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A NOTATION
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Normalizing constant parameter
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One-parameter extended model exp(—c)p(z; 6)
Parameter space for

Parameter space for 7

True density

Nonparametric estimator

True distribution

Empirical density

Expectation under true distribution

Expectation under empirical distribution
Variance under true distribution

Differentiation with respect to x

Empirical distribution of n samples from I,
Empirical process /n(P,, — F,-)

Fisher information matrix for

the value at 7 = 7*
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L2-space with the underlying distribution F, -
Sample space

Bregman divergence based on f between v and v
Kernel

Self density-ratio matching estimator with a separable divergence.
Note that it is equal to (&, 6;)

Self density-ratio matching estimator with a «y-divergence
Self density-ratio matching estimator with a pseudo spherical divergence
Euclidean norm
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B CONVEXITY

We see specific examples of f(z), satisfying the above conditions in Theorem 5.

Example B.1 For the functions f(z) = zlog z and f(z) = 2zlogz — 2(1 + z) log(1 + z), we can confirm the conditions
in Theorem 5. However, the function f(z) = 0.52% does not meet the above conditions. In the same way, we can find that
the function f(z) = 2™ /{m(m — 1)} with a natural number m > 2 does not meet the conditions.

We have a similar result for non-separable estimators. As for the estimator with y-divergence, the loss function is convex
if the equality § = 0 holds.

C ASYMPTOTICS UNDER MISSPECIFICATION

C.1 Misspecified Case

We have assumed that the model includes a true density. We can also consider a misspecified case, showing that the
behavior of the proposed estimators associated with f(x) = zlogw, i.e., (11) is asymptotically the same as that of MLE.
This implies that similar to the MLE, the proposed estimator with f(z) = x log 2 converges to the parameter that minimizes
the KL-divergence between the model and the true distribution. Furthermore, its asymptotic variance is the same, even
when the model is misspecified. We specifically have the following theorem.

Theorem 6 Under certain regularity conditions, we have
V(s =) 5 N0, Qem ),

where 7* = (¢*, 6*) is a value such that

exp(c’) = / p(a:67)dpu(), 0 = B, {S(x:0)},

T* :|
T* } 9
Two implications are observed in Theorem 6. First, this theorem is reduced to Theorem 2 when the model includes the true

distribution, i.e., n*(x) = g(x;7*). Second, the resulting form of 1, Q2,,, has a form similar to the terms that appear in
the asymptotic result of MLE estimator when the model is normalized. For details, see Appendix C.1.

and

le = —E, |:{1 - Q(‘T; T) } VTTVT IOg Q(aj; T)

q(z;7)
+E*{ Vi logq(z;7)V. 7 logq(z;T
(@) gq(z;7) gq(z;7)
T*}-

Qg = Var, {V,log q(z;7)

We have assumed that the model includes true density. In this section, we consider a misspecified case, showing that
the behavior of the proposed estimators associated with KL divergence is asymptotically the same as that of MLE when
f(z) = zlog z. This implies that similarly to MLE, the proposed estimator converges to the parameter that minimizes the
KL-divergence between the model and the true distribution, even when the model is misspecified.

Before analyzing the proposed estimators, we review a misspecified case where the model can be normalized properly.
The MLE under the misspecified model is equivalent to finding the closest model to the true distribution regarding KL
divergence (White, 1982). The MLE estimator OMLE converges to the value maximizing the function § — E.{log p(z;6) —
log [ p(x;0)du(x)}. We denote this value as 6*. The value 0* satisfies the equation E, {S(z;6)} = 0, where S(x;0) is

Vo {Ing(l"; 0) — log/p(x; 9)du(x)} :

It is well-known that the estimator 6y g has the following asymptotic property, that is, \/ﬁ(éMLE — 0*) converges weakly
to the normal distribution with mean 0 and variance

E.{Vor S(w;0)lp-} ' Var.{S(w; 0)lp- }E{Vgr S (x5 0)|o-}
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The term E..{V7S(z;0)

o+ } is
~

E. [{1 - 2 Ei; } Vor Vo log p(z; 9)|9*} +E, {5%2 Vo log p(x; 0)Vr log p(a; 9)|9*}
(z) p* ()

pr(x p
—E* 1 ,9 * E* 1 ,0 * 5
{Z8 9 oupteoll bE{ L0V, owptesoll |

where
mxmzpmwv/fuwmmw,

p*(z) = p(x; 0*). We also have
Var..{S(z;0)

gt = Var,.{Vylogp(z;0)

o).

Next, consider the asymptotic behavior of d, in (9) when the model is misspecified. We assume f(z) = xlogz, as in
Example 3.1. In this case, the estimator f, converges in probability to 6*, which satisfies the equation E,[S(z;6)] = 0.
When f(z) is not x log x, a similar result can be obtained. However, the limits of estimators no longer converge to the
same 0*. With these settings, we have the following theorem.

Theorem 7 Under regularity conditions as in Theorem 2, we have
—1

V(b —6%) = Ql G, {Vglogp(x;0)
~ % d -1 -1
Vvl —6%) S N(0,Q a0 ).

Im

7} +op(1),

The specific forms onJ{m and ng are

o =E, [{1 - qn(f(;;)) } Vor Vg log p(a; 0) T*] +E. {q;f(;:;) Vo log p(x:0) Vg log p(x; 0)],- }
~E, {q;f(;;)) Vo log p(a; 0)| - } E, {qéfg)) Vo logp(z; 0) } ,

and

ng = Var{Vy logp(z; )

"y

Two implications are observed in Theorem 7. First, when the model includes the true distribution, i.e., n*(z) = q(z; 7*),
this theorem is reduced to Theorem 2. Second, the resulting form of Qf 4, QFo,, has a form similar to terms appeared in
the asymptotic result of the MLE estimator when the model is normalized.

C.2 Misspecified Poisson Model

Here, we examine the bahavior of each estimator when the model is misspecified. We assume unnormalized paramet-
ric models P(z;6) o exp(f)*/z!,z € N>, based on Poisson distributions. We consider two scenarios based on
the true distribution (well-specified case) exp(—2.0)2.0% /z! and, (misspecified case) 0.5 exp(—2.0)2%7%2/(z — 0.2)! +
0.5exp(—1.0)/(z — 1.2)\.

We compared five estimators: s-KL, s-Chi, s-JS, ns-yv and MLE. The Monte Carlo mean and the standard error of KL,
divergence between true density and estimated density are presented in Table 5. This experiment reveals that the perfor-
mance of each estimator significantly varies in the misspecified case, but not in the well-specified case. It is indicated that
s-KL is preferable in terms of the KL divergence because it has a performance similar to that of MLE, even when the
model is misspecified.

D Additional experiments

D.1 Performance of s-KL, s-Chi, s-JS in RBM

We compared four estimators: s-JS, s-KL, s-Chi and MLE. Refer to Table 6. It is shown that s-KL is generally stable.
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Table 5: Monte Carlo mean and standard error of the KL divergence between the true density and estimated density scaled
by sample size in a Poisson model. Parenthesis indicates a standard error.

well-specified case
n s-KL  s-Chi  s-JS ns-y  MLE

1000 026 026 027 026 026
0.03) (0.03) (0.04) (0.03) (0.03)
2000 025 026 025 025 025
0.03) (0.04) (0.04) (0.03) (0.03)

misspecified case
n s-KL s-Chi s-JS ns-y MLE
1000 5.6 6.0 7.3 6.2 55
04) (©O7) 14 (©.7) (0.2
2000 11.1  11.8 146 12.1 109
04) (©9 (19 (©.7) (0.2

Table 6: Monte Carlo mean and standard error of the KL divergence between the true density and estimated density scaled
by sample size in RBM. Parenthesis indicates a standard error.

dimwv = 5,dim h = 2, iteration: 50
n s-JS s-KL s-Chi MLE
100 591(2.66) 5.32(2.22) 6.73(4.07) 5.66(2.72)
500 4.94(2.02) 5.14(2.05) 6.88(3.03) 5.06(1.95)
1000 5.35(2.46) 5.43(2.58) 6.45(3.57) 5.57(2.74)
dimwv = 8,dim h = 2, iteration: 20
n s-JS s-KL s-Chi MLE
500 26.3(12.9) 24.7(12.1) 30.2(12.3) 11.2(4.60)
1000 18.4(9.62) 14.6(9.28) 17.4(10.4) 8.38(3.09)
5000 10.5(3.73) 8.78(3.27) 18.9(7.35) 8.85(3.24)

Table 7: Median squared errors scaled by sample size

n = 1000 n = 4000
Gaussian | Gamma | Gaussian | Gamma
MLE 0.24 14.3 0.26 14.8
NCE 0.26 54.4 0.28 61.2
s-KL 0.39 24.6 0.29 23.3
s-Chi 0.35 15.1 043 19.6
s-IS 0.48 16.3 0.26 18.5
ns-vy 0.75 14.5 0.35 36.5

D.2 Gaussian and Gamma Distributions

We perform toy experiments using Gaussian distribution and gamma distributions. These experiments show that proposed

estimator’s performance is almost the same as the MLE. In this section, we use median squared errors rather than mean
squared errors.

Let us consider simple examples when the baseline measure is a Lebesgue measure. Here we define the following two
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unnormalized models: Gaussian distribution, gamma distribution as follows:

p(z;0) = exp(—0z?), p(x;0) = \/Eexp(—eﬁ),

051 291~ exp(—6q)
I'(61)

p(xz;0) = 201 exp(—6a2), p(x;0) =

We write down each corresponding normalized model on the right side. Simulation is replicated for 100 times. Monte
Carlo median squared errors are reported in Table D.2. Note that we use a half-normal distribution for the NCE in the case
of the gamma distribution. It is indicated that proposed estimators have the similar performance as the MLE. This supports
our theoretical result. However, it seems that each proposed estimator has a slightly different performance. One reason is
that our analysis does not take high-order terms into account.

E PROOF OF THEOREMS

Proof of Theorem 1. Use Theorem 5.11 in van der Vaart (2002). We check two conditions; (1a) ¢(x; T, 7,,) belongs to
Glivenko Canteli class,(1b) for any € > 0, inf .- —r«)>e} [|E«{¢(2; 7,7 })||. Regarding the first condition, we check in
the proof of Theorem 2. Assumption (1b) is verified by the following two conditions: (1c) ¢(z; 7, n*) is continuous with
respect to 7, (1d) E.{¢(z;7,n*)} =0 <= 7 = 7*. The condition (Ic) immediately holds assuming that 6 — p(z; )
is continuous. When the identification condition of the model ¢(z; 1) = ¢q(x;72) <= 71 = 72 holds, (1d) is verified
because E,[¢(x; 7,n")] =0 <= q(z;7) = q(x;7*) <= 7 = 7* (Ueharaet al., 2018). ]

Proof of Theorem 2.

First, under Assumptions 1-3 and (2a), we can check the following conditions;

e (7,m) = ¢(x;7,7m) is continuous in an L? space L*(F,-) at (7%, 1)

{&(x;7,m)} belongs to a Donsker class

. P
o 7, —T*

Map 7 — ¢(x; 7, n) is differentiable at 7* uniformly in a neighrborhood of n*

The following matrix 2 = E.(V; log ¢V, logg

¢+ ) is non-singular

to invoke Theorem 6.17. in van der Vaart (2002). Especially, the second condition is confirmed as follows. First,
{q(z;7);7 € ©,} and {1(z < t),t € R} belong to Donsker class from Example 19.16 and Example 19.18 in (van der
Vaart, 1998). Then, noting that

(g,m) — é(q,7)

is a Lipsthicz continuous function, from Example 19.20 in (van der Vaart, 1998), ¢(q(z);n(z)) = ¢(z;7,7n) is also a
Donsker class.

We have

Vit — 1) = Q7 'G, {V, log q(z;7)
Vi — %) % N(0,Q70).

7} +0p(1),

The estimator 7y is considered as the one satisfying P, ¢(x; 7,7)

#.,5. = 0, where w(z) = g(z;7)/n(x) and ¢(z; T, n) is
([F{ha(w)} = f{ha(w)}] Iy (w) — f"{ha(w) }ho(w) [ha(w) — ha(w)]) wV log q(x; 7).
From Theorem 6.17. in van der Vaart (2002) based on the above assumptions, we have

Vit = 7%) = VL VIEAd(@) |, } = Viz o Gud(@) o+ 0p(L+ Vol Buld(@) |-, (13)
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where V- - is a derivative of 7 — E,{¢(x; 7,7*)} at 7*. First, we calculate the derivative V- ,-. The derivative is

Vo Edo(z;7,0") |} = BEo{ Vo d(a; 7,1 |7}

= VRE[f"{h1(w) }1 (w) — f"{ha(w) }hy(w)]R) (w) — f"{ha(w) }hy(w){h] (w) — hy(w)}
wVrlog q(@; T){VrwHi (@) — 0" () }Hre

= f"(){RL(1) = h3(1)}°E.(V log ¢V 7 log gl )

= ["(M{ (1) = hy(1)}*Q.

Next consider each term in (13). The second term in (13) vanishes because ¢(z)|+ .+ is 0. Therefore, we only analyze the
first term in (13):

\/EE*{QS(:E”T*J}”} = \/HE*{(b(I) T*,f)n} - \/EE*{QS(I') T*,n*}
= VREVy8(@)|rs - {ihn(z) — 0" (2)}] (14)
+VEAS(@)lr 4, — VREAD(@)]re i+ } — VREL[Vy@(2) 7+ - i (2) — 07 (2) }]. (15)

We decompose /nE.{¢(z)|;- 5, } into two terms again. The first term (14) is

VIEL V()| e e {7 () — 0 (2)}]
=VnE[{f"{hi(w) }h) (w) — f"{ha(w)}hy(w) R (w) — f"{ha(w)} 5 (w) (R (w) — hy(w) HvgnVyw}
wV,log g(z;7)| 7+ e (M (x) — 0™ (2))]

=i [ 17 @) 00) = B D @) = )

Vrq(z;7)
In addition, the second residual term (15) vanishes because, for some large C' and 7 is a between 7),,, we have

q(x;7)
|‘\/ﬁE*{¢T*,ﬁn} - \/EE*{QST*W*} - \/EE* [vn¢(x; T, 77)\7—*,77* {ﬁn(x) - (x)}} H
= VB[V d(57,0) 1= {71 () — 0" (2)}2]]]
< CVnl|E[{in () — n*(2)}?).

From the second line to the third line, we use an assumption (2b). The last term goes to 0 in probability. By combining all
things and substituting into (13), the statement is proved. ]

== VA ) {50) - Y6, {

Proof of Corollary 1. The score function S(x; #) can be written as

Vo logp(z;0) —/Ve logp(xﬂ)fpp(x;e) du(z).

(z;0)dp(x)

g~ I, that is,

o+ — E.{Vglogp(z;0)

Fisher information matrix J,." is Var, {S(z; 6)

E.{Vglogp(x;0)Vyt log p(x;0)

o= }E.{Vyr log p(z; 0)

o+ }-
On the other hand, the component corresponding 6* in Q! can be also written as

E.{Vglogp(x;0)Vyr logp(x;0)

o} — E«{Vologp(z;0)

o= YEA{ Vg log p(z; 0)

o+ }

from Theorem 2 and Woodbury formula. This is the same as the Fisher information matrix. This concludes the proof.
]

Proof of Theorem 3.
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We can do in the proof of Theorem 2. Here, n(z) belongs to a Donsker class from Example 19.24 (van der Vaart, 1998);
therefore, ¢(x;7,7) belongs to Donsker class from Lipschitz continuous property. The problem is a drift term. We can
derive the given theorem by calculating the drift term in the same way. The drift term \/nE, [¢,« ; | is decomposed into
two terms, the main term:

v [ S {mﬁd ZK (=) —W*(x)}du(x),

and the residual term. The main term corresponds to the term (14) in Theorem 2 and the residual term corresponds to the
term (15) in Theorem 2. As revealed in the proof, the residual term is written as O, (v/n||h — n*(x)||?). This term is equal

to the order o, (1) because 5%~ > 1/4 holds from the assumption (2e). Next, we have

VquT J— x
f/ T*{nhdw;K<

This holds from Theorem 8.11 in Newey and Mcfadden (1994) using assumptions (2d) and (2e). Then, the drift term
becomes

) du(z) — dPnu)} = 0,(1),

VAE.[6,-5.] = Vi [ S 0) = 1)) o) + (1)

Voq(z;7) }
ary o)
We have calculated the drift term. For the rest of the proof, it is the same as the proof in Theorem 2. [ ]
Proof of Theorem 4. We redefine o = (67, ¢1,cz) . To avoid abuse of notations, we write Uy, g(x;0) as U(x).

As in the proof of Theorem 2, we have

Vi(Gnsy — %) = =V o VREAU (@) |6+ 4, } = Ve o GuU () v e + 0p(1 + V0l EAU (2)] -

Aty (16)

where 6., is a solution to E[U(z;¢)] = 0 and V,- - is a derivative of the map o — E.{U(z;0,7*)} at o*.

First, we calculate the derivative V;« ,~. This becomes

(B—a)Vgs(x;0)s(z;0) T  —s(z;0)  s(z;0)
E. (B—1)s(x;0) " exp(c1)  exp(er) 0 ,
(a—1)s(z;0) " exp(ca) 0 exp(cz).

which is evaluated at 0™ and s(x; 0) = Vg log p(z; ). The term corresponding 6 in the above matrix V.. . is

(B — )" [E.{Vologp(z; )V log p(x; 0)} — E.{ Vg log p(x; 0) }E.{Vyr log p(a; 9)}]_1 lo~
= (8- )" 13,0

Then, we analyze each term in (16). First of all, the second term in (16) becomes zero because U (z; o*, n*) = 0. Therefore,
we only consider the first term in (16). We have

VNEA{U(x)|ox

it = VIEVU (@) 0n e {1 (x) — 0" (2)}] + 0p (1)

2\ Vg log p(x;0)
(o = B) =50

— ik [ -0 | @) - nt @)} |+ op(1).
(o~ 1)/n*(x)



A Unified Statistically Efficient Estimation Framework for Unnormalized Models

Therefore, the first term corresponding 6 in the above equation becomes

3V [ Valog (e )lo- (i (@) — 1" (@)} i)
=3, G {Vologp(z;0)|p} .

Finally, we get

\/ﬁ(ans—’y - 0*) = 39_*1Gn{v9 1ng(17; 0)

o<} + 0p(1).

Proof of Theorem 5. Let us define ¢;(7) as the loss for the sample z;, i.e.,
Gi(T) = —f'(zi) +wif'(zi) — f(zi),

where z; = q(x;; 7)/7(z;). The loss function is expressed by the total sum of ¢;(7) over all samples. For the unnormalized
exponential model, some calculation yields the Hessian matrix of ¢;(7),

V20i(r) = [f"(2:)77 + (2 — ) {f"(20) 27 + [ (21)2:}] b)) T
=2 {(22 — 1) f"(2:) + zi(zi — 1) " (2:)} p(wi)d(ws) T

The assumption of the theorem guarantees that the coefficient above is non-negative; hence, the Hessian matrix of ¢;(7) is
non-negative definite, so is the loss function. Eventually, the loss function is convex in the parameter 7. [ ]

Proof of Theorem 6. The estimator 75 can be considered as the one satisfying P, ¢+ 5 = 0, where

q(z;7)

n(z)

oz 7,m) = Vs log qa; 7) — { } V. log q(a: 7).

From Theorem 6.17. van der Vaart (2002), we have

Vild = 7") = =V ViEL {6

i — VTi}n*Gnqb(xi;T*, n*) + 0p(1 + v/n||EL[é

), amn

]

where V.- ,« is a derivative of 7 — E.{¢(z; 7, n*)} at n*.

First, we will see a more specific form of 7*. The value 7* satisfy the equation E.{¢(x;7,n*)} = 0. Noting that
V. tlogq(z;7) = (1, Vet logp(x;0)), we can get the form of ¢* and 0* specified in the statement.

Next, we calculate the derivative V-« ,«. The derivative is

VTTE*{¢(x7 T, 77)|‘f'*}
= E*{VTT¢(Z; T, 77) T*}

= E. H—l + qf;(’x;) } YV, V, log q(x;7)

T

T*] —E, { q;a(j;)-) Vi logq(z; 7)V.,.7 log q(z; T)}

= Q.

Next, consider each term in (17). The second term is

0!G, H1 - qfﬁag)} [ logq(x;7)|7*} .

The first term is
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\/ﬁﬂl_'r}nE*(dﬂﬂr*,ﬁn) lemE ) \/EE (¢|T*,77*)
= \/ﬁglmE [ \T n* {Wn( )777*(1’)}} +OP(1)

:V@m;E[ (@)l in(a) = @) ] + 0y(1)

J“M/(<?“

=Qt () og q(x;T)|r* o
=036, { L2 9 dogatwi ) b+, (0)

eV log g(a; T){in () — 0" (2) }dp(z) + 0p(1)

Adding the first term and the second term, we get
Vit —0%) = QL G, {V, log q(a;7) (1).

Therefore, we conclude that v/n(7; — 8*) converges to the normal distribution N (0, Q7

QQmQ ) ]

im

Proof of Theorem 7.

We calculate matrix, corresponding to 6 term in Theorem 6. The matrix €2, in Theorem 6 is equal to the following block
matrix:

{Qu Q12]
Qo1 Qoo

where Q1 =1,

Q1 = E, {VT log q(a;7) q;f(;;)) e }

and

Q22 =E, |:{1 - Q(va) } VGTVQ log Q('ra T) T*

(@) ] +E, { UT5T) G o (s )V 1og (7)) } .

n*(x)

From Woodbury formula, the corresponding term to 6 in Q7 - is Q m Where

ol =E, Hl - q;f(;;)) } Vor Vo log p(z; 0) T*] +E, {Q(‘m) Vo log p(z; )V log pla; 0)|-

|

n*(x)
q(x;7) p(x;0)
—E. Vo logp(z;0)|, } E. { Vot logp(z;0)]+ ¢ .
{ () ne(x)
On the other hand, the corresponding part in 5, is sz, where

QT

2m

= Var{Vy log p(z;0)|s=

2

noting that V. log q(z; 7) = {1, Vg7 log p(z; 8) }. This concludes the proof. |

Note the difference between the normalized case and unnormalized case is that p(x; 0*)/n* is used when the model is
normalized; while, ¢(z;7*)/n* is used in ] and Qf,  when the model is unnormalized.



