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1 Notation and Preliminaries

For any d ∈ N, Let g : {(i, d)}i∈[m],d∈[p] → [mp] be an injective mapping. For

any (i, d), for ease of notation, we simply refer to g(i, d) as id when it occurs as
an index. For any i ∈ [m], d ∈ [p], xid refers to the dth component of xi. For
any two tensors x, y x⊗ y refers to the outer product between x, y.

2 Definitions

2.1 α− sub-Exponential random variables

Definition 1 (α− sub-Exponential random variables (Götze, Sambale, and
Sinulis 2019)). A centered random variable X is said to be α− sub-Exponential
if there exist two constants c, C and some α > 0 such that for all t ≥ 0,

Pr (|X| ≥ t) ≤ c exp

(
− t

α

C

)
The corresponding α− sub-Exponential norm of X is given by:

‖X‖ψα = inf

{
t > 0 : E exp

(
|X|α

tα

)
≤ 2

}
α− sub-Exponential random variables with α = 2 are referred to as sub-
Gaussian random variables. Random variables with α = 1 sub-Exponential
decay are referred to simply as sub-Exponential random variables.

Definition 2 (Tensor norms (Götze, Sambale, and Sinulis 2019)). For any

dth order, symmetric tensor A ∈ Rnd , let J = {J1, J2, ..., Jk} be any partition

of [d]. Then for any x = x1 ⊗ x2 ⊗ · · · ⊗ xk, where xi ∈ Rn|Ji| :

‖A‖J := sup

 ∑
i1,...,id

ai1...id

k∏
j=1

xjiJj
: ‖xj‖2 ≤ 1

 . (1)
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2.1.1 Properties of sub-Gaussian random variables:

Proposition 1 (Sums of sub-Gaussian random variables (Vershynin 2018)).
Let {X1, X2, ..., Xm} be m independent, centered, sub-Gaussian random vari-
ables. Then

∑
i∈[m]

Xi is a sub-Gaussian random variable and,

‖
∑
i∈[m]

Xi‖2ψ2
≤ C

∑
i∈[m]

‖Xi‖2ψ2
.

Proposition 2 (Products of sub-Gaussian random variables (Vershynin
2018)). Let X1 and X2 be sub-Gaussian random variables. Then X1 · X2 is a
sub-Exponential random variable and,

‖X1 ·X2‖ψ1
≤ ‖X1‖ψ2

· ‖X2‖ψ2
.

Proposition 3 (Squares of sub-Gaussian random variables(Vershynin
2018)). Let X be sub-Gaussian random variables. Then X2

1 is a sub-Exponential
random variable and,

‖X2
1‖ψ1 = ‖X1‖2ψ2

.

3 Useful concentration results

Proposition 4 (Bernstein’s inequality (Vershynin 2018)). Let {X1, X2, ..., Xm}
be a set of independent, centered, sub-Exponential random variables. Then for
any t > 0, we have:

Pr

|∑
i∈[m]

Xi| ≥ t

 ≤ 2 exp

−C min

 t2∑
i∈[m]

‖Xi‖2ψ1

,
t

max
i∈[m]
‖Xi‖ψ1




for some fixed constant C > 0.

Proposition 5 (Tail bounds for chi-squared distributions (Birgé 2001)).
The following lower and upper tail bounds hold for non-central chi-squared dis-
tributions : For any t > 0,

Pr
(
χ2
d

(
µ2
)
< d+ µ2 − 2

√
(d+ 2µ2) t

)
< exp(−t) (2)

Pr
(
χ2
d

(
µ2
)
> d+ µ2 + 2

√
(d+ 2µ2) t+ 2t

)
< exp(−t) (3)

Proposition 6 (Polynomials of α− sub-Exponentials(Götze, Sambale, and
Sinulis 2019)). Let X1, . . . , Xn be a set of independent random variables satisfy-
ing ‖Xi‖ψ2

≤ b for some b > 0. Let f : Rn → R be a polynomial of total degree
D ∈ N. Then, for any t > 0,

P(|f(X)− Ef(X)| ≥ t) ≤ 2 exp
(
− 1

CD
min

1≤s≤D
min
J∈Ps

( t

bs‖Ef (s)(X)‖J

) 2
|J |
)
.

where, for any for any s ∈ D, f (s) denotes the symmetric sth order tensor of
its sth order partial derivatives and Ps denotes the set of all possible partitions
of [s].
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4 Other useful results

Proposition 7 (Grothendieck’s inequality (Grothendieck 1956)). For any
matrix A ∈ Rm×m,

sup
X�0

diag(X)≤1

|〈X,A〉| ≤ KG‖A‖∞→1.

where KG ≈ 1.783 is the Grothendieck’s constant.

5 Proofs of lemmas

By an application of Bernstein’s inequality for sub-exponential random vari-
ables, followed by an union bound over all s, s′ ∈ [k], it can be verified that,
with high probability,

min
s∈[k]
‖µs‖2 = p+O(

√
p log p); min

s6=s′∈[k]
〈µs, µs′〉 =

−p
k − 1

+O(
√
p log p) (4)

Proof of Lemma 9. Let X = {xid}i∈[m],d∈[p] and let f(X) =

∑
i6=j∈[m]

yizj(〈xi, xj〉2 −
ρ2

p2
〈µi, µj〉2 − p) +

∑
i∈[m]

yizi(‖xi‖2 − (p+
ρ

p
‖µi‖2)2 − p).

Since f is a 4th order polynomial in X, from Proposition 6, for any t > 0 :

P(|f(X)− Ef(X)| ≥ t) ≤ 2 exp
(
− 1

C4
min

1≤s≤4
min
J∈Ps

( t

bs‖Ef (s)(X)‖J

) 2
|J |
)
.

We have Ef(X) = Cf (m2ρ+m) for some constant Cf > 0.
We need the following tensors and their corresponding tensor norms to establish
the results of Lemma 9 via an application of Proposition 6.

• For each s ∈ [4], sth order tensors As of expectations of sth order deriva-
tives of f with respect to each {xi1,d1 , ..., xis,ds}ij∈[m],dj∈[p].

• Tensor norms for As with respect to each J in Ps - the set of all possible
partitions of [s].

Computing A1: The first order derivative of f with respect to xid for any

i ∈ [m] and d ∈ [p]: ∂f(X)
∂xid

=

4x3idyizi +
∑
d′ 6=d

2xidx
2
id′yizi +

∑
j 6=i

2xidx
2
jdyizj +

∑
d′ 6=d

∑
j 6=i

xid′xjdxjd′yizj . (5)

E(
∂f(X)

∂xid
) = O(

√
p log p). (6)

Therefore, A1 = O(
√
p log p)Jmp, where Jmp ∈ Rmp denotes the vector of ones.
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Tensor norms of A1. P1 = {1} and

‖A1‖{1} = sup

 ∑
1∈[m],d∈[p]

A1
idx

1
id : ‖x1‖2 ≤ 1

 = ‖A1‖2 = O(p
√
m log p).

All the inequalities in this proof are obtained from multiple applications of
Hölder’s inequality with p = 1 and q = ∞, CauchySchwarz inequality and the
inequality: for any x ∈ Rn, ‖x‖1 ≤

√
n ‖x‖2.

Computing A2: The second order derivative of f with respect to xid, xkβ for

any i, k ∈ [m] and d, β ∈ [p]: ∂f(X)
∂xid∂xkβ

=

12x2idyizi +
∑
d′ 6=d

2x2id′yizi +
∑
j 6=i

2x2jdyizj if k = i;β = d,

4xidxiβyizi +
∑
j 6=i

2xjdxjβyizj if k = i;β 6= d,

4xidxkdyizk +
∑
d′ 6=d

xid′xkd′yizk if k 6= i;β = d,

xiβxkdyizk otherwise .

(7)

Then A2(i, j) = 
O(p) if k = i;β = d,

O(log p) if k = i;β 6= d,

O(1) if k 6= i;β = d,

O(log p/p) otherwise .

(8)

Tensor norms of A2

P2 = {{1, 2} , {{1} {2}}}.
From the definition, its clear that A2

{1,2} = ‖A‖2 = O(p2).

A2
{{1}{2}} = sup

 ∑
i,j∈[m],d,d′∈[p]

A2
id,jd′x

1
idx

2
jd′ : ‖x1‖2, ‖x2‖2 ≤ 1


≤ sup
∀l,‖xl‖2≤1

{ ∑
i∈[m]

∑
d∈p

O(p)|x1idx2id|+
∑
i∈[m]

∑
d6=d′∈p

O(log p)|x1idx2id′ |

+
∑

i 6=j∈[m]

∑
d∈p

O(1)|x1idx2jd|+
∑

i 6=j∈[m]

∑
d6=d′∈p

ρO(
log p

p
)|x1idx2jd′ |

}
≤ sup
∀l,‖xl‖2≤1

{
O(p)‖x1‖2‖x2‖2 +O(log p)

∑
d6=d′∈p

√∑
i∈[m]

(x1id)
2
∑
i∈[m]

(x2id′)
2

+
∑

i 6=j∈[m]

∑
d∈p

O(1)

√∑
d∈[p]

(x1id)
2
∑
d∈[p]

(x2jd)
2 + ρO(

log p

p
)(
√
mp‖x1‖2)(

√
mp‖x2‖2)

}
≤ sup
∀l,‖xl‖2≤1

{
O(p)‖x1‖2‖x2‖2 +O(log p)

√
p‖x1‖2

√
p‖x2‖2

+O(1)
√
m‖x1‖2

√
m‖x2‖2 + ρO(

log p

p
)(
√
mp‖x1‖2)(

√
mp‖x2‖2)

}
≤ O(p log p).
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Computing A3: The third order derivative of f with respect to xid, xkβ , xαl
for any i, k ∈ [m] and d, β ∈ [p]: ∂f(X)

∂xid∂xkβ∂xαl
=

24xidyizi if α = k = i; l = β = d,

4xilyizi if α = k = i; l 6= β = d,

4xαdyizα if α 6= k = i; l = β = d,

xαβyizα if α 6= k = i; l = d 6= β,

0 otherwise .

(9)

Then A3
id,kβ,αl = 

O( log p
p )yizi if α = k = i; l = β = d,

O( log p
p )yizi if α = k = i; l 6= β = d,

O( log p
p )yizα if α 6= k = i; l = β = d,

O( log p
p )yizα if α 6= k = i; l = d 6= β,

0 otherwise .

(10)

Tensor norms of A3: The set of all possible partitions of [3] up to symmetries
is P3 =

{{{1, 2, 3}} , {{1} , {2} , {3}} , {{1} , {2, 3}}}

.
Computing ‖A3‖{{1,2,3}}: It follows from the definition that ‖A3‖{{1,2,3}} =
‖A3‖2 = O(m

√
p log p).

Computing ‖A3‖{{1},{2},{3}}:

= sup

 ∑
i1,i2,i3

ai1,i2,i3x
1
i1x

2
i2x

2
i3 : ∀l, ‖xl‖2 ≤ 1


≤ sup
∀l,‖xl‖2≤1

 ∑
i,j∈[m]

∑
d,d′∈[p]

|x1id||x2id′ ||x3jd|

 ·O
(√

log p

p

)

≤ sup
∀l,‖xl‖2≤1

 ∑
i,j∈[m]

√∑
d∈[p]

(x1id)
2

√∑
d∈[p]

(x2jd)
2
√
p

√∑
d∈[p]

(x3id′)
2

 ·O
(√

log p

p

)

≤ sup
∀l,‖xl‖2≤1

{√
mp‖x1‖2‖x2‖2‖x3‖2

}
·O

(√
log p

p

)
≤ O(

√
p log p).
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Computing ‖A3‖{{1,2},{3}}:

= sup

 ∑
i1,i2,i3

ai1,i2,i3x
1
i1x

2
i2,i3 : ∀l, ‖xl‖2 ≤ 1


≤ sup
∀l,‖xl‖2≤1

 ∑
i,j∈[m]

∑
d,d′∈[p]

|x1id||x2id′,jd|

 · ‖A3‖∞

≤ sup
∀l,‖xl‖2≤1

 ∑
i,j∈[m]

√∑
d∈[p]

(x1id)
2
√
p

√∑
d′∈[p]

(x2id′,jd)
2

 ·O
(√

log p

p

)

≤ sup
∀l,‖xl‖2≤1

{√
mp‖x1‖2‖x2‖2

}
·O

(√
log p

p

)
≤ O(

√
p log p).

Computing A4: The fourth order derivative of f with respect to xid, xkβ , xαl, xqγ
for any i, k, α, q ∈ [m] and d, β, l, γ ∈ [p]: ∂f(X)

∂xid∂xkβ∂xαl∂xqγ
=

24yizi if q = α = k = i; γ = l = β = d,

4yizi if q = α = k = i; γ = l 6= β = d,

4yizα if q = α 6= k = i; γ = l = β = d,

yizα if q = α 6= k = i; l = d 6= β = γ,

0 otherwise .

(11)

Tensor norms of A4: The list of all possible partitions of [4] is the following(up
to symmetries). P[4] =
{{{1, 2, 3, 4}} , {{1} , {2} , {3} , {4}} , {{1, 2} , {3, 4}} , {{1} , {2, 3, 4}} , {{1} , {2} , {3, 4}}}.
Computation of ‖A4‖{{1,2,3,4}}:
Its clear from the definition that ‖A4‖{{1,2,3,4}} = ‖A‖2 ≤ 24mp.
Computation of ‖A4‖{{1},{2},{3},{4}}:

= sup

 ∑
i1,i2,i3,i4

ai1,i2,i3,i4x
1
i1x

2
i2x

2
i3x

4
i4 : ∀l, ‖xl‖2 ≤ 1


= sup

 ∑
i,j∈[m]

∑
d,d′∈[p]

A4
id,id′,jd,jd′x

1
idx

2
id′x

3
jdx

4
jd′ : ∀l, ‖xl‖2 ≤ 1


≤ sup

{ ∑
i∈[m]

√∑
d∈[p]

(x1id)
2
∑
d′∈[p]

(x2id′)
2

 ∑
j∈[m]

√∑
d∈[p]

(x3jd)
2
∑
d′∈[p]

(x4jd′)
2


: ∀l, ‖xl‖2 ≤ 1

}
‖A4‖∞.

≤ ‖A4‖∞ = 24.
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Note that the first inequality follows from a simultaneous application of the
Holder’s inequality with p = 1 and q = ∞ and the Cauchy schwarz inequality.
The last step follows from an application of the Cauchy-Schwarz inequality.
Computation of A4

{{1,2},{3,4}} :

= sup

 ∑
i1,i2,i3,i4

ai1,i2,i3,i4x
1
i1,i2x

2
i3,i4 : ∀l, ‖xl‖2 ≤ 1


= sup
∀l,‖xl‖2≤1

{ ∑
i,j∈[m]

∑
d,d′∈[p]

A4
id,id′,jd,jd′

(
x1id,id′x

2
jd,jd′ + x1id,jdx

2
id′,jd′ + x1id,jd′x

2
id′,jd

+ x1id,id′x
2
jd′,jd + x1id,jdx

2
jd′,id′ + x1id,jd′x

2
jd,id′)

}

≤ sup
∀l,‖xl‖2≤1

{ ∑
i,j∈[m]

√ ∑
d,d′∈[p]

(x1id,id′)
2
∑

d,d′∈[p]

(x2jd,jd′)
2+

∑
d,d′∈[p]

√ ∑
i,j∈[m]

(x1id,jd)
2
∑

i,j∈[m]

(x2id′,jd′)
2+

√ ∑
i,j∈[m]

∑
d,d′∈[p]

(x1id,jd′)
2
∑

i,j∈[m]

∑
d,d′∈[p]

(x2id′,jd)
2

}
2‖A4‖∞.

≤ 2‖A4‖∞(m+ p+ 1) = 48(m+ p+ 1).

Computation of A4
{{1},{2,3,4}}:

= sup

 ∑
i1,i2,i3,i4

ai1,i2,i3,i4x
1
i1x

2
i2,i3,i4 : ∀l, ‖xl‖2 ≤ 1


≤ sup
∀l,‖xl‖2≤1

{ ∑
i,j∈[m]

∑
d,d′∈[p]

A4
id,id′,jd,jd′

(
x1idx

2
id′,jd,jd′ + x1idx

2
id′,jd′,jd + x1idx

2
id′,jd,jd′

+ x1idx
2
jd′,jd,id′ + x1idx

2
jd,jd′,id′ + x1idx

2
jd′,jd,id′)

}
· ‖A4‖∞,

≤ sup
∀l,‖xl‖2≤1

{ ∑
i∈[m]

∑
d∈[p]

|x1id||
∑
d′∈[p]

x2id′jdjd′ |

}
· 6‖A4‖∞,

≤ sup
∀l,‖xl‖2≤1

{
√
p
∑
i∈[m]

√∑
d∈[p]

(x1id)
2

∑
j∈[m]

√ ∑
d,d′∈[p]

(x2id′jdjd′)
2

} · 6‖A4‖∞,

≤ sup
∀l,‖xl‖2≤1

{
√
mp

∑
i∈[m]

√∑
d∈[p]

(x1id)
2

√∑
j∈[m]

∑
d,d′∈[p]

(x2id′jdjd′)
2

} · 6‖A4‖∞,

≤ sup
∀l,‖xl‖2≤1

{
√
mp

√∑
i∈[m]

∑
d∈[p]

(x1id)
2

√ ∑
i,j∈[m]

∑
d,d′∈[p]

(x2id′jdjd′)
2

} · 6‖A4‖∞

≤ 6‖A4‖∞(
√
mp) = 144

√
mp.
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Computation of A4
{{1},{2},{3,4}}:

= sup

 ∑
i1,i2,i3,i4

ai1,i2,i3,i4 · x1i1 , x
2
i2 , x

3
i3,i4 : ∀l, ‖xl‖2 ≤ 1


= sup
∀l,‖xl‖2≤1

{ ∑
i,j∈[m]

∑
d,d′∈[p]

A4
id,id′,jd,jd′

(
x1id, x

2
id′x

3
jd,jd′ + x1id, x

2
jdx

3
id′,jd′ + x1id, x

2
jd′x

3
id′,jd

+ x1id, x
2
id′x

3
jd′,jd + x1id, x

2
jdx

3
jd′,id′ + x1id, x

2
jd′x

3
jd,id′)

}

≤ sup
∀l,‖xl‖2≤1

{ ∑
i,j∈[m]

√ ∑
d,d′∈[p]

(x1idx
2
id′)

2
∑

d,d′∈[p]

(x3jd,jd′)
2+

∑
d,d′∈[p]

√ ∑
i,j∈[m]

(x1idx
2
jd)

2
∑

i,j∈[m]

(x3id′,jd′)
2

+

√ ∑
i,j∈[m]

∑
d,d′∈[p]

(x1idx
2
jd′)

2
∑

i,j∈[m]

∑
d,d′∈[p]

(x3id′,jd)
2

}
· 2‖A4‖∞.

≤ 2‖A4‖∞(m+ p+ 1) = 48(m+ p+ 1).

Gathering all the norms, we have that for any fixed y, z ∈ {±1}m:

P(f(X) ≥ Cf (m2ρ+m)+t) ≤ 2 exp

(
− 1

C
min

(( t

24mp

)2
,
( t

24

) 1
2

,
( t

4(m+ p+ 1)

)
,

( t
√
mp

)
,
( t

4(m+ p+ 1)

) 2
3

,
( t

p
√
p log p

)2
,
( t

p2

)
,
( t

m
√
p log p

)2
,
( t√

p log p

) 2
3

,
( t
√
mp

)))
.

(12)

Applying a union bound over all possible y, z ∈ {±1}m and the setting the R.H.S
of Equation 12 to exp(−(1+ε)m log 2), for some arbitrarily small constant ε > 0
we have that w.h.p,

sup
{z,y∈±1}m

κ

m∑
i,j=1

yizjR
(2)
i,j ≤

C2κ

p2
(ρm(m− 1) +m+ (mp

√
m ∨ m2

√
m ∨ p2

√
m)). (13)

for some constant C2 > 0.
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Proof of Lemma 8. For any fixed y, z ∈ {±1}m,∑
i,j∈[m]

yizj (〈xi, xj〉 − E〈xi, xj〉) =

∑
d∈[p]

∑
i∈[m]

yixid

∑
j∈[m]

zjxjd

− E

∑
i∈[m]

yixid

∑
j∈[m]

zjxjd

 . (14)

Since each xid is a normally distributed random variable,
∑
i∈[m]

yixid is a sub-

Gaussian random variable with

‖
∑
i∈[m]

yixid‖ψ2
≤
√
m‖xid‖ψ2 ≤

√
m(1 +O(log p/p)).

Therefore, for each d ∈ [p],

( ∑
i∈[m]

yixid

)( ∑
j∈[m]

zjxjd

)
is a sub-exponential

random variable with sub-exponential norm:

‖(
∑
i∈[m]

yixid)(
∑
j∈[m]

zjxjd)‖ψ1
≤ ‖

∑
i∈[m]

yixid‖ψ2
‖
∑
j∈[m]

zjxjd‖ψ2
≤ m(1+O(log p/p))2.

Applying Bernstein’s inequality for sums of independent sub-exponential ran-
dom variables, we have that ∀t > 0,

Pr

∑
d∈[p]

(
∑
i∈[m]

yixid)(
∑
j∈[m]

zjxjd)− E(
∑
i∈[m]

yixid)(
∑
j∈[m]

zjxjd)

 > t

 ≤
exp

(
−cmin

(
t2

pm2(1 +O(log p/p))4
,

t

m(1 +O(log p/p))2

))
. (15)

Applying a union bound over all possible partitions y, z ∈ {±1}m, we can see
that w.h.p

sup
y,z∈{±1}m

∑
i,j∈[m]

yizj (〈xi, xj〉 − E〈xi, xj〉) ≤ C1(
m2

√
α
∨m2) (16)

for some constant C1 > 0.

Proof of Lemma 1. Since for each i ∈ [m] and each d ∈ [p], xid is a normally
distributed random variable, for each i, j ∈ [m], xidxjd is a sub-exponential
random variable with:

‖xidxjd‖ψ1 ≤ ‖xid‖ψ2‖xjd‖ψ2 ≤ (1 +O(log p/p))2.

From an application of Bernstein’s inequality for sub-exponential random vari-
ables, we have that:

Pr (|〈xi, xj〉 − E〈xi, xj〉|) > t ≤ 2 exp

(
−c
(

t2

p(1 +O(log p/p))4
∧ t

(1 +O(log p/p))2

))
.
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Taking a union bound over all i, j ∈ [m], we have that:

max
i,j∈[m]

〈xi, xj〉 ≤ E〈xi, xj〉+O(
√
p log p).

and

min
i,j∈[m]

〈xi, xj〉 ≥ E〈xi, xj〉 −O(
√
p log p).

Since ∀i 6= j, E〈xi, xj〉 = O(1), we have that w.h.p:

max
i 6=j∈[m]

〈xi, xj〉
p

≤ O(log p/
√
p), min

i 6=j∈[m]

〈xi, xj〉
p

≥ −O(
√

log p/p)

and ∀i ∈ [m], E‖xi‖2 = p+O(1). So,

max
i∈[m]

‖xi‖
p
≤ 1 +O(log p/

√
p), min

i∈[m]

‖xi‖
p
≥ 1−O(

√
log p/p)

Proof of Lemma 2. For any partition σ such that ‖β(σ, σ∗)‖2F ≤ 1+(k−1)ε,

k

m

k∑
s=1

∑
σ(i)=s
σ(j)=s

〈xi, xj〉 =
k

m

k∑
s=1

∥∥∥∥∥∥
∑
σ(i)=s

xi

∥∥∥∥∥∥
2

.

∑
σ(i)=s

xi is the sum of independent normally distributed random variable and

is also normally distributed. Therefore, ‖
∑

σ(i)=s

xi‖2 follows a non central chi-

square distribution with non-centrality:

αρ

k

∑
s′∈[k]

∑
s,t∈[k]

βs,s′βt,s′〈µs, µt〉 =
pαρ

k − 1
(‖β‖2F − 1) +O(

√
p log p)

and pk degrees of freedom. Applying upper tail bounds from proposition 5,
followed a union bound over all such partitions and setting t = (1 + ε)m log k,
we obtain the following inequality which holds with high probability:

max
σ:‖β(σ,σ∗)‖2F
≤1+(k−1)ε

k

m

k∑
s=1

∑
σ(i)=s
σ(j)=s

Q1σ
i,j ≤ k + αρε+ 2(1 + ε)α log k

+ 2
√

(1 + ε) (k + 2αρε)α log k +O(
√

log p/p). (17)

Similarly, the random variable
m∑
i=1

p∑
d=1

x2id is distributed according to a non-

central chi-squared distribution with non-centrality(µ2) pαρ and mp degrees of
freedom(d). Note that it is independent of the partition. Using the lower tail
bounds from proposition 5 and setting t = log(p), w.p.a.l (1− 1

p ).

max
σ:‖β(σ,σ∗)‖2F
≤1+(k−1)ε

−γmaxQ
5
i ≤ −

kγmaxτ

mp

(
mp+ pαρ− 2

√
(mp+ 2pαρ) log p

)
. (18)
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Proof of Lemma 4. Using the inequality,
n∑
i=1

ai ·bi ≤ sup
i∈[n]
|bi|·

n∑
i=1

|ai|, we have:

k

m

∑
i∈[m]

(
‖xi‖2

p
− τ)2 ≤ k max

i∈[m]
(
‖xi‖2

p
− τ)2 ≤ kO(

log p

p
).

Therefore,

max
σ:‖β(σ,σ∗)‖2F
≤1+(k−1)ε

∑
i∈[m]

kγmax(eτ − 1)

2m
Q4σ
i ≤ C0kγmax(eτ − 1)(log p)2/2p. (19)

Proof of Lemma 5. For the true partition σ∗, ‖
∑

σ∗(i)=s

xi‖2 follows a non cen-

tral chi-square distribution with non-centrality:

pαρ+O(
√
p log p)

and pk degrees of freedom. Applying lower tail bounds from proposition 5
and setting t = log p, we obtain the following inequality which holds with high
probability:

k

m

k∑
s=1

∑
σ∗(i)=s
σ∗(j)=s

Q1σ
i,j ≥ k + αρ−O(

√
log p/p). (20)

Similarly, as noted earlier, the random variable
m∑
i=1

p∑
d=1

x2id is distributed accord-

ing to a non-central chi-squared distribution with non-centrality(µ2) pαρ and
mp degrees of freedom(d). Using the upper tail bounds from proposition 5 and
setting t = log(p), w.p.a.l (1− 1

p ):

− γminQ
5 > −kγminτ

mp

(
mp+ pαρ+ 2 log p− 2

√
(mp+ 2pαρ) log p

)
. (21)

Proof of Lemma 7.

K̃(i, j) = f(0) +


f
′
(0)ρ〈µi,µj〉

p2 +
κρ2〈µi,µj〉2

p4 + κ
p if i 6= j

f
′
(0)(p2+ρ‖µi‖2)

p2 + κ(p2+ρ‖µi‖2)2
p4 + κ

p otherwise.

〈K̃,X∗ − X̂〉 =
∑
S

∑
i 6=j∈S

K̃i,j(1− X̂i,j) +
∑
S,S′

∑
i∈S
j∈S′

K̃i,j(−X̂i,j)

≥ min
S

min
i 6=j∈S

K̃i,j

∑
S

∑
i 6=j∈S

(1− X̂i,j)−max
S,S′

max
i∈S
j∈S′

K̃i,j

∑
i∈S
j∈S′

∑
i∈S
j∈S′

(X̂i,j)

= (min
S

min
i6=j∈S

K̃i,j −max
S,S′

max
i∈S
j∈S′

K̃i,j)
∑
S

∑
i6=j∈S

(1− X̂i,j).

11



The last inequality is obtained using the property that the sum of entries of
each row of X̂ is equal to m

k . Similarly,

‖X∗ − X̂‖1 =
∑
S

∑
i 6=j∈S

(1− X̂i,j) +
∑
S,S′

∑
i∈S
j∈S′

(X̂i,j)

≤ 2
∑
S

∑
i 6=j∈S

(1− X̂i,j).

Therefore,

‖X∗ − X̂‖1 ≤
2

(min
S

min
i 6=j∈S

K̃i,j −max
S,S′

max
i∈S
j∈S′

K̃i,j)
〈K̃,X∗ − X̂〉. (22)

Substituting the values of K̃i,j , we have that

min
S

min
i6=j∈S

K̃i,j = f(0) + f ′(0) min
S

ρ‖µs‖2

p2
+ eτγmax min

S

ρ2‖µs‖4

p4

= f(0) + f ′(0)
ρ(1 +O(

√
log p
p ))

p
+ eτγmax

ρ2(1 +O(
√

log p
p ))2

p2
.

max
S 6=S′

max
i∈S,j∈S′

K̃i,j = f(0) + f ′(0) max
S 6=S′

ρ〈µs, µ′s〉
p2

+ eτγmax max
S 6=S′

ρ2〈µs, µ′s〉2

p4

= f(0) + f ′(0)
ρ( −1k−1 +O(

√
log p
p ))

p
+ eτγmax

ρ2( −1k−1 +O(
√

log p
p ))2

p2
.

where, the second equalities for both quantities arise from substituting the values
of min

s
‖µs‖2 and min

s,s′
〈µs, µs′〉. Therefore,

min
S

min
i6=j∈S

K̃i,j − max
S 6=S′

max
i∈S,j∈S′

K̃i,j =
ρ

p

(
k

k − 1
+O(

√
log p

p
) +O(1/p)

)
and

‖X∗ − X̂‖1 ≤
2〈K̃,X∗ − X̂〉

ρ
p

(
k
k−1 +O(

√
log p
p ) +O(1/p)

) .

Proofs of Lemma 3,6. fσ∗(X) =
∑
s∈[k]

∑
i,j∈σ−1

∗ (s)

〈xi, xj〉2.

E
∑
s∈[k]

∑
i,j∈σ−1

∗ (s)

〈xi, xj〉2 =
mp2

k
(k +

α

k
+O(

1

p
)).

We need the following tensors and their corresponding tensor norms to establish
the results of lemma 3 and 6 via an application of Proposition 6.

• For each s ∈ [4], sth order tensors As of expectations of sth order deriva-
tives of f with respect to each {xi1,d1 , ..., xis,ds}ij∈[m],dj∈[p].

12



• Tensor norms for As with respect to each J in Ps.

Computing A1: The first order derivative of f with respect to xid for any

i ∈ [m] and d ∈ [p]:
∂fσ∗ (X)
∂xid

=

4x3id +
∑
d′ 6=d

2xidx
2
id′ +

∑
s∈[k]

∑
j 6=i∈σ−1

∗ (s)

2xidx
2
jd +

∑
d′ 6=d

∑
j 6=i∈σ−1

∗ (s)

xid′xjdxjd′ . (23)

E(
∂fσ∗(X)

∂xid
) = O(

√
p log p). (24)

Therefore,
A1 = O(

√
p log p)Jmp

, where Jmp ∈ Rmp denotes the vector of ones.
Computing A2: The second order derivative of f with respect to xid, xkβ for

any i, k ∈ [m] and d, β ∈ [p]:
∂fσ∗ (X)
∂xid∂xkβ

=



12x2id +
∑
d′ 6=d

2x2id′ +
∑

j 6=i∈σ−1
∗ (s)

2x2jd if k = i;β = d,

4xidxiβ +
∑

j 6=i∈σ−1
∗ (s)

2xjdxjβ if k = i;β 6= d,

4xidxkd +
∑
d′ 6=d

xid′xkd′ if k 6= i ∈ σ−1∗ (s); s ∈ [k];β = d,

xiβxkd if k 6= i ∈ σ−1∗ (s); s ∈ [k];β 6= d,

0 otherwise .

(25)

Then A2(i, j) = 

O(p) if k = i;β = d,

O(log p) if k = i;β 6= d,

O(1) if k 6= i ∈ σ−1∗ (s); s ∈ [k];β = d,

O(log p/p) if k 6= i ∈ σ−1∗ (s); s ∈ [k];β 6= d,

0 otherwise .

(26)

Computing A3: The third order derivative of fσ∗(X) with respect to xid, xkβ , xαl

for any i, k ∈ [m] and d, β ∈ [p]:
∂fσ∗ (X)

∂xid∂xkβ∂xαl
=

24xid if α = k = i; l = β = d,

4xil if α = k = i; l 6= β = d,

4xαd if α 6= k = i; l = β = d, α 6= i ∈ σ−1∗ (s); s ∈ [k];

xαβ if α 6= k = i; l = d 6= β, α 6= i ∈ σ−1∗ (s); s ∈ [k];

0 otherwise .

(27)

Then A3
id,kβ,αl = 

O( log p
p ) if α = k = i; l = β = d,

O( log p
p ) if α = k = i; l 6= β = d,

O( log p
p ) if α 6= k = i; l = β = d,

O( log p
p ) if α 6= k = i; l = d 6= β,

0 otherwise .

(28)
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Computing A4: The fourth order derivative of fσ∗(X) with respect to xid, xkβ , xαl, xqγ

for any i, k, α, q ∈ [m] and d, β, l, γ ∈ [p]:
∂fσ∗ (X)

∂xid∂xkβ∂xαl∂xqγ
=

24 if q = α = k = i; γ = l = β = d,

4 if q = α = k = i; γ = l 6= β = d,

4 if q = α 6= k = i; γ = l = β = d, α 6= i ∈ σ−1∗ (s); s ∈ [k];

1 if q = α 6= k = i; l = d 6= β = γ, α 6= i ∈ σ−1∗ (s); s ∈ [k];

0 otherwise .

(29)

Computing all the tensor norms, (see the proof of Lemma 9 for how the norms
are computed) we have:

‖A1‖{1} = O(p
√
p log p); ‖A2‖{1,2} = O(p2); ‖A2‖{{1},{2}} = O(p log p);

‖A3‖{1,2,3} = O(m
√
p log p); ‖A3‖{1,2},{3} = O(

√
mp); ‖A3‖{{1},{2},{3}} = O(

√
p log p);

‖A4‖{1,2,3,4} = O(mp); ‖A4‖{1,2},{3,4} = O(p); ‖A4‖{{1},{2},{3},{4}} = O(1);
‖A4‖{1},{2,3,4} = O(

√
mp); ‖A4‖{{1},{2},{3,4}} = O(p);

Applying the lower tail bounds for fσ∗(X) from Proposition 6, and setting the
R.H.S of the inequality to 1

p , we derive the following upper bound that holds

with probability at least 1− 1/p:

fσ∗(X) >
mp2

k
(k +

α

k
+ O(

1

p
)) − (O(p2

√
log p) ∨ O(mp

√
log p))

Therefore,

γminQ2σ∗ > γmin

(
1 +

1

k
+O(

1

p
)

)
− C2γmin

(√
log p

p2
∨ α

√
log p

p2

)
.

Fix some ε > 0 be an arbitrarily small constant. For any σ : ‖β(σ, σ∗)‖2F <
1 + (k − 1)ε, let fσ(X) =

∑
s∈[k]

∑
i,j∈σ−1(s)

〈xi, xj〉2.

We can show that Efσ(X) ≤ mp2

k (k + α
k + O( 1

p )). Computing the tensors and
their respective norms similarly as above, applying proposition 6, followed by
an union bound over all such partitions and we can show that w.h.p,

max
σ:‖β(σ,σ∗)‖2F
≤1+(k−1)ε

γmaxQ2σ ≤ γmax

(
1 +

1

k
+O(

1

p
)

)
+C2γmaxO

(√
α

p
∨ α
√
α

p
∨
√

1

αp

)
.

(30)
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