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Abstract

We consider the exploration-exploitation
dilemma in finite-horizon reinforcement
learning (RL). When the state space is
large or continuous, traditional tabular
approaches are unfeasible and some form of
function approximation is mandatory. In
this paper, we introduce an optimistically-
initialized variant of the popular randomized
least-squares value iteration (RLSVI), a
model-free algorithm where exploration is
induced by perturbing the least-squares
approximation of the action-value function.
Under the assumption that the Markov
decision process has low-rank transition dy-
namics, we prove that the frequentist regret
of RLSVI is upper-bounded by rOpd2H2

?
T q

where d is the feature dimension, H is the
horizon, and T is the total number of steps.
To the best of our knowledge, this is the first
frequentist regret analysis for randomized
exploration with function approximation.

1 Introduction

A key challenge in reinforcement learning (RL) is how
to balance exploration and exploitation in order to ef-
ficiently learn to make good sequences of decisions in a
way that is both computationally tractable and statis-
tically efficient. In the tabular case, the exploration-
exploitation problem is well-understood for a number
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of settings (e.g., finite-horizon, average reward, infinite
horizon with discount), exploration objectives (e.g.,
regret minimization and probably approximately cor-
rect), and for different algorithmic approaches, where
optimism-under-uncertainty (Jaksch et al., 2010; Fruit
et al., 2018) and Thompson sampling (TS) (Osband
et al., 2016a; Russo, 2019) are the most popular prin-
ciples. For instance, in the finite-horizon setting, Azar
et al. (2017) and Zanette and Brunskill (2019) recently
derived minimax optimal and structure adaptive re-
gret bounds for optimistic exploration algorithms. TS-
based algorithms have mainly been analyzed in tabu-
lar MDPs in terms of Bayesian regret (Osband et al.,
2016a; Osband and Roy, 2017; Ouyang et al., 2017),
which assumes that the MDP is sampled from a known
prior distribution. These bounds do not hold against
a fixed MDP and algorithms with small Bayesian re-
gret may still suffer high regret in some hard-to-learn
MDPs within the chosen prior. In the tabular setting,
frequentist (or worst-case) regret analysis has been
developed for TS-based algorithms both in the aver-
age reward (Gopalan and Mannor, 2015; Agrawal and
Jia, 2017) and finite-horizon case (Russo, 2019). De-
spite the fact that TS-based approaches have slightly
worse regret bounds compared to optimism-based al-
gorithms, their empirical performance is often supe-
rior (Chapelle and Li, 2011; Osband and Roy, 2017).

Unfortunately, the performance of tabular exploration
methods rapidly degrades with the number of states
and actions, thus making them infeasible in large or
continuous MDPs. So, one of the most important chal-
lenges to improve sample efficiency in large-scale RL
is how to combine exploration mechanisms with gen-
eralization methods to obtain algorithms with prov-
able regret guarantees. The simplest approach to deal
with continuous state is discretization. It has been
used in Ortner and Ryabko (2012); Lakshmanan et al.

(2015) to derive rOpT 3{4q and rOpT 2{3q frequentistic re-
gret bounds for average reward MDPs. Recent work
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on contextual MDPs (Jiang et al., 2017; Dann et al.,
2018) yielded promising sample efficiency guarantees,
but such algorithms are computationally intractable,
and their bounds are not tight in the tabular settings.

One of the most simple and popular forms of func-
tion approximation is to use a linear representation for
the action-value functions. When the transition model
also has low-rank structure, very recent work has
shown that a variant of Q-learning can achieve poly-
nomial sample complexity as a function of the state
space dimension when given access to a generative
model (Yang and Wang, 2019b). Nonetheless, the gen-
erative model assumption removes most of the explo-
ration challenge, as the state space can be arbitrarily
sampled. Concurrently to our work, optimism-based
exploration has been successfully integrated with lin-
ear function approximation both in model-based and
model-free algorithms (Yang and Wang, 2019a; Jin
et al., 2019). In MDPs with low-rank dynamics, these
algorithms are proved to have regret bounds scaling
with the dimensionality d of the linear space (i.e., the
number of features) instead of the number of states.

On the algorithmic side, TS-based exploration can be
easily integrated with linear function approximation
as suggested in the Randomized Least-Squares Value
Iteration (RLSVI) algorithm (Osband et al., 2016b).
Despite promising empirical results, RLSVI has been
analyzed only in the tabular case (i.e., when the fea-
tures are indicators for each state) and for Bayesian
regret. While RLSVI is a model-free algorithm, recent
work (Russo, 2019) leverages an equivalence between
model-free and model-based algorithms in the tabular
case to derive frequentist regret bounds. The analysis
carefully chooses the variance of the perturbations ap-
plied to the estimated solution to ensure that the value
estimates are optimistic with constant probability.

In this paper we provide the first frequentist regret
analysis for a variant of RLSVI when linear func-
tion approximation is used in the finite-horizon set-
ting. Similar to optimistic PSRL for the tabular set-
ting (Agrawal and Jia, 2017), we modify RLSVI to
ensure that the perturbed estimates used in the value
iteration process are optimistic with constant proba-
bility. Following the results in the linear bandit lit-
erature (Abeille et al., 2017), we show that the per-
turbation applied to the the least-squares estimates
should be larger than their estimation error. However,
in contrast to bandit, perturbed estimates are propa-
gated back through iterations and we need to carefully
adjust the perturbation scheme so that the probabil-
ity of being optimistic does not decay too fast with the
horizon and, at the same time, we can control how the
perturbations accumulate over iterations. Under the
assumption that the system dynamics are low-rank,

we show that the frequentist regret of our algorithm is
rOpH2d2

?
T `H5d4 ` !dHp1` !dH2qT q where ! is the

misspecification level, H is the fixed horizon, d is the
number of features, and T is the number of samples.
Similar to linear bandits, this is worse by a factor of?
Hd (i.e., the square root of the dimension of the es-

timated parameters) than the optimistic algorithm of
Jin et al. (2019). Whether this gap can be closed is an
open question both in bandits and RL.

2 Preliminaries

We consider an undiscounted finite-horizon
MDP (Puterman, 1994) M “ pS,A,P, r,Hq with state
space S, action space A and horizon length H P N`.
For every t P rHs def“ t1, . . . , Hu, every state-action
pair is characterized by a reward rtps, aq P r0, 1s and a
transition kernel Ptp¨|s, aq over next state. We assume
S to be a measurable, possibly infinite, space and A
can be any (compact) time and state dependent set
(we omit this dependency for brevity). For any t P rHs
and ps, aq P S ˆ A, the state-action value function of
a non-stationary policy π “ pπ1, . . . ,πHq is defined

as Qπ
t ps, aq “ rtps, aq ` E

”řH
l“t`1 rlpsl,πlpslqq | s, a

ı

and the value function is V π
t psq “ Qπ

t ps,πtpsqq. Since
the horizon is finite, under some regularity conditions,
(Shreve and Bertsekas, 1978), there always exists an
optimal policy π‹ whose value and action-value func-

tions are defined as V ‹
t psq def“ V π‹

t psq “ supπ V
π
t psq

and Q‹
t ps, aq def“ Qπ‹

t ps, aq “ supπ Q
π
t ps, aq. Both Qπ

and Q‹ can be conveniently written as the result of
the Bellman equations

Qπ
t ps, aq “ rtps, aq ` Es1„Ptp¨|s,aqrV π

t`1ps1qs (1)

Q‹
t ps, aq “ rtps, aq ` Es1„Ptp¨|s,aqrV ‹

t`1ps1qs (2)

where V π
H`1psq “ V ‹

H`1psq “ 0 and V ‹
t psq “

maxaPA Q‹
t ps, aq, for all s P S. Notice that by bound-

edness of the reward, for any t and ps, aq, all functions
Qπ

t , V
π
t , Q‹

t , V
‹
t are bounded in r0, H ´ t ` 1s.

The learning problem The learning agent inter-
acts with the MDP in a sequence of episodes k P rKs of
fixed length H by playing a nonstationary policy πk “
pπ1k, . . . ,πHkq where πtk : S Ñ A. In each episode,
the initial state s1k is chosen arbitrarily and revealed
to the agent. The learning agent does not know the
transition or reward functions, and it relies on the sam-
ples (i.e., states and rewards) observed over episodes
to improve its performance over time. Finally, we eval-
uate the performance of an agent by its regret after K

episodes: Regret(K)
def“ řK

k“1 V
‹
1 ps1kq ´ V πk

1 ps1kq.

Linear function approximation and low-rank
MDPs. Whenever the state space S is too large
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or continuous, functions above cannot be represented
by enumerating their values at each state or state-
action pair. A common approach is to define a fea-
ture map φt : S ˆ A Ñ Rd, possibly different at any
t P rHs, embedding each state-action pair ps, aq into a
d-dimensional vector φtps, aq. The action-value func-
tions are then represented as a linear combination be-
tween the features φt and a vector parameter θt P Rd,
such that Qtps, aq “ φtps, aqJθt. This representation
effectively reduces the complexity of the problem from
S ˆA down to d. Nonetheless, Q‹

t may not fit into the
space spanned by φt, and approximate value iteration
may propagate and accumulate errors over iterations
(Munos, 2005; Munos and Szepesvári, 2008), and an
exploration algorithm may suffer linear regret. Thus,
similar to (Yang and Wang, 2019a,b; Jin et al., 2019),
we consider MPDs that are “coherent” with the fea-
ture map φt used to represent action-value functions.
In particular, we assume that M has (approximately)
low-rank transition dynamics and linear reward in φt.

Assumption 1 (Approximately Low-Rank MDPs).
We assume that for each t P rHs there exist a feature
map ψt : S Ñ Rd, s ÞÑ ψtpsq and a parameter θrt P Rd

such that the reward can be decomposed as a linear
response and a non-linear term:

rtps, aq “ φtps, aqJθrt ` ∆r
t ps, aq (3)

and the dynamics are approximately low-rank:

Ptps1 | s, aq “ φtps, aqJψtps1q ` ∆P
t ps1 | s, aq. (4)

We denote by ! an upper bound on the non-linear
terms, as follows:

|∆r
t ps, aq| ď !, }∆P

t p¨ | s, aq}1 ď !. (5)

We further make the following regularity assumptions:

}φtps, aq}2 ď Lφ, }θrt }2 ď Lr,

ż

s

}ψtpsq} ď Lψ. (6)

An important consequence of Asm. 1 in the absence of
misspecification (! “ 0q is that the Q-function of any
policy is linear in the features φ.

Proposition 1. If ! “ 0, for every policy π and
timestep t P rHs there exists θπt P Rd such that

Qπ
t ps, aq “ φtps, aqJθπt , @ps, aq P S ˆ A. (7)

Proof. The definition of low-rank MDP from Asm. 1
together with the Bellman equation gives:

Qπ
t ps, aq “ rtps, aq ` Es1|s,arV π

t`1ps1qs

“ φtps, aqJθrt `
ż

s1
φtps, aqJψtps1qV π

t`1ps1q

“ φtps, aqJ
ˆ
θrt `

ż

s1
ψtps1qV π

t`1ps1q
˙

(8)

We define θπt to be the term inside the parentheses.

To give further intuition about the assumption, con-
sider the case of finite state and action spaces (again
with ! “ 0). Then we can write:

Ptps, aq “ φtps, aqJΨt (9)

for a certain Ψt P RdˆS . Then for any policy π there
exists a matrix Φπ such that the transition matrix of
the Markov chain Pπ can be expressed by a low-rank
factorization:

Pπ
t “ Φπ

t Ψt, Φπ
t P RSˆd,Ψt P RdˆS (10)

where in particular Φπ
t depends on the policy π:

Φπ
t rs, :s “ φtps,πpsqqJ, Ψtr:, s1s “ ψtps1q. (11)

Since RankpΦπ
t q ď d,RankpΨtq ď d we get

RankpPπ
t q ď d (see Golub and Van Loan (2012)).

3 Algorithm

Our primary goal in this work is to provide a
Thompson sampling (TS)-based algorithm with linear
value function approximation with frequentist regret
bounds. A key challenge in frequentist analyses of
TS algorithms is to ensure sufficient exploration us-
ing randomized (i.e., perturbed) versions of the esti-
mated model or value function. A common way to
obtain effective exploration has been to consider per-
turbations large enough so that the resulting sampled
model or value function is optimistic with a fixed prob-
ability (Agrawal and Goyal, 2013; Abeille et al., 2017;
Russo, 2019). However, such prior work has only con-
sidered the bandit or tabular MDP settings. Here we
modify RLSVI described by Osband et al. (2016b) to
use an optimistic “default” value function during an
initial phase and inject carefully-tuned perturbations
to enable frequentist regret bounds in low-rank MDPs.
We refer to the resulting algorithm as opt-rlsvi and
we illustrate it in Alg. 1.

Gaussian noise to encourage exploration. opt-
rlsvi proceeds in episodes. At the beginning of
episode k it receives an initial state s1k and runs
a value iteration procedure to compute a linear ap-
proximation of Q‹

t at each timestep t P rHs. To

encourage exploration, the learned parameter pθtk is
perturbed by adding mean-zero Gaussian noise ξtk „
N p0,σ2Σ´1

tk q, obtaining θtk “ pθtk ` ξtk. The per-
turbation (or pseudonoise) ξtk has variance propor-
tional to the inverse of the regularized design matrix
Σtk “ řk´1

i“1 φtiφ
J
ti`λI, where the φti’s are the features

encountered in prior episodes; this results in perturba-
tions with higher variance in less explored directions.
Finally, we show how to choose the magnitude σ2 of
the variance in Sec. 5.2 to ensure sufficient exploration.
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A key contribution of our work is to prove that
this strategy can guarantee reliable exploration un-
der Asm. 1. We do this by showing that the algo-
rithm is optimistic with constant probability. Explic-
itly, we prove that the (random) value function dif-
ference pV 1k ´ V ‹

1 qps1kq can be expressed as a one-
dimensional biased random walk, which depends on a
high probability bound on the environment noise (the
bias of the walk) and on the variance of the injected
pseudonoise (the variance of the walk). By setting
the pseudonoise to have the appropriate variance we
can guarantee that the random walk is “optimistic”
enough that the algorithm explores sufficiently. Un-
fortunately, it is possible to analyze the algorithm as a
random walk only if the value function is not perturbed
by clipping; otherwise, one cannot write down the walk
and the process is difficult to analyze as further bias
is introduced by clipping. However, not clipping the
value function may give rise to abnormal values.

The issue of abnormal values. A common problem
that arises in estimation in RL with function approx-
imation is that as a result of statistical errors com-
bined with the bootstrapping and extrapolation of the
next-state value function (Munos, 2005; Munos and
Szepesvári, 2008; Farahmand et al., 2010) the value
function estimate can take values outside its plausi-
ble range. A common solution is to “clip” the boot-
strapped value function into the range of plausible val-
ues (in this case, between 0 andH). This avoids propa-
gating overly abnormal values to the estimated param-
eters at prior timesteps which would degrade their es-
timation accuracy. Clipping the value function is also
a solution typically employed in tabular algorithms
for exploration (Azar et al., 2017; Dann et al., 2017;
Zanette and Brunskill, 2019; Yang and Wang, 2019a;
Dann et al., 2019). After adding optimistic bonuses
for exploration they “clip” the value function above
by H, which is an upper bound on the true optimal
value function. Since H is guaranteed to be an op-
timistic estimate for V ‹, clipping effectively preserves
optimism while keeping the value function bounded for
bootstrapping. However, clipping cannot be easily in-
tegrated in our setting as it effectively introduces bias
in the pseudonoise and it may “pessimistically” affect
the value function estimates, reducing the probability
of being optimistic.

Default value function. To avoid propagating un-
reasonable values without using clipping, we define
a default value function, similar in the spirit to al-
gorithms such as Rmax (Brafman and Tennenholtz,
2002). In particular, we assign the maximum plau-
sible value Qtps, aq “ H ´ t ` 1 to an uncertain direc-
tion φtps, aq (as measured by the }φtps, aq}Σ´1

tk
norm).

Once a given direction φtps, aq has been tried a suf-

ficient number of times we can guarantee (under an
inductive argument) that the linearity of the represen-
tation is accurate enough that with high probability
φtps, aqJθtk ´ Q‹

t ps, aq P r´pH ´ t ` 1q, 2pH ´ t ` 1qs.
In other words, abnormal values are not going to be
encountered, and thus clipping becomes unnecessary.
Notice that this accuracy requirement is quite minimal
because V ‹

t has a range of at most H ´ t ` 1.

We emphasize that the purpose of the optimistic de-
fault function is not to inject further optimism but
rather to keep the propagation of the errors under con-
trol while ensuring optimism.

Defining the Q values. Finally, we also choose our
Q function to interpolate between the “default” op-
timistic value and the linear function of the features
as the uncertainty decreases. The main reason is to
ensure continuity of the function, which facilitates the
handling of some of the technical aspects connected to
the concentration inequality (in particular in App. E).

Definition 1 (Algorithm Q function). For some con-

stants αL,αU and using shorthand for the feature φ
def“

φtps, aq, the default function Bt
def“ H ´ t ` 1 and the

interpolation parameter ρ
def“

}φ}
Σ

´1
tk

´αL

αU´αL
define:

Qtkps, aq def“

$
’&

’%

φJθtk, if }φ}Σ´1
tk

ď αL

Bt, if }φ}Σ´1
tk

ě αU

ρ
`
φJθtk

˘
` p1 ´ ρqBt, otherwise.

Algorithm 1 opt-rlsvi

1: Initialize Σt1 “ λI, @t P rHs; Define V tkpsq “
maxa Qtkps, aq, with Qtkps, aq defined in Def. 1

2: for k “ 1, 2, . . . do
3: Receive starting state s1k
4: Set θH`1,k “ 0
5: for t “ H,H ´ 1, . . . , 1 do

6: pθtk “ Σ´1
tk

´řk´1
i“1 φtirrti ` V t`1,kpst`1,iqs

¯

7: Sample ξtk „ N p0,σ2Σ´1
tk q

8: θtk “ pθtk ` ξtk
9: end for

10: Execute πtkpsq “ argmaxa Qtkps, aq, see Def. 1
11: Collect trajectories of pstk, atk, rtkq for t P rHs.
12: Update Σt,k`1 “ Σtk ` φtkφ

J
tk for t P rHs

13: end for

4 Main Result

We present the first frequentist regret bound for a TS-
based algorithm in MDPs with approximate linear re-
ward response and low-rank transition dynamics:
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Theorem 1. Assume Asm. 1 and set the algorithm
parameters λ “ 1, σ “

a
Hνkpδq “

?
Hp rOpHdq `

Lφp3HLψ ` Lrq ` 4!H
?
dkq, αU “ 1{ rOpσ

?
dq, and

αL “ αU{2 (full definitions with the log terms can be
found in App. D). Then for any 0 ă δ ă Φp´1q{2,
with probability at least 1 ´ δ the regret of opt-rlsvi
is bounded jointly for all episodes k up to K by:

rO
ˆ
σdH

?
K ` H2d

α2
L

` !H2K

˙
. (12)

If we further assume that Lφ “ rOp1q and Lr, Lψ “
rOpdq, then the bound reduces to

rO
´
H2d2

?
T ` H5d4 ` !dHp1 ` !dH2qT

¯
. (13)

For the setting of low-rank MDPs a lower bound is
currently missing both in terms of statistical rate and
regarding the misspecification. Recently, Du et al.
(2019); Lattimore and Szepesvari (2019); Van Roy and
Dong (2019) discuss what’s possible to achieve regard-
ing the misspecification level.

For finite action spaces opt-rlsvi can be imple-
mented efficiently in space Opd2H ` dAHKq and
time Opd2AHK2q where A is the number of actions
(Prop. H.1 in appendix).

It is useful to compare our result with Yang and Wang
(2019a) and Jin et al. (2019) which study a similar set-
ting but with an approach based on deterministic opti-
mism, and with Russo (2019) which proves worst-case
regret bounds of Rlsvi for tabular representations.

Comparison with Yang and Wang (2019a). Re-
cently, Yang and Wang (2019a) studied exploration in
finite state-spaces and low-rank transitions. They de-
fine a model-based algorithm that tries to learn the
“core matrix”, defined as the middle factor of a three-
factor low-rank factorization. While their regularity
assumptions on the parameters do not immediately fit
in our framework, an important distinction (beyond
model-based vs model-free) is that their algorithm po-
tentially needs to compute the value function across
all states. This suffers ΩpSq computational complex-
ity and cannot directly handle continuous state spaces.

Comparison with Jin et al. (2019). A more direct
comparison can be done with Jin et al. (2019) which is
based on least-square value iteration (like opt-rlsvi)
and uses the same setting as we do when Lr “ Lψ “?
d and Lφ “ 1. In that case we get the regret in

Eqn. (13) which is
?
Hd-times worse in the leading

term than Jin et al. (2019).

In terms of feature dimension d, this matches the
?
d

gap in linear bandits between the best bounds for a
TS-based algorithm (with regret rOpd3{2?

T q) (Abeille

et al., 2017) and the best bounds for an optimistic al-

gorithm (with regret rOpd
?
T q) (Abbasi-Yadkori et al.,

2011). This happens because the proof techniques for
Thompson sampling require the perturbations to have
sufficient variance to guarantee optimism (and thus
exploration) with some probability. For a geometric
interpretation of this, see Abeille et al. (2017). For
H-horizon MDPs, the total system dimensionality is
dH, and therefore the extra

?
dH factor is expected.

Comparison with Russo (2019). Recently, Russo
(2019) has analyzed Rlsvi in tabular finite horizon
MDPs. While the core algorithm is similar, function
approximation does introduce challenges that required
changing Rlsvi by, e.g., introducing the default func-
tion. While in Russo (2019) the value function can
be bounded in high probability thanks to the non-
expansiveness of the Bellman operator associated to
the estimated model, in our case this has to be handled
explicitly. We think that the use of a default optimistic
value function could yield better horizon dependence
for Rlsvi in tabular settings, though this would re-
quire changing the algorithm.

5 Proof Outline

In this section we outline the proof of our regret bound
for opt-rlsvi. The four main ingredients are: 1) a
one-step expansion of the action-value function differ-
enceQtk´Qπk

t in terms of the next-state value function
difference; 2) a high probability bound on the noise
and pseudonoise; 3) showing that the algorithm is op-
timistic with constant probability; 4) combining to get
the regret bound.For the sake of clarity, we will assume
no misspecification (! “ 0), no regularization (λ “ 0),

and a nonsinigular design matrix Σtk “ řk´1
i“1 φtiφ

J
ti.

The complete proof is reported in the appendix.

5.1 One-Step Analysis of Q functions

In this section we do a “one-step” analysis to decom-
pose the difference in Q functions in the case where
}φtps, aq}Σ´1

tk
ď αL so that Qtk is linear in the fea-

tures. The decomposition has three parts: environ-
ment noise, pseudonoise, and the difference in value
functions at step t ` 1. It reads pQtk ´ Qπ

t qps, aq “

φtps, aqJpηtk ` ξtkq ` Es1|s,apV t`1,k ´ V π
t`1qps1q (14)

where ηtk is the projected environment noise defined
below in Eqn. (18). The complete version of the de-
composition is Lem. C.1 in the appendix, while here
we give an informal proof sketch of this fact.

First, since we are assuming that }φtps, aq}Σ´1
tk

ď αL
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and ! “ 0, we can apply Def. 1 and Prop. 1 to write:

pQtk ´ Qπ
t qps, aq “ φtps, aqJpθtk ´ θπt q. (15)

Decomposing θtk “ pθtk ` ξtk immediately shows how
the pseudonoise ξtk appears in Eqn. (14). Now we
need to handle the regression term:

pθtk
def“ Σ´1

tk

k´1ÿ

i“1

φtiprti ` V t`1,kpst`1,iqq. (16)

To handle this, we need to make an expectation over
s1 given sti, ati (the experienced state and action in
timestep t of episode i) appear in each term of the sum
so that the value function term will become linear in
φti. To do this, we define the one-step environment
noise with respect to V t`1,k as

ηtkpiq def“ V t`1,kpst`1,iq ´ Es1|sti,ati
rV t`1,kps1qs, (17)

Then we define the projected environment noise as:

ηtk
def“ Σ´1

tk

k´1ÿ

i“1

φtiηtkpiq. (18)

Putting this into the definition of pθtk from Eqn. (16),

pθtk “ Σ´1
tk

k´1ÿ

i“1

φtiprti ` Es1|sti,ati
rV t`1,kps1qs ` ηtkpiqq

“ ηtk ` Σ´1
tk

k´1ÿ

i“1

φtiprti ` Es1|sti,ati
rV t`1,kps1qsq.

But now we note that this reward plus expected value
function is linear in the features (thanks to Prop. 1),
so we can rewrite the second term as

Σ´1
tk

k´1ÿ

i“1

φtiφ
J
ti

ˆ
θr `

ż

s1
ψtps1qV t`1,kps1q

˙
(19)

“ θr `
ż

s1
ψtps1qV t`1,kps1q. (20)

Finally, comparing with the definition of θπt (Eqn. (8))
we see that the θr terms cancel and we get

θtk ´ θπt “ ξtk ` ηtk `
ż

s1
ψtps1qpV t`1,k ´ V π

t`1qps1q.

Premultiplying by φtps, aqJ gives Eqn. (14).

5.2 High probability bounds on the noise

To ensure that our estimates concentrate around the
true Q functions, we need to ensure that the ηtk and
ξtk are not too large. This is achieved with simi-
lar ideas of self-normalizing processes as is done for

linear bandits (Abbasi-Yadkori et al., 2011), with an
additional union bound over possible value functions
V t`1,k which depend on θtk and Σ´1

tk . In the end, we
prove in Lem. E.6 that indeed with high probability
for any φ:

|φJηtk| ď }φ}Σ´1
tk

}ηtk}Σtk
“

a
νkpδq}φ}Σ´1

tk
(21)

where
a
νkpδq “ rOpdHq is defined fully in App. D.

While we defer the computation of the “right” amount
of pseudonoise to the next subsection, here we mention
that for the choice we make ξtk „ N p0, HνkpδqΣ´1

tk q
we obtain w.h.p.:

|φJξtk| ď }φ}Σ´1
tk

}ξtk}Σtk
“

a
γkpδq}φ}Σ´1

tk
(22)

where
a
γkpδq “ rOppdHq3{2q is also defined fully in

App. D. Note the pseudonoise worst-case bound is?
Hd worse than the corresponding environment noise.

5.3 Stochastic Optimism and Random Walk

We now want to show that opt-rlsvi injects
enough pseudonoise that the estimated value function
V 1kps1kq at the initial state s1k is optimistic with con-
stant probability (see App. F). We call this event Ok:

Ok
def“

!
pV 1k ´ V ‹

1 qps1kq ě 0
)
. (23)

Note that the optimal policy π‹ maximizes Q‹ and not
the Q computed by the algorithm and thus

pV 1k ´ V ‹
1 qps1kq ě pQ1k ´ Q‹

1qps1k,π‹
1ps1kqq. (24)

Now, the goal is to leverage Eqn. (14) to inductively
expand this inequality by unrolling a trajectory under
the policy π‹. To access the result in Eqn. (14) we
need to have }φ1ps1k,π‹

1ps1kqq}Σ´1
1k

ď αL. For now, we

just assume that this is the case to motivate the idea.
In that case, applying Eqn. (14) gives us

`
V 1k ´ V ‹

1

˘
ps1kq ě φ1ps1k,π‹

1ps1kqqJ `
ξ1k ` η1k

˘

` Es1|s1k,π‹
1ps1kqr

`
V 2k ´ V ‹

2

˘
ps1qs. (25)

Now we can inductively apply the same reasoning to
the term inside of the expectation (assuming that we
always get features with small Σ´1-norm). Using xt to
denote the states sampled under π‹ to avoid confusion
with stk observed by the algorithm, we get

ě
Hÿ

t“1

Ext„π‹|s1k
“
φtpxt,π

‹
t pxtqqJpξtk ` ηtkq

‰
(26)

Since these trajectories over x come from π‹ and
the environment, they do not depend on the algo-
rithm’s policy and with respect to the pseudonoise
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ξ, they are non-random. If we let φ‹
t denote

Ext„π‹|s1k φtpxt,π
‹pxtqq, and apply Eqn. (21) we get

with probability at least 1 ´ δ that:

Hÿ

t“1

pφ‹
t qJpξtk ` ηtkq ě

Hÿ

t“1

rpφ‹
t qJξtk ´

a
νkpδq}φ‹

t }Σ´1
tk

s

ě
Hÿ

t“1

pφ‹
t qJξtk ´

a
Hνkpδq

˜
Hÿ

t“1

}φ‹
t }2

Σ´1
tk

¸1{2

(27)

where the second inequality is Cauchy-Schwarz.

Note that the only randomness in this quantity comes
from the pseudonoise we inject. We can think of this
sum as a one-dimensional normal random walk over H
steps with a negative bias. Moreover, if we chose each
ξtk „ N p0, HνkpδqΣ´1

tk q, we know that

Hÿ

t“1

pφ‹
t qJξtk „ N

˜
0,

Hÿ

t“1

Hνkpδq}φ‹
t }2

Σ´1
tk

¸
. (28)

Comparing this with Eqn. (27) we can immediately see
that the standard deviation of the sum of pseudonoise
terms is exactly the bound on the bias induced by the
high probability bound on the sum of the environment
noise ηtk. Thus we can conclude that

P
`
pV 1k ´ V ‹

1 qps1kq ě 0
˘

ě Φp´1q (29)

where Φ is the normal CDF. This is just the result
that we are looking for. However, this presentation
avoided the technicalities of handling the cases where
}φtpxt,π

‹
t pxtqq}Σ´1

tk
ą αL and Qtk takes the default

value. At a high level the default value is optimistic
and so it cannot reduce the probability of optimism.
This is handled carefully in Lem. F.1 and F.2 of the ap-
pendix, where we obtain a recursion structurally sim-
ilar to Eqn. (27) albeit with a less interpretable defi-
nition of φ‹

t . One important detail is that our choice
of when to default does not depend on the ξtk and is
thus non-random with respect to the pseudonoise.

5.4 High Probability Regret Bound

In this section we provide a high level sketch of the
main argument that allows us to obtain a high prob-
ability regret bound for opt-rlsvi under Asm. 1. In
particular, we assume that the “good event” holds,
which lets us use the bounds in Eqn. (21) and (22).

First, we recall the definition of regret up to episode
K from the preliminaries and further add and sub-
tract the randomized value functions V 1k to get that
Regret(K) decomposes as

Kÿ

k“1

´
V ‹
1 ´ V 1kloooomoooon
Pessimism

`V 1k ´ V πk
1looooomooooon

Estimation

¯
ps1kq (30)

5.4.1 Bound on estimation

We need to distinguish between cases where
}φtk}Σ´1

tk
ď αL, which we will denote by Stk for small

feature, or not, which we will denote by Sc
tk for its

complement. Under Stk linearity of the representation
can be used via Eqn. (14) and under Sc

tk we can use the
trivial upper bound of H on the difference in values:
`
V 1k ´ V πk

1

˘
ps1kq ď H tSc

1ku ` (31)
´
φJ
1k

`
ξ1k ` η1k

˘
` Es1|s1k,a1k

r
`
V 2k ´ V πk

2

˘
ps1qslooooooooooooooooomooooooooooooooooon

“ 9ζ1k`pV 2k´V
πk
2 qps2kq

¯
tS1ku

where 9ζtk
def“ tS1ku

`
Es1|stk,atk

`
V t`1,k ´ V πk

t`1

˘
ps1q ´

pV t`1,k ´ V πk
t`1qpst`1,kq

˘
is a bounded martingale dif-

ference sequence on the good event. Induction and
summing over k eventually yields:

ď
Kÿ

k“1

Hÿ

t“1

H tSc
tkulooomooon

Warmup

`φJ
tk

`
ξtk ` ηtk

˘
tStkulooooooooooooomooooooooooooon

Linear Regime

` 9ζtk tStkuloooomoooon
Martingale

.

The martingale term can be bounded with high prob-
ability by ÕpH

?
T q using Azuma-Hoeffding.

The first term measures regret during “warmup”,
when the algorithm cannot guarantee that the value
function estimates are bounded and needs to use the
default function. In Lem. G.5 we bound it and obtain:

rO
ˆ
H2d

α2
L

˙
“ rO

`
H5d4

˘
(32)

which is
?
T -free and is thus a lower order term.

For the dominant linear regime term we can use the
high probability bounds from Eqn. (21) and (22) along
with two applications of Cauchy-Schwarz:

ď
Kÿ

k“1

Hÿ

t“1

}φtk}Σ´1
tk

´a
γkpδq `

a
νkpδq

¯
(33)

ď
?
K ˆ

Hÿ

t“1

gffe
Kÿ

k“1

}φtk}2
Σ´1

tk

loooooooomoooooooon
rOp

?
dq

ˆ
´ a

γKpδq
looomooon

rOpH3{2d3{2q

`
a
νKpδq

looomooon
rOpHdq

¯

This final bound on the sum of the squared norm of
the features is a standard quantity that arises in lin-
ear bandit computations (Abbasi-Yadkori et al., 2011).
We can see that the estimation term gives the same re-
gret bound reported in the Thm. 1. Now we show that
the pessimism term is of the same order.

5.4.2 Bound on Pessimism

For optimistic algorithms the pessimism term of the
regret

řK
k“1pV ‹

1 ´ V
πk

1k qps1kq is negative by construc-
tion; here we need to work a little more. As seen
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above, the algorithm has at least a constant probabil-
ity of being optimistic. When it is, it makes progress
similar to a deterministic optimistic algorithm, and
when it is not, it is still choosing a reasonable policy
(using shrinking confidence intervals) so that the mis-
takes it makes become less and less severe. Ultimately,
we would like to transform the pessimism term into
an estimation argument that we can handle as before.
So, we first upper bound V ‹

1 and then lower bound V 1k

by randomized value functions with specific choices for
the pseudonoise. As more samples are collected, the
pseudonoise shrinks and the estimates converge.

Upper Bound on V ‹
1 . Consider drawing rξtk’s de-

fined as independent and identically distributed copies
of the ξtk’s. Let rOk be the event that in episode k the

algorithm obtains an optimistic value function rV1k us-
ing these rξtk in place of ξtk. Explicitly,

rOk “ tprV1k ´ V ‹
1kqps1kq ě 0u. (34)

Note that since the rξtk are iid copies of the ξtk we have

that Pp rOkq is equal to PpOkq “ Φp´1q from Sec. 5.3.

Taking conditional expectation Erξ| rOk
over the rξtk for

t P rHs gives us an upper bound:

V ‹
1kps1kq ď Erξ| rOk

rV1kps1kq (35)

by definition of the event rOk.

Lower Bound on V 1k. Under the high probability
bound on the pseudonoise of Eqn. (22) we consider
the below optimization program over the optimization
variables ξtk’s, which are constrained to satisfy the
same bound on the pseudonoise of Eqn. (22):

min
tξtkut“1,...,H

V ξ
1kps1kq (36)

}ξtk}Σtk
ď

a
γkpδq, @t P rHs

where V ξ
1k is analogous to V 1k derived from our algo-

rithm, but with the optimization variables ξtk in place
of ξtk. Solving the program above would give a value
function V 1k such that:

V 1kps1kq ď V 1kps1kq (37)

whenever the ξtk’s obey the high probability bound.

Putting it together. Now we chain the upper
bound of Eqn. (35) with the lower bound of Eqn. (37):

`
V ‹
1k ´ V 1k

˘
ps1kq ď Erξ| rOk

rprV1k ´ V 1kqps1kqs. (38)

We can connect this conditional expectation with the
probability of optimism to get to a concentration

bound by applying the law of total expectation:

Eξ̃rprV1k´V 1kqps1kqs “ Erξ| rOk
rprV1k ´ V 1kqps1kqsPp rOkq

` Erξ| rOc
k
rprV1k ´ V 1kqps1kqsPp rOc

kqlooooooooooooooooooomooooooooooooooooooon
ě0

. (39)

This inequality holds by the same reasoning as
Eqn. (37) with high probability since the rξtk are also
in the set over which V 1k is minimized. Dividing by

Pp rOkq and chaining with Eqn. (38) gives us:
`
V ‹
1k ´ V 1k

˘
ps1kq ď ErξrprV1k ´ V 1kqps1kqs{Pp rOkq.

Now, since the rξtk are iid copies of the ξtk that

the algorithm computes we have that Erξr rV1kps1kqs “
EξrV 1kps1kqs and PpOkq “ Pp rOkq. So we can define

a martingale difference sequence :ζk
def“ Erξr rV1kps1kqs ´

V 1kps1kq and get our final bound on the pessimism as:

`
V ‹
1k ´ V 1k

˘
ps1kq ď pV 1k ´ V 1kqps1kq ` :ζk

PpOkq . (40)

When summing over the episodes k P rKs, the martin-
gale can be bounded with high probability by Azuma-
Hoeffding as

řK
k“1

:ζk “ rOpH
?
Kq. To bound the re-

maining term we add and subtract V πk
1 to get:

˜
Kÿ

k“1

rpV 1k ´ V πk
1 qps1kq ` pV πk

1 ´ V 1kqps1kqs
¸

{PpOkq.

Each of these is bounded by arguments similar to those
in Sec. 5.4.1. We discuss this in detail in Lem. G.4.

It is instructive to re-examine Eqn. (40), ignoring the
martingale term. While the left hand side is negative
for optimistic algorithms, for opt-rlsvi it is upper
bounded by a difference in estimated value functions
(which shrinks with more data) times the inverse prob-
ability of being optimistic 1{PpOkq. In other words,
roughly once every 1{PpOkq episodes the algorithm is
optimistic and exploration progress is made.

6 Concluding Remarks

This work proposes the first high probability regret
bounds for (a modified version of) Rlsvi with func-
tion approximation, confirming its sound exploration
principles. Perhaps unsurprisingly, we inherit an extra?
dH regret factor compared to an optimistic approach

which can be explained by analogy to the bandit liter-
ature. Whether Thompson sampling-based algorithms
need to suffer this extra factor compared to their op-
timistic counterparts remains a fundamental research
question in exploration. Our work enriches the litera-
ture on provably efficient exploration algorithms with
function approximation with a new algorithmic design
as well as a new set of analytical techniques.
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