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Supplementary Material:

A Proof of Theorem 1 and Corollary 1

We now turn to the proof of Theorem 1. We will use the index ¢ to denote that we take a vectorized version of
the elements of a matrix corresponding to the revealed entries. For example, Ag is thus a vector containing all
the revealed entries, while Aq contains the real values of the entries that have been revealed. The 2-norm of such
vectors is equivalent to their Frobenius norm; for example,

IAllp = ||Ag 7AQ||F = HAS 7AQ||2‘
We begin by deriving an expression for the logarithmic error log flij — log A;;, which we will need both as
intermediate step towards our final bound. Before stating this equality, we recall our notation

D = log Ag —log Aq = log(Aq + A) — log Ag.

Lemma A.1. The error on the logarithm of the individual estimates satisfies
log fiij — 10g AU = (ei — ej)TL;fijBWRD.
Proof. Eq. (2) may be rewritten as
BT log z = log Aq,

where, recall, B is the edge-vertex incidence matrix of the graph. Recalling Eq. (4) we obtain as a consequence
that
Lyrlogz = BW®log AE.

One solution of this system is z = LL[/RBVVR log A, where t represents the Moore-Penrose pseudoinverse.

Recall that 2 is the solution constructed by our algorithm (see Eq. (5)), and we therefore have

logz —logz = LLV,?BWR(log AR —log Ag)
=Ll s BWED.

Hence using again log A;; = log z; — log z;, we have that

log Aij —log A;; = (log 2; —log z;) — (log 2; — log z;)
= (e; — e;)TLI, . BWED.

O

Our next step is to bound how much effect the perturbation A can have in terms of the resulting perturbation D
in the “log space.”

Lemma A.2. If A;; < (c—1)A;; for every (i,j) € Q for some ¢ > 1, then
|ALDi;| < c|Ayl,

for every (i,7) € Q and
[wv®2D|| < elall.



Minimax Rank-1 Matrix Factorization

Proof. By concavity of the logarithm, we have

Moreover, the assumption of the Lemma implies Ag < cA;j for ¢ > 1. Hence we can bound

|AR D 5| = Al [log AT} — log Ajj|

AR AR
<A ij g
< |A;j| max Aﬁ,Aij

SC|A’ij|a

proving the first claim of the Lemma. The second one follows from the definition of the |Q| x |Q] diagonal matrix
WH whose elements are the (Af})?. O

Our next lemma provides a first bound on the “logarithmic error.” We also include an estimate on how big the

(unrevealed) entries A;; can get, which we will use in the sequel.

Proposition A.1. If A;; < (¢ —1)A;; for every (i,j) € Q for some ¢ > 1, then

< e/ Rwei; [|Allg, (7)

where Ry r ;; 15 the resistance distance between i and j on the weighted graph Gy r. As a consequence,

Aij < Ajjexp (C\/ Ryr ;; ||A||F> . (8)

log Aij — log Aij

Proof. Let us introduce the notation
1 1
Qij = WE2BTLI L(e; — e)(es — e;)TLI, . BWE?.
Then, using that log flij —log A;; is a scalar and Lemma A.1, we have
(log Ai; —log Ay;)* = (log Aj; —log Ai;)" (log Ayj — log Asj)
1 1
=D"whzQ,,wh2D. 9)

where, recall, Lyyr = BW®BT. This implies that

~ 1 2 i
(log A;; —log Aj;)? < HWR2DHFA;L'513‘X7

(10)

where \¥

max

is defined as
)\;Lgax :: )\max

1
(ei —ej)(ei — ej)TLLVRBWRQ)

= (ei — ;) "Ll nlei —€;), (11)
This quantity equals the resistance Ry r ;;, see Vishnoi [2013]. We now have that Eq. (7) follows then from

(10) and the bound ||WR%D||% < CHAH% of Lemma A.2. Finally, Eq. (7) immediately implies the bound of Eq.
(8). O
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Our next step is to define some additional notation. The quantity Ky, will be the weighted Laplacian corresponding

to the bipartite graph with weights Af], formally defined as

Kwi= Y (ei—e)(Ay) (e —ep)".
i€l jEl,
Observe that if, in this definition, we replaced A by the squares of the revealed entries, and also replaced the
sum with only the sum over the revealed entrles then the resulting quantity would be exactly Ly-r. We may
thus intuitively view the quantity Ky as the Laplacian corresponding to the hypothetical scenario that all entries
are revealed without perturbations.

Inspired by the proof above, we will also define
1 1
Q=w"rBTLl KwLl, ,BWE?,

and, finally, we will use the shorthand
>\max = )\max(Q)~

The symmetry and nonnegative definiteness of @) implies Ay, is real and nonnegative.

Observe that the existing bounds from Eq. (7) and Eq. (8) allow us to derive a bound on the error A — A via a
few straightforward manipulations. This can then be turned into a bound on ||A — A||p. However, this approach
would be extremely conservative because the bounds of Eq. (7) and Eq. (8) are all worst-case, and a single A
will not be worst for all (7, ). Our next proposition shows how to exploit this fact.

Proposition A.2. Suppose A;; < (¢ — 1)A;; for every (i,7) € Q for some ¢ > 1 and Aij < yA;j for every
i €1ly,5 €1, and some v > 1. Then

2
<72 e (Kw Lua?) 112115

Before proceeding to the proof, we remark that KWLI/VR is the product of two symmetric matrices, so its

eigenvalues are real; consequently, writing Apax (K WLWRT) makes sense.

Proof. Since |’ — €| < max(e?, €?) b — a| and max(Ag;, Ai;) < vA;; by assumption, we have

‘Aij — Aij log Aij — log Aij .

< vAij

If follows then from Eq. (9) that
. 1 1
(Aij — Aij)? < 7°(Ai)(WH2 D) Q;;(WH? D).
Summing over all pairs (i, j) € I, x I, leads to
N 2 1 2
4= 4], = [[W D] A (12
Finally using Ly r = BWEBT
1 1
Amax = Amax (W2 BT LY o Kw LY, . BWR?)
1o
= Amax (KWLT RBWRZWR2BTL1"/VR)
- (KWL wLwnLl, )
Amax (K ) . (13)

The result now follows immediately from Eq. (12) and Lemma A.2. O

Theorem 1 is then obtained by using Proposition A.2 with the bound v = exp (¢\/Ry# max || Al ) guaranteed
by (8) in Proposition A.1.
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A.1 Corollary 1
In order to relate the bound of Theorem 1 to more usual characteristics of the graph, we now bound the eigenvalue
)\maX(KWLTwR)~

Proposition A.3. Let a°, o be respectively an upper bound on the entries of A and a lower bound on the
entries of AT. We then have

Ao (L)’

where we recall that A € R™*™ and A\y(L) is the algebraic connectivity (i.e., second-smallest eigenvalue) of the
unweighted bipartite graph G.

a’ 2 m+n
)\max(KWLLVR) S (OéR>

Proof. It follows from Lemma C.1 in Appendix C that
)\max (KWLTWR) S )\max(KW)/\max(L}L/VR)
Since Ly r is symmetric and has rank n — 1, we have /\mam(LJr

Wwr) = A2(Lwr) !, Because the absolute values of
the off-diagonal elements of Lyyr (i.e. the weights) are all at least (o), Lemma C.3 in Appendix C implies then

Aa(Lwr) = (@)*A2(L), (14)

where we remind that L is the Laplacian of the unweighted bipartite graph G representing the mask Q. A parallel
argument shows that Apax(Kw) < (@°)?Amax(K) = (m + n)(a%)?, where K is the Laplacian of the complete
bipartite graph on I, U I,,, whose maximal eigenvalue is m + n, from which the statement of this proposition
follows. 0

We note that the bound of Proposition A.3 could be conservative in terms of the interplay between the values
in A, A" and the graph, but is not very conservative in terms of the graph properties. Indeed, a slightly more
complicated argument shows that

_R\ 2 .
o ) min(m,n)
0

Awax (KwLiyn) = ( IR

where a’t, o are respectively an upper bound on the entries of A and a lower bound on those of A.

Having established proposition A.3, we now have that Corollary 1 follows almost immediately. Indeed, since (a?)?
bounds all weight in Gy r from below, the largest resistance Ryyr .y in that graph is at most (@) "2 Ryax, with
Rpax the largest resistance of the corresponding unweighted graph G. The first part of Corollary 1 follows from
this observation, Proposition A.3 and Theorem 1. Let now D < m+n be the diameter of the graph G. The second
part of Corollary 1 follows from the classical bound Rpy.x <D < m +n and from A\o(L) > see

Mohar [1991a].

4 4
D(m+n) z (m+mn)?»
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A  Proofs of the Lower Bounds

A.1 Small disturbances: proof of Theorem 2

Let us recall the basic setup. We are given a mask Q and a rank 1 matrix A = zy” of which we will be revealed
the entries corresponding to © (i.e. A%). Our approach is to construct, for a given value of ||A||, two matrices
A%, A’ whose entries in  are both within ||A||, of the revealed matrix A®. Lower bounding ||A* — A®|| will
then produce a lower bound on the error achievable by any algorithm which only takes into account the set of
revealed entries.

We take a fixed vector ¢ € R™*" and a sufficiently small constant &, both to be specified later. We let then
A = 22 (y*) T, A = 2°(y*)T with

of =wi(1+686)  af =zi(1 - 6¢) Viel,
y; = (1 _6C]) y? = y](l +6Cj) Vj el

We first compute the norm of A® := (A%)q — AE = (A% — A).

1A%][5 = [|(A* = A)ell% (15)

= > (@iy;(1466)(1 = 6¢) — wiy;)?

(1,7)€Q
= Z 2y (600G —¢) — CiCj52)2

(i,5)€Q
=42 Z A )2+ 0(6%)

(i,4)€Q

= 0%CT Ly ¢ + 0(6?), (16)

where Lyy is the Laplacian of the weighted bipartite graph on I, U I, corresponding to 2 where the edge (¢, j)
has weight A?j. Parallel arguments show that

8% = /(4 = Aa [ = 5°C" L + o(8%) (17)

and 5
4" — A} = 46°¢CT Kw ¢ + 0(8), (18)

where Ky is the Laplacian of the weighted complete bipartite graph on I, U I, with weight Afj. To select ¢, we
let u be the eigenvector of KWLI,V corresponding to )\max(KWLI,V) and ¢ := L}L,Vu. It follows from (16) and (17)
that

A5 = 6%¢Tu + o(s?), (19)

for £ = a,b, and from (18) that

A" — 47| [, = 462" Kw Ll u + o(8%)
= 402 Aax (K LI )¢ u 4 0(62). (20)

Since w is an eigenvector corresponding to the largest eigenvalue of K WLI,V, it is not a multiple of the all-ones vector
(that would make it an eigenvector corresponding to the smallest eigenvalue of KWLI/V, which has nonnegative
eigenvalues since it is the product of two nonnegative definite matrices). Thus the definition ¢ := L%Vu implies
uh: IEW%, and bgTu = uTL;r/Vu > 0, since u is not proportional to the all-ones vector. Hence (18) and (20) imply
that for £ = a, b,

o

=ttt [ o) )

Suppose now that AR = A,;; for every (4, ) € Q, and that A is in the interior of the set of allowed matrices A. For

sufficiently small § and thus ||A||,, we will have A%, A® € A, ||Aa\|F (1+€) ||A®||; and [|A® (14+¢) ||A“||F,

Ie I <



Minimax Rank-1 Matrix Factorization

so that both A, A would be possible values of A even if the algorithm explicitly uses the set A and a bound
A>(1+e¢) ||AH% It follows then from the triangular inequality and (21) that for any estimate A there would
hold

N 2
4= 4][" 2 Amax(Bw L) [|2%]5 + o] |27 7). (22)

for at least one choice among A = A® or A = A®. To conclude the result, we need to relate /\max(KWLLV) to
)\max (KWLI/VR) .

Observe first that Ly » = LI, because AR = A;;. We define the function t — Ky (t) € R(m+m)x(ntm) by

(Kw (t))i; = (1 + tCi)y; (1 — t¢5) Viel,jely,
(Kw(t)ji = (Kw(t))i; Viel,jely
(Ew ()i =—Y_ (Kw(t) Vi€ I,
(Kw(t));; = — Z(RW(t)) Vi€ I,

and the other entries being 0. Observe that Kw is analytic, Ky = f(W(O)7 Ky = f(W((S) if A= A% and
Kw (—9) if A= A", Besides, § = O(]|Al|z). Lemma C.2 and LLV = Ly r imply then

Amas (KwLly ) = Ao (KwLiyn) + o(l1Al| ),

which implies the result of Theorem 2 together with (22).

A.2 Larger disturbances: proof of Theorem 3

We begin with the claim (a) about the exponential factor. For any given n, we take A = ee’, and the mask
Q={@G19),i=1,...,n}U{(,i —1),i =2,...,n}, that is, the entries on the main diagonal and the first other
diagonal. We then take the disturbances

Ay =0 Aji-1) =9,
for all 7 for which these are defined and for some § > 0. The revealed entries are then
R _ R _
A =1 Ai(iq) =149,

Clearly, HAH?J = (n—1)6? so § = ||A]|» /v/n — 1. We then define the rank-1 matrix A by 4;; = (1+6)"(1+4)77,
and observe that A is an exact subsample of A because Ag = A;; for every (i,j) € Q. Moreover, it is not an
exact subsample of any other matrix because the graph corresponding to the € is connected. Hence any consistent
algorithm returns by definition A = A, so that (A — A);j = (1+0)"7 — 1. In particular, remembering § = %,

we have

[ 2 b

When n grows for a fixed ||A||, we obtain

lim E, = (e”A”FV“*1 - 1)2.

n—oo
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We conclude part (a) of Theorem 3 by observing that the both Af-";% and A;; are uniformly bounded, and that the
graph Gy r corresponding to the mask €2 is a line graph on 2n nodes, with n — 1 weights 1 4 § and n weights 1,
so that

so that v/n —1= \/RWR,max(% —O(n=1/2)).

We now move to part (b). For any fixed even n, we let again A = ee’, and we consider the mask Q = {(i,7) :
i,j < 5yU{(i,4) 4,5 > 5} U{(1,n)}, i.e. we reveal the upper left-hand side quarter of the matrix and the
lower right-hand side one, and the most upper right-hand side entry. We take A; ; = 0 for every revealed entry

except A; , = % — 1 for f >3, so that Af =1 for all (i,7) € Q except Aff,, =1/f. Clearly, all \|A||fD <1, and
max; j)eQ % and max(; jy A;; are bounded independently of n, f, while min Af»j”» = f~1. Observe now that AT
is an exact subsample of the rank-1 matrix

A, — ee  fleeT
F=\ feeT  eet ’
where the vectors e are of dimension n/2, and of no other rank-1 matrix. Hence any consistent algorithm would

return A = A on the data A%. Focusing on the error on the lower left-hand side block, and using f > 3, we would
get

B Proof of Theorem 4 and Corollary 2

n2 2 n2 ) B
T =172 5 = (min A7) 2.

" 2
TR
F 9 9 " ij

High-level idea of proof: We have already seen in Section 5.1 that (x, (y~1)T (where the inverse is taken
element-wise) is an eigenvector of the unperturbed matrix M. We therefore need to to argue that when looking
at the eigenvector of the perturbed matrix M, we can recover a good approximation to (z, (y~)T).

In general, this is tricky: it might involve expressions depending on the eigenvectors of the matrices M or M*%,
which would be difficult to bound explicitly. However, two things make it possible in our case. The first is that
the matrices M and M* correspond to reversible Markov chains, which allows us to make use of a number of
bounds appearing in the literature. The second is that the projection step is key: the assumption that the entries
of A lie in [, @] allows us to project the resulting stationary distributions, which will therefore never be too small
or too big; this allows us to go from an error bound on ! to an error-bound on y. As we have discussed in
the main text of the paper, this seemingly minor difference is crucial: without a-priori bounds on entries of A,
exponential growth is unavoidable due to our lower bounds.

Proof. We first observe that that dividing A by a constant ¢, and dividing the lower and upper bounds by a the
same constant ¢, while multiplying the output of Algorithm 1 by ¢ does not affect the final estimate A. Moreover,
both sides of Theorem 4 scale linearly with ¢ if A", A, A are multiplied by c. Hence we can assume without loss
of generality that u = \/&a = 1, so that A;; € [p~!, p] for every i, j.

Our first step is to upper bound the difference between the matrices M and M.

Lemma B.1.
|[MF = M|| < 2max (|Al|,]|A]l),

where the norms are the induced matriz norms, with A;; =0 for all (i,7) € .

Proof. For any scalars x,y > 0, we have the inequality

A N S S O

l+z 14y| Itz 1ty
_ _ ly—=|

T (A4z)(1+y)

<ly—=zl.



Minimax Rank-1 Matrix Factorization

Hence we have for every (i,7) € Q
R R
|Mij *Mij| = |sz‘ - Mji| < |Aij|- (23)
Observe now that for a given matrix N whose rows sum to 0, we have

[Nl = m?x; | Nex| = max (lNezzI + Z Nzk|>

kL

= max ( =D New|+ > |NM|>

k#¢ k#L
S Zm?,XZ ‘Nm| .

kAL
Since the rows of M® — M sum to zero, we have then
ME— M| <2 ME — M| . 24
e e S LY/ YA 21
keI UI,

Consider first a ¢ = i € I,,. Then by the bipartite structure of M%, M, the only off-diagonal nonzero |M£ — Mik’
are those for which k € I,,. Hence, using (23), we have

Do M- M| = Y |MF - Myl
kel ul, jeI,
< > 1Al
j€l,
< |lAl-

On the other hand, if £ = j € I, then

> IME =Myl = DM - M|
kel UI, iel,
< 1Ayl
i€l,
< Al
The result follows then from Eq. (24). O

The next part of the proof exploits results on the perturbations of stationary distributions of (discrete-time)
Markov chains. Our first step is to introduce a reference stationary distribution associated with the true matrix.
Recall that we have assumed all entries of A to be in [p~!, p] so that p = 1; Lemma C.4, proved in a subsequent
appendix, implies that A = 2y’ for some vectors z € R™,y € R" with all x; and y;l in [p~1, p].

Furthermore, we have seen in Section 5.1 that (7, (y~1)T) is a left-eigenvector of M corresponding to its
eigenvalue 0. We next define normalized version 7° for which H7TO| |1 = 1. Due to the bounds on the entries of

(zT, (yT)~!) discussed in the previous paragraph, we see that the elements of 7° all lie in | g fn, mpjn]. Moreover,
the values of 7 (see Algorithm 1 for a definition of 7) lie in the same interval (see Algorithm 1: those values of #

that are outside this interval are projected onto it).

Proposition B.1.

log pvm +n
2X2(M)

7=l < [ = M|
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Proof. We will leverage results for perturbations of stationary distributions of discrete-time Markov-chains; to
that end, we introduce the auxiliary matrices P® = I — 5 di,ax M"E and PO =71— ﬁM , Where dpax is the largest
degree in G, i.e. the largest number of revealed elements on any row or column. Observe that the off-diagonal
elements of M%, M are non-negative and bounded by 1, and that each row or column contains at most dpax of
them. Moreover, using e to denote the all-ones vector, M e = Me = 0, which implies PF, P? are row-stochastic

matrices with positive diagonals.

The left-eigenvectors 7% and 7% of M® and M corresponding to the eigenvalue 0 are also the principal left-
eigenvectors of P, PO and thus the stationary distributions of the corresponding Markov chains since we have
assumed them to be stochastic vectors. It follows then from Agarwal et al. [2018] (Theorems 2, 3 and the
discussion immediately after the statement of Theorem 3 in the supplementary materials) that

1 R OH lOgR 1
- < - ||P"-P
H” T 1—2H o\ Tlog ha(P0) T T 0(PY)
1 R OH logR+1
<= ||P"—-P —_— 2
- QH oo 1 — A2(P9) (25)

where the second line was obtained via the standard inequality logx < x — 1; here

)
1—m,

R = max .
Cel, Ul 47r§J

Our first step is to bound R. Indeed, since P° =T — lev M we have

1
2dma»x

1— X (P% = Ao (M),

where we remark on the difference in the (standard) convention: while Ao(M) is the second-smallest eigenvalue of
M, M\ (PP) refers to the second-largest eigenvalue of the latter.

—2
Since ) > L, for every £ and 1;7"” is decreasing, we have then

_ 0 _ -2
o im [l men)
ter, 0, \| 4And  ~ 4p=2/(m + n)
p2(m+mn)—1
4

1
< ip\/m + n.

Reintroducing this and the expression 1 — \o(P%) = ﬁ)\g(M) into Eq. (25) leads to
I =), < (5) SEELRE LD pr_ poy|
2 2dmax )\Q(M)
< dmax log pvm +n ||PR 7P0|| ,
A2 (M) >

and the result now follows from )
PE_POll = _— ||IMR - M|,
I oo = 57| [

and from
& — 7]y < |l = 70|,

which holds since each entry 7, is the projection of 7/* on an interval to which 7 belongs. O

The last ingredient in the proof is a relation between the error || — 7°||; on the stationary distribution and the
error ||A — A||F on the matrix.
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Proposition B.2.
4= a]| <30m+m2t 17 = xll,
F

Proof. Recall that A;; = 0/ 7er and that by construction flij = 7;/#; for all ¢, j. We can decompose the error on

an individual entry as

~ 0
A A - v T,
ij T LG = PA)
J J
T T 7y w9
<|T T T T
| 7. 71'0 7r0, 7'('0
J J J J
A S N O
=T ﬁ'_F +ﬁ v Wi}7
J J J

so that

()~ = (=),

Szﬁ'i

3
1.
+ 3 5l -]l (26
;g

We first bound Y_, #;. Observe! that
dofi = w4 (- w)
< 14 (7 —wf).

Moreover, by construction (#; — 7) is positive only when

T < p2/(m+n),

in which case
#=p~2/(m+n).

Hence 2
. P —2
<1 <1 < 2. 27
Eim_Jr%mﬂl_ +p < (27)
Secondly, since
o2
70 > ,
7" m+n

we have

Plugging this into Eq. (26), we obtain

Y Ay — Ayl <2077t = (7°) 7k + pPm(m +n)||7 — 701 (28)
1,J
Moreover, since
. 0
A =1 0y—1 ’7” T |
D= (0 = T 29
R (20)

Tt might be tempting to say that >, ®i < 1, but this may not be the cause because 7; is the projection of the
statationary distribution, that that projection could increase the 1-norm.
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we have that
7=t = (@) < (|7 = 70" (m + n)?.

Plugging this into Eq. (28) leads to

>

.3

Aij — Ayl <

(m+n)?p* |7 — =l
+m(m +n)p? |7 — 7|,
< 3(m+n)?p* |7 — 7|,

and the result follows then from

=4[], = Hvec (A=) H

O

Theorem 4 now immediately follows from the combination of Lemma B.1, Propositions B.1 and B.2, together
with the bound

max ([|A[ o s [|All) < max (Val|Ally, vm||All)
< vmax(m,n) ||Al|.

Finally, to prove Corollary 2, observe first that all off-diagonal entries in M% are at least = + > p71/2in
absolute values. Moreover, as we have discussed in Section 5.1, Myymi, = Mymy for every k, £ € I U 1I,,; another
way to say this is that diag(7%)M is symmetric. Lemma C.3 implies then

-1

ming 79 p No(L).

0

Xo(M) >
2( )*maxkﬂ'k 2

Finally, recall that (7°)7 = K (2T, (y=1)T) for some constant K, and it follows from Lemma C.4 that x,y can
be chosen so that z;,y; € [p™!, p]. As a consequence, %’;:" > p~2, and thus A\o(M) > %)\2 (L). Corollary 2

follows from the combination of this bound with Theorem 4. O

C Technical Lemmas

Lemma C.1. Let A, B be two PSD matrices. Then every eigenvalue of AB is real and non-negative, and

)\max (AB) < >\max (A))\max (B) .

Proof. Since A is PSD, its singular value decomposition is of the form A = UXUT. The diagonal matrix ¥ only
contains non-negative values, so 22 is well defined. Hence the eigenvalues of AB = U »2:2:UTB are exactly the
eigenvalues of M := »:UTBU Z%, and are thus real since M is symmetric. Moreover, M is positive semi-definite
because for any x,

Mz =2"s2UTBUS? 2 = (US22)TB(US?z) > 0,

due to B being positive semi-definite. Since the spectral radius is lower bounded-by the induced 2-norm, with
equality for symmetric matrices, there holds

Amax(AB) < ||AB|l; < [[A[l; [|Bll; = Amax(4) Amax(B)-



Minimax Rank-1 Matrix Factorization

Lemma C.2. Let A:§ € I — A(J) be an analytical function of the real variable 6 for some interval I and
whose values are symmetric PSD matrices, and B a PSD matriz. Then Apma.(A(8)B) is Lipschitz continuous
with respect to 6 on I.

Proof. Because A(6) is analytic and symmetric, we can rewrite it as A(5) = U(8)X(6)U(5)”, where ¥ is diagonal
and contain the non-negative eigenvalues of A(d), U is orthonormal, and both ¥ and U are analytic functions of
4, see Kato [2013]. As in Lemma C.1, we see that Apax(A(0)B) = AM (), with

M(8) = £(8)2U(5)" BU(5)2(5)

an analytical function of § that is always positive semi-definite, so its eigenvalues are real. It follows then
from Theorem 6.8 in that the eigenvalues of M can be expressed as analytical functions of §, and hence that
max; \;(M(0)) is a Lipschitz-continuous function of ¢ on the interval I. O

Lemma C.3. Let L be a directed Laplacian: this means that L is a matriz whose rows sum to zero and whose
off-diagonal elements are positive (but L may not be symmetric). Let A;; denote these offdiagonal weights, let
Amin be a lowr bound on the smallest positive A;;. Finally, let L the corresponding Laplacian when all positive
weights ar replced by one.

We make the assumption that L is symmetric. If further L is symmetric, then

)\2 (L) > amin)‘Q (L)

If instead DL is symmetric for some positive diagonal D whose smallest and largest diagonal entries are dyin and
imax; then Aa(L) is real and

dmin 7
)\Z(L) Z amin>\2(L)

max

=9

Proof. We assume first that L is symmetric. In that case its eigenvectors are orthogonal, and since the vector e
corresponds to the its eigenvalue 0, we have

T
L
A2(L) = min i

eTe—=0 Tz

Using the classical expression of 2 Lz for symmetric Laplacian, we see that for any x, we have

acTLx = ZA”(.Z‘Z — J)j)z

i<j
> . )2
> Amin (T3 — T)
i<j,Aij>()
2
=min Y, (i — ;)
i<4,Lij#0
= aminxTLx.
Hence we have -
.zt Lx
X2(L) > amin Jmin —— = AminA2(L).

We now move to the second claim. Observe that
L=DY?D'?2DL

which implies that L and D=Y2DLD~1/2? are similar. IF DL is symmetric, the latter matrix is also symmetric,
and we obtain that all the eigenvalues of L are real. Thus it makes sense to talk about

X2(L) = Ao (D™Y2(DL)D~1/?),

which is the second-smallest eigenvalue of L after the smallest eigenvalue of zero.
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Observe that that D'/2e is an eigenvector of D~'/2(DL)D~1/2 with eigenvalue 0. Hence
Ao(L) = Mo (DYV2(DL)D™Y/?)
$TD_1/2(DL)D_1/2.’IJT

= min

z:eT D1/22=0 Ty
. y"'DLy
= min -————
yeTy=0 yT D=1y
1 TDL Ao(DL
> min 4 T Y _ 2( )
dmax y:eTy=0 gy dmax

Observe now that all nonzero off-diagonal elements of DL have an absolute value at least dyina@min. The first
claim of this lemma implies then Ao(DL) > dimin@min, from which the second claim follows. O

Lemma C.4. Let A € R™*™ be a positive rank-1 matriz such that A;; € [p~*,p]. Then A can be written as
A = zyT for vectors x € R™ y € R™ such that z;,y; € [p~', p| for every i € I,,j € I,,.

Proof. Since A is rank-1 and positive it can be written as 27 for positive vectors #,7. We use the indices
min, max to denote the indices of the smallest and largest values of the vectors. Observe first that for an arbitrary
index j € I, we have

Tmax _ YjTmax  MaXjeg Ajj

— x ] < p2
imin yji‘min min;er, Alj o
The same argument shows Z"ﬂ < p?. We define
min
o 14 ~ _ Tmax
r=—2, Y= 7.
Tmax P

There holds again A = 2y”. For the vector  we have just constructed we have that

Tmax — % Tmax = P-
Tmax

This implies 2, > p~! by the same argument as above.

Moreover, ymax < 1, for otherwise we would have max; j Aijj = TmaxYmax > p- 50, if Ymin > p~!, then we are
—1
P

min

done. Otherwise, we have > 1, and we can define

/_ Ymin o P71
T ==—=7r, y =
P Ymin

Y,

1

satisfying again 2’(y’)T = A. By construction y/ ;. = p~!, so that y/ .. < p. Moreover, since ?5;_1 > 1, we have

that
ok < Trmax < p-
Finally, X
o
x;ﬂln = In;nf:ylmln Z % = 17
so that z’,y satisfy the conditions we need. O

D Additional Experiments

Ridge regression: Our implementation of the ridge-regression (Eq. 1) uses gradient descent, projecting x and y
at each step on the set [up~!, up] to which we know the real values belong. Different values of A were tried. The
gradient iterations were interrupted when ||z(k + 1) — z(k)||, + [ly(k + 1) — y(k)||, < 1072 or after 200000 steps.
Each problem was solved using 10 different initial 2:(0),%(0), with values randomly selected in [p~*, up], and the
best final iterate (in term of the objective function) was kept. Examples of results are presented in Figure 4, for
the same experimental conditions as in Figure 3(a), except that results are averaged over 5 tests for each data
point. We further note that large errors for small values of § were consistently obtained on every single one of the

realizations.
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Figure 3: Evolution of the average error ||A — A||p for the two proposed algorithms (Markov Chain, Log-LS) and
for an unweighted version of the algorithm of Section 3 in (a) a scenario where all revealed entries are perturbed
by a random noise of magnitude §/2 ( 50 x 50 matrices with on average 20% of revealed entries), and (b) a
targeted scenario where the smallest revealed entry is replaced by a* (10 x 10 matrices with on average 50% of
revealed entries). Initial matrices have entries between 10~ and 10.
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Figure 4: Evolution with § of the average error ||A — A||p for our two algorithms, an unweighted version of the
algorithm of Section 3, and our implementation of the ridge regression with A = 0 (no regularization) and A = .1,
in a scenario where all revealed entries are perturbed by a random noise of magnitude 6/2 ( 50 x 50 matrices
with on average 50% of revealed entries). Initial matrices have entries between 107! and 10. Large errors are
observed for the ridge regression methods, even for very small values of 9.
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Figure 5: Evolution with the number of iterations of the average error (with the variance in (a) and 80% Error
Margins (b)) on “Star-Graph” Sampling (3 columns and 3 rows), for the Alt-Min-SVD and Alt-Min-Random
methods, compared with the performance of non-iterative methods.



