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A Proof of Lemma [I]

Proof For any given vector g € R, the ratio |g;|/||g|| lies in an interval of the form [I;/s, (I; + 1)/s] where
l; €{0,1,...,s — 1}. Hence, for that specific l;, the following inequalities

li< |g: <l¢+1

- < < 14
S Tole = s )
are satisfied. Moreover, based on the probability distribution of b; we know that
l; li+1
Gttt (15)
s s
Therefore, based on the inequalities in and we can write
1 i 1
_1_ el Cp< L (16)
s 7 lglles s
Hence, we can show that the variance of s-Partition Encoding Scheme is upper bounded by
Var[¢'(g)]g] = E[[|¢'(9) — 9l1*|9]
d
= "El(g: — sgn(g:)billgll)?l9]
i=1
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where the inequality holds due to (16]). |

B Proof of Theorem [1] and Corollary

The key to the proofs of Theorem [1fis to upper bound the difference between the true gradient V f(z;) = Vf(xi )
and the estimated gradient g; 5. Intuitively, if the error is small enough, then we can approximate V f(z; ) by
Gi k- Thus the algorithm fed with the estimated gradient g; j will still converge.

So we first address the bound of |V f(z; k) — gi ||, which is resolved in the following lemma.
Lemma 4 Under the condition of Theorem[1], we have
(G% +2L?D? + 412 D?)
p2
3

BV f(xix) — ikl < 2 . (18)

Proof We first define a few auxiliary variables. On each worker m, we define the average function of its n

n (x M (m) T
component functions as f(™(z) = M, so f(x) = % We also define

g = J 9 k=1
ik = k
' ggj:)f1 + gir,nk = Zj:l gm k>2,

where g} is defined in Algorithm Then g%) is an unbiased estimator of V f(™) (x5). We define the average
(m)
k

of g; " as

M (m)
Gik = Zm:l gi,k
i,k M .
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We also define F,j to be the o-field generated by all the randomness before round (i, k), i.e, round ¢t =

22,11 p; + k. We note that given F; 1, z; 1 is actually determined, and we can verify that E[g; x| F; 1] = V f(zi ),
and E[Gi k| Fik» Gik] = 9ik, for all (z k). Here, with abuse of notation, E[-|g; ] is the conditional expectation
given not only the value of g; 1, but also the sampled gradients V fy, j(zi k), V fm,j(zix—1)(f defined) for all
JESH,mE [M].

Then by law of total expectation, we have

B[V f(2ik) = Gikll’] = EE[V f(2ik) = Gise*|Fisl]

EE[Vf(wix) — gik + ik — i, i k]

BR[|V f(2ix) = gik||Fer]] + BBl gik — Gk 1| Fix]] (19)
+ 2E[E(V f(2ik) — Gik> Gisk — Gike) | Fik]]

= E[IVf(zir) = 91l + Ellgik — g ll’],

where the last equation holds since

E(Vf(zix) = Gik> Gik — Gig)|Fik] = EELV f(ik) — gk Gisk — Gik) | Fi ks 9i k]| Fi k]
E{V f(zik) = 9ik, Elgik — ik Fiks 9ik]) | Fi k]
=0.

Now we turn to bound E[||V f(z; k) — 2]. In fact, we have

' M (m)
BV $r10) — g1el] = B[ Szt D) Tomct s

S ElIVF (@) - g1
_ o .

(20)

For k > 2, we have

B[V £ (@i k) — 0% ]
= E[E[[[[Vf™ (wir) = V) (2ih-1)] — gzmk”2|]:i Kl + EE(IV ™ (@i -1) — 9z w121k
= E[Var([g/} )| Fi k]l + E[|VF™ (@i 1) — gz Rk
Z]ES;“,C Vfi@ix) = Vfi(wir—1)

= E[Var| al 5 |.7:i,k]]+E[||Vf(m)($i,k71) gzk 1||]
Yiesm Var[Vfi(wix) = Vfi(@ik—1)|Fix
= E[—=% : [ 1] J J+E[IVF™ @ik-1) — 904117
Yicsm ElIVFi(@in) = V£ (@in—1)lI?|Fir]
<R N BV i) — o)
[Sz,k‘}
< g (LDms)* + BV S (wiss) = giscall)
L2D?2p?
57” E(IV £ (255-1) — g7 |1,
i,k

For k =1, we haveg = VM (2;1). So
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we have
4ML?D?
RIS i) = g1 17 < =5 (21)
Combine with Equation , we have
M -4ML?>D? 4L?D?
E[|Vf(zix) = gikll’] < = : (22)

MEpl
Now we only need to bound E[||g; x — gi.x|*]. For k> 2, we have

Elllgix — gixl?]
M
Zm:l g;r:?k
M

ZM71 9i'k
=~ G2k (Gn) P Fik 9inll + Ellgik-1 = G ]’]

M
Zm:l girtlk _
M

= E[E[| + Gik—1 — ¢/21k(§zk) — Jik—1 H2|‘Fi,ka i k)]
= E[E[]|

+ 2E[E[ G906 Gik)s Gik—1 — Gi—1) | Fi ke Gi k1]

Moreover
B¢ ; 1 (Fi.6) | Fiks 9ik] = ElGi k] Fi ks gi.k]
M
= E[Z ¢11,i,k(9§7k)/M|]:i,ka i,k
m=1
M m
o Zm:l gi,k
M b
and
ZM=1 93 _
BR[| S0 — gt () |21k 1]
27];/7,1: g:nk ~ ~ ~
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1 d d
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= Msii,k (Wk 1 ) + Sg,i,k (nz,k 1 )
:7712,k71dL2D2 n?,kfldL2D2
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where in the inequality, we apply Lemma [I| with || [[c= [V fsr (zik) = Vfsm (@i h-1) o< IV fsrm (@) —
V fsm (@ik-1)[2< nik1 LD and |G klloo= S m—y 15 4(97%) /M|l sc < mi k-1 LD. Now for k > 2 we have,

2 212 2 212
i 02, ,dL2D? 2, dL*D
Elllgik — gi,6lI?] < — ! L]

+E[lgi k-1 — Gip—1l1%]-
M‘Sii,k 5% ik ' '
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If K =1, we have

Elllgik — ik ll*] = BIIV f (i) = ik + ik — D 1 (Fisie) 7]

M- (V) (2
E[E[|V f(zix) — L=t 1’“’“;4 S @ix) 121 Fi ks 9ik]]

+EE[|Fix — D501 (G111 Fi ks Gisks Gii]

IN

M
1 d
fMQE[Z E[|V O (@in) = 81, (VF @i P Fies 9in]] + 2 G2

m=1 2,i.k

2 2
dG%, n dGZ,

— 2 2 )
Msl,i,k 8%k

where in the inequality, we apply Lemmawith [V £ (1)) 00 < Goo and || || oo

= ” Z%:l ¢/1,i,k(vf(m)(1k))

M
Goo. Then we have

" on?,_dIPD? i, dLPD?  4G2, dG2,

Elllgs. — gikll*] < + + n
_ dL*D? o +ozL2Dz o . dG2, +ng0
= Mij—11t —2 2 Mij-1
Msii 57 Bi o Mst;y s34
dL?D?* 4  dL?*D? 4 dG?, N dG?,

T Ml p pid  pi Mdﬁ”? dp;
2G% + 8L*D?

p?

Now combine Equations , and , we have

2(G2, +6L2D?) , C}

2
< = .
"] < > p

E[IVf(Zik) = Gik

oo

<

Now we turn to prove Theorern First, since ;41 = (1 — i k)2t + 1 kUi k 1S & convex combination of x4, v; x, and
xz1 € K, v, € K, for all ¢, we can prove z; € K, for all ¢ by induction. So z7; € K. Then we need the following

lemma.

Lemma 5 (Proof of Theorem 1 in [Yurtsever et al.| [2019]) Consider Algorithm [, under the conditions

of Theorem[1], we have

LD?

140

Elfigs1] — f(2") < (1= ni) (Elf (xin) — f(@)]) + 0 DE[|V f (24, k) — ik 5

Moreover, by analyzing the telescopic sum of the inequality over (i, k), we have

* — LD2 (pT+j_2)(p‘r+,7_1)
Blf k)] = F0") £ 3 (g DRIV Harg) = gosll + 02, 55 ) b e £

(7:9)

By Lemma [4] and Jensen’ inequality, we have

BV (i, k) = guclll < \JEDIV (i, ) — guell?] < 2.

%
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So

](PT +j_2)(p7' +j_1)
(pi +k—1)(pi+k)

> 0 DR[|V f(xi, k) — gi,
(7,9)
<Z pCipr +7=2)pr +j—1)
p'r"’] Pr (pz+k_1)(pi+k)

40,D
< 1
i+ k—1Dpi+k) (sz“)

4C1 D
< .
“pitk

We also have

S, LD pTﬂ*?)(pTﬂfl)iz 4 LD*(pr+j—-2)(pr+5—1)
(

& (pitk=Dpi+k) S pr+5)? 2 (pitk=1)(pi+k)

2LD?
1
= (pi+k—1)(p; + k) (sz“)

2L.D?
< .
T pitk

Thus by Lemma [5] we have
4C1D + 2L D?

E[f(zik+1)] — f(2") < p; + k

By definition, x; y+1 = x¢, where t = Z;;ll p; +k+1=p;+k. Whent="1T, we have

EBlf(er)] - f(a") < 2OLD 2D

Therefore, to obtain an e-suboptimal solution, we need O(1/¢) iterations. Let T = ZJ 1P+ K=pr+K-1,
then I <log,(T) + 1, and thus IFO complexity per worker is

I Di I
IFOSanLZSm SZnJr
i=1 j=2 i=1

Nin(1/e) +1/¢)
M

22(1 1)
) < nl+ 221 /M < [logy(T) + 1|N/M + 4T?* /M

:O(

C Proof of Theorem [2| and Corollary

The proof is quite similar to that of Theorem

We first need to upper bound E[||V f(z; 1) — gix/|*]. Equations and still hold. Similarly, we also have
for k > 2,

L2D?p?
Bl (@) = 9ual] € — g2 + Bl @imr) = giea
L2D2ni2 B
= L LB f(@ipe1) — gin|?
Di
For k=1,
o2 o2 L?D?
E k) — 21 < = =
1 (k) )< 315, = 0w 2

ML?2D?
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So
I1?D?  [2D? ¢ L?D? 4I2D* 5I2D?
Elll f(zix) — gikl?] < + 34__ + = . 24
[” ( k) ,k” ] p? D; j:277 =1 p? ng ng ( )
Combine Equations , and , we have
_ 13L2D% +2G%, , C%
E[l| f(zix) = Gigl?) € ———=—=2 £ 3.
D; D;
Applying Lemma 5] we have
4Cy,D + 2LD?
E[f(; — flar) < =T
[f(@it1)] — f(z¥) < Py

By definition, x; y+1 = x¢, where t = Z;;ll pj +k+1=p;+k. Whent="1T, we have
. 4CyD + 2L D?
Blf(ar)] - f(a") < 22

Therefore, to obtain an e-suboptimal solution, we need O(1/¢) iterations. Let T' = Z]I;i pi+K=pr+K-1,
then I <log,(T) + 1, and thus SFO complexity per worker is

1 2 9 Pi I 262(i—1) 2(i—1)
D; o°2 2
< — ) <
SFO < H(MLQDQ +j§sz,k) < i:l( ripe t g
22[ 0.2 2 0.2
Z (— < 1
- M(L2D2 +1) < M (L2D2 )
= O(1/(Me?)).

D Proof of Theorem [3] and Corollary

First, since x411 = (1 — n¢)x¢ + 10y 1S a convex combination of ¢, vy, and z1 € K, vy € K, for all ¢, we can prove
x¢ € K, for all ¢ by induction. So z, € K.

Then we turn to upper bound E[||V f(z; ) — i x||?]. Equation still holds. Similarly, we also have for k£ > 2,

L*D*n7,
e e e
L2D>T! . "
=7 +E[| £ (i k1) — g;k)_le
M
ML?D? N .
=TT +E[I ) (2 p—1) — 95,;9),1”2
For k = 1, we have gZ(,T) =V (z;1). So
ML?D? ML?*D? ML?D?
E[|V £ (2:) — g™ 2] < = (k — 1) < = ,
IV (@) = g5 17] < AT (k—1) < JaT P T

By Equation ,

MMLID® 2p2

2 T
E[Vf(zix) — gikll] < 7z = 7T (25)
we also have
ko2 °om2 k2 2 2 2 2
_ n;.-1dL"D ;. j—1dL"D dG aG
Elllgix — ik ll] < = + = +—at
j; Msi, ; J; 5315 Msi;y $3ia
r2p2 T2h2 2 2

_pdlPD? | pdlPD?  dGE | dGE (26)

T TMAE Tdyn — MZTd ~ dT
_ 2(L2D? + G2)
= S
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Combine Equations , and
3L2D? + 2G?,

- (27)

E[|Vf(zik) = gixl’] <

By Assumption {4} f is also a bounded (potentially) non-convex function on K with L-Lipschitz continuous
gradient. Specifically, we have sup,cx|f(x)|< My. Note that if we define v; = argmin, (v, Vf(z:)), then
G(xt) = (v] — x4, =V f (1)) = — (v} — 2, Vf(21)). So we have

(@)

F(esa) S0 + (V@) 2esn = 20) + 5 s — P

L
= f(@) + (V (@), ne(ve — 24)) + §||77t(vt —z)|?
Ln?D?
2

(d)

< f(@e) + eV (), 00 — 24) +

Ln; D?
2

Ln? D?
2

= f(@e) +0e(G,ve — 24) + 0V f(21) — Gr, 00 — 24) +

c

<

—~
~

(1) + 0e(Ges v — 24) 0V f (1) = Goy v — @) +
(o) + (V[ (1), vp — @) +1(Ge — VI (20), 07 — 24)
Ln?D?

2
_ W LniD?
= f(zt) = mG(@e) + ne(V f(@e) — G, ve —vp) + >

(d) L2 D2
< f(we) =G () + eIV f () = gellllve — v+ 77;

(e) Ln?D?
< f(w) = mG(x) +neD |V f (1) = gol + =5,

f
f

+ 0V f(xe) — G, v — 24) +

where we used the assumption that f has L-Lipschitz continuous gradient in inequality (a). Inequalities (b),
(e) hold because of Assumption Inequality (c) is due to the optimality of v;, and in (d), we applied the
Cauchy-Schwarz inequality.

Rearrange the inequality above, we have

Ln?D?

: (28)

n:G(xt) < f(we) = f(2e41) + 0 DIV f(2e) — gell+

Apply Equation recursively for ¢t = 1,2,---, T, and take expectations, we attain the following inequality:

T T LDQ T
Nt )] < flz1) — f@r4+1) + Nt Tt) — Gell] + Ure
> nEG ()] < (1) = flri) + DY 0BV f () — g 5 > o (29)
t=1 t=1 t=1
Since we have E[||V f(z;x) — gi.x]|?] < % £ %, we have
B[V () = gll) < VEIIV (o) = e < .
With 7, = T~'/2, we then have
T T D2
D E[G(x)] < VT[f(x1) — f(zri1)] + DY BV F(xe) — gel] + \/TTT(TA/Q)2
t=1 t=1

LD? LD?
< QMO\/T—&-DT% + =5-VT = (2My + D + = )VT.
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So
_ Y ElG()] _ 2Mo +eD + By

T - VT

Therefore, in order to find an e-first order stationary points, we need at most O(1/€?) iterations. The IFO
complexity per worker is [n + 2(p — 1)S; 1] - % = O(v/n/e?) = O(VN/(e2v/M)). The average communication bits
per round is %{M[32 +d(z1,i0+1)+(P—1)32+d(z1,i6+1))]+ 832+ d(22:1+ 1)+ (p—1)(32+d(22,:, 1 +1))]} =

dl/2p1/4

(32 + d)(M +1) + Y logy(y/ 57 + 1) + Mdlogy (& + 1) + 5 logy (VI D + 1) + dlogy (d/?n'/* + 1).

E[G(z,)]




