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1 Notation and Preliminaries

For any d € N, Let g : {(i’d)}ie[deE[p] — [mp] be an injective mapping. For
any (i,d), for ease of notation, we simply refer to g(i,d) as id when it occurs as
an index. For any i € [m], d € [p|, xiq refers to the d'" component of z;. For
any two tensors z,y x ® y refers to the outer product between x, y.

2 Definitions

2.1 «a— sub-Exponential random variables

Definition 1 («— sub-Exponential random variables (Gotze, Sambale, and
Sinulis [2019)). A centered random variable X is said to be a— sub-Exponential
if there exist two constants ¢, C' and some a > 0 such that for all ¢ > 0,

Pr(|X|>1) <cexp (—tc>

The corresponding av— sub-Exponential norm of X is given by:

X(X
1 X 1], :inf{t>0:EeXp<ta ) SQ}

a— sub-Exponential random variables with o« = 2 are referred to as sub-
Gaussian random variables. Random variables with o = 1 sub-Exponential
decay are referred to simply as sub-Exponential random variables.

Definition 2 (Tensor norms (Gotze, Sambale, and Sinulis [2019))). For any
d*h order, symmetric tensor A € R let J = {J1,J2, ..., Ji-} be any partition

Jil

of [d]. Then for any z = 2! ® 2?2 ® - - - ® z¥, where 2 € R

k
| All 7 = sup Z iy .. HJ:{,]_ e <1 5. (1)
i1yeenri j=1



2.1.1 Properties of sub-Gaussian random variables:

Proposition 1 (Sums of sub-Gaussian random variables (Vershynin 2018))).
Let {X1, X2, ..., Xmm} be m independent, centered, sub-Gaussian random vari-

ables. Then > X; is a sub-Gaussian random variable and,
i€[m]

i€[m]

i€[m]

Proposition 2 (Products of sub-Gaussian random variables (Vershynin
2018)). Let Xy and X5 be sub-Gaussian random variables. Then X - Xa is a
sub-Fxponential random variable and,

X1 - Xolly, <[ X1llg, - [[Xally,-

Proposition 3 (Squares of sub-Gaussian random variables(Vershynin
2018)). Let X be sub-Gaussian random variables. Then X? is a sub-Ezponential
random variable and,

1XF g, = 11 X115,

3 Useful concentration results

Proposition 4 (Bernstein’s inequality (Vershynin|2018)). Let {X1, Xo,..., X;n}
be a set of independent, centered, sub-Fxponential random variables. Then for
any t > 0, we have:

2 t

> IXGIIE, T max || Xy,
1€[m] i€[m]

Pr |ZX¢|215 <2exp | —C min

i€[m]

for some fized constant C' > 0.

Proposition 5 (Tail bounds for chi-squared distributions (Birgé 2001))).
The following lower and upper tail bounds hold for non-central chi-squared dis-
tributions : For any t > 0,

Pr (Xg (12) < d+ 2 —2/(d + 22) t) < exp(—t) 2)
Pr (Xfl (42) > d+ p® +2/(d+ 22) t + 27:) < exp(—t) (3)

Proposition 6 (Polynomials of a— sub-Exponentials(Gotze, Sambale, and
Sinulis2019)). Let X1,..., X, be a set of independent random variables satisfy-
ing || Xillp, < b for someb > 0. Let f: R™ — R be a polynomial of total degree
D € N. Then, for anyt >0,

. . t &l
B(J(X) ~Ef(X)| > 1) < 200 ( ~ - min, min (—bSHIE @ <X>\|j) ).

where, for any for any s € D, f¥) denotes the symmetric s order tensor of
its sth order partial derivatives and Py denotes the set of all possible partitions

of [s].



4 Other useful results

Proposition 7 (Grothendieck’s inequality (Grothendieck 1956))). For any
matriz A € R™*™,

sup  [(X, A)| < K¢ Alloc—1-
X0
diag(X)<1

where Kg =~ 1.783 is the Grothendieck’s constant.

5 Proofs of lemmas

By an application of Bernstein’s inequality for sub-exponential random vari-
ables, followed by an union bound over all s,s’ € [k], it can be verified that,
with high probability,

min [j1,|* = p+ O(v/plogp); _min (uy,pe) = =7 +O(Vplogp) ~ (4)

s€[k] s#s'€[k]

Proof of Lemma 9. Let X = {Zia};cn) acpp) and let f(X) =

2
p p
E yizi (i, 25)% — P(Mzﬁﬂj)Q —p)+ E yizi(||lzil|* — (p+ §||Mi|\2)2 - D).
i£jE[m] 1€[m]

Since f is a 4" order polynomial in X, from Proposition |§|, for any t > 0:

. t N\
PQNX)—ENXNZt)52“p<‘6§£¥55%ﬁ(§ﬁﬂﬁﬁfmy) )

We have Ef(X) = C¢(m?p+ m) for some constant Cy > 0.
We need the following tensors and their corresponding tensor norms to establish
the results of Lemma 9 via an application of Proposition [0}

e For each s € [4], s order tensors A, of expectations of s'* order deriva-
tives of f with respect to each {z;, 4,, ., xis,ds}ije[m],dje[p]'

e Tensor norms for A; with respect to each J in P - the set of all possible
partitions of [s].

Computing A': The first order derivative of f with respect to x;q for any
i € [m] and d € [p]: ONX) —

8wid

4o iz + Z 24Ty Yizi + Z 2xidx?dy,-zj + Z Z Tiq TjaZiaYiZi- (D)

d'#d i d'#d j#£i
B0 = o(v/plos) (©

Therefore, A = O(y/plog p)Jmp, where J,,, € R™ denotes the vector of ones.



Tensor norms of A'. P, = {1} and

A1y = sup > Algwig s <15 = (|42 = O(py/mlogp).
1€[m],d€[p)

All the inequalities in this proof are obtained from multiple applications of
Holder’s inequality with p = 1 and ¢ = oo, CauchySchwarz inequality and the
inequality: for any z € R", |z||; < v/n |z,

Computing A?: The second order derivative of f with respect to x4, xxs for
any i,k € [m] and d, 8 € [p]: 0f(X)

8$M8wk5 -

1222y + 2 2a2,yi% + Z, 222 iz itk =1i;8=d,

Adziqxigyizi + ; ZdeIJﬁyZz] iftk=1i;8+#d,
jFi

4TiaTkayizk + dgﬁ:d Tid Tk Yi 2k if k#i;8=d,

TiBTkdYiZk otherwise .

Then A2(i,j) =

() if k=1;8 =d,

O(logp)  if k=18 #d,
(1) ik #058 = d,

(logp/p) otherwise .

Tensor norms of A2

Py={1,2} {{1} {2}}}.

From the definition, its clear that A7, ,, = [[A[l2 = O(p?).

Af{13(2)) = sup Z Ay jamiacie ot fla la?]ls <1
i,j€m).d,d’ €[p]

{ Z ZO |zzd‘rzd| + Z Z logp |Izd‘rzd/|

Vl Hzl||2<1

m] d€p i€[m] d#d' €p
logp
+ > 2)9 ekl + 3 30 w0 DNt}
i#jE[m] dEp i#£j€[m] d#d’ €p
< s {O@)le ala?l2 +Oogp) Y- [T @h)? Y (3,02
VL[|t |2 <1 d#d'ep \| i€[m] i€[m)

D 20 [ @2 @ d>2+p0<1°§p><m||z1||2><\/pr||$2||2>}

i#je[m] d€p de|[p] de(p]

< sup {0(p)||w1||2||w2||2+0(10gp)\/13||$1||2\/13||$2||2

Vi |zt 2 <1
+O0()Vmla |2v/mlla?l; + po<105p><m||x1|\2><¢Wp||z2||2>}

< O(plogp).




Computing A3: The third order derivative of f with respect to @i, Trs, Tal
for any i,k € [m] and d, 8 € [p]: Af(X)

6z7¢d8xk/3c’)xal -

24xiqyizi Ha=k=1il=p=d,
Ariyizi ifa=k=1l#p=d,

Araqyiza fa#k=1il=L8=d, 9)
TopYiza aFk=il=d#p,
0 otherwise .
Then A, 15,01 =

O(FER)y,2; fa=k=il=p8=d,

O(loip)yizi 1fa:k’:z,l7éﬁ=d7

O(FB2)y,z ifa# k=i;1=p8=d, (10)

O(*BR)yiz, if a# k=il =d# B,

0 otherwise .

Tensor norms of A3: The set of all possible partitions of [3] up to symmetries
is P3 =
({12,341} . {23 . {33} {1} . {2, 3} )}

Computing [|A?| (1123} It follows from the definition that [|A®|f(1 2.3} =
[4%]|2 = O(mv/plogp).
Computing ||A3||{{1}7{2}7{3}}:

= sup Z a11712713x21x12x13 VZ Hl‘ H2 <1

11,12,13

log p
< ap 1YY el o (,/ )
Vi, ||zt 2 <1 ijeim] dd’€lp] p

< 43 S [ [T o (2)

1
 Wllatlla<t | e\ de) de[p) delp]

log p
< swp {¢m*p|x12||z2||2|x3z}~0<\/7>
Vi, ||zt |2<1 b

< O(y/plogp).




Computing [|A%(|((1,2},(3}}

= sup Z Qiy i, igL 11 12 i3 VZ ||'rl||2 <1

111273
< sup Z Z "rzd”xzd’,_]d‘ HABHOO
VL2t 2<1 i,j€[m] d,d’' €[p]
logp
< ETer [T e o 2)
Vllatla<t | i\ der) d'€[p]

lo
< sup {\/mpllxlllzllfIfZIIz}‘O(w gp)
VL[|t |2 <1 p
< O(v/plogp).

Computing A*: The fourth order derivative of f with respect to z4, Tk, Tal, ey
for any i, k,a,q € [m] and d, 8,1, € [p]: af(X)

8Iid317k[3 6:6(,18Iq.y

24y;z; ifgq=a=k=iy=1=p=d,
dy;z; fg=a=k=i;yv=1#p=d,

dyiza ifq=a#k=iy=1=p8=d, (11)
yiza Hg=agk=il=d#B=n,
0 otherwise .

Tensor norms of A*: The list of all possible partitions of [4] is the following(up

to symmetries). Py =

{412,343 {11, {2}, {31, {41}, ({1, 2}, 3,411 {1}, {2, 3,43} ({1} {2} {3, 4}} )
Computation of ||A*||{(1 23,4}

Its clear from the definition that ||A*|(11,23,433 = [ All2 < 24mp.

Computation of ||A4||{{1}’{2}7{3}’{4}}:

= Sup Z aihizﬂs,ulexzzzxzdzu v, ”‘TZHQ <1

11,12,13,%4

_ 4 1,2 3 4 . l
= sup E E Aigiar jajarTiaTiaTiaTiqe Vi [|l2' ]2 <1
i,j€[m] d,d’ €[p]

<ol ¥ ( [F P ] © (| [Eer T

i€[m] de(p] d’€lp J€[m] de|p] d'€lp]

I, [l < 1}||A4||oc.

< || AY| oo = 24.



Note that the first inequality follows from a simultaneous application of the
Holder’s inequality with p = 1 and ¢ = oo and the Cauchy schwarz inequality.
The last step follows from an application of the Cauchy-Schwarz inequality.
Computation of A%{172},{374}} :

l
= Sup Z a11712713,l4x111712 Lisia VZ ||J,‘ ||2 <1

11,%2,13,%4

4 1 2 1 2 1 2
sup E E Aidiar jajd (xid,id/xjd,jd’ + Ziq jaTia jar t Tid jar Tidr jd
et <t e m) darelp)

1 2 1 2 1 2
+ TigiarTia ja T TidjaTid iar T zid,jd’xjd,id')}

< sup {Z Z Tlaia)? D (@3450)%F
i,jE€[m)]

Vbl ll2<1 dde d,d'€p]

> Y @lga)? Do (@)t

d,d'€[p] \ i,5€[m] i,j€[m]
> S Gl 3 Gl 2l
i,j€[m] d,d’€[p] i,j€[m] d,d’€[p]

<2 A so(m 4+ p+1) = 48(m +p+ 1).
. 4 .
Computation of A{{1},{2,3,4}}'

_ Z o 1,2 l
- Sup a/ll’712y713;14$11x12,’b3 14 Vl7 ||$ ||2 S 1
11,92,13,%4
4 1.2 1,2 1,2
< sup E E Ajgiar jajar (Tiaig jaja + TiaTiy jar ja + TiaTia jd ja
Wz 251 S

d,d’'€[p]
2 2 4
+ ‘Tzd‘rjd’ jd,id’ + zzd‘rjd gd’ id’ + xzdxjd’ jd, zd’)} ' HA ||007

Z |x1dH Z xld’jdjd/ } : 6||A4||003

€[m] de[p]

IN

sup
Vi, ||zt]2<1

IN

sup Z Z 7.d’]de’ )? } '6HA4||00a

Vllrlllz<1{ i€[m] de[p] J€[m] \ d,d’e

IN

sup
VLt |2 <1

Y (S @ [ S @ }-6HA4W,

i€[m] \ de[p] j€lm] d,d'€lp]

IN

sup
Vi, ||zt||2<1

< 6]| A 0o (v/mp) = 144, /mp.

NI NS Z B ) }-6|A4||oo

i1€[m] d€[p] i,j€[m] d,d’'€



Computation of A%{1}7{2},{374}}:

— Q< N g - - . 1 2
= Sup E : Qiy,igizyia ~ Lips Liyy L 13,24 VZ ”x ||2 <1

11,%2,13,%4

_ 1.2 .3 1 .2 .3 1 .2 .3
= sup E E Azdld/ Gdgd’ (xidvxid’xjd,jd’+xid7xjdzid',jd/eridaxjd’xid’,jd
Yhllzt 2=t g jem) d,dr€lp]

1 2 3 1 2 3 1 2 3
+ Tigs Tigr Tiar ja + Tigr TiaTiar s + Tigs xjd/xjd,id')}

< sup { Z Z gy )? Z (a,5a)>+
i,jE€[m)]

Vl7”¢"”2§1 d.d'e dd’e[p]
3 2
Z Z (jg274)? Z (%5 jar)
d,d’elp] \ i,5€[m i,j€[m]
4
Yo @t Yo Y @l }~2HA -
i,j€[m] d,d’ €[p] i,j€[m] d,d’ €[p]

<2 A so(m 4+ p+1) = 48(m +p+ 1).

Gathering all the norms, we have that for any fixed y,z € {£1}"

P(f(X) > Cy(m*p+m)+t) < 2exp (—é min ((24;}7)2 (;*4)7 (m)’

Wit
/N
3 ~+~
3
N—
N———
N——

t t 2 t 2 /¢t t 2 t
(W)’(4(m+p+1)) ’(p\/m) ’(E)’(m) ’(\/m)

Applying a union bound over all possible y, z € {£1}" and the setting the R.H.S
of Equation [L2]to exp(—(1+€)mlog2), for some arbitrarily small constant € > 0
we have that w.h.p,

—5-(pm(m = 1) +m+ (mpy/m vV m*Vm v p*vm)). (13)

for some constant Cy > 0.



Proof of Lemma 8. For any fixed y, z € {+1}"

Z yzzj .’L'Z,LUJ E(LEZ,LL']>) =

i,JE€[m]
Do DS viwia Z Ziwga | —E | Y yiwia Z zjja || - (14)
delp] | \i€[m] i€[m] Jj€[m

Since each ;4 is a normally distributed random variable, > y;x;4 is a sub-
i€[m]
Gaussian random variable with

1Y vizidlles < Vimlzially, < vm(1+O0(logp/p)).

i€[m]

Therefore, for each d € [p], ( > yiacid) ( > zjmjd> is a sub-exponential

i€[m] j€[m]
random variable with sub-exponential norm:

1O wiwia) (D ziwja)lle, <1 viwiallos | D 2%jalls, < m(1+0(logp/p))>.

i€[m] j€[m] i€[m] j€[m]

Applying Bernstein’s inequality for sums of independent sub-exponential ran-
dom variables, we have that V¢t > 0,

Z (Z YiTia)( Z 2j%jq) Z YiTid) Z zjzja)| >t ] <

delp] | i€[m] jelm] i€[m] j€[m]

P <_Cmin (pm2(1 + Otilogp/p))‘“ m(1 4+ O(tlogp/p))2>> - (19

Applying a union bound over all possible partitions y,z € {£1}", we can see
that w.h.p

2

m
sup yizi ((zi,x5) — Bz, 25)) < C1(—= vV m? 16
Lo Z i (@) — Elenag) S Oz vm?) - (16)

sz

for some constant C; > 0.
O

Proof of Lemma 1. Since for each i € [m] and each d € [p], z;4 is a normally
distributed random variable, for each i,j € [m], z;qx;q4 is a sub-exponential
random variable with:

|ziazjalle, < I@idllv, [jallv, < (14 O(logp/p))*.

From an application of Bernstein’s inequality for sub-exponential random vari-
ables, we have that:

t2 t
Pr(|{z;, z;) — E(z;,z;)|) >t < 2exp (c (p(l +0(ogp/p)) A i O(logp/p))2>) )



Taking a union bound over all i, j € [m], we have that:

max (z;,z;) < E(z;,z;) + O(y/plogp).

i,j€[m]
and

min (x;, z;) > E(z;, x;) — O(y/plogp).

i,j€[m]
Since Vi # j, E(z;,z;) = O(1), we have that w.h.p:

max @i, 75) < O(logp/+/p), min MZ_O(\/W)

i#j€[m] p i#j€[m] p
and Vi € [m], E||x;]|> = p+ O(1). So,

oz 1”

ZG[m]

<14 O(logp/\/p), mln] ”Z}: >1—0(y/logp/p)
O
Proof of Lemma 2. For any partition o such that ||8(c, 0.)||5 < 14 (k—1)e,

2
k

LS DD SETRTIES 3 b op
s=1 0'(1) s 5:1 (’L) S
o(j)=s
> x; is the sum of independent normally distributed random variable and
o(i)=s
is also normally distributed. Therefore, | > x;||? follows a non central chi-
o(i)=s
square distribution with non-centrality:

ap pap —
? Z Z ﬁs,s’ﬁt,s’ <Msa ,ut> = m(”ﬁ”% - 1) + O( plogp)
s’ €[k] s, tek]

and pk degrees of freedom. Applying upper tail bounds from proposition
followed a union bound over all such partitions and setting ¢ = (1 + €)mlogk,
we obtain the following inequality which holds with high probability:

max Z Z §k+ape+2(1+e)alogk
o:l|(o,0.) 17
ERtE 13&-);

+2y/(1 +€) (k + 2ape) alogk + O(y/logp/p). (17)

m P

Similarly, the random variable Y Y 22, is distributed according to a non-
i=1d=1

central chi-squared distribution with non-centrality(u?) pap and mp degrees of

freedom(d). Note that it is independent of the partition. Using the lower tail

bounds from proposition |5 and setting ¢ = log(p), w.p.a.l (1 — %)

k max
max  —YmaxQF < — max] (mp +pap —2v/(mp + 2pap) logp) - (18)
oillB(o.0.) 1% mp
<1+4+(k—1)e

10



O

Proof of Lemma 4. Using the inequality, Z a;-b; < sup|b;|- Z |a;|, we have:

=1 i1€[n] i=1

k E& Es logp
E el <k — < kO

( P ) - ze[m]( p ) ( P )

i€[m]

Therefore,

kYmax(e™ — 1 - -
max Z MQ? < COkﬂymax(e - 1)(10gp)2/2p (19)

18(o.0)15 2m
<1+?k0 1)e Fielm]
O
Proof of Lemma 5. For the true partition o*, || > ;|| follows a non cen-

o*(i)=s
tral chi-square distribution with non-centrality:

pap + O(y/plog p)

and pk degrees of freedom. Applying lower tail bounds from proposition
and setting ¢ = log p, we obtain the following inequality which holds with high
probability:

fz 3 Q9> k+ap—O(/logp/p). (20)

s=1o*(i)=s
o"(j)=s

m P

Similarly, as noted earlier, the random variable > > 2%, is distributed accord-
i=1d=1

ing to a non-central chi-squared distribution with non-centrality(u?) pap and

mp degrees of freedom(d). Using the upper tail bounds from proposition |5 and

setting ¢ = log(p), w.p.a.l (1 ik

kYminT
~ Vmin@° > —%;’ (mp + pap + 2log p — 2/ (mp + 2pap) 10gp) -2
O
Proof of Lemma 7.
f/(O)P<#i7ﬂj> kp® (i, pg)® K e .
. + + £ if ¢
K(i,j) = f(0) + f’<o><p22+ s 12) ~<42+ all®)? -
ppr pell ) 4 EIP ’;4“’ + & otherwise.
<I~(7X*_X>:ZZ[~(7J Xij +ZZK:J ,J
S i#jes 5,5 ics
jeS’
2 min o Ko > D (1= Xig) —pagema K 3 3 (%)
= (mjn pin, Ko — e Kii) 3 3 (1
JES' S i#jES

11



The last inequality is obtained using the property that the sum of entries of
each row of X is equal to 7. Similarly,

IX*=X[=> Y A-Xip+ > > (Xiy)

S i#jeS 5,8 ieS
jes’
<2y Y 0%
S i#jeS
Therefore,

2 (K, X* — X). (22)

IX* = X|h € ——— =
(min min K; ; — maxmax Kj ;)
5 itjes 557 i€S,
JE€

Substituting the values of K’i’j, we have that

- s / - pllpsl? T PPl
méni;njlens K; ;= f(0)+ f(0) min o + €7 Ymax min o
p(1+0(y/22)) PP(L+O(y/E2))?
= f(0)+£(0) S+ o

[ _ / P<,US7M/> p2</1/3a:u/>2
max max K, ; = f(0) + f'(0) max TS + € Ymax max TS

=L 4+ O,/ eer 2(=1 1 (. [lgrY)2
_f(0)+f’(0)p(k’1+ (/52 e (2 +0(y/52)) |

a P p?
where, the second equalities for both quantities arise from substituting the values
of min||us||? and min{us, ). Therefore,

s s,s’

. .o - p k logp
Inéni;r;lens K;;— g&agie??és' K; ;= ’ (k — +O(4/ ) )+ O(l/p)) and
UK, X* — X)

(5 +0(/"22) + 0(1/p))

Proofs of Lemma 3,6. f, (X)= > > (x,x)?

s€[k] i,jEU,:l(s)

IX* X <

ASHRS)

EY. X (n) =T+ T 00,

se[kl i jeor(s)

We need the following tensors and their corresponding tensor norms to establish
the results of lemma 3 and 6 via an application of Proposition [6]

e For each s € [4], s' order tensors A, of expectations of st order deriva-

tives of f with respect to each {z;, 4,, "'vxis,ds}ije[m] d;€lp)

12



e Tensor norms for A; with respect to each J in P;.

Computing A': The first order derivative of f with respect to x;q for any
i € [m] and d € [p]: 9. (X)

Oxiq
4x§’d + Z 2xid1'12d/ + Z Z 2$¢d$?d + Z Z TiqTjaZiar - (23)
d'#d s€lk] jAico,  (s) d'#d jtico, (s)
Ofs, (X
n( )~ o(ypiogn), (24)
Therefore,

Al = O(v/plogp)Jmp
, where J,,, € R denotes the vector of ones.

Computing A%: The second order derivative of f with respect to x4, zxg for
any i,k € [m] and d, 8 € [p]: 2z=)

3$id3$k5
1203, + Y 2z, + > 223, ifk=48=d,
d'#d j#i€oi ! (s)
Adziqzis + > 2xjqmjp ifk=1;8+#d,
j?éiea'*_l(s) (25)
ATiaTrd + Y Tid Thar if k#i€o;"(s);s €[k];8=d,
d'#d
TigTra if k#i€0;"(s);s €[k];8#d,
0 otherwise .
Then A2(i,j) =
O(p) ifk=1i;8=d,
Ollogp)  ifk=i;8#d,
0(1) ifk#icol(s);selk];8=d, (26)
O(logp/p) ifk#i¢€ o' (s);s € [k]; 8 # d,
0 otherwise .

Computing A3: The third order derivative of f,, (X) with respect to Z;4, Tkg, Tai
for any i,k € [m] and d, 8 € [p]: 0fe, (X)

azidazkﬁ 8&2(,1

24x;q fa=k=14;l=p=d,
dey; fa=k=1il+#p=d,

drog fa#k=il=F=da#icol(s);se€lk]; (27)
Top fa#k=il=d#p,a#ico,(s);s € [k];
0 otherwise .

O(*%EL) ifa=k=il=p=d,

00%% ifa=k=1il+p8=d,

0(10§p) fatk=il=p8=d, (28)
0(10§P) ifatk=il=d+#8,

0 otherwise .
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Computing A*: The fourth order derivative of f,, (X) with respect to Z;q, Trg, Tat, Tgy
for any i, k,a,q € [m] and d, 8,1, € [p]: Ofo. (X)

8Iid3$k58zalamq.\,

24 ifg=a=k=uy=1=p=d,

4 ifg=a=k=iy=1#p=d,
ifg=a#k=iiy=Il=B8=d,a#i€o,(s);s€[k]; (29)
ifg=a#k=il=d#B=v,a#i€0,1(s);s € [k];

otherwise .

o =

Computing all the tensor norms, (see the proof of Lemma 9 for how the norms
are computed) we have:

I\Aillu} = O(p\/plogp); ||Az||{1,2} = O0(p?); I\Azllm},{z}} = O(plogp);
HA4II{1,2,3} = O(m+/plogp); ||A4||{1,2},{3} = O(\/mp); HA4II{{1},{2},{3}} = O(v/plogp);
A% 1,2,3,4y = O(mp); 1A (1,2},¢3,43 = O(p); IA* ¢ 13423 .43} .{a33 = O(1);

[A*[f1},02,3.43 = O(ymp); 1A% i1y q21.03.411 = O(p);

Applying the lower tail bounds for f,, (X) from Proposition @ and setting the
R.H.S of the inequality to %, we derive the following upper bound that holds

with probability at least 1 — 1/p:

mp2

f(X) > PG+ § 4 06 — (06*Viogs) v Olmpyiogp)

Therefore,

lo lo
7minQ20* > Ymin (1 + - k + O( ) 027n11n ( gp gp)

Fix some € > 0 be an arbitrarily small constant. For any o : ||3(0,0.)||% <

14+ (k=1 let fo(X)= > oo (g, xg)2

s€[k] ’Jea‘l( )
We can show that Ef,(X) < (k + &+ O( )). Computing the tensors and
their respective norms sumlarly as above applymg proposition [f] followed by
an union bound over all such partitions and we can show that w.h.p,

max maXQ2a < Ymax (1 + -+ O( )) +C2’Ymax (\/7 Vv OZ\/7 )
o:||Blo0) |3 V ap

<1+(k: e
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