
Distance Metric Learning with Joint Representation Diversification

A.
Proposition 1. Suppose that {kl(x, x′) = ψl(x − x′)}Ll=1 on Rd are bounded, continuous reproducing kernels. Let
P l , P(Xl|X1:l−1) for l = 1, . . . , L with P 1 = P(X1). Then for any P(X1, . . . ,XL),Q(X′1, . . . ,X′L) ∈M1

+(×Ll=1X l),

SJRS(P,Q) =

L∏
l=1

〈φP l(ω), φQl(ω)〉L2(Rd,Λl), (1)

where φP l(ω) and φQl(ω) are the characteristic functions of the distributions P l and Ql, and Λl is a (normalized)
non-negative Borel measure characterized by ψl(x− x′).

Proof. The proof of Proposition 1 is a simple corollary of the famous Bochner’s theorem (Bochner, 1959).

Lemma 1 (Bochner’s theorem (Bochner, 1959; Wendland, 2004)). A complex-valued bounded continuous kernel k(x, x′) =
ψ(x− x′) on Rd is positive definite if and only if it is the Fourier transform of a finite non-negative Borel measure Λ on Rd,
i.e.,

ψ (x− x′) =

∫
Rd
e−iω

>(x−x′)dΛ(ω)

By the definition of joint representation similarity in Definition 4, we have,

SJRS(P,Q) = 〈CX1:L(P), CX′1:L(Q)〉⊗Ll=1RKHSl

= 〈
∫
×Ll=1Xl

(⊗Ll=1k
l(·, xl))dP(x1, . . . , xL),

∫
×Ll=1X′l

(⊗Ll=1k
l(·, x′l))dQ(x′1, . . . , x′L)〉⊗Ll=1RKHSl

=

∫
×Ll=1Xl

∫
×Ll=1X′l

〈⊗Ll=1k
l(·, xl),⊗Ll=1k

l(·, x′l)〉⊗Ll=1RKHSl
dP(x1, . . . , xL)dQ(x′1, . . . , x′L)

=

∫
×Ll=1Xl

∫
×Ll=1X’l

L∏
l=1

〈kl(·, xl), kl(·, x′l)〉RKHSldP(x1, . . . , xL)dQ(x′1, . . . , x′L)

(a)
=

∫
×Ll=1Xl

∫
×Ll=1X′l

L∏
l=1

kl(xl, x′l)dP(x1, . . . , xL)dQ(x′1, . . . , x′L)

(b)
=

∫
×Ll=1Xl

∫
×Ll=1X′l

L∏
l=1

∫
Rd
e−iω

>(xl−x′l)dΛl(ω)dP(x1, . . . , xL)dQ(x′1, . . . , x′L)

=

∫
×Ll=2Xl

∫
X1

dP(x1)

∫
×Ll=2X′l

∫
X′1

dQ(x′1)

∫
Rd
e−iω

>(x1−x′1)dΛ1(ω)

L∏
l=2

∫
Rd
e−iω

>(xl−x′l)dΛl(ω)dP(x2:L|x1)dQ(x′2:L|x′1)

(c)
=

∫
×Ll=2Xl

∫
×Ll=2X′l

∫
Rd

∫
e−iω

>x1dP(x1)

∫
eiω
>x′1dQ(x′1)dΛ1(ω)

L∏
l=2

∫
Rd
e−iω

>(xl−x′l)dΛl(ω)dP(x2:L|x1)dQ(x′2:L|x′1)

=

∫
×Ll=2Xl

∫
×Ll=2X′l

∫
Rd
φP 1(ω)φQ1(ω)dΛ1(ω)

L∏
l=2

∫
Rd
e−iω

>(xl−x′l)dΛl(ω)dP(x2:L|x1)dQ(x′2:L|x′1)

=

∫
×Ll=2Xl

∫
×Ll=2X′l

〈φP 1(ω), φQ1(ω)〉L2(Rd,Λ1)

L∏
l=2

∫
Rd
e−iω

>(xl−x′l)dΛl(ω)dP(x2:L|x1)dQ(x′2:L|x′1)

= 〈φP 1(ω), φQ1(ω)〉L2(Rd,Λ1)

∫
×Ll=2Xl

∫
×Ll=2X′l

L∏
l=2

∫
Rd
e−iω

>(xl−x′l)dΛl(ω)dP(x2:L|x1)dQ(x′2:L|x′1),

(d)
=

L∏
l=1

〈φP l(ω), φQl(ω)〉L2(Rd,Λl),

where (a) is obtained by invoking the reproducing property, (b) is obtained by invoking Bochner’s theorem, (c) is obtainied
by invoking Fubini’s theorem, (d) is obtained by the principle of mathematical reduction.


