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6 Supplemental Material

6.1 Rudiments

With the prior measure I1(§ on F (L, p, s), given observed data Y (M = (Yy,...,Y, )/, inference about f ¢ is carried
out via the posterior distribution

T T (Yl
S TTi=y T (Yilxi )dII(f )

where B is a ! -field on F (L, p, S) and where It (Y;|X;) is the likelihood function for the output Y; under f .

(ALY ™ {xi}) JIA"B

6.2 Posterior Concentration Rate

First, we show that the posterior concentrates at the optimal (near-minimax) rate. We modify the result in
Polson and Rockova (2018) to our prior which differs in two aspects: (1) the top layer is fully connected, (2) the
top layer coefficients are assigned a Gaussian prior. First, we show that our fully-connected top layer networks
can approximate fo as well as the networks considered in Polson and Rockova (2018) (i.e. with a sparse top
layer). The following Lemma demonstrates how one can construct a fully connected top layer network from any
network considered in PR18 so that their outputs are the same. A graphical illustration of this construction can
be found in Figure 3.

f®)

.\;\}If+1,| N\ +1T
(i) I(i
e () e () e (4,

L+1,1

z (z,) (7,

(a) fB(x) with sparse top layer (b) fBL () with fully-connected top layer

Figure 3: Network Construction
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Lemma 6.1. Assume a sparse networi Dt " If(L, p*,s*) of the form (6) in PR18 with a sparsity pattern "

where F (L, p*,s*) is dePned in Section 4 of PR18. Withp* = (p,p,...,pf,1) " N-*2 and |'| = s*, there
exists at least one networkf P* " F (L +1,p,s) with p = (p,pf,....p.p;. 1) " N2 and |"| =s# s* + 2p;
such thatf P+ (x) =2 (x) for any x " RP.

Proof. We construct one function f ?- that satisfies the stated conditions. We denote B = {(W,,0) : 1 # | #
L +2} such that p = (p, P}, ..., P, Py, 1) " NY*3 and choose the same deep coefficients {W,, b} = {W;*, 5} for
each 1 # | # L. The parameters of the top layer are set as W42, = 1;’2 and b +» =b,; . Choosing the matrix
W41 in a way such that W/ 3 1pt = W*}; we obtain

for (%) =Wi2Ziss +bwe =Wiao Wi Z7 + B, =W Z7 + 1, =f5 (x).

The procedure we use to generate Wi +1 from W*,; can be found in Algorithm 1.

Algorithm 1 Network Construction of F (L + 1, p,s) from F (L, p*,s*)
1: We assume W',; ; $0
2: Initialize {Wl‘h}|:1 = {W|*1 k:}*}|:1 Wi = OpprLyh_ﬂ =0,WLsx = |£,L‘ b = bifﬂ

3: function h(j) # the index of last connected node (up to j) in layer L+1 of f 2t
h(j) :=max{k # j : W_+1 x $ 0}

4: function 4 ) # #nodes in layer L+1 in f 2L that will be connected to Z| p, i)

5 Kj) =24 I(h(i) = h(j))

6: procedure GENERATE Wi +1 FROM W{*

T for each j =1:p_. do

8: if h(j) =] then # when Z,; previously connected in f SF

9: Wi i = % # connect Z|j to Z|+1 j with the averaged weights
10: else ‘ # when Z| ; previously unconnected in fBD b
11: Wi jn ) = % # connect Zy  j) to ZL+1j with the averaged weights

It turns out that the sparsity of this extended network satisfies

S=S"+WNVL2 %+ Wi B& Wiy ||, =" +2p0 & Wiy || # s*+2p. O

With the construction from Lemma 7.1, our network class could achieve at least the same approximation error as
the one in Schmidt-Hieber (2017). To recover the posterior concentration rate results in Theorem 6.1 in PR18,
we impose the following conditions on (L,s,N )

L*" log(n) L=L*+1" log(n)
s* <nP @ + p) ( S# s*+2pf =s* +24pN* < nP/ @"+p) 4 el 2" +p)% < nP @ +p)
N*' nPl @ *P)f Jog(n) N =N*"' nP @ +0)/ Jog(n)

The assumptions on the network structure (depth, width and sparsity) maintain very similar for our new prior.

We formally state the posterior concentration result for our prior below.

Theorem 6.1. Assumefy " H p wherep=0(1) asn)* , % <pand%y% # F. Let L,s be as in (14),
andp = (p,12pN,...,12pN, 1)’ " N-*2 where N = Cy +P @"*P)/ log(n), for some Cy > 0. Under the priors
from Section 2.1, the posterior distribution concentrates at the rate& = n=" @"*P) log*(n) for some' > 1 in
the sense that

H(fgl_ "F(L,p,s):% &fo% >M & |Y(”))) 0

in P§ probability asn)*  for any M, ) *
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Proof. The statement can be proved as in Rockova and Polson (2018) by verifying the following three conditions
(adopted from Ghosal and Van Der Vaart (2007))

& .
;1;2 logE (%;AM -F n; %q?/} # n& (24)
M(Ag, 1) . e "% (25)
I(F\F ) # e (@210 for some d > 2. (26)

We define Fy,, for some C, = CnP' @"*P) Jog®(n) and C > 0, as
Fo={fS" "F (L,p,S): WV 1% + 1, # Cp}.
Here F, / F (L, p,S) is an gpproximating space (a sieve) consisting of functions whose top layer weights are
contained in a ball of radius ~ C, in RP2*1 . We show that this sieve contains most of the prior mass as required
in (26) for C > 0 large enough. Indeed, because p = O(1) and
p. +1=12pN +11 n? @ *P)/ Jog(n)
we have
I(F\F ) = P(%VL+1f’/§ TR, > cn)

Cn

—P((2,.1 >Cn) = P(en >eT)# e T2t /2)

Next, we want to verify the entropy condition (24). Because

{fe- "Fn:%% # &/{ fg-"F,:%%Q#a&

we have
s—(pr+1) 0__ \ Pzl
& .. . 2 Cn
f:slsfilogE<%;f F n§%a%)> <log V$”/36 ST7%
(L+1) V(L+1)

() (1)
< (s+1)log (%(L +1)(12pN + 1)xE+D > + (pL + 1) log(nP' @"*P) 0% (n))

<P @+ P Jog(n) log (n/ log®(n)) +nP @" P/ log(n) log (n log(n))

<SP @ P og?(n) < n&

for some ' > 1, where

L+1
vV=][P+1) (27)
=0
and using the fact that s <nP @ *P) and L 1 log(n).

The covering number E(%;f " F n;%a%) consists of two parts. The part (I) stands for the covering number

for the deep architecture, while the part (II) is the covering number for the top layer. The calculations of the
covering numbers are derived from Lemma 12 of Schmidt-Hieber (2017) which shows

[fe" &fEF || #%B &B*% V(L +1)

with V defined as in (27). To make sure |[fS- & fQF Hoo # %, we want B & B "9 # 2&'{%. Since all
deep parameters are bounded in absolute value by one, we can discretize the unit cube [&1,1]37P¢~1 with a

grid of a diameter % and obtain the covering number in part (I). For the top layer, the weights and the
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0__
bias term are contained inside a (p. + 1)-dimensional ball Wdth aradius Cp. Part(II) for %4%is bounded by
th %-covering number of a Euclidean ball of radius  C, in (p. + 1)-dimensional space (Edmunds and

Triebel, 2008).

Last, we need to show that the prior concentrates enough mass around the truth in the sense of (25). From
Lemma 7.1 and Lemma 5.1 in PR18, we know that there exists a neural network f 3 "F (L, p,s), such that

|fe &1of #an.

We denote the connectivity pattern of TA@ as " (with § = |"|) and the corresponding set of coefficients as B.
Following the same arguments as in PR18, we have

{fe" "Fo(L,p,s): [[fE" &fol # &}2{ fg" "F (L, p."):|[fE" &fol| # &/2}.

We now denote with ! " RT and I " RT the vectorized nonzero coefficients in B and B that have the sparsity
pattern ". We use " (! ) to pin down the sparsity pattern of ! . Using Lemma 12 of Schmidt-Hieber (2017) we
have

{FO8 "F (L, p,"): |8 &fol| # &/2} 2 {! "RT:"())="and HI &!AHOO# ﬁ} (28)

Altogether, we can write

QL "F (L, p,"): ||fOF &fol| # &/2)
D

(S "Fa(l, p,8): [[fEF &fol, # &) >

6—pr—1
> (2_515_11)11 (! "RT:"())="and HI & !*HOO# 72V(f“+1)>.

We note that with § 1 nP @"*P) | 1 log(n) and N 1 nP'@"*P)/ Jog(n)

1 —(L+1)és log(12 pN ) —Dj log?(n)nP/@a* P
T - € >e
—PL—l)
(é—pL—l

for some D1 > 0. In addition, under the uniform prior on the deep coefficients and the standard normal prior
on the top layer, we can write

H(! "RT."())="and H' &!AHOO# ﬁ) (2\,(5"”)”“ I1 H(‘)" &)Aj‘# ﬁ)

T —pr—1
B &1 6—pr—1
N <2V(L + 1))

where the last T & p. & 1 coefficients in ! are the top layer weights and bias as shown in (9).

Ll
[T ano, . (29)

>T —pr—1Y 7 2v(L+)

We want to recenter the normal distribution at 0 rather than )AJ- by using the following inequality

QZ

dNQ)j, 1) _ o3& -8) &2 _ Har )-8 &

dN(0,2)
Then we can continue with the lower bound for (29) as follows

§-pr— Cal prL+l
& §—pr—1 S ‘Qf 2V(L+1) 1
(29) - (m) e ’ / o IN(03

T 2V(L+)

8—pr—1 pr+l
T i e A . B
2V (L +1) *V(L+1)

pr+l & (pr*) Gyl
( 27) <2V(5h 1)) e Cre o (5 (L @ D2n?/@ P log?(n)
2+ +
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for some Dy > 0 and recall that C, = CnP @"*P) 1og?*(n).Thus we can combine the bounds and conclude that

g (D1# DN/ Plog?(n)  =dn$7, {1 some ' > 1 and d>D 1 + Dy. The proof is now complete.

O

It is worth noting that the same concentration rate still holds if we use N (0, 1) prior on all parameters. We could
define
Fo={9%%# Cyn}.

The prior mass condition in (26) is
TI(F\F o) = P((2>Cp) # e Cn/¢% M og™m)

The entropy condition in (24) is

07 S
& cur opa n
g)l;rilOgE(%,f F n,%agéo) 5 lOg “$./36
V(L +1)

< (s+1)log (2@ +1)(12pN + 1)2-*D ) + slog(CnP @"*P) 1og?(n))

P @™+ ) Jog(n) log (n/ log#(ﬂ)) +nP @"*P) Jog(nlog(n))

for some ' > 1, using the fact that s <nP @"*P) and L 1 log(n).

<n
<n

The prior concentration condition in (25) can be proved by changing (29) into

oy * RrT - " = 2.4 ) H AH # &
0 0) ]_Z), Coand |) &) || # s )
() 1 6
S, & V(L) 1
e </m dN (0, 2)
IV(L+)
FRY & 8
e Cn <e’(m) 077)
V(L+1)
§ 6
e_c'n, 97&'7 @ 442 pN+D (%J‘rl) (L+) | e—Dn /@ o p) |°92(n). O
V(D)

Theorem 6.2. (adaptive priors) Assumefy " H p wherep = O(1) asn)* , % <p, and %% # F. Let
L 1 log(n) and assume priors for N and s as in (20) and (21). Assume the prior of as given by (7) and (8).
Then the posterior distribution concentrates at the rate+, = n—" @"*P) log”(n) for ' > 1 in the sense that

IIf "F (L) :% &fo% >M |y(n))) 0
in Pj probability asn)*  forany M, ) *

The proof for Theorem 7.2 follows the same techniques used in Theorem 6.2 of PR18. And this adaptive results
also hold for networks with standard normal priors on all weights.

6.3 Preparations for Main Theorems

The general framework for first-order approximation of functionals is as follows

Theorem 6.3. (Castillo and Rousseau, 2015) Consider the moddPj, a real-valued functionalf ) ¥(f) and
3344, \I/E,l) , Wy, as debned above. Suppose that (16) is satisped, and denote

)
qj:qj(fo)+wné\1%o ) VOZH‘I’gl)H

2
L
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Let II be a prior distribution on f. Let A, be any measurable set such that
AN Y ™) =1+0p(1), asn)*
Then for any real t with f; as

@)
fo=f &%’%,

we could write

E' [@VICCO-9 |y (™M AL] = eor®r o2 Ja, €07 0OND
»Fnl = [y €= 1) "

Moreover, if
fA e n(fe)="n(fo)d!( f)

jA e n(f)="n(fo)dl( f)

n

=1+40p(1),!t" R (30)

. . o 0_ s . . .
is satisbed, then the posterior distribution of n(¥(f )& ¥) is asymptotically normal and mean-zero, with variance
Vo.

Proof. Set Rn(44 =0, ¥ = 0,1, = 0 in Theorem 2.1 of Castillo and Rousseau (2015). O

Projection of Functions The intuition of our projection conditional on (",Z ) is to maintain the same par-
titions for the shifted function in (17) and perform the change of measurdocally. We first give the notation for
Z', which are the nodes in the top layer. Let Zy,j =1,...,pL denote the  node in L™ layer, which can be
written as a sum of local linear functions, respectively:

Kr . ~# .
Zy (x) = 1x " Q)DL x + %}
k

=1

here the partitions {Q'k} E:Ll and coefficients {)1, %(} E:Ll are determined by {W,, b}k, .

For simplicity of notation, we denote Wi +1 = (W, ...,Wp, ). Then the output can be written as:

Pr
f(x)= ZW]' Zy (X)+b+1
i=1

K KL pr 7 s PL )
=Y aaa 1 |x" (9, W)k | x4+ Do w%, +ba
ki=1l  kp, =1 j=1 j=1 j=1

We denote the projection of function a(x) conditional on {W,, h}f-zl with afz], since conditional on {W|, h}}-zl

is equivalent to conditional on (*,Z ):
(W2, B?) = argming ,,, b, cr.(Lp(z ) WVZL(X) +b&a(x)% ,
al,(x) = W3Zy (x) + B
The projection afZ] can also be viewed as the best approximation to a conditional on (",Z ).
Similarly, we denote projection of fo onto {W,, b}, as fé[z]:

(WO, 1) = argmingy , , b, ernLp(z ) WVZL(X) +b&Fo(x)% . (31)
f§iz(¢) = WOoZ (x) + 1. (32)

Note that f "{ WZ_ (x) +b: W " RP*,b" R}, so naturally we have Hfém &fOHL B & To%.
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6.4 Proof of Theorem 3.1

We will perform the analysis locally on the sets An 5 AM» from (15) for some M, ) * . We use the fact
that convergence of Laplace transforms for all t in probability implies convergence in distribution in probability
(Castillo and Rousseau, 2015). The posterior decomposes into a mixture of laws with weights IL(" | Y ("), where

is the vector encoding the connectivity pattern with prior in (10). We denote with I, = E' [g'V"(( H-19 |
Y ("),An,"] and write

In:=E [EVICCO=9 v ™ A = 57 1 | Y™, Ag)ln
(evrs

Next, we want to show that on the event A, and uniformly for all " "V P:S
In( = €@ PVoI2(1 L o(1)) asn)*

so that |, = eoP@* *Vo/2(] 4 o(1)).

We choose " such that F(L,p,")- Apn $ 6 and for f " F (L, p,") - An we expand the linear functional as
U(f)& ¥(fo) =3,f & fo4d which yields

o) = a,
r(f,f 0) =

The remainder condition (16) is thus trivially satisfied. To verify the second condition (17), we choose the shifted

function f; as
fo=f & é‘%

Due to the fact that our class of neural networks has a top linear layer, the function f; shares the same deep
connectivity structure as f where only the top layer intercepts b ,; have been shifted. The change of measure

thus only influences by +1 where f ,; =h 41 & \af Next, we can write

Jn, €Ol dII(f | )

2 2
| — eTHaHL 7 - - - 33
n,( ‘Ane"(fF "(fo)dn(f | ) ( )
- _ wy di( f
2 fft*' $L A, e o n(fO)dH(ft | )d!|(( ffll(())
_ e lal} 7 - S (34)
Jy €)= nlfo)dII(f | ")
Next, we show that the ratio above converges to 1 asn)* . We have
dii(f ") AW, b, Wi, b |") _ dIWi, b}y [ *)dI(Wie )di(b ) _ dII(b e )
dif(fe ") dI{Wi, b}z, Weer By 1) dII{W B}y |*)IH(Wea )T, ) dII(K L)
dH(h_ﬂ) ) (h_+1) { 1 l: éi 2:|} ( atp +1 t2a2>
= =expq &= & (b+ & 6= =exp | &=+ ——
T ) b & 5 P42 by & (bn & O2) p Ln o
Next, we note (from the definition of the sieve F, and C, in the proof of Theorem 7.1)
0__
Byerly oSn < postzion’m,
A ~
Going back to (33), we now have for some ¢ > 0
ta w (n)
e-cn’ 757 ogd(n)r 22+ L a2 7 H( TR A YT ) # 1oy
H(f " nlY(n),")
" e f+ta " A Y(n),n
# €N 2o+ log®(n)+ tz“ + 12 HaHL 7 ( v | ) (35)

H(f An|Y(”),")
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Next, from
% &fo% & Hé‘lﬁ

# Hf L e,
L n

#of & fo% +Hé’%
L

L
it is clear that

{f L% & To% # Mp & Hé‘%

L}/ {f :Hf +éa—ﬁ&f0

#Mn+n}/ {f %&fo%#Mn'Fn«I»Hé%
L

)

This yields

H(f :%&fo%#+n&Hé%

|Y("),") u H(f f +é%" An |Y(”),">
L

#H(f ;0/6&f0%3#+,1+Hé'5iﬁ

o).
L

0_ W (o
Since the concentration rate is slower than 1/ 1, i.e. +, = n~"7 @ *P log¥(n) > n=Y2 we have II(f + %

2 %a 9

Ay)) II(f " Ap),asn)* . From the sandwich inequality (35), we have ln( ) € 2 ~ for any t " R as
n)*

6.5 Proof of Theorem 3.2

Similar to the linear functional case, the posterior decomposes into a mixture of laws with weights II(" | Y (n))7
where " is the vector encoding the connectivity pattern with a prior in (10). We can write

ln = E' [@VPCCO=9 1y ™ A = 57 1 | Y™, A (36)
(evps
where

In( = E [etﬁ("( f)-9 IY(n)-An:"]-

We further decompose each | by conditioning on the deep weights {W), h}f':l . We can write
AW B 1Y ™ An, ") = TI(Wear by [{W B}y, Y ), An, " IIEWE By 1Y ™ AR, )
= O(Wea, b [Y ™A Z)IEZ Y ™, AL,

since Z = {Z,}k,; is fully determined by {W,h}}z; and we can thereby replace conditioning on {W;, b}k, by
conditioning on Z. We can further dissect In( by conditioning on Z

In :/ln%( diiz | Y™, An,"), where IZ ::/etﬁﬂ D=9 dIM(Wear s [Y ™, AL, 2).

In the rest of the proof, we show that I,%( ) exp(&t?Vp/ 2) uniformly for all " and Z such that f " A,. This
can be done in two steps. First, we show that conditional on (Y (M, A,,",Z), U(f) asymptotically centers at
a local (", Z )-dependent centering point \il(z with a local (",Z )-dependent variance VZ( (both defined later). In
the second step, we show that the local centering points \i/(z are close to the global centering point U and that
the local variances VZ( converge to Vg uniformly for all " and Z such that f " A,.

We define the (", Z )-dependent local centering point and variance as
. Wi (2f 40 2
B4 = w(fo) + —”%ﬁo[—zl and V{ = 4Hf(§[Z]HL , (37)

where fé[z] is the % a%projection of fo on the set of deep learning networks f with a connectivity pattern "
and hidden nodes Z defined in (32).



Yuexi Wang and Veronika Rockova

For any f "F (L, p,"), the squared L2-norm functional can be expanded as
U(f)& U(fo) = 2%o,f & fod + % & %
=23 ;). f &Toh +% &% +2Fo& . f &To4.
Note that Hf S[Z] & foHL #% & fo% for any f which has a connectivity pattern " and hidden nodes Z.
This expansion yields the first-order and remainder terms
1) _ o5 (
Uy’ = 2f 01z’
r(f,fo) =% &fo% +2Fo &1, T &fod.

To ensure asymptotical normality of W(f ), we first need to ensure the local shape condition in (16). Assuming

that the smoothness %satisfies
% > p/2 (38)

we have for f " A, with a connectivity " and hidden nodes Z
r(f,fo) =% &fo% +2F o &1, T &fod

# 208 &t + foe iy

# 3% &fo9% <42 :n—%logZ#:o(e%>.

Next, to verify the second sufficient condition (17) we define the shifted function f; as

2tf ¢
ftzf&ﬂ%.

Then we use the local centering point ‘il(z in (37) to define
(2 =E [V |y M A " 7] (39)
eI n(fe)—' n(fO)dH(f | ",Z )
e dIl(f |"2)
o (Fe) =" n(f " di¢ 162 )
g () ="n(fo)dIT(f, | ’Z)W

el 5

n

212 Hf y “2 j;t+ %EAW
e oAl 7 - = (f m
fA'n, en)="n(odII(f |",Z)

For simplicity of notation, we first denote - = (Wi 41,0 41) " RPE™ and -' = (W}, B ,,) " RP*l and
A = (W?, 1) as defined in (31). Then we can simply write - = - & %A.

Since all parameters are a-priori independent and there is no sparsity structure placed on {W+1,0 +1}, the

prior ratio % can be calculated as

dii(f |*,Z) _ dII(Wiag)dl(bag) _ dII(-)

di(fe|",2)  dI(W(,,)di,, ) di(-")
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Similar to our previous proof, we have under the assumption % > p/2

Pi _iﬁ%
i=1

# 099 9619 < 3—5 = o(1), (40)

where we used the fact that both f and fé[Z] are contained in A, and thereby have their top coefficients contained
in a ball of radius ~ Cp, (recall the definition of Cy in the proof of Theorem 7.1).

Now, using the fact that

(

tf
i

L

|Y(n),",Z>
L

21f §y
#IL(F 0= An YW " Z | # T f % &Fo% # + +2

#oUf &fo% +2
L

2tf tf
% & fo% &2 f+4%&fo @(’[ﬁi}

L

we have

tf
H(f D06 & To% # + &2 49‘%

tf ¢
2]
n

|Y(”),",Z>.
L

0_ I
Again, since the concentration rate is slower than 1/ n, i.e. 4, =n~7 @ *P) log*(n) > n~Y2 we have
2tf 8{2] " (n) n
T+ 22 Ay Y™, Z)

ATV 2] ) LIt" R (41)

- 2llgy |12
Hence, with (38), (40) and (41), one concludes I,{( ) e Hfo[zl HL asN)* using a similar sandwich inequality
in (35). In other words, we have

I =2+ o(1)). (12)
Recall the definition of a local centering point \i/(z and a local variance VZ( in (37). Then we can write

120 =E [@VICCO=Y |y AL 7]

— B! [V DO,y () AL 7]
=12 7 V%Y
= (1+0(1))e" V! 2+ tvn(o% =9

=1+ 0(1))etzvo/2+tz(V%’—Vo)/2+tﬁ('c“é—'§ )
The proof will be complete once we show the following condition uniformly for all " such that f " A,

Ing :/lﬁ( diz |y ™, A,

=1+ 0(1))et2v0/2/etz(vg—vo)/zﬂﬁ('ﬁ;—'i; dIi(z | Y("),An,") et2V0/2, asn)*

This is equivalent to showing

/etz(VzV*"o)’z”ﬁ('ﬁyz*"’ dir(z | Y™, Ap,") =1+ 0p(1). (43)
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Since we work conditionally on the set Ap, we have %(()[Z] & fp% <+ and thereby
0o_ . .
N0 & WY ) =W, (fi,, &fo) =0p (1),

2
VS & V| = 4“‘f5[21"L & % 0%

2
< 2%80% (1) & o] + |6z & Fo;
(
< |6z & fof|#

under the assumption that %% # F.

Using the smoothness assumption (38), we have +2 = 0 (%) We can bound the integral in (43) using the
O_ . .
uniform bounds on  n(V¥ & \II(Z) and |V & V| as

(43) :/ gz tor@ gz |y M A,,")

:etz)nl2+t><0p(l) :eOp(l) =1+o0p (1)

Putting the pieces together, we write |, from (36) as
In = Z (" |Y(n)xAn)|n,( _ Z " | Y(”),An)etZVO/z(l—o—op (1)) = t2V°/2(1+op (1))
(evrs (ew v

which completes the proof. O

6.6 Proof of Theorem 4.1
For our proof for Theorem 4.1, the analysis is locally conducted on the set

AV —{f "F (L):% &fo% # M} (44)

n

with +, = n=7 @ *P og*(n) for some M > 0 and ' > 0. And from the results in Theorem 7.2, we know
I(AM | Y(M) =1+ 0y(1) for any My ) *
Conditioning on Ap in (44), the posterior consists of a mixture of laws conditional on N,s and "

Iy =E [etﬁ("( f)-19 |Y(n),An]

(s Y™, AnN) Z (" 1Y ™ An, N, S)lns(

M—c

I(N Y™ A

M

N=1 s=1 (eyr.s
N, Sn

= O [Y™ADY *(s|Y ™ ALN) > T Y™, AN, S)lns( +0p(1)
N =1 s=1 (evp:s

where we denote with .
Ins( = E' [etﬁ("( f)-9 |Y (n),An N,s,"].

The second equality follows from the fact that IIIN >N , | Y ™)) 0andII(s >s, | Y (™)) 0in P} probability
asn)* | using Corollary 6.1 of Polson and Rockova (2018). Thereby the set A, eventually excludes all the
deep learning mappings outside the sieve.

Linear functionals For U(f) = 3a,f4 , when a(§ is a constant function, following the same strategy as in

the proof of Theorem 3.1, we have
2 2
|n,s,( = t ||a”L/2(1+0(1))

and thereby the BvM holds.
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Squared L?-norm functionals For U(f) = % O/é7 we use the same strategy as in the proof of Theorem 3.2.
For %" (2, p), we have

2 i)
2 1
N,s,
b & fof | #9 &fo% = 0(%) (45)
here f(')\i’zs i( denotes the projection of fo onto deep learning networks with a fixed sparsity and hidden structure
(",Z ) where |"| = s and the width equals N (similarly as in (32)). The inequality (45) holds for all f with a

deep structure determined by (*,Z ).

The following arguments are similar to the proof of Theorem 3.2 but will be conditional on N and S. Since

AW, B 1Y ™M AN, S," ) = TH(Wiar, b | Y™ AN, s,",Z)dII(Z | Y™, Ay N,s,")

we can rewrite lns( as

s, :/(/etmx( D=9 dI(Wear ba | Y™, AnN,s,", Z )) diz | Y™, AqN,s,")
=(1+ 0(1))92t2|\f0|\2L /e‘Z(VzN'S’V*VO)/Z‘ftﬁ('ﬁg’s’yf'i) diz | Y ™, AnN,s,")

where 1 5
i NS, NS, Ns, N.s,
YO = w(fo) + 0w (2 NEC), VR = afrC |
and the term (1 4 0(1)) comes from similar considerations as in (42).

Now we need to show lns( ) e ltollL for all N,s and " in the local neighborhood A, . In other words,

sup sup sup /etz(VZN'**'V*VO)/2”\5('6?”’7"? iz | Y M A, N,s, ") = op (1). (46)
N <N, s<s, (€VP:*

Then we can write for % > p/2
0_ . .
NIV & B) = Wy (o & fo) = op (1),

2
Vs & Vol :4“‘1‘0”[;1‘ HL &% 0%

N,s,( N,s,( 2
w35 o], + il o]

Ns,(
<ot atol] #

With % > p/2, (46) is satisfied. Aggregating the sum of Iy over N,s and ", we have

z

n Sn

o= > TN [Y™ A TI(s|Y ™, A N) > T Y™ AN, S)lns( +0p (1)
1 s=1 (eyp.s

P4
z 11

n

Sn
IN Y @A) S TS 1Y ™ A0 N) ST I 1Y ™ AN, 8) (1 + o(1))e2 ITelit or® 1 o (1),
s=1 (evp.s

=z
Il
iy

As aresult, we have I, ) €’IfolZ forallt" Rasn)* |, which concludes the proof for the L2-norm functional
case.



