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Abstract

Building accurate language models that capture
meaningful long-term dependencies is a core
challenge in natural language processing. To-
wards this end, we present a calibration-based
approach to measure long-term discrepancies be-
tween a generative sequence model and the true
distribution, and use these discrepancies to im-
prove the model. Empirically, we show that state-
of-the-art language models, including LSTMs
and Transformers, are miscalibrated: the entropy
rates of their generations drift dramatically up-
ward over time. We then provide provable meth-
ods to mitigate this phenomenon. Furthermore,
we show how this calibration-based approach can
also be used to measure the amount of memory
that language models use for prediction.

1. Introduction

Recent advances in language modeling have resulted in
significant improvements on a wide variety of bench-
marks (Dai et al., 2018; Gong et al., 2018; Takase et al.,
2018). Capturing long-term dependencies has especially
been a major focus, with approaches ranging from ex-
plicit memory-based neural networks (Grave et al., 2016;
Ke et al., 2018) to optimization improvements to stabilize
learning (Le et al., 2015; Trinh et al., 2018). However,
while these techniques seem to improve on standard met-
rics like perplexity and even produce remarkably coherent
text (Radford et al., 2019), we still do not have appropriate
measures to assess long-term properties in language mod-
els, making it difficult to choose between different model
options for downstream tasks.
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Model Corpus Test ppl. eEntRate

1) AWD-LSTM PTB 58.3 93.1
2) CNN-LSTM GBW 29.8 49.4
3) Transformer GBW 28.1 34.7
4) GPT-2 WebText 23.7 61.2

Table 1: Perplexity degradations for generations from pop-
ular language models. State-of-the-art performance is usu-
ally reported via perplexity with respect to the test corpus
(one-step prediction loss), but there is a striking blowup
in the perplexity (i.e. exponential of the entropy) of these
models’ long-term generations. Test ppl. is the exponen-
tial of the cross-entropy of the model with respect to the
test corpus. The listed models are (1) Merity et al. (2017),
(2) Jozefowicz et al. (2016), (3) Vaswani et al. (2017b),
(4) Radford et al. (2019).

Starting from Shannon’s seminal work that essentially in-
troduced statistical language modeling (Shannon, 1951),
the most classical and widely studied long-term property of
a language model is its entropy rate — the average amount
of information contained per word, conditioned on the pre-
ceding words. A learned model provides an upper bound
for the entropy rate of a language, via its cross-entropy
loss. The exponential of the entropy rate can be interpreted
as the effective support size of the distribution of the next
word (intuitively, the average number of “plausible” word
choices to continue a document), and the perplexity score
of a model (the exponential of the cross entropy loss) is
an upper bound for this quantity. In state-of-the-art mod-
els trained on billion-scale corpora, this number ranges be-
tween 10 and 30 (Melis et al., 2017; Radford et al., 2019).
A natural diagnostic question, with which we begin our
work, is whether the long-term generations of these models
exhibit the same entropy rates as the underlying languages
they are modeling predictively.

Empirically, and perhaps surprisingly, it turns out that the
entropy rate of generated text is substantially higher than
the estimate for true text derived from the model’s one-step
predictions. As seen in Table 1 (see also Figure 1), this
is true for both state-of-the-art LSTMs and Transformers
trained on a variety of datasets. As a timely example, the
GPT-2 model (Radford et al., 2019), the object of much re-
cent attention for its seemingly coherent and on-topic gen-
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erations, suffers a dramatic degradation in its entropy rate,
from 23.7 to 61.2.

This empirical finding is notable since the neural attention-
and memory-based techniques (Vaswani et al., 2017a) have
been steadily improving on standard metrics like perplex-
ity and, in some cases, even produce remarkably coherent
text (often with some heuristics to reject poor generations).
That the perplexity of generated text is so much higher than
it is under the true distribution suggests that there are sig-
nificant gaps in our current methodologies in accurately
learning language models, particularly if we are interested
in generating long sequences of texts that globally resem-
bles the modeled language itself.

Our contributions. We identified the wide-spreadness of
the entropy amplification among the state-of-the-art lan-
guage models trained on various corpus. Based on this, the
focus of this work is twofold: to improve generations based
on any measurement mismatch on a long-term property of
the model (e.g. the entropy rate) with provable guarantees,
and to quantify the way a model’s predictions depend on
the distant past. Central to both of these is a calibration-
based approach, which is utilized in statistics and other ar-
eas of machine learning (Dawid, 1982; 1985; Foster, 1991;
Zadrozny & Elkan, 2002; Platt, 1999; Guo et al., 2017;
Niculescu-Mizil & Caruana, 2005).

First, we prove that, from a theoretic worst-case perspec-
tive, even an extremely accurate model (with " average KL
divergence from the true distribution) may have generated
text with a substantially different entropy rate as compared
to the true distribution. Indeed, we show that this worst-
case amplification may occur for a variety of long-term
properties of a probabilistic language model; this is be-
cause the one-step KL divergence does not in general pro-
vide tight control over the expectation of a bounded func-
tion. The observed entropy rate amplification (as seen in
Table 1) demonstrates that this is not only of theoretical
concern. We then describe a calibration procedure to fix
this mismatch while simultaneously improving the perplex-
ity of the language model. From a statistical perspective,
the procedure is simple, and we discuss approaches to make
it computationally efficient.

Second, we provide a definition for long-term memory in
language models as the mutual information between the
models predictions and the distant past in the input. We
then provide an upper bound on the amount of this mutual
information using calibrated distributions (with a single-
parameter exponent). This allows us to estimate the amount
of context used by a language model as a function of the
distance of past tokens from the current prediction time
step.

We perform empirical studies to accompany our theoreti-

cal results. We first use the entropy rate calibration algo-
rithm to fix an LSTM language model, resulting in a drop
of around 20 perplexity points in the generated text (so that
the entropy rate of the model more accurately matches that
of the language itself). Then, we empirically estimate and
compare the long-term memory of state-of-the-art language
models. Our insights point towards new ways of assessing
(and fixing) language models, especially in terms of their
long-term properties, in a manner complementary to exist-
ing metrics like perplexity.

2. Related Work

Improving language modeling with long-term depen-

dencies. Recent approaches to improving language mod-
eling have focused on several ways to better capture long-
term dependencies, from using manually-defined context
representations (Mikolov & Zweig, 2012; Ji et al., 2015;
Wang & Cho, 2016) or document-level topics (Wang
et al., 2017) to using LSTM recurrent neural networks
with careful initialization (Le et al., 2015), auxiliary loss
signals (Trinh et al., 2018) or augmented memory struc-
tures (Grave et al., 2016; Ke et al., 2018). Wiseman & Rush
(2016) use scoring functions over sequences and search-
based optimization to improve generation in seq2seq mod-
els.

More recent work has demonstrated the applicability of
Transformer networks (Vaswani et al., 2017a) to the task,
potentially side-stepping issues in training recurrent net-
works (e.g. vanishing/exploding gradients) and scaling to
longer contexts (Dai et al., 2018; Radford et al., 2018). All
these papers propose either architectural or optimization in-
novations to improve language model training. In contrast,
we define and measure explicit long-term properties of lan-
guage models and show that calibrating them correctly can
provide improvements to any black-box language model.

Recent empirical breakthroughs have stemmed from lan-
guage models which do not specify a unique autoregres-
sive factorization (Devlin et al., 2018; Yang et al., 2019;
Liu et al., 2019), and thus do not specify a unique cPr.
It remains an interesting problem to identify and sample
from distributions induced by these models (Wang & Cho,
2019); thus, our end-to-end theoretical guarantees do not
hold in this setting.

Information-theoretic approaches. While most lan-
guage models aim to predict a distribution over the next to-
ken conditioned on the context, there have been alternative
approaches relying on information-theoretic measures. Jost
& Atwell (1994) propose a model which makes use of mu-
tual information between word pairs to generate word se-
quences that retain longer-term dependencies. McAllester
(2018) propose a training objective based on mutual infor-
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mation for predictive modeling, and demonstrate its ap-
plication for phoneme prediction. Clarkson & Robinson
(1999) develop a hybrid metric using both perplexity and
entropy rate, and show that it correlates better with a down-
stream metric like word error rate. Such works propose al-
ternative optimization objectives; in contrast, we show how
to use information-theoretic measures to improve models
with respect to existing objectives like cross-entropy.

Measuring long-term statistics. Genzel & Charniak
(2002) discuss and measure the growth of entropy con-
ditioned on local context, as supporting evidence for the
stationarity the entropy rate (which we show not to hold
empirically for neural language models). More recently,
Khandelwal et al. (2018) analyze LSTM-based language
models and empirically show that such models make use
of a finite context for prediction. Lin & Tegmark (2017)
measure mutual information between any two symbols in
human languages, and show that it decays with distance,
roughly following a power law distribution. Takahashi &
Tanaka-Ishii (2018) provide an upper bound for the en-
tropy (character-level) of human languages by training neu-
ral language models with various context and data sizes and
extrapolating to infinity. While we also make use of mea-
sures like entropy and mutual information across longer
contexts, our goal is to use these to better calibrate the lan-
guage model and provably improve its perplexity.

Calibration and integral probability metrics. The idea
of matching properties of the models’ predictions to the
empirical outcomes, in an online setting, goes back (at
least) to the “prequential principle” of Dawid (1982; 1985),
with subsequent work in online and game-theoretic set-
tings (Foster, 1991; Vovk, 2001; Kalai et al., 1999). The
idea of improving probability scores is also common in ma-
chine learning (Zadrozny & Elkan, 2002; Platt, 1999; Guo
et al., 2017; Niculescu-Mizil & Caruana, 2005). Recently,
(Ott et al., 2018) assessed model calibration for machine
translation systems using word-level probabilities. The no-
tion of examining the expectation of functions as a metric
for the distance between two distributions sometimes goes
under the name of integral probability metrics (Mller, 1997;
Sriperumbudur et al., 2009), and this notion is becoming in-
creasingly relevant again in unsupervised learning through
the connections to GANs (Mroueh & Sercu, 2017). In this
work, we directly focus on the KL divergence, where our
use of calibration is largely based on basic facts about ex-
ponential families (Brown, 1986).

Relation to generation-improving heuristics. If the
sole objective is to improve the qualitative coherency of
sampled generations, a wide variety of heuristics exist in
the literature. The simplest of these is a constant multi-
plicative adjustment to the model’s logits (known as soft-

max temperature (Xie, 2017)). This is a specific version of
our method (Algorithm 2) with a constant logistic regres-
sion feature instead of the next-token conditional entropy.
Relatedly, greedy and top-k sampling (used in state-of-the-
art works such as (Radford et al., 2019)) are heuristics
which make local modifications to the model’s conditional
probabilities to decrease diversity and eliminate nonsensi-
cal generations. (Ott et al., 2018) qualitatively corroborate
our findings in translation models, finding that they over-
smear probability mass, necessitating decoding strategies
beyond sampling or MLE.

Efforts to push the empirical state of the art in generation
quality have given rise to more complex heuristics. (Ben-
gio et al., 2015) propose retraining the network on its own
generations with a carefully scheduled probability for each
token. Some works regularize a model’s generations with
an auxiliary reverse language model (Zhang et al., 2019;
Liu et al., 2016). Yet others promote realism using adver-
sarial training protocols (Bahdanau et al., 2016; Lin et al.,
2017; Fedus et al., 2018). Broadly, these methods attempt
to mitigate exposure bias (He et al., 2019) in models which
depend on their own generations but are trained on ground-
truth sequences.

We stress that our calibration methods result in a provable
improvement in the original training objective (i.e. lower
perplexity). As far as we know, none of the aforementioned
heuristic methods can hope to provide such a strong guar-
antee, since they are fundamentally designed to bias mod-
els towards a different objective. Our work mitigates model
hallucinations for (almost) free1, in the sense that the global
objective (entropy rate drift) is improved without worsen-
ing the local objective (perplexity). Furthermore, calibra-
tion preserves the computational efficiency of density es-
timation: a conditional probability vector from Algorithm
2 can be computed using O(vocabulary size) inferences on
the original model. In the more advanced heuristics, the
implied distribution over sequences is lost, and is only ac-
cessible by black-box sampling.

3. Preliminaries

We first define some useful quantities for our analyses. Let
Pr(W1,W2, . . . ,WT ) represent the true underlying distri-
bution over T length sequences of words, where the vocab-
ulary is of size M . Let W1:T denote a random sequence
of length T , with distribution Pr(W1:T ). For clarity of ex-
position, we assume that all sequences (i.e. sentences or
documents or books) are of equal length T .

For any distributions D and D0 over length-T sequences,
recall that the entropy H(·), KL-divergence, and en-

1Technically, at the statistical cost of fitting one more parame-
ter.
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tropy rate are, respectively, defined by: H(D) :=

Ew1:T⇠D

h
log 1

D(W1:T=w1:T )

i
,

KL(D k D0) := Ew1:T⇠D

h
log D(W1:T=w1:T )

D0(W1:T=w1:T )

i
, and

EntRate(D) := 1
T H(D). Let cPr(W1:T ) denote a learned

distribution over sequences. In the typical sequential pre-
diction setting, the probabilistic model is implicitly defined
by the conditional distributions Pr(Wt|W<t), which are
typically efficiently computable. It is standard for such a
language model to be trained to minimize the cross entropy

objective:

CE(Pr k cPr) : = 1

T
E

w1:T⇠Pr

"
TX

t=1

log
1

cPr(wt|w<t)

#

=
1

T
E

w1:T⇠Pr

"
log

1
cPr(w1:T )

#
.

Note that for an accurate language model, we would hope
that: CE(Pr k cPr) ⇡ EntRate(cPr), i.e. the entropy
rate of the sequences generated under the learned model is
nearly that of the cross entropy of the model (with respect
to the true distribution Pr).

Throughout, we assume that

1

T
KL(Pr k cPr) = CE(Pr k cPr)� EntRate(Pr)  "

(1)
holds for some ". In other words, the (unknown) " mea-
sures the degree of sub-optimality of the learned model,
this " is often referred to as the Bayes regret.

4. Calibration and Entropy Rates

In this section, we assess the long-term properties of lan-
guage models when generating text. Specifically, we quan-
tify the amplification in the entropy rate of generations un-
der an "-accurate model (Eq. 1). We then provide a pro-
cedure to fix this amplification, without increasing the per-
plexity of the model. Proofs for all statements are provided
in the supplementary material.

For generality, consider a function f : [M ]T ! R, defined
on T length sequences. Let the mean and variance of f
under distribution D be denoted by µD(f) and �2

D(f)

µD(f) := E
w1:T⇠D

[f(w1:T )]

�2
D(f) := E

w1:T⇠D
[(f(w1:T )� µD(f))

2] .

4.1. Error amplification under a learned model

In this section we provide a tight upper bound on the dif-
ference between the cross entropy of the true distribution

Figure 1: Perplexity (exponential of conditional entropy,
given the past) of the t-th generated word, for two popular
language models, averaged over more than 500 generation
runs with different contexts. At t = 1, this is the model’s
upper bound for the language’s perplexity. As t ! 1, this
is the exponential of the entropy rate of the model’s own
generations. For a perfectly calibrated model, this curve
would be flat (gray dotted lines). Left: LSTM trained on
Penn Treebank. Right: GPT-2 Transformer.

and the learned model, and the entropy rate of the learned
model. We refer to this gap as error amplification, and show
that in the worst case it scales with T .

Before we proceed, notice that in some degenerate cases,
cPr can assign very small probability to a word sequence,
which can lead to infinite cross entropy vs. the true distri-
bution. Therefore we rule out amplification of the model’s
entropy rate due to such reasons by considering the �-
mixture distribution, defined as: D(�) := (1��)D+�Uni,
where Uni is the uniform distribution over all MT se-
quences. Under this ”smoothed” model, each sequence of
length T has density at least �/MT . We will then consider

the model cPr
(")

, which has only a minor degradation in the
cross entropy compared to cPr, and, yet, may have a large
amplification in the entropy rate.

We show the error amplification of the smoothed model

by considering the bounded function f = � logcPr
(")

.
If our learned model cPr is accurate, we may hope that
µPr(f) ⇡ µcPr(f) i.e. that the expected value of f under
the true distribution Pr is close to its expected value under
our model. We can quantify this gap as follows:
Lemma 4.1. (Pinsker’s Inequality (Csiszar & Körner,

2011)) Suppose that for all w1:T , f(w1:T )  B. Then:

��µPr(f)� µcPr(f)
��  B

q
2KL(Pr k cPr) .

Using the above lemma on our choice of f , we arrive at the
following result:
Corollary 4.2. (Entropy rate amplification under gener-

ations) Suppose the bound in equation 1 holds. The "-

mixture distribution has KL bounded as:

1

T
KL(Pr k cPr

(")
) 

✓
1 +

2

T

◆
" .

We have that:

|CE(Pr k cPr
(")

)� EntRate(Pr)| 
✓
1 +

2

T

◆
" , and
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|CE(Pr k cPr
(")

)� EntRate(cPr
(")

)|


p
2"(T + 1)

✓
logM +

log(1/")

T

◆
.

The last inequality is the error amplification bound, and it
clearly shows that, in the worst case, even a small cross
entropy may provide little control over the generations un-
der the learned model (in terms of entropy rate). In fact,
for " = O( 1

T ) (which we may hope is an accurate model),
the bound is vacuous; a later remark shows this worst case
bound is unimprovable, see the supplementary material.

The above results suggest that entropy rate amplification is
a theoretical possibility in the worst case, which our exper-
iments show is in fact prevalent in practice. These entropy
rate amplifications are evident from the plots in Figure 1.
Regardless of the text corpus or the language model, we
observe that the entropy rate under the model’s generations
quickly increases with time, indicating that this is a per-
sistent problem even for state-of-the-art language models
while generating text.

4.2. Model calibration

In this subsection we describe a procedure to fix this error
amplification by calibrating the learned model cPr.

Calibration to f Given a function f , we refer to a model
as ”calibrated to f” if the expectation of f under the true
distribution and the model is equal. If f satisfies certain
properties, we propose a method that uses a single extra
parameter ↵ to fit a calibrated model.

First, given a learned model cPr and a function f , define a
distribution cPr↵ such that:

cPr↵(w1:T ) =
exp(↵f(w1:T )) ·cPr(w1:T )

Z↵
,

where Z↵ =
P

w1:T
exp(↵f(w1:T )) ·cPr(w1:T ) .

Then by finding the optimal ↵, we can recover a model
calibrated to f :
Lemma 4.3. (Calibration to f with model improvement)

Suppose the variance of f is uniformly bounded in that

there exists �2
+ such that the following holds for all ↵,

�2
cPr↵

(f)  �2
+ . Let ↵⇤ = argmin↵ CE(Pr k cPr↵) . We

have

µPr(f)� µcPr↵⇤ (f) = 0, and

CE(Pr k cPr↵⇤)  CE(Pr k cPr)� 1

T

(µ(f)� µcPr(f))
2

2�2
+

.

The above lemma shows that cPr↵⇤ is not only calibrated to
f , but also has a lower cross entropy loss compared to the
original model, which is an improvement.

Entropy rate calibration. We can now apply the result
above to fix the entropy rate amplification seen in Table 1,

by choosing f = � logcPr
(")

. Note that it is trivial to avoid
the entropy rate amplification if we were allowed to de-
grade the quality of our model, in terms of perplexity (e.g. a
unigram model does not have this amplification). However,
we show that it is possible to improve the learned model
and more accurately match the entropy rate, by fitting a
family of one-parameter models.

Theorem 4.4. (Entropy rate calibration) Suppose equa-

tion 1 holds. Algorithm 1 returns a cPr↵⇤ such that: the

following calibration property is satisfied:

CE(Pr k cPr↵⇤) = EntRate(cPr↵⇤).

Furthermore, cPr↵⇤ has entropy close to the true entropy

rate as specified by:

|EntRate(Pr)� EntRate(cPr↵⇤)| 
✓
1 +

1

T

◆
",

and cPr↵⇤ is an improvement over the original model as

characterized by:

CE(Pr k cPr↵⇤)

 CE(Pr k cPr
(")

)

� 1

2

0

@CE(Pr k cPr
(")

)� EntRate(cPr)
logM + log(1/")

T

1

A
2

This result shows that we simply need a single parameter
↵ to define a new model class, and then we can fit this ↵
to minimize the cross-entropy of the new model with re-
spect to the true distribution Pr, to eliminate the entropy
rate amplification.

Even though this algorithm fits only a single parameter, it
is computationally inefficient. Observe that to compute the
cross entropy, one needs to integrate over all possible se-
quences of length T . One future direction would be to
a sample based approach. This may be an interesting al-
ternative to ideas like beam search (Steinbiss et al., 1994;
Ortmanns & Ney, 2000; Antoniol et al., 1995), which also
aims to minimize a global cost function on sequences that
is inconsistent with the token-level perplexity loss used to
train the underlying generative model.

Lookahead algorithms. In order to sidestep the compu-
tational issues of Algorithm 1, we provide another simple
approach based on “one-step” lookahead correction (Algo-
rithm 2). Instead of specifying a new distribution over all
possible sequences, we only change the conditional distri-
butions of each word in the sequence. This algorithm is
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Algorithm 1 (Inefficient) Entropy Rate Calibration

1: Input: Model cPr
(")

.
2: Define a model class:

cPr↵(w1:T ) =
⇣
cPr(w1:T )

(")
⌘1+↵

/Z↵ .

3: Fit ↵⇤: ↵⇤ = argmin↵ CE(Pr k cPr↵)
4: Return cPr↵⇤

Algorithm 2 Local Entropy Rate Calibration

1: Input: Model cPr
(")

, where cWt ⇠ cPr
(")

(·|W<t).
2: Define a model class:

cPr↵(w1:T ) = bP↵(w1) bP↵(w2|w1) . . .

where

cPr↵(wt|w<t) =
cPr

(")
(wt|w<t) exp(�↵H(cWt+1|wt))

Z↵

3: Fit ↵⇤: ↵⇤ = argmin↵ CE(Pr k cPr↵)
4: Return cPr↵⇤

computationally efficient, and we show that it provides a
local analogue of the calibration guarantee.

Let cWt be a random variable with conditional distribution
cPr

(")
(·|W<t). Let H(cWt+1|wt) denote the entropy of

this conditional distribution, i.e.

H(cWt+1|wt) = E
wt+1⇠cPr

(")
(·|wt)

2

4log 1

cPr
(")

(wt+1|wt)

3

5 .

Note that H(cWt+1|wt) includes the word wt. When we
predict usingcPr↵⇤ at time t, we need to compute the looka-
head conditional entropy at time t+ 1.

Then for a conditional distribution, D(W1:T ), define:

µ̄D =
1

T

TX

t=1

E
w<t⇠Pr

E
wt⇠D(·|w<t)

[H(cWt+1|wt)]

Thus, µ̄D is the average of H(cWt+1|wt) with respect to a
distribution which uses D for sampling the last word Wt (at
every timestep). Intuitively, the resulting model cPr↵ in Al-
gorithm 2 with a positive ↵ would suppress sampling words
leading to larger entropy but rather encourage words that
stablizes the entropy 1-step ahead in the future. Therefore,
if our learned language model cPr was accurate, we would
hope that: µ̄Pr ⇡ µ̄cPr . The following corollary shows that

Figure 2: Effect of calibrating an LSTM generative model
with 1-step lookahead. Blue: perplexity curve (i.e. expo-
nential of conditional entropy H) from the setting of Fig-
ure 1. Green: the same perplexity measurements after ap-
plying local calibration.

this is achievable, along with improving the model’s per-
plexity.

Corollary 4.5. Suppose Equation 1 holds. Then, Algo-

rithm 2 returns a cPr↵⇤ such that:

µ̄Pr � µ̄cPr↵⇤ = 0, and

CE(Pr k cPr↵⇤)  CE(Pr k cPr
(")

)

� 1

2

 
µ̄� µ̄cPr

(")

logM + log(1/")
T

!2

This result provides us with Algorithm 2, which is compu-
tationally quite tractable. We first use the learned model
cPr to define a new model class cPr↵, which scales cPr by
an exponential distribution over the weighted 1-step looka-
head entropy H(cWt+1|wt). Then, similar to Algorithm 1,
we simply fit the single parameter ↵ to minimize the cross-
entropy of the new model with respect to Pr, which fixes
the entropy amplification in the resulting model cPr↵. We
observe this empirically in Figure 2 – our calibration re-
sults in a perplexity drop of almost 20 points over long-term
generations under an LSTM model. Model and implemen-
tation details are in the supplementary material.

Generations from a calibrated model. Table 2 provides
sample generations from a calibrated Transformer model
trained on the GBW dataset, compared to its original ver-
sion. Qualitatively, the calibrated generations: (1) are
shorter and more concise, and (2) display a better grasp
of discourse structure across sentences. More generations
are provided in the supplementary material.
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Original model Calibrated model

Actual results could differ

materially from those in-

dicated by these forward-
looking statements as a re-
sult of various important
factors , including , with-
out limitation : changes in
general economic and busi-
ness conditions , including
more difficult real estate en-
vironments ; [...174 to-

kens...] risks related to
investigations by other com-
panies ; inadequate informa-
tion systems ; the impact of
reduced availability of ; * as-
sumptions upon such com-
panies using such as ours
to gauge CNET ’s financial
condition ; and other factors
.

Actual results could differ

materially from those in-

dicated by these forward-
looking statements as a re-
sult of a variety of factors ,
including but not limited to
( i ) the risk that the tender
offer could close in one or
more manner or at all ; ( ii
) risks associated with con-
ducting business in foreign
jurisdictions ; ( iii ) difficul-
ties in combining some or all
of the businesses under one
roof ; ( iv ) decreased de-
mand for electricity , natural
gas and other energy prod-
ucts , including adverse ef-
fects on the pricing of oil
and natural gas ; and ( v )
the risks associated with do-
ing business internationally .

Bluepoint Games , Inc. is

a highly experienced and
multi-faceted publisher of li-
censed virtual worlds for
gamers , developers and
technology professionals .
[...114 tokens...] James
Upon , CEO of MyNetShel-
tetWeb and the three previ-
ous Developers of MySQL
. Based in Redwood City ,
California , BlueMountain is
the leader in franchise and
game development for the
massively multiplayer on-
line game .

Bluepoint Games , Inc. is

a highly experienced licens-
ing , gaming and entertain-
ment firm focused on devel-
oping the next generation of
casual games based on the
PlayStation ( R ) BRAVIA
family of video game ma-
chines for the North Amer-
ican market . Bluepoint is a
wholly owned subsidiary of
Bluehill ID Holdings L.P.

Table 2: Sample generations from a calibrated, state-of-the-
art Transformer model trained on the GBW corpus, seeded
with prefixes of sentences (in italics) from the holdout val-
idation set.

5. Calibration and Memory

Defining a notion of memory in language models is chal-
lenging, and multiple equally sensible notions may co-
exist. Here we present our choice from first principles.
Let us say that cWt is a sample from a model at time
t, i.e. cWt ⇠ cPr(Wt|W<t). Let us also assume that
W<t ⇠ Pr(W<t). We will define the memory at gap ⌧

as the mutual information between cWt and the distant past
(those words greater than ⌧ steps ago) conditioned on the
subsequence Wt�⌧ :t�1. Precisely,

I⌧ := I(cWt;W<t�⌧ |Wt�⌧ :t�1)

= H(cWt|Wt�⌧ :t�1)�H(cWt|W<t) ,

where we are not explicitly denoting the t dependence in
this definition2.

Intuitively, It can be viewed as how much uncertainty (en-
tropy) in the prediction Wt the model is able to reduce by
utilizing the deep past W<t�⌧ in addition to the recent past
Wt�⌧ :t�1.

The difficulty in estimating this mutual information is
due to estimating H(cWt|Wt�⌧ :t�1), which requires the
marginalized model cPr(Wt|Wt�⌧ :t�1). To (even approx-
imately) marginalize a model distribution cPr(Wt|W<t)
over the deep past W<t�⌧ is computationally difficult,
since it requires the access to a pool of samples of W<t

that share a common recent past Wt�⌧ :t�1. Nevertheless,
we now show that it is possible to obtain an upper bound
(which is computationally efficient to estimate).

Upper bounding mutual information using calibrated

models. In the above, we were considering the mu-
tual information between cWt and W<t�⌧ conditioned on
Wt�⌧ :t�1. Let us now consider a more general setting,
where we have a distribution Pr(Z, Y,X) where Z, Y ,
and X are random variables. We wil eventually consider
Z, Y,X to be cWt,Wt�⌧ :t�1W<t�⌧ , respectively.

For distributions D(·|Y,X) and eD(·|Y,X) and for ↵ 2 R,
define

D↵(Z|Y,X) := D(Z|Y,X) ·
⇣
eD(Z|Y,X)

⌘↵
/Z↵ .

We say that D(·|Y,X) is calibrated to D̃(·|Y,X), if D =
D↵=0 is unimprovable in that for all ↵

CE(Pr k D)  CE(Pr k D↵) .

Note this condition is achievable due to that calibrating a
model to eD(·|Y,X) involves a one dimensional (convex)
estimation problem (over ↵).

Theorem 5.1. Suppose we have a model cPr(Z|X), and

suppose eZ ⇠ fPr(·|X), where eZ is dependent only on X .

Suppose that cPr is calibrated to fPr. Then we have that:

I( bZ;X|Y )  CE(Pr k fPr)�H( bZ|Y,X) , where:

CE(Pr k fPr) = E
Y⇠Pr

E
Z⇠Pr(·|Y )

"
log

1
fPr(Z|Y )

#
.

Memory estimation. We first learn another fWt ⇠
fPr(·|Wt�⌧ :t�1), and then calibrate cPr to fPr.

2While we may attempt to estimate I⌧ for a given t, we can
remove the t dependence by either defining this quantity by with
an average over t or by using appropriate stationarity assumptions.
In our experiments, we average over t.
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⌧ CE(Pr ||fPr) I⌧ upper bound ↵⇤

5 4.8144 0.6180 0.003515
10 4.5258 0.4226 -0.01041
15 4.4166 0.2678 -0.00447
20 4.3347 0.2485 -0.02268
25 4.2777 0.2274 -0.01814
30 4.2408 0.2143 -0.02323

Figure 3: Top: Plot of the upper bound on I⌧ derived from
calibrated models. Bottom: The measurements of the upper
bound on mutual information, the cross entropy of the lim-
ited memory model fPr as well as the optimal calibration
coefficient ↵⇤ for various time lengths ⌧ . Details of the
model used here can be found in the supplementary mate-
rial.

Corollary 5.2. Suppose cPr
cal

(·|W<t) is a model cali-

brated to fPr(·|Wt�⌧ :t�1). For a random variable, cW cal
t ⇠

cPr
cal

(·|W<t), we have that:

I(cW cal
t ;W<t�⌧ |Wt�⌧ :t�1)  CE(Pr k fPr)�H(cW cal

t |W<t),

where CE(Pr k fPr) = E
Wt�⌧:t⇠Pr

"
log

1
fPr(Wt|Wt�⌧ :t�1)

#
.

This corollary gives us a means to efficiently provide up-
per bounds on the mutual information. The key is that
since fPr is efficiently computable, we can directly estimate
CE(Pr ||fPr) through Monte Carlo estimation. We mea-
sure the upper bounds on I⌧ of a LSTM model with trained
limited-memory models fPr (see details in the supplemen-
tary material) and report them in Figure 3. As expected,
the memory estimate gradually decays with longer ⌧ , indi-
cating that the models make more use of the recent past to
generate text.

6. Conclusion

We have introduced a calibration-based approach to detect
and provably correct the discrepancies between the long-

term generations of language models and the true distri-
butions they estimate sequentially. In particular, for state-
of-the-art neural language models, we have observed large
degradations of the entropy rate under iterative generation,
and a proposed first-order correction which is both compu-
tationally tractable and effective. Using the same calibra-
tion approach, we have derived estimators for the amount
of information extracted by these models from the deep
past.

Aside from the empirical findings and improvements, we
hope that this work will inspire a more principled line of
discourse on the quality of long-term generations in lan-
guage models. It remains an interesting open problem to
relate the plethora of “future-aware” generation-improving
heuristics to our calibration framework.
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