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Appendix

A Background of SGHMC

SGHMC, Algorithm [I] reduces the computational cost of full-batch methods by using a stochastic gradient in
lieu of VU. SGHMC estimates U(#) by minibatch D. However, naively replacing U by U in HMC will lead to
divergence from the target distribution (Chen et al., [2014). Therefore, SGHMC adds the additional friction term
of L2MC to offset the noise introduced by using minibatch. That is, SGHMC is simulating the dynamics

df = o 2rdt,
dr = —VU(0)dt — 28rdt + N(0,4(8 — B)o?dt) (7)

where 8 controls the friction term and B is an estimate of the stochastic gradient noise, which is often set to be
zero in practice.

B Proof of Results in Section [

In this section, we will provide proofs of the results that we asserted in Section [d] about reversibility and skew-
reversibility of our algorithms. First, for completeness we re-prove the fact that a skew-reversible chain has
stationary distribution 7, which is known, but not as well-known as the corresponding result for reversible chains.

Lemma 1. If G is a skew-reversible chain, that is one that satisfies (@), then w is its stationary distribution.

Proof. Since G is skew-reversibile, by definition it satisfies for any states x and y the conditions that 7 (x) = 7(z)

and
m(2)G(z,y) = n(y")G(y", z").

By combining these two we can easily get
m(2)G(a,y) = 7(y)Gy+, 25).

Next, summing up over all x in the while state space 2,

> w(@)G(x,y) =) 7 (y)Gyt,at) =7(y) > Gy, ah).

e TEQ €N

Since 1 denotes an involution, it follows that summing up over « for all  in the state space is equal to summing
up over all 1, so

> w(2)G(x,y) =7(y) Y Gyt z) =7(y),

z€eQ €

where the last equality follows from the fact that for any Markov chain, the sum of the probabilities of transitioning
into all states is always 1. So, we’ve shown that

> w(@)Gla,y) = 7(y)

zEQ
which can be written in matrix form as 7G = 7; this proves the lemma. O
Lemma 2. The amortized Metropolis-Hastings procedure described in Section using acceptance probability @
results in a chain that is reversible with stationary distribution .
Proof. According to the algorithm described in Section [d] the probability density of transitioning from state z to
state y # x via intermediate states x = xg, 21, 22,...,Tpr_1, 27 =y is

T-1

E|7 Hp(xnxtH;Ct) )

t=0
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where the expected value here is taken over the randomness used to select the stochastic samples (;. This follows
from the law of total expectation. This means that the total probability of transitioning from x to y # x is just
the integral of this over the intermediate states

T-1

T- H Pz, wia1; Ct)] dxy - dre - -drp_q,
t=0

G(m,y):/E

Now substituting in the value of 7 from gives us

G(z,y) = /E

:/E

Multiplying both sides by (),

T y) “ P($t+1 SCt'Ct) =
min | 1, ( Il — )] || P(xg,2441:¢)| doy -dog---doep_y
s
=0

i Pln w5 G

T-1 7T(y) T-1
min (H P(.’L't,xt+1; Ct)v @ H P(.’Et+17xt; Ct)>‘| dﬁCl . dlEQ . defl.

t=0 t=0

m(x)G(x,y) = /E

T-1 T—1
min (71’(1‘) H P(ag,xi415C), 7(y) H P(xiq1, x4 (0)] dxry -dxo---drp_q.

t=0 t=0

From here, the fact that G is reversible follows directly from a substitution of x; — x7_; in the integral, combined
with the observation that the (; are i.i.d. and so exchangeable. U

Lemma 3. The amortized Metropolis-Hastings procedure for skew-reversible chains described in Section[]) using
acceptance probability (@ results in a chain that is skew-reversible with stationary distribution mw, as long as 7
satisfies w(z) = w(zt).

Proof. As above, the probability density of transitioning from state x to state y # x via intermediate states
T =20,T1,%2,...,L7—1, LT =Y 18

E

T-1
T H P(xtafftH;Ct)] )

t=0

where the expected value here is taken over the randomness used to select the stochastic samples ;. This follows
from the law of total expectation. This means that the total probability of transitioning from x to y # x is just
the integral of this over the intermediate states

G(z,y) = /E

T-1
1 P(xtaxt+13Ct)] dxy - duy---drp_y,
=0

Now substituting in the value of 7 from gives us

Gl y) :/E

:/E

Multiplying both sides by 7(x), and leveraging the fact that m(z) = 7(x

€T P($t7$t+1;Ct)

T-1 1 1 T-1
P .
min (1, wéy; 11 i1, T ’Ct)> 11 P(%JH—MQ)] dxy - dug---drpy
™
=0 =0

T-1 T—1

min (H Pz, w415 C), ::Eii H P(xf;_l,z#‘;ﬁt))] dzy - dxg - dop_q.
t=0 t=0

)

7

m(x)G(z,y) = /E

t=0 t=0

T-1 T-1
min (ﬂ'(m) H Pz, 21115 C), m(yt) H P(mfﬂ,x#g))] dry - dxy - -dop_q.

From here, the fact that G is skew-reversible follows directly from a substitution of x; — :c%ft in the integral (which
is a valid substitution without introducing an extra constant term because the involution L is measure-preserving
by assumption), combined with the observation that the (; are i.i.d. and so exchangeable. O
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Lemma 4. A skew-reversible chain will become reversible by resampling the momentum at the beginning of outer
loop.

Proof. Assume the chain starts at (6, 7) and ends at (6*,7*). By the skew-detailed balance, we have
m(0,r)G((0,7), (0%, 77)) = 7(07, —r")G((0", —r7), (0, —7))
Since the momentum is resampled and is independent of 8, we can integrate it and describe the chain in terms of 6
m(0)H(6,0") := /W(@)W(T)G((@J’), (0%, r*))drdr*
Similarly, we have
m(0*)H(0",0) := /71'(9*)71‘(—7“*)6'((9*, —r*), (0, —r))dr*dr
By the skew-detailed balance we know
m(0)H(0,0) = n(6*)H(0",0)

This proves the lemma. O

C Proof of Theorem [1]

Proof. First, we consider resampling momentum in Algorithm [2] and will show that the chain is reversible. We
consider the probability of starting from 6 and going through a particular sequence of 7, 1 and #; and arriving at
(0*,r*). We have G(6,6*), which is the transition probability from 6 to 6*, as the following

G(0,6%) = E/P (90,91,...,%_1,9*\9,1?0, . .,UT_I) min(1, a(6))ddy - - - dfr_,

where 6 = {0y, ...,07_1,0*} and the expectation is taken over the stochastic energy function samples U,.

Next, we want to derive the probability density in terms of r and n = {no,...,nr—1}. This involves a change
of variables in the PDF formula. We notice that 6 is a bijective function of » and 7. By the rule of change of
variables, we know that

P (907915-“’6T—lae*

0,0, ..., UT,I) min(1, a(n, r)))det ™ (D) (6))

0,00, ..., ﬁT_l) min(1, a(8))

=P (7‘77707"'777'1“71
where Dy, (6, 0%) is the Jacobian matrix.
To get this Jacobian matrix, we first apply the chain rule,
D(y,r)(8) = Dr(6) - Dy
where r = {r,r,...,rp_1}.

Since the derivative of 6; with respect to any r_ 1 for s > t is zero, it follows that D,.(0) will be triangular, and
so the determinant is just the product of the diagonal entries. From our formula for the update rule,

1
0, =6+ 560'_2th%7 fort =0,T
0, :9,5,14—60_27“7%7 fort=1,...,T —1.

Therefore,

00 1
0 = —ec %Iy, fort =0,T
(97}7% 2

00,

T
dr, s

=eo 2y, fort=1,...,T —1.
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It follows that

1
det (D,(0)) = i (60.—2)(T+1)d.

Similarly, the derivative of n; with respect to any T 1 for s > t is zero, it follows that Dy, .y will be triangular,
and so the determinant is just the product of the dlagonal entries. That is,

T-1

D"‘(TI7T)> = H

ony
Oryys '

From our original formula for the update rule,

Tepl =T 1 — €V0t(9t) —eB (Tt—% + Tt-«—%) +

we have
(1+ eﬁ)rH% =r1- eVU,(6;) — eBri_1 + e,
and so
6?;7; =(1+e€B)ly

It follows that

det (Dipmr) = (14 €8)""

Now we can get that

det (D(W)(H)) = det (DT(O)) - det (D(n’,«)’l“)

= (14¢p)"T4. L (eo™

2\ (T+1)d
2 (o)

Thus,

G(0,0%) = E/P (00,91, e Op_1, 0" ...,UT_l) min(1, a(8))dby - - - dfz_,

= (1+€B)Td. 44 (60'_2>_(T+1)d E / P (r, N0y -+ NT—1

min(1, a(n,r)))db - - - dbr_;

)

By the distribution of r and 7;, we know that

P(T,no,’ngw..,ﬂq’,g ...,UTfl)

e I\ e A&
= (27TU ) eXp T e | H (87T€ﬁa ) - exp ~Refo?

t=0

= 71l R
- (8meBo?) F exp | — 952 | P | 5552 Ime *
t=0

N

= (2%02)
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Notice that

T-1

T—1
Dol =3
t=0 0

t=

T-1
t=0

. 2
Tipr =11 +eVUL(0) +¢f (rt_% +rt+%)H

2

Tt—',—% — Tt—% + eVUt(Gt)

- T 2
+2¢f3 (rH% — Tl —i—eVUt(Gt)) (Tt,% +rt+%) + €232 Teoi Tl
T-1 . 2 2 2
:Z Tt_i_%f’l’t_%JrEVUt(at) +265< Teplll = ||Te-1 )
t=0
. 2
+ 2628V U, (6;) (rt,% + ’I“t+%) + 232 Teo 1 Tyl
2 T-1 - 2
= 28 <HTT—% - ||7'|2) + Y s — o1+ eVU(6))
t=0
2 252 2
+ defo (pt-i-% - Pt—%) +ep HTt—% Tl
=264 ("> = Ir)*) + 4eBo® (pr_y — p_y)
— F 2 909 2
+ Z HTH_% — 1t eVUt(Ht)H + e Hrt_% + Tl
t=0
By substituting this above and recalling that p_ 1= 0,
* _ —(T+1)d * ~ ~
G(0,6") = (1 + B)T - 49 (e0=2) TV E/P(r,no,m,...,w,g,e 0,0, Ur-1)

min(1, a(n,r))db - - - dbr_1

&

= (1+4€eB)T4. 4 (eg—2)” TV E/ (2702)
1 *
e (~ggm 268 (117 = Ir12)

1
- exp (— 8edo? - 4efo? (pT_% — p_;))

T-1
1 N 2 2
- exp ~8eBo? Z Tepl =T +eVUt(9t)H + 22 Ti1 T )

2y 3¢ Ir|>
. (871'660 ) - exp Ty

t=0
- min 1, a)d@o e deT_1
%d —Td

(
)Te . 4 (6072>—(T+1)dE/ (2702) 7 - (Smefo?) *

1 |2 2 1
cexp (= (I + 1) ) exp (50 )

1= g 2 o 2
- exp _8657.22 Tepr =T +eVU(O)| +e B |Ir 1 +ry
t=

-min(1,a)dby - - - dfp_q

=(1+e8

where r are to be understood as functions of the 6;, and the integral is taken over 6.
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Substituting the expression of a, then the term inside the integral is
o\ o2 o\ =Td
(2ro?) ¥ - (smeio?) * e (o (1071 + 117)
1
ToPT—3

1 = - 2 9 ?
exp —867.2'2 Fery — Ty VOO + 6 ||reoy iy
t=0

1,exp (U(G‘) -U(6") + ,OT,%))

—d —Td 1
= (ero?) ¥ - (smein?) F e (— 5 (I + 1))

1 T-1 ) >
- exp e . z; Hrt_,_% — Tl +€VUt(9t)H +ep Hrt_% + Tl
t—

2>
. 1 o1
-exp (U(0)) - min (exp (—U(@) - 2pT;> ,exp (—U(@ )+ 2PT;>) .
Finally, this probability multiplied by the probability of 6y, which is % exp (U (#)), is

©(0)G(0,6%)

= % (14 €8)T4- 4% (e0™?)

e R )
1 T-1 2
+ eXp ( 8650’2 Z )

1
-exp (U (exp( pT_) exp( (0*) + SPT- 1)>d00~~~d0T_1

Td

—(T+1)d

2
+€2ﬁ2

Tipl —Ti1 + eVU,(0,)

ry_1 i1
t*i—’_ t+3

— % 1+ eﬁ)Td .44 (e ) (T+1)d (27r02)7d (87r650 ) =

B [ e (= gz (1 +1r17)

T-1
1
- exp <_8EBO'2't <Hrt+1 — T 1+€VUt (64) H —|—6262Hrt 14T

)

1
- min (exp (—U(@) — 2PT;> , €Xp (—U(G*) + 2PT§>> dbo---dOp_q

3(T—1)d T+1)d 3T+2)d
_SIond _(Tend  _GTend (1)

= Qe g

B fep (= gz (717 +1017)
1 T-1

exp <_W » (

exp (U(QHU(")> exp (; U@) - UE) + pry

2
+6252

Tipl —To1t eVU(6;)

)

>d90~-~d9T_1.

Ty 1 Ty 1
t*§+ t+3

2

And writing this out explicitly in terms of

T-1
1 N
proy =50 2 Z VU (6,)F (rt_% —|—7‘t+%> ,
t=0
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we get
m(0)G(6,67)
- (14 €B)Td. g5 20 p= T3 L~ BT (T4
A

B [ew (= gz (17 4 1017)

T 1
1
- exp (—W . 2 (HTH_1 -1 —l—eVUt(Ht)H +€2p2 Hrt 1+

e (_ U(9) + U(&*))

2
( 1
-eXp _5

Now, for this forward path from 6 to 6*, consider the reverse leapfrog trajectory from 6* to 6. This trajectory will
have the same values for 0,6, ...,0" in the reversed order and will have negated values for r_ P T P
in the reversed order again. Because of this negation, the values of PLyPryds s P will also be negated It

)

* 1 — i
U(@) - U(9 ) + 560 2 Z VUt(Gt)T (T‘t,% +Tt+;)‘> d90 . --d9T,1.

follows that m(0*)G(6*,0) will have the same expression.

Therefore,
m(0)G(0,0%) = (0%)G(6",0).

This shows that Algorithm [2] with resampling momentum is reversible.

Now we show that the chain satisfies skew detailed balance and the stationary distribution of 6 is 7(6) if not
resampling momentum. Skew detailed balance means that the chain satisfies the following condition (Turitsyn
et al., [2011)

n(@)Glz,y) =7 (y*) G (y*,2b)
where G is the transition probability.
By Section [B] we know that a chain that satisfies the above condition will have invariant distribution 7(z).

In our setting, z = (#,7) and 2+ = (6, —r). Given this, the skew detailed balance is
m(0,r)G((0,7), (07, 77)) = m(07, —r")G((07, =17), (0, =7)).

Next we will show that Algorithm [2] without resampling momentum satisfies the above condition and it naturally
follows that Algorithm 2] without resampling converges to the desired distribution.

We consider the joint distribution of (6, r). By a similar analysis of resampling case, we can get that

w(0,r) - G((0,r),(0",r"))
3(T—1)d (T+1)d _ (3T-2¢-2)d ) 0(T+1)d

%.(14»6[3)7‘(1.67%.27 2 T 2 - €

B fep (~g0z (171 +117))

1 = 3 2 2 2
- exp _86502.;( rt+%—rt_%+6VUt(9t)“ +€B7||rmy + gy )
exp <_U(9)+U(9 ))

2
e <_

T-1
* 1 — i
Uue)—-u®)+ 560 2 Z VUt(at)T (7}7% + TH%) D dbo - - dOr_1.

t=0

DN | =
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Again, the reverse trajectory will have the same values for 6,60g,...,0* and will have negated values for
T_1,7y_1,...,7p_1 in the reversed order. Therefore, (6", —r*)G((6",—r"), (6, —r)) will have the same ex-
pression.

It follows that
77(67 T)G((07 T)’ (9*7 ’I“*)) = 7'(-(0*7 _r*)G((G*’ _T*)v (9’ _T))

which is what we want. O

D Connection to HMC

When using a full-batch, 8 = 0, and resampling, AMAGOLD becomes HMC. To see this, we first notice that
with 8 = 0 the update rules of 6 and r are the same as in HMC. The remaining thing is to show a is also the
same as in HMC. We rewrite PriL as

)

1 1 2

T
Pryl =pPp_L + 5 - (Tt—% *Tt+%) (Tt—% +7’t+%> =p-1t 5 - (

o1 Tyl

As a result,

T—1
—2
Pr—1 <H7"t
t=0

It follows that a becomes the same as in HMC.

2
HTH% 3

E Proof of Theorem 2

In this section we prove a bound on the convergence rate of AMAGOLD as compared with second-order Langevin
dynamics (L2MC).

Proof. We start with the expression we derived for the transition probability in the proof of reversibility.

m(0)G(0,67)
*% (L4eB)Td. g5 o0 o 05 e (T4

B [ oo (—4(1 (||r*||2 1)

1= 2 2 29 2
- exp 86502’;( rt_s_%frt_%JreVUt(Ot)H SEECa C Rl PR oy )
-exp<—U(9)+U(9 ))

2
e <_

if we define #_; and 61 by convention such that

T-1

* 1 — e
Uue)—-u®)+ €0 2 Z VUt(at)T (7}7% + TH%) D dbo - - dOr_1.

t=0

DN | =

Since
_ -2
0y =61+ ¢€o T 1,

0_1+00 Or_1+0r

it follows that for all ¢t € {0,...,T — 1}

:9*’

Tt+% — Tt—% = 6710'2 (0t+1 — 20t + 9,5_1)
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and

-1 _2
Tepi + 1€ 0" (Brp1 — 0i1)

so we can write the above transition probability explicitly in terms of the 6; as

m(6)G(6,07)
l (1+ eﬁ)Td ﬂ_i (3T2—1)d e (T4nd - ET42)d (T 1)
Z

B [exo (355 (11 + 1))

T—1
- exp ( — 865%‘2 . ; ( H6_10’2 (Or41 — 20 +6:1) + GVﬁt(Gt)H

et o -0 ) ) (-LOETO)

T—-1
- exp (; Uo) —U(6*) + %aﬂ Z VU0)" (€ 10? (Ops1 — 01-1)) D
t=0

dfy---dOp_;.

2

Simplifying this a bit, we get

m(0)G(0,07)
- % (14 €8)Td. g5 2= p= 050 = B (T 41d

& [ (=% (107 = 0717 + 00— 01F) )

9 T-1
'QXP( 80-35 Z”0t+1_29t+0t 1+€0’ QVUt Ht H >
Bo* )
. 16241 = Or—1 |
Se tzg t+1 t—1
Y+ U6
2

S
RO >)
S8

- exp

- exp

ZVUt 0)T (Bp41 — 01— 1)) dfo - - - dbr_1.

l\')\)—l

Next, let

- Vﬁt(et) - VUt(Gt),
At = 0t+1 — 20,5 + gtfl + 620_QVUt(9t)7
Bt = 0t+1 - 0t 1

Cy=U(0) — Z VU (0)F (B0 — 0i-1) .

t=0
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Notice that only N; depends on the randomness of the stochastic gradient samples. Then,
m(0)G(0,07)

(3T —1)d (T+1)d (3742)d

= % . (1 + 65)Td . ﬁ_% .97 2 B ) €T 2 . 0_(T+1)d
exp (=% (107 = 0r-al + 100~ 01) )

9 T—1
o _ _
T ).

¢}

863ﬂ yo

T-1
fo |
xp< S B
t=0

.eXp< UGES Uw*))

e

Now, for any constant ¢ > 1, we can bound

¢}

Cy + ZNTBt dfo -+ dfr_1.

)
(&re)

IN

-
&=

T—1
SN
t=0

IN

T-1
V2 € 2

Toe— e e D5 LB
Additionally, we know that E [N;] = 0 and
V2
2 T
B [IN] = B [or (NN7)] < br (J) =

So, since by Jensen’s inequality, E [exp(X)] > exp(E [X]), we can bound this with
m(0)G(0,67)

(3T —1)d (T+1)d (3T+42)d

. (1+66)Td'/8_¥ .97 ; ST 2 € 2 O-(T+l)d

0.2
[ (<% (107 = or-al? + 100 - 01%))
2 T-1 2
o 2 erv
.eXp <_8€3ﬁ . Z HAt” ) . eXp <_80'2ﬂ)
2
op Z 1B )

[
( U) + U(9*)>
-

>

NI =

- exp

- exp 5

1 TV?
t) exp( ( — ) '6 )d90d9T1

- XP O)Td 8023

l\;)\»—l
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Now, this is a lower bound on the AMAGOLD chain with parameters (e, o, 3). Next, we consider the transition
probability of a rescaled chain, with slightly different parameters, that will be set as a function of ¢. Specifically,
consider the chain with parameters (e, - ¢='/4, 8- ¢=1/2). (We will set the parameter c later; at this point in
the proof it is just an arbitrary constant ¢ > 1.) If we call this rescaled chain G,., then by substitution of the

parameters into the above expression, we get

()G, (6,6°)
> % (1 -+ 071/26ﬁ)Td ) Bi% <27 3(T2_1)d ST (T+21)d ~c*% . efw .
o2
./Eexp( ey (AR 9”2))
ceTV?
~exp< 835 Z || Al > <_802ﬁ>
0B
- €Xp <8€ ’ Z |Bt||2>
=0
(L0200
1 1 ceTV?
- exp (—2 |C’t|> - exp (— c—17Td 8075 ) dbo - - dfr 4
> % (14 V2ep)Te. g D R P s PSS S Bl
o CETV2 o 1 CETV2
- ex _— - eX — N
P\ 7802 P\7(c—1DTd 80283

2 2 2
% (10 = ol + o - 017) )

./EeXp (

0_2 T-1
- exp <863,6’ . Z ||At||2>

~exp< Z A )
el i)
(b ) i,

o (T+1)d

o (T+1)d

On the other hand, consider the transition probability of the full-gradient L2MC chain with parameters (¢, o, 5).

This chain will be the same as the AMAGOLD chain, except that N, = 0 always.

So, if we call this chain’s
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transition probability G, we will have
m(0)G(9,67)
1
= E~(1+55)Td~5*%d .9
2
g * 2 2
Sew (<% (10— om0 - 01?)
0_2 T-1
2
 €Xp (8635 ’ ; [ Aell )

5 T—1
- exp (—ﬂ;e . Z ||Bt||2>
t=0
exp (_ U+ U(@*))

_ (3T-1)d _ (T+1)d
2 2

3T+2)d
- (TH1)d

- T €

2

1
- exp (—2|ct|) dfo -+ dbr_,.

Using this, we can simplify our bound on the transition probability of the AMAGOLD chain to

. ceTV? o 1 ceTV?
coxp [ =) L exp [ — )
P\ 78025 P\ c=1)1d 8025

SEY

14 ¢ 128 T _
- = e
1+ep

m(0)G,(0,0%) > (
-7 (0)G(6,0%).

Thus,

Bl

n(0)G1(0,0%) <1+c“265>”.c

e 1+e€B

ceTV? 1 ceTV?
~(0)G(0,67) — FexP < 8020 > FXP < (c—1)Td 8028 > '

All that remains to get a bound is to set ¢ appropriately. Since

¢ =exp <—Z log(c)> > exp (—(c - 1)) ,
and
R 1
we can bound this with
Td
7(0)G,(0,6%) S 1+ (1-<2)es ox —g(c . ceTV? 3 1 . ceTV?
T(0)G(0,67) = 1+eB P\ 71 8528  (c— 1)Td 8023
_ Td 2 2
> (1o (c—1)es exp —é(c— 1) — ceTQV B _1 ' ceTQV .
2(1+¢€B) 4 8028  (c—1)Td 8o2p

Since for any 0 < x < 1/2, it holds that 1 — z > exp(—2z), as long as

c=1)eb _
1+e8 — 7

it holds that

(c— 1):ﬁ - o (_ (c - 1)65> .

2(1+¢€B) 1+ €8
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So, under this assumption,

w(0)G.(6,0%) S _(e=1)epTd g(c 1) ceTV? B 1 . ceTV?
T(0)G(0,6%) = 1+ eB 4 8028  (c— 1)Td 8023
e 7€TV2 B eV?
P\ 78028 T 8024d
(14 eB(1+4T))d  €TV? %
. (e—1 _
P ( (c—1) < i11eB) < 8028)  Blc—1)02Bd
o [ETVE eV
P\ 78028 T 8024d
3 eTV? eV?
: (-1 (21d - .
exp ( (e—1) (2 + 802ﬂ> 8(c— 1)026d>
If we also assume that
eV?
<1,
402Bd —
then
eTV? < E
823 — 27
and so
m(0)G.(0,0%) > ox _eTV2 3 ev?
7(0)G(9,0%) — 8023  80283d
eV2
Next, set
i eV?2
¢ 16023Td2

From this, we will get

8023  802fd

eTV? erVv?
= exp _402,8 B o2p |

m(0)G,(0,6%) (eTV2 ev2) ( eTV2>
——————— >exp| — -exp | —

With our setting of ¢, and our other assumption,

eV? eV?2 1 1
c—1= = s S\ s = L
16023Td? 402pd 4Td 4Td

so the bound will trivially hold. Thus the only added assumption we needed is the one stated in the Theorem
statement, that

eV?
—F < 1.
4028d —
Now we apply the standard Dirichlet form argument. The spectral gap of a Markov chain can be written as
(Aidal 1998)

= inf &
7 FELZ(m):Varg[f]=1 (f)
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where LZ(7) denotes the Hilbert space of all functions that are square integrable with respect to probability
measure 7 and have mean zero. £(f) is the Dirichlet form of a Markov chain associated with transition operator
T (Fukushima et al., [2010):

—5 | [ [w® - 67| 6t6.0w(o)asar

By the expression of the spectral gap, it follows that

TS i [ / / ))ﬂ G(G,H*)w(&)d@d&*]

eTV? eTV? 2] A *
> exp (— o5~ 57 ) st 5 [ [ @) - 1670 Gi0.0)w(6panas
eTV? [eTV2Y\ _
= exp (— 1075 — 73 ) 5

This finishes the proof. O

F Reformulation of AMAGOLD Algorithm

We reformulate our algorithm by setting v = e ~2r,b = €3, h = €202 and outline the algorithm after reformulation
in Algorithm

Algorithm 3 Reformulated AMAGOLD
1: given: Energy U, initial state 0 € ©

2: loop

3:  optionally, resample momentum: v ~ N (0, )

4 initialize momentum and energy acc: v_14-v, P14 0

5.  half position update: 6y «+ 6 + 51}7%

6: fort=0toT —1do

7: if t#0 then

8: position update: 6; < 6,1 + V1

9: end if

10: sample noise 1, ~ N (0, 4hb) .

11: sample random energy component U,

12: update momentum: v, 1 ¢ ((1 —bv,_1 — hVU(6;) + m) /(1+b)
13: update energy acc: p; 1 < p;_ 1+ %Vﬁt(et)T (’Ut—% + vt+%)

14:  end for

15:  half position update: 0 < 07_1 + %”UT_;
16:  new values: 0" < 0, v* <= vp_1

17: a4 exp (U(é)) fU(Q*)erT_%)

18: with probability min(1l,a) update 6 <« 6* v+ v* (as long as 6* € O)
19: otherwise update v+ —v_1

20: end loop
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G Additional Experiments Results and Setting Details

G.1 Double Well Potential

We visualize the estimated density on additional step size settings. Consistent with Figure [I{d, it is clear here
that SGHMC is very sensitive to step size. A small change in step size will cause a big difference in the estimated
density. In contrast, AMAGOLD is more robust and can work well with a large range of step sizes.

When the setup of step size is inappropriate, as in Figures [6h and b where it is fixed to be too small, either
SGHMC or AMAGOLD converges in the training time. This is because the chain moves too slowly toward the
stationary distribution. However, AMAGOLD with step size tuning is able to automatically adjust the step size
based on the information provided by M-H step. As shown in Figure [Ik, tuned AMAGOLD can determine a
step size that causes convergence given the same training time budget. All results are obtained by collecting 10°

samples with 1000 burn-in samples.
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Figure 6: Estimated densities of SGHMC (1st column) and AMAGOLD (2nd column) on varying step sizes.
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G.2 Two-Dimensional Synthetic Distributions

G.2.1 Analytical Expression

Dist1: N (21; 235 /4, 1)N (22;0,4)

Jos(a] 2, 1)

We report runtime comparisons between AMAGOLD and SGHMC on Dist1 and Dist2 with step size 0.15 (Figure
@. This experiment uses the analytical energy expression (no data examples), so there is no speed-up of stochastic
methods over full-batch methods. At the beginning, SGHMC converges faster due to the lack of M-H step, but
eventually it converges to a biased distribution. AMAGOLD is not much slower than SGHMC, which shows that
AMA can reduce the amount of computation of adding M-H step while keep the chain unbiased.

Dist2: 0.5./\/<z;07 [128 18

G.2.2 Runtime Comparisons
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Figure 7: Runtime comparisons between SGHMC and AMAGOLD on synthetic distributions (a) Dist1 and (b)
Dist2.

G.2.3 Additional Note on Figure

It is worth noting that, even though it is lower than SGHMC’s, AMAGOLD’s KL divergence grows when the step
size is large compared to full-batch methods. This is because the M-H acceptance probability decreases, causing
the chain to converge more slowly. This is expected. It is well-known that stochastic methods are more sensitive
to step sizes than full-batch methods (Nemirovski et al., |2009). However, since AMAGOLD’s KL divergence
grows much slower than SGHMC’s, AMAGOLD is more robust to different step sizes

G.3 Bayesian Logistic Regression

We report the acceptance probability of AMAGOLD on Heart for varying step sizes in Figure[§] For a large range
of step sizes, the acceptance rate is sufficiently high to allow the chain converge fast, demonstrated in Figure
[ The acceptance rate may become very low with a large step size resulting in slow move. But this undesired
acceptance probability can be easily detected and avoided in practice.

G.4 Bayesian Neural Networks

The architecture of Bayesian Neural Networks is a two-layer MLP with first hidden layer size 500 and the second
hidden layer size 256.
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Figure 8: The acceptance probability of the M-H step in AMAGOLD for varying step sizes on the Heart dataset.



