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Abstract

Causal relationships among variables are
commonly represented via directed acyclic
graphs. There are many methods in the lit-
erature to quantify the strength of arrows
in a causal acyclic graph. These methods,
however, have undesirable properties when
the causal system represented by a directed
acyclic graph is degenerate. In this paper, we
characterize a degenerate causal system us-
ing multiplicity of Markov boundaries. We
show that in this case, it is impossible to
find an identifiable quantitative measure of
causal effects that satisfy a set of natural cri-
teria. To supplement the impossibility result,
we also develop algorithms to identify de-
generate causal systems from observed data.
Performance of our algorithms is investigated
through synthetic data analysis.

1 Introduction

Inferring causal relationships is among the most im-
portant goals in many disciplines. A formal approach
to represent causal relationships uses causal directed
acyclic graphs (DAGs) (Pearl, 2009), in which ran-
dom variables are represented as nodes and causal re-
lationships are represented as arrows. Besides quali-
tatively describing causal relationships via DAGs, it is
often desirable to obtain quantitative measures of the
strength of arrows therein since they provide more de-
tailed information on causal effects. There have been
many measures proposed to quantify the causal rela-
tionships between nodes in a causal DAG, such as con-
ditional mutual information (Dobrushin, 1963), causal
strength (Janzing et al., 2013) and part mutual infor-
mation (Zhao et al., 2016). See Gao et al. (2016) and
its reference list for more such measures.
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An interesting observation is that these measures have
undesirable properties when the causal system under
consideration is degenerate. As a simple example, con-
sider the confounder triangle Z → X → Y with an
edge Z → Y , where Z = X almost surely. In this case,
the conditional mutual information cmi(X,Y | Z) is
zero regardless of the influence X has on Y , while the
causal strength and part mutual information for the
arrow X → Y are not well-defined. Intuitively, these
problems arise because it is not possible to distinguish
the causal effect of X on Y from the causal effect of Z
on Y .

In this paper, we generalize the observation above by
providing a formal characterization of a degenerate
causal system in Section 3. We first define a set of nat-
ural criteria to be expected from a reasonable measure
of causal influence, and show that when the causal sys-
tem is degenerate, all reasonable measures of a causal
influence cannot be identified from the distribution
represented by the DAG. Analysts may instead report
qualitative summaries of causal relationships, such as
all the causal explanations of the response variable.

Our characterization of a degenerate causal system is
based on multiplicity of Markov boundaries for the
response variable. The Markov boundary of a vari-
able W in a variable set S is a minimal subset of
S, conditional on which all the remaining variables
in S, excluding W , are rendered statistically indepen-
dent of W (Statnikov et al., 2013). In Section 4, we
propose novel approaches to determine the uniqueness
of Markov boundary from data. Many authors have
considered methods for discovery of Markov bound-
aries. However, the validity of their methods often
requires strong assumptions (e.g. Tsamardinos & Alif-
eris, 2003; Peña et al., 2007; Aliferis et al., 2010), some
of which even imply that the response variable has a
unique Markov boundary (e.g. de Morais & Aussem,
2010; Mani & Cooper, 2004). Furthermore, some of
these methods output all the Markov boundaries (e.g.
Statnikov et al., 2013), which are not necessary for our
purpose. In contrast, our novel algorithms are more ro-
bust to model assumptions and computationally more
tractable.
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2 Background

2.1 Set-up

Consider a causal DAG Γ with vertices V. We say X is
a parent of Y if the path X → Y is present in Γ, and Y
is a descendant of X if a path X → · · · → Y is present
in Γ. A variable is a descendant of itself, but not a
parent of itself. For a variable W , we use Des(W )
to denote the set consisting of all descendants of W ,
and Pa(W ) to denote the set consisting of all parents
of W . We assume that the probability distribution p
over V is Markov with respect to Γ in the sense that
for every W ∈ V, W is independent of V \ Des(W )
conditional on Pa(W ) (Spirtes et al., 2000).

We assume that we observe independent replications
of V. Let S be all the possible parents of Y , namely
all the variables in V except for Y and those that are
known not to be parents of Y . To ease presentation,
in our leading case we assume no prior knowledge of
the causal DAG so that S = V \{Y }. Our main result
also applies to settings where one has full or partial
prior knowledge of the DAG structure. See Remark 4
for more discussions.

Let X be a possible parent of Y and we are interested
in the causal effect of X on Y . Let L = S \ {X}. We
denote the sample space of X,Y,L by X,Y,L, respec-
tively.

2.2 Measures of causal influence

We now review several measures of causal influence in
the literature. We only introduce their definitions in
the discrete case as they are sufficient to motivate our
discussions later.

Conditional mutual information. The conditional
mutual information between X and Y conditional on
a set C is defined as (Dobrushin, 1963)

cmi(X,Y | C)

=
∑
x∈X

∑
y∈Y

∑
c∈C

f(x, y, c) log
f(x, y | c)

f(x | c)f(y | c)
,

where f is the probability density function. It can be
shown that cmi(X,Y | C) = 0 if and only if X |= Y | C.
When C = ∅, cmi is known as the mutual information
(mi):

mi(X,Y ) = H(X) + H(Y )−H(X,Y ),

where H is the Shannon entropy. More generally, we
have cmi(X,Y | C) = mi({X} ∪ C, Y )−mi(Y, C).

cmi(X,Y | C) quantifies additional (possibly non-
linear) information contained in Y regarding X condi-
tional on C.

Causal strength. When the full causal DAG (thus
L = Pa(Y ) \ {X}) is known, the causal strength of X
on Y is defined as (Janzing et al., 2013)

cs(X → Y )

=
∑
x∈X

∑
y∈Y

∑
l∈L

f(x, y, l) log
f(y | x, l)∑

x′∈X
f(y | x′, l)f(x′)

.

cs is motivated to avoid the so-called underestimation
problem of cmi: when X and Z are almost the same
but have strong causal effect on Y , both cmi(X,Y | Z)
and cmi(Z, Y | X) are very small.

Part mutual information. The part mutual informa-
tion between X and Y conditional on C is defined as
(Zhao et al., 2016)

pmi(X,Y | C)

=
∑
x∈X

∑
y∈Y

∑
c∈C

f(x, y, c) log
f(x, y | c)

f∗(x | c)f∗(y | c)
,

where f∗(x | c) =
∑
y∈Y f(x | y, c)f(y), f∗(y | c) =∑

x∈X f(y | x, c)f(x).

pmi solves a similar underestimation problem of cmi,
but it is also symmetric, and definition of which does
not depend on knowledge of the full DAG.

2.3 Markov blanket and Markov boundary

We now formally discuss the notion of Markov blanket
and Markov boundary.

Definition 1 Suppose that T is a set of observed vari-
ables not containing W . A subset of T , denoted asM,
is a Markov blanket of W within T if

W |= (T \M) | M.

Using the notion of mutual information, the above con-
dition can be written as cmi(W, T | M) = 0, or equiv-
alently, mi(W, T ) = mi(W,M). This suggests that the
Markov blanket M contains all the information of T
on W .

Definition 2 A Markov blanket is called a Markov
boundary if none of its proper subset is a Markov blan-
ket. In other words, a Markov boundary is a minimal
Markov blanket.

Markov boundary always exists. If W |= T , then ∅ is
the Markov boundary. If no proper subset of T is a
Markov blanket, then T is the Markov boundary.

Even though Markov boundaries are minimal, in gen-
eral they are not unique. For example, consider the
causal DAG in Fig. 1. Variables X,Y, Z take value
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in {0, 1, 2}, while W takes value in {0, 1}. Both
{X,W} and {Z,W} are Markov boundaries of Y (con-
ditioned on {X,W}, either Z or Y only takes one
value, which implies independence), but the probabil-
ity that (X,W ) = (Z,W ) is less than one. The multi-
plicity of Markov boundary also implies unfaithfulness
(discussed below).

Z

X

Y W

0 0 0

0

1 1 1

1

2 2 2

Figure 1: A causal DAG for which variable Y has
multiple Markov boundaries (Statnikov et al., 2013).
Combinations of values connected with lines have pos-
itive joint probabilities. For example, pr(Z = 1, X =
0, Y = 0,W = 0) > 0, while pr(Z = 1, X = 2, Y =
1,W = 1) = 0.

Unlike the confounder triangle example in Section 1,
the two Markov boundaries of Y in Fig. 1 do not
coincide almost surely. However, X and {Z,W} are
variation dependent in the sense that there exist x, z, w
(x = 2, z = 0, w = 0) such that pr(X = x) > 0, pr(Z =
z,W = w) > 0, but pr(X = x, Z = z,W = w) =
0. This variation dependence is in fact an essential
property of the multiplicity of Markov boundaries.

Lemma 1 Let Θ denote all Markov boundaries of Y
in T , where Y /∈ T . Suppose that X ∈ ∪

M∈Θ
M \

∩
M∈Θ

M, and K = T \ {X}. Then X and K are vari-

ation dependent in that there exist x ∈ X, k ∈ K such
that f(x) > 0, f(k) > 0, but f(x, k) = 0.

It is known in the literature (Pearl & Paz, 1985; Pearl,
1988) that several conditions are sufficient for the
uniqueness of Markov boundary.

Definition 3 (Faithfulness) Let Λ denote the col-
lection of conditional independence relationships
shared by all probability distributions that are Markov
with respect to Γ. A probability distribution is faithful
to Γ if and only if its conditional independence rela-
tionships are fully characterized by Λ.

Definition 4 (Intersection) A probability distribu-
tion on V satisfies the intersection property if and only
if for any four subsets of V, denoted as P, Q, Z, W

such that P |= Z | (Q,W), P |=W | (Q,Z), it holds that
P |= (Z,W) | Q.

Definition 5 (Strict positiveness) A probability
distribution on V is called strictly positive if and only
if for any two disjoint subsets of variables X and Z
such that pr(X = x) > 0, pr(Z = z) > 0, it holds that
pr(X = x,Z = z) > 0.

Strict positivity allows for the expression of causal
effects as conditional distributions. Nevertheless, as
the proposition below shows, multiplicity of Markov
boundaries implies violation of strict positivity.

Proposition 1 (Pearl & Paz, 1985; Pearl, 1988)
If a probability distribution on V (i) is faithful to
Γ, or (ii) has the intersection property, or (iii) is
strictly positive, then any variable Y ∈ V has a unique
Markov boundary in V \ {Y }.

Remark 1 None of the three conditions in Propo-
sition 1 is necessary for the uniqueness of Markov
boundary. For example, suppose X, Y , Z, W ∈ {0, 1},
pr(X = Z = Y = W = 0) = 0.5, pr(X = Z = 1, Y =
W = 0) = 0.25, pr(X = Z = Y = W = 1) = 0.25 and
S = {X,Y, Z,W}. Since Y |= X | Z, Y |= Z | X, Y 6⊥⊥
(X,Z), the joint distribution of (X,Z, Y,W ) does not
have the intersection property and is hence not faith-
ful (Pearl, 1988). On the other hand, pr(X = 0) > 0,
pr(Z = 1) > 0 but pr(X = 0, Z = 1) = 0. Hence
the distribution is not strictly positive. However, each
variable in this example has a unique Markov boundary
within the other three variables.

2.4 Multiplicity of Markov boundaries

In practice, it often arises that the response variable of
interest has multiple Markov boundaries. For instance,
in breast cancer studies, several gene sets may have
nearly the same effect for survival prediction (Ein-Dor
et al., 2004), such that each of the gene sets is a Markov
boundary of the survival indicator. In an extensive
study, Statnikov et al. (2013) applied nine popular al-
gorithms for learning multiple Markov boundaries to
13 benchmark data sets that cover a wide range of ap-
plication domains, dimensionalities and sample sizes
that are representative of practical settings. One re-
sponse variable is identified for each data set. Across
the nine algorithms, the frequency of reporting mul-
tiple Markov boundaries ranges from 46.2% (6/13) to
100%. Five out of the nine algorithms report multiple
Markov boundaries in all 13 data sets. All algorithms
suggest that there are multiple Markov boundaries in
four out of the 13 data sets. These results suggest
that a degenerate causal system (system with multiple
Markov boundaries) shows up frequently in practice.
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Proposition 2 provides theoretical explanation for
these empirical findings. Consider n variables, each
with the alphabet {1, ...,m}. The joint distribution p
of these n variables is randomly chosen from Dirichlet
distribution Dir(1, 1, ..., 1).

Proposition 2 For any ε, δ > 0, when m is larger
than a threshold depending on ε, δ, and n is larger than
a threshold depending on ε, δ,m, with probability larger
than 1 − δ, we can find a probability distribution p′

with multiple Markov boundaries, such that the total
variation distance between p and p′ is smaller than ε.

Remark 2 Proposition 2 concerns the measure of dis-
tributions that are at most ε-distant from a degenerate
distribution. A similar result is that the measure of
λ-strong-faithful distributions is much less than one
(Uhler et al. 2013). In fact, at most ε-distant from a
degenerate distribution implies λ-strong-unfaithfulness
for proper λ, but not vice versa.

3 When is it possible to reasonably
quantify a causal influence?

3.1 Motivation

We motivate our discussion in this section by gener-
alizing our observation in the introduction. Specifi-
cally, we show that the causal effect measures intro-
duced in Section 2.2 may not be reasonable when the
response variable Y has multiple Markov boundaries
within Pa(Y ).

Proposition 3 If X ∈ ∪
M∈Θ

M \ ∩
M∈Θ

M, then (i)

cmi(X,Y | L) = 0; (ii) cs(X → Y ) and pmi(X,Y |
L) are not well-defined. Here Θ denotes all Markov
boundaries of Y in S.

To solve problem (ii) in Proposition 3, a naive solu-
tion is to assign a value in these degenerate scenarios.
However, Proposition 4 below shows that the resulting
quantities cannot be continuous functions of the joint
distribution of (X,Y,L). Given a probability distribu-
tion p′, we use cs[p′](X → Y ) and pmi[p′](X,Y | L)
to denote the corresponding causal strength and part
mutual information.

Proposition 4 If X ∈ ∪
M∈Θ

M\ ∩
M∈Θ

M, then there

exist two sequences of distributions on (X,Y,L), de-
noted as {p1, p2, . . .} and {p′1, p′2, . . .}, both of which
converge to p under the total variation distance, but
limi→∞ cs[pi](X → Y ) 6= limi→∞ cs[p′i](X → Y ).
The same applies to pmi(X,Y | L).

Proposition 4 can be proved using Lemma 1 and the
following Lemma 2.

Lemma 2 Assume that there exist x ∈ X, l ∈ L such
that f(x) > 0, f(l) > 0, but f(x, l) = 0. Then there
exist two real numbers g1 < g2, such that for any g
with g1 < g < g2, any δ > 0, there exists a probability
distribution p′ with total variation distance d(p, p′) <
δ, such that cs[p′](X → Y ) = g. The same result
applies to pmi(X,Y | L).

Lemma 2 is similar in flavor to the Picard’s great theo-
rem: if an analytic function h has an essential singular-
ity at a point w, then on any punctured neighborhood
of w, h(z) takes on all possible complex values, with
at most a single exception. In this sense, cs and pmi
are essentially singular at the probability distribution
that implies multiple Markov boundaries for Y .

3.2 Criteria for reasonable causal effect
measures

Motivated by our observations in Section 3.1, we now
formally describe the criteria we expect from a rea-
sonable measure of causal influence. We focus our dis-
cussion on measures that are functionals of the joint
distribution of Y and S.

C1. The strength of X → Y is a continuous function
of the joint distribution of Y and S, under the total
variation distance.

C2. If there is a unique Markov boundary M of Y
within S, and X /∈M, then the strength of X → Y is
0.

C3. If there is a unique Markov boundary M of Y
within S, and X ∈ M, then the absolute value of the
strength of X → Y is at least c(X,Y,M\{X}). Here
c(X,Y,M\{X}) is a positive constant, only depending
on X,Y,M\ {X}, such as cmi(X,Y | M \ {X}).

We now explain why these criteria are considered nat-
ural.

C1: Without continuity, a small perturbation on the
observed distribution may lead to a big change in the
effect measure. On the other hand, such a small per-
turbation on the observed distribution can be induced
through a small perturbation on the causal system
(e.g. coefficients in the structural equation models that
generate the DAG). For identifiable effect measures, a
perturbation on the causal system can only act on the
effect measure through changing the observed data dis-
tribution. This suggests that a small perturbation on
the underlying causal system may lead to a big change
in the causal effect measure, which is undesirable.

C2: Since the unique Markov boundary contains all
the information on Y from S, it is natural to say that
X has no causal effect on Y if X /∈M.
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C3: Since any variable X in the unique Markov bound-
ary M of Y contains non-trivial information of Y , it
is natural to assign a positive value to the absolute
value of strength of X → Y . Variables outside of the
unique Markov boundary should not interfere with the
strength of X → Y .

3.3 An impossibility result

We now introduce our main result in this section,
which reveals the intrinsic difficulty to define mea-
sures of causal influence satisfying C1-C3 when mul-
tiple Markov boundaries of the response variable are
present.

Consider S, the set of probability distributions on
S ∪ {Y }. Choose a probability distribution p ∈ S,
under which Y has multiple Markov boundaries in S,
and X is in at least one, but not all of such Markov
boundaries. We are looking for an identifiable measure
of the strength of X → Y , f : S→ R.

Theorem 1 In any neighborhood N of p in S, all
identifiable measures of the strength of X → Y must
violate at least one of the criteria in C1 – C3.

Remark 3 Any two criteria among C1 to C3 are
compatible with each other. For example, cs and pmi
satisfy C2 and C3, a naive causal effect measure that
takes a large positive constant value satisfies C1 and
C3, and cmi satisfies C1 and C2.

To prove Theorem 1, we first introduce the tools that
we shall use. For any random variable X, we define
its perturbation Xε to be a new random variable that
coincides with X with probability 1 − ε, and equals
an independent arbitrary noise variable UX otherwise.
For a group of variables, adding ε-noise on one variable
in the group changes the joint distribution of the whole
group by at most ε under the total variation distance.
The following lemma shows that adding ε-noise to X
will always decrease the information it has on Y , unless
X contains no information regarding Y .

Lemma 3 (Strict Data Processing Inequality)
Let S1 be a group of variables not containing X or Y .
If we add ε-noise on X to get Xε, then

cmi(Xε, Y | S1) ≤ cmi(X,Y | S1), (1)

where the equality holds if and only if

cmi(X,Y | S1) = 0. (2)

The inequality part of Lemma 3 is a special case
of the data processing inequality in information the-
ory (Cover & Thomas, 2012). Intuitively, it states

that transmitting data through a noisy channel can-
not increase information, namely: garbage in, garbage
out. The original data processing inequality (Cover &
Thomas, 2012) states that the equality in (1) holds if
and only if

cmi(X,Y | Xε,S1) = 0. (3)

Condition (3) relies on the concrete form of noise, and
thus difficult to check. In Lemma 3, we strengthen the
result by showing that (3) is equivalent to (2). This
improvement is critical for the proof of Lemma 4, in
which we describe how to perturb a distribution with
multiple Markov boundaries for the response variable,
so that in the new distribution the response variable
has a unique Markov boundary.

Lemma 4 Assume Y has multiple Markov boundaries
within S. LetM0 be one of them. If we add ε-noise on
each variable in S \M0, then in the new distribution,
M0 is the unique Markov boundary.

Proof of Theorem 1. Assume X is in Markov bound-
ary M1, but not in Markov boundary M2. On one
hand, following Lemma 4 one may add ε-noise on
each variable in S \ M1 so that M1 is the unique
Markov boundary of Y . Letting ε → 0, criteria C1
and C3 imply that the absolute value of the strength
of X → Y in the original distribution should be at
least c(X,Y,M\ {X}). On the other hand, one may
also add ε-noise on each variable in S \M2 so thatM2

is the unique Markov boundary of Y . Letting ε → 0,
criteria C1 and C2 then imply that the strength of
X → Y in the original distribution should be zero.
This constitutes a contradiction.

Remark 4 We note that the definition of S depends
on knowledge of the DAG, so it is possible that one
may obtain consistent estimates of a reasonable causal
effect measure given the structure of the underlying
DAG, but may not do so without this knowledge. For
example, consider causal DAG X1 → X2 → Y with
X1 = X2 almost surely. If the structure of the DAG is
known a priori, then one may define the strength of the
arrow X2 → Y by ignoring information on X1. If on
the other hand, one has no information on the struc-
ture of the DAG, then it is impossible to distinguish
the causal effect of X1 on Y from the causal effect of
X2 on Y . In this case, Theorem 1 suggests that it is
impossible to obtain a reasonable quantification of the
strength of the arrow X2 → Y from data. In general,
if knowledge on the DAG implies that a variable X is
not a direct cause of Y , then one can exclude X when
considering the multiplicity of Markov boundaries of
Y .

Remark 5 In the presence of multiple Markov bound-
aries, one can report all variables that show up in at



Causal inference in degenerate systems: An impossibility result

least one but not all of the Markov boundaries as “po-
tential causes” of the response variable. Accuracy of
such qualitative results depends on the success of algo-
rithms that find multiple Markov boundaries. In con-
trast to DAG-learning, here one only needs to learn the
local structure around a target variable.

4 Tests for the uniqueness of Markov
boundary

We develop a two-step procedure to test the unique-
ness of Markov boundary: (i) Find a Markov boundary
for the response variable Y within the observed data
set S; (ii) Decide if there exist other Markov bound-
aries, other than the one identified in (i).

Methods for step (i) have been discussed extensively
in the literature (Tsamardinos & Aliferis, 2003; Peña
et al., 2007; Aliferis et al., 2010). However, validity
of existing methods typically rely on strong assump-
tions. For example, faithfulness is required in Aliferis
et al. (2010), which implies the uniqueness of Markov
boundary, and thus cannot be applied to our prob-
lem. Methods in Tsamardinos & Aliferis (2003) and
Peña et al. (2007) require that the joint distribution of
S ∪ {Y } has the so-called composition property, that
is, for any four subsets of S ∪ {Y }, denoted as P, Q,
Z, W, such that P |= Z | Q, P |=W | Q, it holds that
P |= (Z,W) | Q.

To relax these assumptions, we develop Algorithm 1
that requires no extra assumptions on the joint dis-
tribution. Let ∆ be a measure of association between
two random variables, with a larger value of ∆ indi-
cating a stronger association: If two variables with
∆ = d1 are dependent, then another two variables
with ∆ = d2 ≥ d1 are also dependent. One exam-
ple of ∆ that we shall use in simulation studies is the
conditional mutual information.

1. Input
Joint distribution of S = {X1, . . . , Xk} and Y

2. Set M0 = S

3. Repeat
Set X0 = arg minX∈M0

∆(X,Y | M0 \ {X})
If X0 |= Y | M0 \ {X0}

Set M0 =M0 \ {X0}
Until X0 6⊥⊥ Y | M0 \ {X0}

4. Output M0 is a Markov boundary

Algorithm 1: An assumption-free algorithm for pro-
ducing one Markov boundary

In step 3 of Algorithm 1, any tie-breaker works when
there are several equal ∆.

We now turn to step (ii). The key to our approach is
the following necessary and sufficient condition for the
uniqueness of Markov boundary.

Definition 6 (Essential variable) A variable W ∈
S is called an essential variable for Y if Y 6⊥⊥ W |
S \ {W}. Denote the set of all essential variables by
E.

A variable W is essential if it can provide additional
information on Y , even when we have known all vari-
ables except Y . In Fig. 1, W is the only essential
variable, since X and Z contain the same information
on Y .

Lemma 5 The set E is the intersection of all Markov
boundaries of Y within S.

Theorem 2 Variable Y has a unique Markov bound-
ary within S if and only if E is a Markov boundary of
Y within S.

Theorem 2 provides a theoretical basis for Algorithm
2 that determines if the output from Algorithm 1 is a
unique Markov boundary.

1. Input
Joint distribution of S = {X1, . . . , Xk} and Y
An algorithm Ω which could produce one

Markov boundary correctly

2. Set M0 = {X1, . . . , Xm} to be the result of
Algorithm Ω on S

3. For i = 1, . . . ,m,
Set Mi to be the result of Algorithm Ω on

S \ {Xi}

If Y |=M0 | Mi

Output Y has multiple Markov
boundaries

Terminate

4. Output Y has a unique Markov boundary

Algorithm 2: A general algorithm for determining
uniqueness of Markov boundary

Algorithm 2 is closely related to the proposal that finds
all the Markov boundaries for Y in Statnikov et al.
(2013). In fact, Algorithm 2 can be viewed as run-
ning the proposal in Statnikov et al. (2013) until it
produces two Markov boundaries or terminates.

Proposition 5 Algorithms 1 and 2 are sound and
complete.
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Remark 6 The test in step (3) of Algorithm 2 aims
to decide if Xi is an essential variable. Alternatively,
one may directly test

Xi |= Y | S \ {Xi}. (4)

This results in Algorithm S1 described in the sup-
plementary material. However, the conditional set
S \{Xi} is generally very large, so that the conditional
independence test for (4) may have low power.

Remark 7 A naive algorithm based on Theorem 2 in-
volves first constructing the set of essential variables E
in S, and then testing if Y |= S | E. This results in Al-
gorithm S2 described in the supplementary material.

5 Simulation studies

We now evaluate the finite sample performance of the
proposed methods. In our simulations, the response
variable Y and ten possible parents of Y , denoted as
S = {X1, . . . , X10}, are all generated from Bernoulli
distributions with mean 0.5. We consider four settings
that cover various scenarios regarding the uniqueness
of Markov boundaries and the composition property
of S ∪ Y .

Setting 1: X1, . . . , X10 are independent. pr(Y =
X1) = 0.8,pr(Y = X2) = 0.1 and pr(Y = X3) =
0.1. In this case, Y has a unique Markov boundary
{X1, X2, X3}.

Setting 2: Same as Setting 1, except that X4 = X2.
In this case, Y has an additional Markov boundary
{X1, X3, X4}. In Settings 1 and 2, the composition
property holds for S ∪ {Y }.

Setting 3: X1, . . . , X8 are independent. Z = X1 +X2

mod 2. pr(Y = Z) = 0.8,pr(Y = X3) = 0.1,pr(Y =
X4) = 0.1,pr(X9 = X10 = Z) = 0.95 and pr(X9 =
X10 = 1 − Z) = 0.05. In this case, Y has a unique
Markov boundary: {X1, X2, X3, X4}.

Setting 4: X1, . . . , X7 are independent. Z = X1 +X2

mod 2. pr(Y = Z) = 0.8,pr(Y = X3) = 0.1,pr(Y =
X4) = 0.1,pr(X10 = Z) = 0.95 and pr(X10 =
1 − Z) = 0.05. X8 = X1, X9 = X2. In this case,
Y has two Markov boundaries: {X1, X2, X3, X4} and
{X3, X4, X8, X9}. In Settings 3 and 4, the distribution
of S ∪ {Y } violates the composition property.

We compare the performance of the following algo-
rithms that test the uniqueness of Markov boundaries
for the response variable Y : (1) Alg. 2-AF: Algorithm
2, with Ω being Algorithm 1; (2) Alg. 2-KI: Algo-
rithm 2, with Ω being the KIAMB algorithm proposed
in Peña et al. (2007), which requires the composition
property; (3) Alg. S1; (4) Alg. S2. The Monte Carlo

size is 500, and we report the success rates for each
algorithm. In each setting, we run all four algorithms
with sample size ranging from 300 to 30,000. The
conditional independence test we employ is the G-test
(Neapolitan, 2004) with significance level α = 0.001.
All simulations are conducted with R. Following Peña
et al. (2007) and Statnikov et al. (2013), we choose
the parameter K to be 0.8 in the KIAMB algorithm.

As shown in Fig. 2 and Fig. 3, both Alg. 2-AF and
Alg. 2-KI have satisfactory performance under Set-
tings 1 and 2 where the composition property holds.
Alg. S1 falsely claims that there are multiple Markov
boundaries for Y until the sample size approaches
10,000. This is because failure to reject the hypothesis
Xi |= Y | S \ {Xi} leads one to conclude that Y has
multiple Markov boundaries. As expected, in Settings
3 and 4 where the composition condition fails to hold,
Alg. 2-AF performs much better than Alg. 2-KI. As
the sample size increases, each independence test is
more likely to produce correct result. When sample
size is large enough, each algorithm has a high proba-
bility to produce correct final result (except Alg. 2-KI
in Settings 3 and 4).

We also find that the performance of Alg. S2 is not
monotonic with the number of observations. A possi-
ble explanation is that although the error rate of each
single test decreases with the number of observations,
certain combinations of incorrect intermediate test re-
sults might by chance, lead to a correct final result.
As the number of observations increases, the power
for the independence test in step (3) of Alg. S2 in-
creases so that the size of the empirical essential vari-
able set Ê grows. As a result, it is more likely that
Y |= S | Ê holds. On the other hand, with a larger
sample size one also gains power to reject the hypoth-
esis that Y |= S | Ê . This explains the non-monotonic
curves we see with Alg. S2.

On average, when the composition property holds, the
performance of Alg. 2-KI is slightly better than that
of Alg. 2-AF, and both are much better than Alg. S1
and Alg. S2. Furthermore, Alg. 2-KI is faster than
Alg. 2-AF in computation time (results not shown).
When the composition property fails, Alg. 2-KI fails
to produce correct results, while Alg. 2-AF exhibits
the best performance.

In practice, if one has a strong belief in the composition
property, then we recommend Alg. 2-KI. Otherwise
Alg. 2-AF is preferable.
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proposed Alg. 2-AF (blue ‘+’); Alg. 2-KI (green ‘×’);
Alg. S1 (black ‘�’); Alg. S2 (red ‘◦’). The number of
observations ranges from 300 to 30,000. The x-axis is
in logarithm scale.
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(a) Setting 3: unique Markov boundary, com-
position fails.

(b) Setting 4: multiple Markov boundaries,
composition fails.

Figure 3: Performance of various algorithms for test-
ing the uniqueness of Markov boundary, Settings 3, 4:
proposed Alg. 2-AF (blue ‘+’); Alg. 2-KI (green ‘×’);
Alg. S1 (black ‘�’); Alg. S2 (red ‘◦’). The number of
observations ranges from 300 to 30,000. The x-axis is
in logarithm scale.
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