty of the optimal curve of the expected accuracy as a
function of the budget ), which in all leads to a proof
of the linear-time PTAS for the BTBP.

Our result theoretically confirms the existence of
PTAS for the BTBP. However, it remains an inter-
esting further work to further reduce the runtime de-
pendence on the approximation parameter €, to make
the algorithm practically efficient. On the other hand,
we will also discuss how this theoretical result might
help in designing effective heuristics for the problem.

Related Works on Bayesian Multi-Armed
Bandit Problems. Thompson [1933] first studied
Bayesian model for maximizing the cumulative re-
wards and minimizing the regret, where the straight-
forward dynamic programming algorithm is compu-
tationally intractable. Assuming product priors, and
when the goal is to minimize the geometrically dis-
counted regret, the celebrated Gittins index theorem
[Gittins, 1979] gives sufficient condition to dramati-
cally reduce the computational complexity for the op-
timal strategy. For general (correlated) priors, the
highly practical Thompson Sampling (TS) method
[Thompson, 1933] performs well in empirical evalua-
tions [Chapelle and Li, 2011]. Under the framework of
objective Bayesian analysis, T'S (and its variants) have
been studied for the frequentist setting (e.g., Agrawal
and Goyal [2012] and Kaufmann et al. [2012] provided
tight theoretical analysis for regret minimization with
fixed time horizon; Russo [2016] showed tight analy-
sis for the best arm identification problem; Agrawal
et al. [2017] studied TS for regret minimization in
multinomial-logit bandits).

Organisation. In Section 2, we formally define the
Bayesian thresholding bandit problem and introduce
the naive dynamic programing approach. In Section 3,
we present our algorithmic ideas and theoretical anal-
ysis of the linear-time PTAS. In Section 4, we discuss
how our algorithmic ideas may help design an effective
heuristic algorithm and conclude the paper with a few
future directions.
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2 Bayesian Thresholding Bandit
Problem

We have n arms numbered from 1,2,3,...,n. Each
arm ¢ is associated with a given prior distribution
D; = Beta(wy, §;); and its mean 6; is independently
sampled from D;. Then, for each arm i € [n], there
is a Bernoulli distribution By, with probability mass 8
on outcome 1 and (1 — #) mass on outcome 0. A pol-
icy is allowed to adaptively make @) sequential queries
to the arms in total. If arm 4; is selected for the ¢-th
query, a sample from By, is made and the outcome is
revealed to the policy. After all Q queries, the policy
will have to make a {0,1} guess for each arm based
on the revealed outcomes. For each arm ¢, if §; > 0.5,
the policy is expected to guess 1; otherwise the ex-
pected guess is 0. The goal for an optimal policy is to
maximize the expected accuracy (i.e., the fraction of
correct guesses out of n arms), where the expectation
is taken over the query samples and the Baysian prior
D.

2.1 The Straightforward Dynamic
Programming Approach

We use a pair (a;,b;) to record the query history for
arm ¢, meaning that we have observed a; 1’s and b;
0’s from the past (a; + b;) queries on arm i. We use
aset S = {(a1,b1), (az,b2),...,(an,bn)} to record the
query history for all arms. Naturally, we use S to be
the state of our dynamic programming and let f(S)
be the optimal expected number of correct answers
we can make with query history S. When S is not a
terminal state (i.e., there are less than @) observations
in S), we have the following Bellman equation.

£(8) = max {E[f;]S]f (S +Y)

1<i<n

+ (L= E[g:|S]) f(SC D)), (1)

where S§(#<a:+1) represents the new query history
with one more observation 1 for arm i, and similarly
S(ibitl) represents the new query history with one
more observation 0 for arm i. We also note that 6;|.S
follows Beta(a; + «;,b; + §;) distribution and we can
also write E[0;|S] as E Beta(a; + a;,b; + 5;).

When S is a terminal state, we have to decide our guess
for every arm. It is easy to check that the optimal
solution is are the majority votes — guess 1 for arm 1
when a; > b; and 0 otherwise. For arm 4, we denote
the probability of a wrong guess by

err(a;, b;) = min{Pr[Beta(a; + a;,b; + £;) < .5],
Pr[Beta(a; + a;, b; + ;) > 5]}, (2)

Therefore, we have

f(5) =

S|

Z(l —err(a;, b;)). (3)

There are Q®(") states in this dynamic programming
formulation. Therefore, the straightforward imple-
mentation of the algorithm has time complexity Q).

2.2 Notations

For each policy f, let valg(f) be the expected accuracy
of f with query budget @Q. We omit the subscript @
when it is clear from the context. Let OPT(Q) be the
value of the optimal policy with query budget Q.

3 The Linear-Time PTAS for
Thresholding Bandit

In this section, we develop a PTAS for the thresholding
bandit problem with runtime linear in Q. In contrast,
the straightforward dynamic programming algorithm
for the optimal solution takes time Q®("). Specifically,
we prove the following theorem.

Theorem 1 For Q > n, and each ¢ > 0 such that
Q= Q(e*In®e 1), there is an algorithm that runs in
time (exp(O(e~2In* e~ 1)) + O(Q)) to find a policy F
with query budget Q) such that valg(F) > OPT(Q) —e.

We highlight a few technical ideas used in our linear-
time PTAS as follows. Note that discretization idea is
used in many PTASs for dynamic programming-based
algorithms (such as Knapsack). However, the other
algorithmic ideas are very problem specific.

The first algorithmic idea is query truncation. We
only look for the policies that do not make too many
queries to any single arm. In Section 3.1, show that
this restriction greatly reduces the search space (and
therefore improves the time complexity), however still
provides an excellent approximation to the optimal so-
lution. Using the query truncation idea, we are able
to get a PTAS for the Bayesian thresholding bandit
problem. However, we need a few more ideas to bring
the time complexity to be linear in Q.

In Section 3.2, we prove the smoothness property of
the optimum value function OPT(Q), which will be
useful in the later algorithm analysis.

In Section 3.3, we use the discretization idea to fur-
ther restrict our search space for approximate optimal
policies. More specifically, we only look for policies the
numbers of queries to individual arms made by which
are a few pre-defined discretized values. Together with
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the smoothness property, the discretization idea leads
to an improvement of the time complexity of the PTAS
derived in Section 3.1.

The final algorithmic idea is partitioning. In Sec-
tion 3.4, we show that if we divide the arms to a few
equal-sized partitions, and make a (roughly) equal al-
location of query budget to each partition beforehand,
it is still possible to well approximate the optimal pol-
icy. This idea enables us to decompose the relatively
large-scale problem with n arms to a few smaller prob-
lems, and solve each of the smaller problems with less
time complexity.

In Section 3.5, we integrate all technical results dis-
cussed above, present a linear-time PTAS for the
Bayesian thresholding bandit problem, and prove our
main Theorem 1.

For simplicity of exposition, we present our proofs with
the assumption that «; = 8; = 1 (i.e., the prior dis-
tributions D; are uniform on [0, 1]). However, one can
generalize the proofs to general Beta priors.

3.1 Bounded Query Policy

In this subsection, we introduce the idea of query trun-
cation. As stated before, we will only look for the
policies that do not make too many queries to any sin-
gle arm. We first formally define this restriction by
bounded query policies as follows.

Definition 1 We say a policy f is an M-Bounded
Query Policy (M-BQP) if it satisfies the following two
constraints.

1. For each arm i, f never queries it for more than
100M In®> M times,

2. Suppose the policy has queried a arm (namely i)
for a; + b; times and seen a; 1’s at some point,
where a; and b; satisfy la; — bj| > Va;+b; -
(3ln M), f never queries in future.

Definition 1 is made in a way such that the M-BQPs
are able to approximate the optimal policy up to
O(1/v/M) additive error (by Lemma 2, which is to be
introduced soon). The intuition about the restrictions
made in Definition 1 is as follows. First, with very high
probability, using at most O(M In* M ) queries to an
arm suffices to make a correct guess for the arm with
probability 1 — O(1/v/M), which corresponds to the
first item in the definition. Second, during the query
process, if the number of 1’s and 0’s are very unbal-
anced, the player also has a very high confidence to
make a correct guess for the arm, and does not wish
to use more query budget, which corresponds to the
second item in the definition.

The intuition mentioned above is substantiated by the
following lemma, which is also main lemma of this sub-
section. The lemma shows that bounded query policies
are able to well approximate the global optimal policy.

Lemma 2 For any policy [ and any sufficiently large
M, there exists an M-BQP f such that valg(f) >

vaIQ(f) — ﬁ

On the other hand, we are able to construct a dy-
namic programming algorithm to compute the optimal
bounded query policies.

Lemma 3 The natural dynamic programming al-

gorithm computes the optimal M-BQP in time
nO(M1‘51n4M)_

Proof. Observe that for each arm, there are at most
O(M'®1n* M) possible query records. (This is be-
cause for each arm, the only information matters is
that the number of queries made to the arm (namely
X), and the number of 1’s observed from these queries
(namely Y). By Definition 1, the number of possi-
ble values for X is O(M In® M), and for each X, the
number of possible values for YV is O(vXInM) <
O(VM1n® M). Therefore, the total number of pos-
sible values for (X,Y) pair is O(M'®In* M).) Due
to the symmetry among all arms, two arm history
set S and S’ are essentially the same if they corre-
spond to the same multi-set. Therefore there are es-
sentially n@M "PIn* M) (different states for the natural

dynamic programming algorithm, and the run time is
also nO(M"In* M) O

By setting M = €2, we get the following corollary
of Lemma 2 and Lemma 3, which gives a PTAS for
the Bayesian thresholding bandit problem. While the
time complexity is not linear in @, it serves as the first
step towards our main theorem.

Corollary 4 Given € > 0 and query budget Q, there
is a dynamic programming algorithm that computes

a policy with value at least (OPT(Q) — €) in time
n0(e*31n4 el

The rest of this subsection is devoted to the proof of
Lemma 2.

For any policy f, we construct f as follows.
The policy f keeps a query history set S =
{(a1,b1), (a2,b2),...,(an,bn)}, a set C of corrupted
arms, where each arm ¢ € C' is associated with a pair
(@, BZ) and a mean 6. Initially we have a; = b; = 0
for all arms i € [n] for S, and C' = 0.

At each time, f works as follows to decide which arm
to query. Suppose f(.5) chooses to query arm 4, if arm
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i is not corrupted (i.e., i ¢ C') and querying it would
not violate either of the two constraints in M-BQP, f
queries arm 7 and update S according to the observed
bit. Otherwise,

1. If i is not corrupted, we add i to C (i.e., it is now
corrupted), set its associated (G, b;) = (a;,b;),
and draw 6; ~ Beta(a; + 1,b; + 1).

2. We draw a bit 7 ~ Bj, let ¥ be the pretended
observation from arm ¢, and update S using 7.

f terminates the query process when f (5’ ) becomes a
terminal state. For each arm i, if ¢ ¢ C, it decides
based on (a;,b;) (i.e., decide 1 when a; > b; and 0
otherwise); if i € C, it decides based on (a;,b;) using
the same majority-vote rule.

It is easy to see that f is an M-BQP by its construc-
tion. We only need to prove that val(f) > val(f)—ﬁ.
For notational convenience, we let S; be the state af-
ter the t-th query made by policy f, and let S; be the

state after the t-th query made by policy f.

We prove the following technical lemma in Ap-
pendix B.

Lemma 5 For every state S and S’,
t, we have Pr[Siy1 = S'|S; = 5]
S].

and every time
= PI‘[SH_l = S/|St =

Corollary 6 For every query history S and time t,
we have Pr[S, = S] = Pr[S, = 5].

After a run of the policy f , for each arm ¢, we say it is
corrupted if ¢ € C' at the end of the run. When arm ¢
is corrupted, we further say it is marked if it was put
in C because of the second constraint in Definition 1.
Let K be the set of all marked arms.

The following two technical lemmas are proved in Ap-
pendix B.

Lemma 7 Conditioned on arm i marked, f makes the
correct decision for arm i is at least 1 — ﬁ (when

M is sufficiently large).

Lemma 8 The probability of arm i being corrupted
. 1
but not marked is at most SN

Now we are ready to prove Lemma 2.

Proof of Lemma 2. We consider a run of f and
let S = {(a1,01),...,(an,by)} be the terminal state
reached by f. For each arm i, we let (ag,b;) = (as,b;)
if 4 is not corrupted. Let C' and K be the corrupted
set and marked set when f reaches the terminal state

S (note that K C ). We use E to be the expectation
operator over the distribution defined by this process.

We will also consider a run of f and let S =
{(a1,b1),...,(an,bn)} be the terminate state reached
by f. We use the E to denote the expectation over the
this distribution.

We have

val(f) =

il—erraz, bi))

n

% ZIE[l —err(a, b)) (4)

i=1

3\'—‘

Then we compute E[1 —err(a;, b;)]. Note that C, C\ K
and [n] \ C partitions the arm set [n], we have

E[1 — err(as, b;)]

)i € K| Pr[i € K]

b))|i € C\ K|Prli € C'\ K]
+E[1 — err(a;, by)]i ¢ C] Prli ¢ C)

E[1 — err(a;, b;)|i € K]Prfi € K]
+ E[1 — err(a;, b)|i ¢ C|Prli ¢ C|

(1 - 1M) Prfi € K|
(

2vVM
+ E[l — err(a;, b;)|i ¢ C]Prli ¢ C]
2v/ M

E[1 — err(as, b

+ E[1 — err(a;,

v

v

Y

1- ) Pr[i € K]
bi)li ¢ C]Prli ¢ C
1

M’

where the second inequality holds because of Lemma 7,
and the last inequality holds because of Lemma 8.
Since E[1 — err(a;, b;)] < 1 and Prfi € K] < 1, we
have

+ E[1 — err(a,

+Prlie C\ K] — (5)

(5) > E[1 — err(as, b;)](Pr[i € K]+ Prfi € C \ K]

+Pri ¢ C)) — —— Prfi € K] -

2V
1
VM

According to Corollary 6, f and f have the same dis-
tribution on each terminal state, and therefore we have

Z E[l — err(ai, bl)] —

Elerr(as, b;)] = Elerr(as, b;)]. (7)

Combining (4), (6), and
% Z?:l E[l — err(ai, bz)] —

7), we have, val(f) >
:val(f)—ﬁ. a

&3



A PTAS for the Bayesian Thresholding Bandit Problem

3.2 Smoothness of the OPT(-) Curve

In this subsection, we show the smoothness property
of the OPT(Q) function, which will be useful to the
further improvement of our algorithms. In particular,
we prove the following statement.

Lemma 9 For each e > 0, when Q > 1200e 41n® e !,
we have OPT((1 — €)@Q) > OPT(Q) — 4e.

At a high level, the proof of Lemma 9 first constructs
an e 2-BQP f with query budget Q and val(f) >
OPT(Q) —e. This is made possible thanks to 2. Then
the proof constructs another policy ¢ by simulating f
and skipping the queries to a random §2(e)-fraction of
the arms, so that the query complexity of g is at most
(1 —€)Q. Finally, we show that val(g) > OPT(Q) —4e
to complete the proof. Due to space constraints, the
full proof is deferred to Appendix C.

3.3 Buffered and Bounded Query Policy

In this subsection, we present our discretization idea.
We first carefully select a set of discretized integer val-
ues and introduce a class of more restricted policies
(namely Buffered and Bounded Query Policies) that
only make the number of queries equal to one of the
discretized values to each arm. Building on our results
on bounded query policies in Section 3.1, we show that
such class of policies also well approximates the global
optimal policy, and leads to a PTAS with improved
time complexity. All omitted proofs in this subsection
can be found in Appendix D.

Given v > 0, we define an integer series 79 = 0,71 = 1,
and 7; = [(1 +v)7—1] for all i = 2,3,4,.... Now
we define the class of Buffered and Bounded Query
Policies as follows.

Definition 2 We say a policy f is a (v, M)-Buffered
and Bounded Query Policy ((v, M)-BBQP) if

1. Whenever f decides to query a arm (namely arm
i), if the arm has been queried for T; times, the
policy f makes a sequence of Tj41 — T; queries
on the arm. In other words, at any stage of the
process, the number of queries made to any arm
will be @ number form the T; series.

2. f also satisfies the two constraints in Definition 1
for an M-BQP.

Lemma 10 For any M-BQP f with query budget Q,
and any v > 0, there exists a (v, M)-BBQP § with
query budget (14 7)Q such that valg(g) > valg(f).

While the proof of Lemma 10 is deferred to Ap-
pendix D, the idea is to let g create “buffers” and

simulate the M-BQP policy f. More specifically, §
use a buffer for each arm to store the outcomes of the
sequence of queries, and feed an element that is de-
queued from the buffer whenever f asks to make a
query to the arm. § makes a new sequence of queries
whenever the buffer is empty.

The following lemma shows that the optimal BBQP
can be found by a dynamic programming algorithm.

Lemma 11 The natural dynamic programming algo-

rithm computes the optimal (v, M)-BBQP with query
\/7 l)3
budget Q in time pOCHE=),

Proof. Observe that for each arm, there are at most
O(logy (M In® M))-v/MIn* M = O(¥I=M ) poggi.
ble query records. Similarly to the proof of Lemma 3,

we conclude that the natural dynamic programming
. . . o( VM 1n3 M )
algorithm for (v, M)-BP runs in time n g . O

Now we have a faster algorithm to approximate the
optimal policy.

Lemma 12 Given e > 0 and query budget Q) such that
Q = Q(e*In®e 1), there is a dynamic programming
algorithm that computes a policy with value at least
(OPT(Q) — €) in time nCle " *c ™),

Proof. Set v = ¢

to compute an optimal (v,

and M = §—§ We use Lemma 11
M)-BBQP with query bud-

VM 1n° — 3 —
get Q, namely g in time n () _ O’ 1)

Let f be the optimal M-BQP with query budget = JW

By Lemma 10, we know that val(§) > val(f). By
Lemma 2, we know that

Q
val(f) > OPT (1 +7) £

By Lemma 9, we know that

OPT (Q)
1+~y
4e

> OPT(Q) — 4 (1 - Hlv) > OPT(Q) — €.

()

5
In total, we have

val(§) = OPT(Q) — % - £ =OPT(Q) -

3.4 Partitioned Policy

In this subsection, we introduce the partitioning idea.
We formally define the class of Partitioned Policies
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and show that these policies may well approximate the
global optimal policy.

Given an integer P, we say A = {A1, As,..., Arn/p1}
is an P-partition of the arm set [n] if every arm appears
in exactly one group A;, and P — 1 < |4;| < P for
every A; € A. Now we define the class of Partitioned
Policies as follows.

Definition 3 We say a policy h is a (v,P)-
Partitioned Policy (P-PP) with query budget Q, if
h first chooses a uniform random P-partition A =
{A1, Az, ... APy}, and makes sure that the total
number of queries made to the arms in every A; € A
is at most % - P.

The following lemma shows that partitioned policies
are powerful enough to approximate the optimal solu-
tion.

Lemma 13 For any M,~, and P such that P >
300y 2(Iny Y MIn* M, given an M-BQP f with
query budget Q > n, there exists a (v, P)-PP h with
query budget Q, such that valg(h) > vaIQ(f) — .

If we set M = ¢~ 2 and v = € in Lemma 13, combining
Lemma 2 and Lemma 13, we have

Corollary 14 When Q > n, for each € > 0, let P =
1200e=*1n® €1, there exists a (e, P)-PP h with query
budget Q, such that valg(h) > OPT(Q) — 2e.

The rest of this subsection is devoted to the proof of
Lemma 13.

We first define a policy h similarly as we did in Sec-
tion 3.1. For any M-BQP f, we construct h as fol-
lows. The policy g keeps a query history set S =
{(a1,b1), (az,b2),...,(an,bn)}, a set C of corrupted
groups, where for each group A € C and each arm
i € A, arm i is associated with a pair (d;,b;) and a
mean 91 Initially we have a; = b; = 0 for all arms

i € [n] for S, and C = 0.

At each time, g works as follows to decide which arm
to query. Suppose f(S) chooses to query arm i, and A
is the group that includes i. If A is not corrupted (i.e.,
A does not appear in C') and querying arm ¢ would not
go over the budget for A, g queries arm ¢ and update
S according to the observed bit. Otherwise,

1. If A is not corrupted, we add A to C (i.e., it is now
corrupted). For each arm i’ € A, set its associated

(ay,by) = (ay,by), and draw O ~ Beta(a; +
1,b; + 1)

2. We draw a bit 7 ~ B; , let 7 be the pretended

observation from arm ¢, and update S using 7.

g terminates the query process when f (5’) becomes
a terminal state. For each arm ¢ that is in a non-
corrupted group, we make the decision according to
(a;, b;). For every arm 4 that is in a corrupted group,
we guess an arbitrary bit.

Similarly as we did for Lemma 5 and Corollary 6, we
prove the following statement.

Lemma 15 For every realization of the P-partition
A, and every state S, we have that Pr[f reaches S] =
Pr[h reaches S|A]. As a corollary, the event that h
reaches S is independent from the random variable A.

Now let S be the terminal state reached by h, by
Lemma 15, conditioned on S, the distribution of A
is the same as the unconditioned probability distribu-
tion. We prove the following statement.

Lemma 16 For each group A;, we have

Pr[A; € C when h terminates|S] < .

Proof. Let q; = a; + b; be the number of queries
(including the pretended ones) made to arm j when
h terminates. Since f is an M-BQP, we have ¢; <
100M In® M. Let X; =1when j € A; and X; =0
otherwise. We have that E[X;|S] = V:l—‘ < £ Also,
by Definition 2.1 and Theorem 2.7 in [Joag-Dev and
Proschan, 1983], {X1, X2,..., X} (conditioned on S)
are a set of nigatively associated random variables.
Let Y; = oz € [0,1]. By Property P6 in
[Joag-Dev and Proschan, 1983], {Y1,Ys,...,Y,} (con-
ditioned on S) are also negatively associated there-
fore Chernoff Bound also applies. Now note that
E 5, Y518] < n.looﬁﬁ. Using Theorem 18,
Pr[A; € C when h terminates|S] equals to

" 1 P
Pr ZY'Z%W 7
= n-100M In* M

2
which is at most exp (—%) <. O

We are now ready to prove Lemma 13.

Proof of Lemma 183. It is straightforward
to verify that h is a P-PP with query budget
Q. Now let us bound its value. Let S =
{(a1,b1), (az,b2),...,(an,b,)} be the terminal state
reached by h. Let Z; be 1 if arm j is in a group that
is corrupted when h terminates, and 0 otherwise. We
have

val(h) = & % 31— err(az. b))t - Z))|8
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(1—err(a;,b;)) Pr[f reaches S] = val(f).

9)

On the other hand, by Lemma 16, we have

1 n
- Zlg[zj\s*]

- Z Pr[A4; € C when h terminates|S]|4;] < 7.

A eA
(10)
Putting (8), (9), and (10) together, we prove that
val(h) > val(f) — O

3.5 The Linear-Time PTAS

Now we are ready to prove our main theorem on the
linear-time PTAS.

Proof of Theorem 1. Let P =
1200(e/8)~*1n*(e/8) ! For simplicity of expo-
sition, we assume n is divisible by P (while the
general case can be deal with by introducing the
negligible O(1/P) additive error in the approximation
guarantee).

Our algorithm first generates a uniform random P-
partition A = {Ay, Ag,..., A, p1} of the arm set [n].
We use Lemma 11 to find an optimal policy f on P
arms (with uniform prior) with query budget QP/n,
up to (e/4)-additive approximation error. This can be
done in time exp(O(e~2In*€e~1)). Then as the meta-
policy F', we run f on each group A; of arms, and
decide as f decides. It is straightforward to see that F’
uses at most @ queries. It remains to show the lower
bound on val(F'), which is val(f) (the average value of
val(f) on all groups).

By Corollary 14, there
PP H with query budget %6/8,
val(H) > OPT(lJr /8) — ¢/4. Now for each group
A;, consider the value of f and the number of
correct guesses made by H on the arms in A;. Since

H makes at most Ww queries on arms in
A;, let OPTp(Q) denote the value of the optimal

exists an

(€/8, P)-
such that

policy on P arms with query budget ), we have

+ > jea, Pr[H guesses correctly on arm j|A;] <
OPTp(Q) < val(f) + §. There-
fore, we Thave that val(F) = val(f) >

+ > jea, Pr[H guesses correctly on arm j|4;] —
On the other hand, since

vaI(H)

£
1

r[H guesses correctly on arm j|A;]

c€A;
) = = P

A,eA

= Z Pr[H guesses correctly on arm j|A4;],
JEA;

we have val(F) > val(H)—§ = OPT (25 ) =55 =
OPT (Q) —e€ , where the last inequality is by Lemma 9.
O

4 Conclusion and Future Work

In this paper, we introduced a PTAS algorithm for the
Bayesian thresholding bandit problem with linear run-
time complexity in a given bugdet ). There are a few
key ideas of our algorithm. First, we use the query
truncation idea to focus on the policies without too
many queires to any specific single arm. This idea re-
sulted in a first PTAS for the BTBP problem. Then we
use the discretization idea to reduce the search space
of approximate optimal policies. With the smoothness
property, this discretization idea improves the time
complexity of the PTAS. Finally, we devise a partition-
ing idea to decompose the problem into a few smaller
problems with each solved with less complexity our-
selves, with a reasonable approximation to the optimal
policy.

In the future, we would like to explore empirical im-
plications of our results. In addition to the theoreti-
cal guarantees, we would like to empirically test the
feasibility of these ideas on simulated BTBP prob-
lems. To further reduce the state space complexity
of our dynamic programming algorithm, we will apply
an approximate dynamic programming motivated by
the value iteration methods in reinforcement learning.
Motivated by the recent success of deep reinforcement
learning, we will check if entries in the dynamic pro-
gramming table can be well approximated by a neural
network function that maps the current query history
to the highest expected accuracy, and the weights of
the neural network model are updated using the soft
Q-learning algorithm with the restriction in the first
idea. In this way, we can readily apply the second and
the third ideas to this framework and test their effec-
tiveness in reducing the practical runtime of the ap-
proximate neural dynamic programming without sub-
stantial loss of accuracy.
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