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Appendix

The Appendix is organized as follows. In Section [A] we prove Propositions [I and 2. Section [B is devoted to
the analysis of the bias. We study spectral properties of the diffusion operator L to give sufficient and general
conditions for the compactness assumption from Theorem [2 and Proposition [3 to hold. Section [C provides
concentration inequalities for the operators involved in Proposition 2. We conclude by Section [D] that gives
explicit rates of convergence for the bias when p is a 1-D Gaussian (this result could be easily extended to higher
dimensional Gaussians).

A Proofs of Proposition [1| and

Recall that L2(u) is the subspace of L?(u) of zero mean functions: L3(u) := {f € L*(u), [ f(z =0} and
that we similarly defined Ho := H N L3(1). Let us also denote by R1 , the set of constant functlons

Proof of Proposition[I. The proof is simply the following reformulation of Equation . Under assumption (Ass.

1):

2
Po= sup et (@) @) - Ups Fla)dulz)
FEH ()\RT fRd ||Vf ||2du( )
_ Jpa £@)?dp(x) = (foa f@)dp(x)’
fe?-t\RIl fRd va szﬂ( )
= sup Jp /(@ dpi(@) = (Joa F(2)d )2.
FEHN{0} Jra IIVf szu(l‘)

We then simply note that

f(a)dp fo | Kudp(x 2:<f7m>%:<f,(m®m)f>a-
(L) = ({5 [, o) )

/ f(x)%dp(z) = (f.2f)n  and / IV £ (@) Pduz) = (£, A )
R4 R4

Note here that Ker(A) C Ker(C). Indeed, if f € Ker(A), then (f,Af)y = 0. Hence, p-almost everywhere,
Vf =0 so that f is constant and C'f = 0. Note also the previous reasoning shows that Ker(A) is the subset of H
made of constant functions, and (Ker(A))* = H N L3(u) = Ho.

Similarly,

Thus we can write,

<f’(2_m®m)f>

P,=  sup *_ HA‘l/QCA_l/QH,
" fer\Ker(a) (f,Af)n
where we consider A~! as the inverse of A restricted to (Ker(A))" and thus get Proposition O

Proof of Proposition[2. We refer to Lemmas [5] and [6] in Section [C for the explicit bounds. We have the following
inequalities:
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Consider an event where the estimates of Lemmas |5} [6] and [7|hold for a given value of § > 0. A simple computation
shows that this event has a probability 1 — 39 at least. We study the two terms above separately. First, provided
that n > 15F . (\) log 32 and A € (0, [|Al]] in order to use Lemmas |§| and

Hﬁglﬂ(@—c 1/2H HA 1/2 1/2A 1/2(0 C)A; 1/2A1/2A 1/2H
S N e

Lemma Lemma Bl
2 (Lemma [5)).

For the second term,
Hcl/Q(ﬁxl _ A;1)01/2H _ HO1/2£—1(A _ ﬁ)A—1C1/2H
H01/2A 1/2A1/2A 1A1/2A 1/2(A A)A 1/2 o 1/201/2H
S S ] o S

Lemma [7] PA Lemma [6]

<2- 732 - (Lemma @)

1/2
The leading order term in the estimate of Lemma H is of order (W) whereas the leading one in
Lemmais of order %\g/é). Hence, the latter is the dominant term in the final estimation. O

B Analysis of the bias: convergence of the regularized Poincaré constant to the
true one

We begin this section by proving Proposition |3} We then investigate the compactness condition required in the
assumptions of Proposition [3| by studying the spectral properties of the diffusion operator L. In Proposition [6] we
derive, under some general assumption on the RKHS and usual growth conditions on V', some convergence rate
for the bias term.

B.1 General condition for consistency: proof of Proposition

To prove Proposition [3] we first need a general result on operator norm convergence.

Lemma 1. Let H be a Hilbert space and suppose that (A,)n>o0 is a family of bounded operators such that ¥n € N,
ARl <1 and Vf e H, Anf D720 Af. Suppose also that B is a compact operator. Then, in operator norm,

A,BA* 22 ABA*.

Proof. Let € > 0. As B is compact, it can be approximated by a finite rank operator B, = Sore bl fis )i,
where (f;); and (g;); are orthonormal bases, and (b;); is a sequence of nonnegative numbers with limit zero
(singular values of the operator). More precisely, n. is chosen so that

IB-B, | <=
<

Moreover, € being fixed, A, B, A}, = > bi(Anfi, ) Angi — > bi(Afi,-)Agi = AB,_A* in operator norm,

so that, for n > N, with N, > n. sufficiently large, || A, B, A* AB, A*|| < §. Finally, as [|A|| < 1, it holds,
for n > N;

|A.B, A, — ABA™|| < [|AnB,_A, — AB,_A*|| +||A(B,, — B)A™||
< ||AnB, A, — AB,_A*|+|B,. — Bl <e.

This proves the convergence in operator norm of A, BA! to ABA* when n goes to infinity. O
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We can now prove Proposition

Proof of Proposition[3. Let A > 0, we want to show that
—1/2 A —1/2 - _
P = 1420 2 — a7 2ea 2| = P,
Actually, with Lemma we will show a stronger result which is the norm convergence of the operator A;l/ ’C A;l/ 2
to A=Y/2CA~1/2, Indeed, denoting by B = A~/2CA~1/2 and by Ay = A;l/zAI/Q both defined on Hg, we have

A;UZC’A;UZ = A\BAj with B compact and ||A|| < 1. Furthermore, let (¢;);cn be an orthonormal family of
eigenvectors of the compact operator A associated to eigenvalues (v;);en. Then we can write, for any f € H,,

Anf = AV PAYPF = 3 SR b o o .
i=0 v

Hence by applying Lemma Ii, we have the convergence in operator norm of A;1/2C’A)_\1/2 to A~V/2CA1/2,
hence in particular the convergence of the norms of the operators.

O

B.2 Introduction of the operator L

In all this section we focus on a distribution du of the form du(z) = e~V dz.

Let us give first a characterization of the function that allows to recover the Poincaré constant, i.e., the function

2
Ja IV S @) die(z) z. We call f, this function. We recall that we denote by
Jaa £(@)2dp(2)—(fpa F(z)du(z))
2
AL the standard Laplacian in R%: Vf € H'(u), AFf = Z?Zl 222. Let us define the operator Vf € H'(u),

Lf =—ALFf+ (VV,Vf), which is the opposite of the infinitesimal generator of the dynamics . We can verify
that it is symmetric in L?(u1). Indeed by integrations by parts for any Vf,g € C2°,

in H'(y) that minimizes

(L1.9) 1200 = [(LO@)g(a)dulz)
== / AL f(a)g(a)e™" Pda + / (VV(2),V f(z))g(z)eV @ dx
- / (V7). (gle)e™V @) ) da + / YV (@), V@) g(@)eV @ da
_ / (Vf(2), Vo(a))e V@ da - / OV £ (@), YV (@) g(z)eV @ da
+ [V, V@) s
— [ (V5. Vota)duta).

The last equality being totally symmetric in f and g, we have the symmetry of the operator L: (Lf, g)r>(.) =
J(Vf,Vg)du = (f, Lg)r2(u) (for the self-adjointness we refer to |[Bakry et al., 2014]). Remark that the same
calculation shows that V* = —div + VV-, hence L = V* -V = —AL + (VV, V), where V* is the adjoint of V in
L2(p).

Let us call 7 the orthogonal projector of L?(u) on constant functions: wf : z € R? | fdu. The problem
then rewrites:

,P_l inf <Lf7f>L2(p,)

= in , 8
FeEH (L3 ()\{0} [|(Ir2(y — ) f12 ®)

Until the end of this part, to alleviate the notation we omit to mention that the scalar product is the canonical
one on L?(p1). In the same way, we also denote 1 = I
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B.2.1 Case where du has infinite support
Proposition 4 (Properties of the minimizer). If | l‘im i|VV\2 — LALV = +o0, the problem admits a
&T|— 00

minimizer in H(u) and every minimizer f is an eigenvector of L associated with the eigenvalue P~1:

Lf=P'f. (9)

To prove the existence of a minimizer in H'(u), we need the following lemmas.

Lemma 2 (Criterion for compact embedding of H!(u) in L?(u)). The injection H () < L*(p) is compact if
and only if the Schrédinger operator —AL + % |VV|2 — %ALV has compact resolvent.

Proof. See |Gansberger| [2010, Proposition 1.3] or |Reed and Simon| [2012, Lemma XIII.65]. O

Lemma 3 (A sufficient condition). If ® € C*® and ®(x)— + oo when |x| — oo, the Schridinger operator
—AL + & on R? has compact resolvent.

Proof. See |Helffer and Nier, 2005| Section 3] or [Reed and Simon) 2012, Lemma XIII.67]. O
Now we can prove Proposition
Proof of Proposition[{. We first prove that admits a minimizer in H'(x). Indeed, we have,

. (L fr2w IV
inf —_— = f J(f), where J(f):= .
reEn\o} [(L—m)fII?  remrnLz)\{o} () () If1?

Pt =

Let (fn)n>0 be a sequence of functions in H{(u) equipped with the natural H'-norm such that (J(fn))n>0
converges to P~1. As the problem in invariant by rescaling of f, we can assume that ¥n > 0, ||fn||%2(“) =1.

Hence J(fn) = ||V full72(, converges (to P~'). In particular [V f,|[7.,, is bounded in L*(u), hence (fn)nzo

is bounded in H'(p). Since by Lemma E and E we have a compact injection of H'(p) in L?(p), it holds, upon
extracting a subsequence, that there exists f € H'(u) such that

fn = f strongly in L?(u)
fn—f weakly in H(u).

Thanks to the strong L?(p) convergence, | f|* = lim || f,||*> = 1. By the Cauchy-Schwarz inequality and then

taking the limit n — 400,

IV A2 =1im (V,, V) <lim [[VFIVfall = [VF[P"

Therefore, ||V f|| < P~'/2 which implies that J(f) < P~!, and so J(f) = P~'. This shows that f is a minimizer
of J.

Let us next prove the PDE characterization of minimizers. A necessary condition on a minimizer f, of the
problem inf pe g () {||V fllL2()> || fII* = 1} is to satisfy the following Euler-Lagrange equation: there exists 8 € R
such that:

Lf.+Bf=0.

Plugging this into (§), we have: P~' = (Lf., f.) = =B(f., f«) = =B f.|l5 = —3. Finally, the equation satisfied
by fi is:

Lf = A f. + (VV,VL) =P Lo,

which concludes the proof. O
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B.2.2 Case where di has compact support

We suppose in this section that dup has a compact support included in 2. Without loss of generality we can take
a set Q with a C'°° smooth boundary 9€2. In this case, without changing the result of the variational problem,
we can restrict ourselves to functions that vanish at the boundary, namely the Sobolev space H3, (RY, dp) =
{f € H'(n) s.t. flao =0}. Note that, as V is smooth, H'(u) > H'(R?,d)) the usual "flat" space equipped with
d), the Lebesgue measure. Note also that only in this section the domain of the operator L is H2 N H},.
Proposition 5 (Properties of the minimizer in the compact support case). The problem admits a minimizer
in H}, and every minimizer f satisfies the partial differential equation:

Lf=P'f. (10)

Proof. The proof is exactly the same than the one of Proposition E since H}, can be compactly injected in L?
without any additional assumption on V. O

Let us take in this section H = H?(R?, d)\), which is the RKHS associated to the kernel k(z,2’) = e=ll===ll,
As f, satisfies (10)), from regularity properties of elliptic PDEs, we infer that f, is C°°(Q). By the Whitney
extension theorem |Whitney, 1934|, we can extend f. defined on Q to a smooth and compactly supported function
in Q' D Q of R%. Hence f, € C*(R%) C H.

Proposition 6. Consider a minimizer f. of . Then

(A

. (11)
A

PSP KP4

Proof. First note that f, has mean zero with respect to du. Indeed, [ fdu =P~! [ Lfdu =0, by the fact that
dyp is the stationary distribution of the dynamics.

For A > 0,
O 1.3 O R Vi
JEEL [0 f@)2du(z) — (faa f(@)dp(z))
Jra IV (@) Pdp(@) + Al £ 13, _plgy [1£<115
s Joa £ @) du(a) A,
which provides the result. O

C Technical inequalities

C.1 Concentration inequalities

We first begin by recalling some concentration inequalities for sums of random vectors and operators.

Proposition 7 (Bernstein’s inequality for sums of random vectors). Let z1,..., 2z, be a sequence of independent
identically and distributed random elements of a separable Hilbert space H. Assume that E||z1|| < 400 and note
uw=1Ez. Let o, L > 0 such that,

1
¥p>2,  Ela - plf < gploL7
Then, for any 6 € (0,1],

2
< 2L 1og(2/0) . 20 10%(2/5)7 (12)
H " "

1 n
DIEY
i=1

with probability at least 1 — 4.

Proof. This is a restatement of Theorem 3.3.4 of [Yurinskyl, [1995]. O
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Proposition 8 (Bernstein’s inequality for sums of random operators). Let H be a separable Hilbert space and let
X1,..., X, be a sequence of independent and identically distributed self-adjoint random operators on H. Assume
that IE( i) = 0 and that there exist T > 0 and S a positive trace-class operator such that | X;|| < T almost surely
and EX? < S for anyi € {1,...,n}. Then, for any & € (0,1], the following inequality holds:

2||S118
n

; (13)

1 n
n 2%

with probability at least 1 — & and where § = log 23‘%.

Proof. The theorem is a restatement of Theorem 7.3.1 of |Tropp)| |2012] generalized to the separable Hilbert space
case by means of the technique in Section 4 of |Stanislav, 2017]. O

C.2 Operator bounds

Lemma 4. Under assumptions (Ass. @) and (Ass. @), Y, C and A are trace-class operators.

Proof. We only prove the result for A, the proof for 3 and C being similar. Consider an orthonormal basis
(¢i)ien of H. Then, as A is a positive self adjoint operator,

00 0o d co d
T A= 3 (At = 3B | 0K 07| =B |30 (0,8,
i=1 i=1 j=1 i=1j=1
d
S osK? | < K
Hence, A is a trace-class operator. O

The following quantities are useful for the estimates in this section:

Ne(A) = sup A;l/QKI

2 —1/2
, and Foo(A) = sup HA)\
wesupp(u) H

x€supp(p)

Note that under assumption (Ass. ' Noo(N) < X and Foo(A) < d. Note also that under refined assumptions
on the spectrum of A, we could have a better dependence of the latter bounds with respect to A. Let us now
state three useful lemmas to bound the norms of the operators that appear during the proof of Proposition

Lemma 5. For any A > 0 and any 6 € (0,1],
. 57 1/2
4N (M) log %Lg . 2 P Noo(A) log 733355

3n n

|ax2@ - o)ai| <

log(2) N log(%)
n n

+ 8N (A)

2

2 2
+ 16N (N) log(5)+ log(5) ,

n n

with probability at least 1 — 4.
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Proof of Lemma[5. We apply some concentration inequality to the operator A;l/ 26A;1/ ? whose mean is exactly
A;l/ZC’A;UZ. The calculation is the following:

HA;1/2(6 _ O)A;1/2H _ A;1/26A;1/2 - A;1/2CA;1/2H

N

A;1/2§A;1/2 _ A;1/22A;1/2H

N HA;UQ(T?L ®T?L)A;1/2 _ A;l/Q(m ®m)A;1/2H

: Z [(A/\ 1/2]<mi) X (A)\ 1/2[§mi) — A/\ 1/2 )\—1/2:|
i=1

+ @3 2w @ (a3 m) — (a3 Pm) @ (A m)|
We estimate the two terms separately.

Bound on the first term: we use Proposition [8] To do this, we bound for i € [[1,n] :

2
|52 re) @ (52K — a5 0l < [l [+ ast e mas|

< 2N (M),

and, for the second order moment,
2
E (A2 K.) ® (8512 Ks,) = 8725807

2
—E [HA;UQK%, ) (AVPK,,) @ (ALK, )} — ATPRA EATY?

< Noo(WAT?EATH2,
We conclude this first part of the proof by some estimation of the constant f = log ”A§Er2(§§;;j/)2”5' Using
TrEALT < ATITEY, it holds 8 < log 3,}\&% Therefore,
%i {(A;l/sz) ® (Agl/sz) _ A;UQZA;UQ}
i=1
) AN () log 2B RE Pl Noo(3) log 22 e

3n n

Bound on the second term. Denote by v = A;\l/Qm and ¥ = A;lﬂm. A simple calculation leads to

lv@ @ =)+ [[(V=2v) @ o] +[|(? - v) ® (V=)

[Pev—vewv| <
< 2|lI[7 = vl + (17— v]*.

We bound |[5—v| with Proposition|[t] Tt holds: 5—v = Ay ?(—m) = 2 30| ATV (K, —m) = 2 S0, Z,, with
Z; = A (K, —m). Obviously for any i € [1,n], E(Z;) = 0, and || Zi|| < [|A /2K, | +]1A5*m|| < 2¢/Nao (V).
Furthermore,

2 2
BIZ? = B (A2 (5, —m), A2 (5, —m)) = B[ A5, | = [|ar2m|

<N (V).

Thus, for p > 2,

E|Z|P <E (121721 Z:l?) < %p! (MY (2\//\?(/\))”*27
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hence, by applying Proposition |7 with L = 24/N(A\) and 0 = /N (A),

15— || < 4y/Noo (V) log(2/9) " \/QNOO(/\) log(2/6)

n

n

N ey <1og<§/6> . 1og<2/6)> |
Finally, as [|v]| < v/Noao(N),

1525 — 0@ v < SNa(A) <1°g(2/5) + 10g(2/5)>

n n

RPN <1og<2/6> ) 1og<2/5>>2 |

n n

This concludes the proof of Lemma O
Lemma 6. For any X € (0, ||A||] and any ¢ € (0,1],

)

4F s (X) log 2352 N \/ 2 Foo(A) log 1332

a3 @ - ma <« = g

with probability at least 1 — 9.

Proof of Lemma[6. As in the proof of Lemma[5] we want to apply some concentration inequality to the operator
A;1/2AA;1/2, whose mean is exactly A;l/QAA;Uz. The proof is almost the same as Lemma [5. We start by
writing

HA;1/2(3 _ A)A;1/2H _ ”A;l/zﬁA;1/2 - A;1/2AA;1/2H

l — _ _ _ _
=SS [ VEL) @ (87 PV K,,) - A28
i=1

In order to use Proposition [8] we bound for i € [1,n],

[AXPVEL) @ (A7 VK, - A7 288 < ||y v,
< 2F (M),

2 —1/2 4 A—1/2
H+HA’\ / Al / H

and, for the second order moment,
2
E [((A;uzv&i) © (A V?VE,,) - A;WAA;W) }

= E |:HA)\1/2VKmb (A;1/2VK$L) ® (A)\l/Qvab)] _ A;1/2AA;1AA;1/2

2
H

< Foo(NAL2ANTY2,

We conclude by some estimation of 8 = log T%liﬁ;). Since Tr(AAL!) < A71TrA and for A < || A, ||A;1AH >
A
1/2, it follow that 8 < log 4??. The conclusion then follows from . O
4TrA

Lemma 7 (Bounding operators). For any A >0, § € (0,1), and n > 15F () log =557,
HA;WA;/QH? <2

with probability at least 1 — 4.
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The proof of this result relies on the following lemma (see proof in |[Rudi and Rosascol |2017, Proposition 8§]).

Lemma 8. Let H be a separable Hilbert space, A and B two bounded self-adjoint positive linear operators on H
and A > 0. Then

"<A+)‘I)_1/2(B+)\I)1/QH <(1-p)12,

with B = Amax (B + X)7Y2(B — A)(B + M) 71/2) < 1, where Apax(O) is the largest eigenvalue of the self-adjoint
operator O.

We can now write the proof of Lemma

Proof of Lemma[7. Thanks to Lemma [8] we see that

a2 < (1 (25723 2087

and as HA;I/Q(A — A)A;UQH < 1, we have:

-1

35 < (1= o E - a2

4F oo (N) log 2728 2 Foo(N) log 2128 1
n 27

We can then apply the bound of Lemma@to obtain that, if A is such that

3n

+
N 2
then HA;UQA;&H < 2 with probability 1 — §. The condition on ) is satisfied when n > 15F () log %.

D Calculation of the bias in the Gaussian case

We can derive a rate of convergence when p is a one-dimensional Gaussian. Hence, we consider the one-dimensional
distribution dyu as the normal distribution with mean zero and variance 1/(4a). Let b > 0, we consider also the

E 12 2
following approximation 77;1 = inf p(F7) + K]l

feEH var,(f)
exp(—b(z — y)?). Our goal is to study how P, tends to P when & tends to zero.

where H is the RKHS associated with the Gaussian kernel

Proposition 9 (Rate of convergence for the bias in the one-dimensional Gaussian case). If du is a one-dimensional
Gaussian of mean zero and variance 1/(4a) there exists A > 0 such that, if X\ < A, it holds

P L PSP+ BaAln®(1/))), (14)
where A and B depend only on the constant a.

We will show it by considering a specific orthonormal basis of L?(u), where all operators may be expressed simply
in closed form.

D.1 An orthonormal basis of L?(;) and H

We begin by giving an explicit a basis of L?(u) which is also a basis of H.
Proposition 10 (Explicit basis). We consider

file) = (£)" i) e, (Vaew ).

a

where H; is the i-th Hermite polynomial, and ¢ = v/a? + 2ab. Then,

o (fi)izo is an orthonormal basis of L*(u);

3 i
o fi= )\;/zfi forms an orthonormal basis of H, with A\; = a+21?+0 (ﬁ) .
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Proof. We can check that this is indeed an orthonormal basis of L?(u):

(fis fm)L2() Z/R\/er%e_ a (2)1/2e_2(c_“)’“'2 (2kk!>_1/2(2mm!)_1/2H}c(\/%{I})Hm(\/%$)d$

2c/7r(2kk!)_1/2(2mm!)_1/2/e_20$2Hk(\/%x)Hm(\/%x)dx
R

= §mk7

using properties of Hermite polynomials. Considering the integral operator T : L?(u) — L?(u), defined as
= Jpe” b@=9)" f(2)dp(z), we have:

2 1 2 2
2kk' 1/2/e*(67“)“" Hy(V2cx) ————e 207" o= b==1)" gy
) R k( )\/ 7T/4CL
) Qkk' 1/2(37173/2

—(a+b+c) z Hk (\/%x)eszy \/%dx

T fr(y

ISHNe

WA

=
(
(

c -1/2 _y  atbre 2 20
= (= 2’%' e by 7—/ Hy(x)ev2e ™ dx.
a> 27 /4a v2¢ Jr b(@)
' L = %bjc, that is, 1— a+2bc+c = Zig;i = (G+Zic)2 = u2, which implies that u = ﬁ;
Thus, using properties of Hermite polynomials (see Section , we get:
C 1/4 _1/2 7.2 1 u2
T = (f) 2F k! e 1 — u2Hy,(V2cy) ex <20 2) Wk
fely)=(7) (%K) M\fﬁ/ w(V2ey) exp | T——52¢y
c\ 1/4 o —1/2 1 1 \/%
= (- 27 k! T ——— H;,(\2¢y) exp(buy?® — by?)u*
c\ /4 “1/2 V2a 1
=(- 2F k! L _Hi(V2ey)e (—b2—|—2c2 14+ ——- )uk
(a) (2°k!) g k(2 e — by Y Tz
V2a b k
= ( ) fr(y)
Va+b+cla+b+c
= Mo fr(y).
This implies that (f;) is an orthonormal basis of H. O

We can now rewrite our problem in this basis, which is the purpose of the following lemma:
Lemma 9 (Reformulation of the problem in the basis). Let (o;); € (3(N). For f =32 «a;f;, we have:

o (115 = ZOéQ/\_ = a' Diag(\)'a;

o van,(f(e) =Y af = (3 mar)” =aT(T = "o

oo o0

o Euf'(2)?=> > aioj(M"M);; =a" M Mo,
i=0 j=0

where n is the vector of coefficients of 1 and M the matriz of coordinates of the derivative operator in the

L2 ()
(fi) basis. The problem can be rewritten under the following form:

p-1_ing a'(MTM + kDiag(\) ™1«
T aT (I —mmTa

; (15)

where
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and Mog+1 =0

2a( b >’“\/m

Vk >0 cyM
2> 0, =(-
* "2k (a) a+c\a+b+c 2k k!

c

o VieN,(MTM), = % (2i(a® + ) + (a — ©)%) and (MTM), ., = 1 ((a2 ~ A+ 1)(i+2)).

Proof. Covariance operator. Since (f;) is orthonormal for L?(u), we only need to compute for each i,
n; = B, fi(z), as follows (and using properties of Hermite polynomials):

ni = (1, fi)r2 () = ()1/4(21'2‘!)1/2-/Re(ca)w2Hi(\/%x)e2aa:2 /2a/7rdx
/A,
) e f
e\NV4, . 172 | 2a [fc—a\i/? y
= (E) (2 z!) 1/2 m(c+a) H;(0)i".

This is only non-zero for ¢ even, and

s (x)dx

= (5)" e 2 () o o
(2)1/4 22K (2k)!) 1/2\/z<z+z)’“(2;)!
/ _
<2>14 a—|—c(z+z> \/Q@
= (3

|
)1/4 ( b k\/(2k)!
Va+c\at+b+c 2Kkl

Note that we must have > ;o n? = ||1||2L2( .y = 1, which can indeed be checked —the shrewd reader will recognize
the entire series development of (1 — 22)~1/2,
Derivatives. We have, using the recurrence properties of Hermite polynomials:

\[ \/ﬁfﬂﬂﬁ‘ \[ \[fz 1,

for ¢ > 0, while for i =0, f} = “JEC fi. Thus, if M is the matrix of coordinates of the derivative operator in the

basis (f;), we have M, 1, = “—Jf\/i +1land M;_;1,; = “—jf\ﬁ This leads to

(s ey = (MT M)y
We have
(MTM)ii = (ff, fi) 22
1
_ ((i +1)(a—c)?+i(a+ 0)2)
c
1
=- (2i(a2 +*) + (a— c)2> fori >0,
c
(M7 M)iivz = {fi, fiz2)r2()
1
- 7<(a2 — Va0l 2)) for i > 0.
c
Note that we have Mn = 0 as these are the coordinates of the derivative of the constant function (this can be

checked directly by computing (Mn)ak+1 = Mog+1 26M2k + Mok+1 26+2M2k+2)-
O
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D.2 Unregularized solution

inf 71}3“]”’(:5)2
£ var,(f(z))’

Recall that we want to solve P~ = . The following lemma characterizes the optimal solution

completely.

Lemma 10 (Optimal solution for one dimensional Gaussian). We know that the solution of the Poincaré problem

is P~1 = 4a which is attained for f.(x) = x. The decomposition of f. is the basis (f;); is given by fi = ZVifz‘;
i>0

1/4 3/2 k+/(2k11)!
where Yk > 0, vop, = 0 and vopy1 = (g) \2/76(a24(-:c) / (a+2+c) %

Proof. We thus need to compute:

) 4(2%!) 12 /R o~ (=% H,(v/2cx)e 2 \2a /mwdz

)" @i 2w / ~(e+0)2® 1, (/2 2da

)1/4(21 )N 1/2mf/ -5 [ (2)ade

) @iy mf / ~50 (Hy () + 20 ()] dee
)" )BT 2 () Y

a+c c+a
) i— 1)/2H1_1(0)ii71),

+2( “Ta

which is only non-zero for ¢ odd. We have:

Vo1 = (2)1/ (226 2k + 1))~ *\/2a /

€~ Qyk+l k+1
O Hyp o (0)(—1
a+c((c+a) 2k-+2(0)(=1)

+2(2k+1)( ) Ha(0)(- 1))

:<E>l/ (22k+1(2k+1 )~ UQ\/ﬁ 2c (
)

k+1 k+1
H 0)(—1
; P 2k+2(0)(—1)

+2(2k+1 (

) “Ho(0)(—1)")
= (9)" ek + )T aa T [ (C_a)’“H)k

a a+cc+a

((c %)2(2k + 1) Hax(0) + 2(2k + 1) Har(0))

_ (Y ok 1/2 2c i 2c
= (- (22F+1(2k + 1)1) \/2/ p—— C+a 1)"2(2k + 1) H1,(0) ta
c\1/4 —-1/2 1 26 3/2,C— ayk
= (- 22F L (2k +1)! — DRk +1)H
a ( ( + )) \/acﬂ(a—f—c) (c—i—a) ( ) ( + ) Qk(o)
c 1 2¢c \3/2 a\k (2k)!
= — (== 2% + 1)L
a C\/§(0+C) (c+a) (2k+1) k!

Vad/a, 2¢ \3/2,¢c—a\ky/(2k+1)!
g(a—kc) (c+a) 2k

4\ /a , 2c \3/2 b ky/ (2k +1)!
2¢ ) (a+b+c) PLTTI

)
)
)1/4(2%“(% + 1))V Va
)
)

2c (a+c
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Note that we have:

HTV = <11 f*>L2([L) =0
1
1 = 1l Z2g = 22

MT My = dav.

The first equality if obvious from the odd/even sparsity patterns. The third one can be checked directly. The
second one can probably be checked by another shrewd entire series development.

If we had v " Diag()\)~!v finite, then we would have
pPlgptgp! (1 +r-v Diag()\)_lu) ,

K

which would very nice and simple. Unfortunately, this is not true (see below).
D.2.1 Some further properties for v

_ . . /VEk(2k/e)2k+1 1/4+k+1/2
We have: ¢ = ﬁ, and the following equivalent zk\ﬁﬁ(é;l)k ~k T k'/* (up to constants). Thus

2 1 e\N\Y2a , 2¢ 3 b 2k—2k—1 Ja+b+c
< — R _— =
|V2k+1)\2k+1|\(a) 02(a+c) (a+b+c) 2a vk = 6(Vk)
hence,
2m-+1
Z VA, ~ o(m3/?).
k=0

-1

Consequently, v Diag(\)~'v = +o0.

Note that we have the extra recursion

1
v = —— [VE + L1 + VEne—1].
k \/ZE[ M+1 Nk 1]

D.3 Truncation

We are going to consider a truncated version «, of v, with only the first 2m + 1 elements. That is oy = v for
k <2m+ 1 and 0 otherwise.

Lemma 11 (Convergence of the truncation). Consider g™ = > p o o fr = kaH vk fx, recall that u = ﬁ.
For m > maz{— 41nu, 6C}, we have the following:

() |llal? = & < Lo

(ii) a'n=0
(iii) la"TMTMa — 1| < Lm*u®™
(iv) o Diag(\) " ta < Lm?/?,
where L depends only on a,b, c.
Proof. We show successively the four estimations.
(i) Let us calculate [a|?. We have: [|of|* — & = [la||* = |[v||* = 322,11 Vars1- Recall that u = a+z+c <1, by
noting A = ( )1/4 \2/;(a2fc)3/ , we have

oo
(2k 4+ 1)!
el = Z T(2FRN2 u,
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Now by Stirling inequality:

(k1) oy (2t PTGl
(2kk!)2 S (Vor2bkkt1/2e-k)2

5 1\ 21 1\ /2
o) o)

0 2k 2
de
NS
S T
1
And for m > — 5,
Z VEu? < / NEt
m—+1 m
< zu*dx
_om (1 -2mlnu)
(2lnwu)
muQm
= n(1/u)
Hence finally:
1 4A% m
lal* = — | < - mau®
da| = win(1l/u)
(ii) is straightforward because of the odd/even sparsity of v and 7.
(iii) Let us calculate ||M«||?>. We have:
IMal® =1 = | Mal|* — | M|
= Z Vak+1V25+1 (MTM)2k+1,2j+1
k,j=>m+1
S e (M) +2 ()
Vak+1 2k+1,2k+1 V2k+1V2k+3 2k+1,2k43
k=m+1 k=m+1
A2 N (2k+1)!
= Z @k + D 21@—;; 2) (2(2k + D(a® +c*) + (a — 0)2) u?k
k=m+1 ( )

_ 2A%b > 2k 2k + 3
LY VEEH DN VREFI)! ey b

k k+1
L (2R (2+(k+1))

Let us call the two terms u,, and v, respectively. For the first term, when m > max{— 4lnu’ 60} a calculation as
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in (i) leads to:

24A2 2 2 00 _2\2

(lled® = 1111)

24A2 e(u? +c <, 2w, 4A%

2 2m

//\

m mlnu
24A2 (u + ) uPm(2mInu(2mlin(u) —2) +2)  4A% 2

a e 81n® (u) Tlnu
124%e(a® + ¢2) 5 o, 4A%

<—————mu" — ——mu
b meln(w) mlnu

4A2 2, 2
B e (3(a +C)m—|—1)mu2m
c

2m

mlnu
< 24 A%ce 9
< —m
(/)

2m

and for the second term, applying another time Stirling inequality, we get:

VEET D @k +3)1 g _ 22k + 1)FH3/4 g=(h+1/2) o1/2 (9f 4 3)FFT/4 o= (h+3/2) e
92k 2k+1<k ¥ 1)! = [ 2k k+1/2—k /27T2k+1(k + 1)k+3/2ef(k+1)
(2k+ 1) @k )M
T V2m2RER+/2 2okt (k 4 1)k+3/2
k+3/4 k+7/4
Q (1+ ) (1+55) VEu2k+1
k+3/2
T (1+4%)

(Lt )™ 0+ 5)"

\/Eu2k+l

V2
Vi
2k 5/2
2
< V2 (1 + 3) (1 + 3) Viu2kt1
v
15e

2k 2k
< 3\/Eu2k+1
oo
2m+1 30A2 b 3
Hence, as Z VEiu2Ft! fmui, we have |v,,| < Rkl
Inu meln(l/u)

k>2m+1

(iv) Let us calculate o' Diag(\)~ta. We have:
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m
a' Diag(\) ta = Z 1/22k+1/\2_,€1+1
k=0

Az > (chz')lg); Pty GRHD

=0
b= (2k+1)!
-4 2 ((2%!)2)

4A% 48A%ce  60A2abe® 8A2evb
7In(1/u)’ mIn(1/u)” 7eln(1/u)’ 7v/2au

(Final constant.) By taking L = max { }, we have proven the lemma.

O

We can now state the principal result of this section:

g . . 2 1/(3¢ In(1/u)
I}’lroposfslon 11 (Rate of convergence for the bias). If k < min{a?,1/5,u'/ 39} and such that In(1/k)r < 552,
then

-1 -1 -1 L 2
P <P, <P (1—1—21112(1/105111 (1/%;)) (16)

Proof. The first inequality P~! < P! is obvious. On the other side,

BT(MTM + kDiag(\)~1)3 o a’(MTM + kDiag(\) ™ Ya
BT —m")B - a'(I—n")a ’

With the estimates of Lemma we have for mu?™ < ﬁ:

Pt =inf
B

14 Lm2u®™ + kLm3/2

& — Lmu2™
a

<PHA + Lm?u®™ + kLm/?).

Pl

Let us take m = 21?15(11//2) .Then

In?(1/k) . In®2(1/k)
22 (L) 2P (1)

-1 In(1/x)
<P (1 + /<5L21n2(1/u)> ,

P L<P 1+ kL )

as soon as k < a. Note also that the condition mu?™ < ﬁ can be rewritten in terms of m as kIn(1/k) < %

The other conditions of Lemma are k < e 3/2 ~ 0.22 and k < u!/G0)
O
D.4 Facts about Hermite polynomials

Orthogonality. We have:

/ ™ Hy(2)Hop (z) = 28K/ T8km.
R
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Recurrence relations. We have:
Hl'(a:) = QiHi_l(l‘),

and
Hi+1(.’t) = 2.’EH1((E) — QZHzfl(l')

Mehler’s formula. We have:

> Hk(x)eﬂ’“j/QHk(y)e*yQ/2 & 1 1 2u u? , T2 2
- (-5 -2).

= SN T AV P T1-

M

—12/2
This implies that the functions z +— \F \/7 exp (m;cy T 12 (z—y)?—% — %) has coefficients Hrwe " k

T—u? 2 NN

in the orthonormal basis (z — M) of Lo(dx).

NN

Thus
1 1 2u u? 9 a:2 Hy(x)e —a?/2 Hk( Je~ v*/2 o,
Ll e (- ey - - du
R VT V1 —u2 14+u 1—u? 2 NN NN
that is

2 2
/exp( Y Ty — Y (x—y)z—xQ)Hk Ydz = /T 1 —u2H(y
R

14+u
This implies:

2

2 2
/exp( Y Ty = 7 x 2) x)dr = /71— u2Hg(y exp Y 2y2)uk
R — U — U

1 —wu?

For y = 0, we get

/Rexp(—lit) x)dr = /T 1 —u2Hg(0

Another consequence is that

iwuk}mm(zmu T )

- 1 2u U 2 2 2 2
ﬁme}(p(lflﬂ 7u2(:1: —|—y)+1+u(ac +y))
%ﬁexp( y)2) exp(1+u($2+y2))

1 Vau u 2\ 1 U 2, .2
IR P

Thus, when u tends to 1, as a function of x, this tends to a Dirac at y times eV’
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