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1 Further analytical results

1.1 Asymptotic scalings
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Figure 1: Log-log behaviour of the quantities of interest at Left: P/N →∞ and Right: P → N with λ = 10−5,
N/D = 1 and τ = 1. In both cases, one observes an inverse scaling law.

Figure 1 (left) shows that the various terms entering the decomposition of the test error approach their asymptotic
values at a rate (P/N)−1. This scaling law is consistent with that found in [3] for real neural networks, where P is
replaced by the width of the layers of the network. As for the divergence of the noise and initialization variances
observed at the interpolation threshold, figure 1 (right) shows that they also follow an inverse power law (P/N −1)−1

at vanishing regularization.

1.2 Divide and Conquer approach

As mentioned in the main text, another way to average the predictions of differently initialized learners is the divide
and conquer approach [2]. In this framework, the data set is divided into K splits of size N/K. Each of the K
differently initalized learner is trained on a distinct split. This approach is extremely useful for kernel learning [5],
where the computational burden is in the inversion of the Gram matrix which is of size N × N . In the random
projection approach considered here, it does not offer any computational gain, however it is interesting how it affects
the test error.
Within our framework, the test error can easily be calculated as:

E
{Θ(k)},X,ε

[RRF] = F 2 (1− 2Ψv
1)+

1

K

(
F 2Ψv

2 + τ2Ψv
3

)
+

(
1− 1

K

)
F 2Ψd

2, (1)

where the effective number of data points which enters this formula is Neff =N/K due to the splitting of the training
set.
Comparing the previous expression with that obtained for ensembling (24) is instructive: here, increasing K replaces
the vanilla terms Ψv

2,Ψ
v
3 by the divide and conquer term Ψd

2. This shows that divide and conquer has a denoising
effect: at K →∞, the effect of the additive noise on the labels is completely suppressed. This was not the case for
ensembling. The price to pay is that Neff decreases, hence one is shifted to the underparametrized regime.
In Figure 2, we see that the kernel limit error of the divide and conquer approach, i.e. the asymptotic value of the
error at P/N →∞, is different from the usual kernel limit error, since the effective dataset is two times smaller at
K = 2. The denoising effect of the divide and conquer approach is illustrated by the fact that its kernel limit error
is higher at high SNR, but lower at low SNR. This is of practical relevance, and is much related to the beneficial
effect of bagging in noisy dataset scenarios. The divide and conquer approach, which only differs from bagging by
the fact that the different partitions of the dataset are disjoint, was shown to reach bagging-like performance in
various setups such as decision trees and neural networks [1].
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Figure 2: Comparison between performances of ensembling and divide and conquer for K = 2 at different SNR.
Left: SNR=F

τ = 10. Right: SNR=F
τ = 1 Computations performed with fixed N/D = 1, F = 1 and λ = 10−5.

1.3 Is it always better to be overparametrized ?

A common thought is that the double descent curve always reaches its minimum in the over-parametrized regime,
leading to the idea that the corresponding model ”cannot overfit”. In this section, we show that this is not always
the case. Three factors tend to shift the optimal generalization to the underparametrized regime: (i) increasing the
numbers of learners from which we average the predictions, K, (ii) decreasing the signal-to-noise ratio (SNR), F/τ ,
and (iii) decreasing the size of the dataset, N/D. In other words, when ensembling on a small, noisy dataset, one is
better off using an underparametrized model.
These three effects are shown in figure 3. In the left panel, we see that as we increase K, the minimum of test error
jumps to the underparametrized regime P < N for a high enough value of K. In the central/right panels, a similar
effect occurs when decreasing the SNR or decreasing N/D.
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Figure 3: Generalisation error as a function of P/N : depending on the values of K, F/τ and N/D, optimal
generalization can be reached in the underparametrized regime or the overparametrized regime. Left: F/τ = 1,
N/D = 1 and we vary K. This is the same as figure 5 in the main text, except that the higher noise causes the
ensembling curve at K →∞ to exhibit a dip in the underparametrized regime. Center: K = 2, N/D = 1 and we
vary F/τ . Right: F/τ = 1, K = 2 and we vary N/D.

2 Statement of the Main Result

2.1 Assumptions

First, we state precisely the assumptions under which our main result is valid. Note, that these are the same as in
[4].
Assumption 1: σ : R→ R is a weakly differential function with derivative σ′. Assume there exists c0, c1 <∞ ∈ R
such that for all u ∈ R |σ(u)|, |σ′(u)| ≤ c0 ec1|u|. Then define:

µ0 = E [σ(u)] µ1 = E [uσ(u)] µ2
? = E

[
σ2(u)

]
− µ2

0 − µ2
1, (2)
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where the expectation is over u ∼ N (0, 1). To facilitate readability, we specialize to the case µ0 = 0. This simply
amounts to a shift ctivation function σ̃ of the network, σ̃(x) = σ(x)− µ0.
Assumption 2: We work in the high-dimensional limit, i.e. in the limit where the input dimension D, the hidden
layer dimension P and the number of training points N go to infinity with their ratios fixed. That is:

N,P,D →∞, P

D
≡ ψ1 = O(1),

N

D
≡ ψ2 = O(1). (3)

This condition implies that, in the computation of the risk R, we can neglect all the terms of order O(1) in favour of
the terms of order O(D).
Assumption 3: The labels are given by a linear ground truth, or teacher function:

yµ =fd(Xµ) + εµ, fd(x) = 〈β,x〉, ||β|| = F, εµ ∼ N (0, τ) . (4)

Note that as explained in [4], it is easy to add a non linear component to the teacher, but the latter would not be
captured by the model (the student) in the regime N/D = O(1), and would simply amount to an extra noise term.

2.2 Results

Here we give the explicit form of the quantities appearing in our main result. In these expressions, the index
a ∈ {v, e, d} distinguishes the vanilla, ensembling and divide and conquer terms.

Ψ1 =
1

D
Tr
[
H [Sv]

−1
H [PΨ1 ]

]
,

Ψv
2 =

1

D
Tr
[
H [Sv]

−1
H
[
PΨv2

]]
,

Ψv
3 =

1

D
Tr
[
H [Sv]

−1
H
[
PΨv3

]]
,

Ψe
2 =

1

D
Tr
[
H [Se]

−1
H
[
PΨe2

]]
,

Ψe
3 =

1

D
Tr
[
H [Se]

−1
H
[
PΨe3

]]
,

Ψd
2 =

1

D
Tr
[
H
[
Sd
]−1

H
[
PΨd2

]]
,

where the Hessian matrix H[F ], for a given function F : (q, r, q̃, r̃) 7→ R is defined as:

H [F ] =


∂F
∂q∂q

∂F
∂q∂r

∂F
∂q∂q̃

∂F
∂q∂r̃

∂F
∂q∂r

∂F
∂r∂r

∂F
∂r∂q̃

∂F
∂r∂r̃

∂F
∂q∂q̃

∂F
∂r∂q̃

∂F
∂q̃∂q̃

∂F
∂q̃∂r̃

∂F
∂q∂r̃

∂F
∂r∂r̃

∂F
∂q̃∂r̃

∂F
∂r̃∂r̃


∣∣∣∣∣∣∣∣∣q=q∗r=r∗
r̃=0
q̃=0

,

with q? and r? being the solutions of the fixed point equation for the function S0 : (q, r) 7→ R defined below:{
∂S0(q,r)

∂q = 0
∂S0(q,r)

∂r = 0.

S0(q, r) = λψ2
1ψ2q + ψ2 log

(
µ2
?ψ1q

µ2
1ψ1r + 1

+ 1

)
+
r

q
+ (1− ψ1) log(q) + ψ2 log

(
µ2

1ψ1r + 1
)
− log(r).

The explicit expression of the above quantities in terms of (q, r, q̃, r̃) is given below.
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2.3 Explicit expression of Sv, Se, Sd

Here we present the explicit formulas for Sv, Se, Sd, which are defined as the functions (q, r, q̃, r̃) 7→ R such that:

Sv(q, r, q̃, r̃) = 2 (S0(q, r) + q̃fv(q, r) + r̃gv(q, r))

Se(q, r, q̃, r̃) = S0(q, r) + r̃2fe(q, r) + q̃2ge(q, r)

Sd(q, r, q̃, r̃) = S0(q, r) + r̃2fd(q, r) + q̃2gd(q, r),

where we defined the functions (q, r) 7→ R,

fv(q, r) = λψ2
1ψ2 +

µ2
?ψ1ψ2

µ2
?ψ1q + µ2

1ψ1r + 1
+

1− ψ1

q
− r

q2
,

gv(q, r) = − µ2
?µ

2
1ψ

2
1ψ2q

(µ2
1ψ1r + 1) (µ2

?ψ1q + µ2
1ψ1r + 1)

+
µ2

1ψ1ψ2

µ2
1ψ1r + 1

+
1

q
− 1

r
,

fe(q, r) =
2rµ2

1ψ1

(
1 + qµ2

?ψ1

)
+
(
1 + qµ2

?ψ1

)2 − r2µ4
1ψ

2
1(−1 + ψ2)

r2 (1 + rµ2
1ψ1 + qµ2

?ψ1)
2 ,

ge(q, r) =
ψ1

q2
,

fd(q, r) =
1

r2
,

gd(q, r) =
ψ1

q2
.

2.4 Explicit expression of PΨ1 , P
v
Ψ2
, P v

Ψ3
, P e

Ψ2
, P e

Ψ3
, P d

Ψ2

Here we present the explicit formulas for PΨ1
, P vΨ2

, P vΨ3
, P eΨ2

, P eΨ3
, P dΨ2

, which are defined as the functions (q, r, q̃, r̃) 7→
R such that:

PΨ1
= ψ1ψ2µ

2
1

(
M11
X + µ2

1µ
2
?ψ

2
1 (MXM

v
WMX)

11
+ µ2

?ψ1 (MXM
v
W )

11
)
,

PΨv2
= Dψ2

1ψ2(µ2
1r̃ + µ2

?q̃)
[
µ2

1P
v
XX − 2µ2

1µ
2
?ψ1P

v
WX + µ2

?P
v
WW

]
,

PΨv3
= Dψ2

1ψ2(µ2
1r̃ + µ2

?q̃)
[
µ2

1

(
M12
X + µ2

1µ
2
?ψ

2
1 [MXM

v
WMX ]

12
)
− 2µ2

1µ
2
?ψ1 [MXM

v
W ]

12
+ µ2

? [Mv
W ]

12
]
,

PΨe2
= Dψ2

1ψ2µ
2
1r̃
[
µ2

1P
e
XX − 2µ2

1µ
2
?ψ1P

e
WX + µ2

?P
e
WW

]
,

PΨe3
= Dψ2

1ψ2µ
2
1r̃
[
µ2

1

(
M12
X + µ2

1µ
2
?ψ

2
1 [MXM

e
WMX ]

12
)
− 2µ2

1µ
2
?ψ1 [MXM

e
W ]

12
+ µ2

?[M
e
W ]12

]
,

PΨd2
= Dµ2

1ψ1ψ
2
2 r̃
[
ψ1µ

2
1PXX + 2µ2

?µ
2
1ψ

2
1PWX + µ2

?ψ1PWW

]
,

where we defined the scalars PXX , PWX , PWW as follows:

P vXX = ψ2N
12
X +M12

X + 2ψ2(µ1µ?ψ1)2 [MXNXM
a
W ]

12
+ (µ1µ?ψ1)2 [MXM

a
WMX ]

12

+ ψ2(µ1µ?ψ1)4 [MXMWNXM
a
WMX ]

12
,

P vWX = ψ2 [NXM
a
W ]

12
+ [MXM

a
W ]

12
+ ψ2(µ1µ?ψ1)2 [MXM

a
WNXM

a
W ]

12
,

P vWW = [Ma
W ]12 + ψ2(µ1µ?ψ1)2 [Ma

WNXM
a
W ]

12
,

P eXX = P vXX ,

P eWX = P vWX ,

P eWW = P vWW ,

P dXX =
(
Nd11
X + 2(µ1µ?ψ1)2

[
Nd
XM

d
WM

d
X

]11
+ (µ1µ?ψ1)4

[
Md
XM

d
WN

d
XM

d
WM

d
X

]11
)
,

P dWX =
[
Nd
XM

d
W

]11
+ (µ1µ?ψ1)2

[
Md
XM

d
WN

d
XM

d
W

]11
,

P dWW = (µ1µ?ψ1)2
[
Md
WN

d
XM

d
W

]11
,
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and the 2× 2 matrices MX ,MW , NX as follows:

Mv
X =

 r
1+µ2

1ψ1r
r̃

(1+µ2
1ψ1r)

2

r̃

(1+µ2
1ψ1r)

2
r

1+µ2
1ψ1r

 , Mv
W =

 q(1+µ2
1ψ1r)

1+2µ2
1ψ1r+µ2

?ψ1q

q2µ2
1µ

2
?ψ

2
1 r̃

(1+µ2
1ψ1r+µ2

?ψ1q)
2

q2µ2
1µ

2
?ψ

2
1 r̃

(1+µ2
1ψ1r+µ2

?ψ1q)
2

q(1+µ2
1ψ1r)

1+2µ2
1ψ1r+µ2

?ψ1q

 , Nv
X =

1

(1 + µ2
1ψ1r)

2

[
r r̃
r̃ r

]
,

Me
X = Mv

X , Me
W = Mv

W +
(1 + rµ2

1ψ1)2q̃

(1 + µ2
1ψ1r + µ2

?ψ1q)
2

[
0 1
1 0

]
, Ne

X =
1

(1 + µ2
1ψ1r)

2

[
r r̃
r̃ r

]
,

Md
X =

r

1 + µ2
1ψ1r2

[
1 0
0 1

]
, Md

W =
q(1 + µ2

1ψ1r)

1 + µ2
1ψ1r + µ2

?ψ1q

[
1 0
0 1

]
, Nd

X =
1

(1 + µ2
1ψ1r)2

[
r̃ 0
0 r̃

]
.

3 Replica Computation

3.1 Toolkit

3.1.1 Gaussian integrals

In order to obtain the main result for the generalisation error, we perform the averages over all the sources of
randomness in the system in the following order: over the dataset X, then over the noise W , and finally over the
random feature layers Θ. Here are some useful formulaes used throughout the computations:

∫
e−

1
2xiGijxj+Jixidx = (detG)−

1
2 e

1
2JiG

−1
ij Jj ,∫

xae
− 1

2xiGijxj+Jixidx = P 1
a (detG)−

1
2 e

1
2JiG

−1
ij Jj ,∫

xaxbe
− 1

2xiGijxj+Jixidx = P 2
ab(detG)−

1
2 e

1
2JiG

−1
ij Jj ,∫

xaxbxce
− 1

2xiGijxj+Jixidx = P 3
abc(detG)−

1
2 e

1
2JiG

−1
ij Jj ,∫

xaxbxcxde
− 1

2xiGijxj+Jixidx = P 4
abcd(detG)−

1
2 e

1
2JiG

−1
ij Jj ,

(5)

with

P 1
a = [G−1J ]a,

P 2
ab = ((G−1)ab + [G−1J ]a[G−1J ]b),

P 3
abc =

∑
a,b,c∈perm(abc)

(
(G−1)ab[G

−1J ]c + [G−1J ]a[G−1J ]b[G
−1J ]c

)
,

P 4
abcd =

∑
a,b,c,d∈perm(abcd)

(
(G−1)ab(G

−1)cd + [G−1J ]a[G−1J ]b[G
−1J ]c[G

−1J ]d + (G−1)ab[G
−1J ]c[G

−1J ]d)

)
.

3.1.2 Replica representation of an inverse matrix

To obtain gaussian integrals we will use the ”replica” representation the element (ij) of a matrix M of size D:

M−1
ij = lim

n→0

∫ ( n∏
α=1

D∏
i=1

dηαi

)
η1
i η

1
j exp

(
−1

2
ηαi Mijη

α
j

)
. (6)

Indeed, using the gaussian integral representation of the inverse of M ,

M−1
ij = Z−1

∫ ( D∏
i=1

dηi

)
ηiηj exp

(
−1

2
ηiMijηj

)
,

Z =

√
(2π)D

detM

=

∫ ( D∏
i=1

dηi

)
exp

(
−1

2
ηiMijηj

)
.
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Using the replica identity, we rewrite this as

M−1
ij = lim

n→0
Zn−1

∫ ( D∏
i=1

dηi

)
ηiηj exp

(
−1

2
ηiMijηj

)
.

Renaming the integration variable of the integral on the left as η1 and the n− 1 others as ηα, α ∈ {2, n}, we obtain
expression (6).

3.2 The Random Feature model

In what follows, we will explicitly leave the indices of all the quantities used. We use the notation, called Einstein
summation convention in physics, in which all repeated indices are summed but the sum is not explicitly written.
Indices i ∈ {1...D} are used to refer to the input dimension, h ∈ {1...P} to refer to the hidden layer dimension and
µ ∈ {1...N} to refer to the number of data points.

3.2.1 With a single learner

In the random features model, the predictor can be computed explicitly:

â =
1√
D
yT
µZµh

(
ZTZ + ψ1ψ2λIN

)−1

hh′
(7)

f(x) = âhσ

(
Θh′ixi√

D

)
(8)

= yT
µZµh

(
ZTZ + ψ1ψ2λIN

)−1

hh′
σ

(
Θh′ixi√

D

)
/
√
D, (9)

where

yµ = fd (Xµ) + εµ, (10)

Zµh =
1√
D
σ

(
1√
D

ΘhiXµi

)
. (11)

Hence the test error can be computed as:

RRF =Ex

[(
fd(x)− yT

µZµh
(
ZTZ + ψ1ψ2λIN

)−1

hh′
σ

(
Θh′ixi√

D

)
/
√
D

)2
]

(12)

=Ex

[
fd(x)2

]
− 2y>µZµh

(
ZTZ + ψ1ψ2λIN

)−1

hh′
Vh′/
√
D

+ yT
µZµh

(
ZTZ + ψ1ψ2λIN

)−1

hh1
Uh1h2

(
ZTZ + ψ1ψ2λIN

)−1

h2h′
ZT
h′µ′yµ′/D, (13)

where

Vh = Ex

[
fd(x)σ

(
〈Θhixi〉√

D

)]
, (14)

Uhh′ = Ex

[
σ

(
〈Θhixi〉√

D

)
σ

(
Θh′i,xi√

D

)]
. (15)

3.2.2 Ensembling over K learners

When ensembling over K learners with independently sampled random feature vectors, the predictor becomes:

f(x) =
1

K
√
D

∑
k

yT
µZ

(k)
µh

(
ZT(k)Z(k) + ψ1ψ2λIN

)−1

hh′
σ

(
Θ

(k)
h′ixi√
D

)
, (16)

where

Z
(k)
µh =

1√
D
σ

(
1√
D

Θ
(k)
hi Xµi

)
. (17)
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The generalisation error is then given by:

RRF =Ex

(fd(x)− 1

K

∑
k

yTZ(k)
(
ZT(k)Z(k) + ψ1ψ2λIN

)−1

σ

(
Θ

(k)
h′ixi√
D

)
/
√
D

)2
 (18)

=Ex

[
fd(x)2

]
− 2

K

∑
k

y>Z(k)
(
ZT(k)Z(k) + ψ1ψ2λIN

)−1

V (k)/
√
D

+
1

K2

∑
k
l 6=k

yTZ(k)
(
ZT(k)Z(k) + ψ1ψ2λIN

)−1

U (kl)
(
ZT(l)Z(l) + ψ1ψ2λIN

)−1

Z(l)Ty/D, (19)

where

V
(k)
h = Ex

[
fd(x)σ

(
〈Θ(k)

hi xi〉√
D

)]
, (20)

U
(kl)
hh′ = Ex

[
σ

(
〈Θ(k)

hi xi〉√
D

)
σ

(
〈Θ(l)

h′i′xi′〉√
D

)]
. (21)

3.2.3 Equivalent Gaussian Covariate Model

It was shown in [4] that the random features model is equivalent, in the high-dimensional limit of Assumption 2, to
a Gaussian covariate model in which the activation function σ is replaced as:

σ

(
Θ

(k)
hi Xµi√
D

)
→ µ0 + µ1

Θ
(k)
hi Xµi√
D

+ µ?W
(k)
µh , (22)

with W (k) ∈ RN×P , W
(k)
µh ∼ N (0, 1) and µ0, µ1 and µ? defined in (2). To simplify the calculations, we take µ0 = 0,

which amounts to adding a constant term to the activation function σ.
This powerful mapping allows to express the quantities U ,V . We will not repeat their calculations here: the only
difference here is Ukl, which carries extra indices k, l due to the different initialization of the random features Θ(k).
In our case,

U
(kl)
hh′ =

µ2
1

D
Θ

(k)
hi Θ

(l)
h′i + µ2

?δklδhh′ . (23)

Hence we can rewrite the test error as

E
{Θ(k)},X,ε

[RRF] = F 2 (1− 2Ψv
1) +

1

K

(
F 2Ψv

2 + τ2Ψv
3

)
+

(
1− 1

K

)(
F 2Ψe

2 + τ2Ψe
3

)
, (24)

where Ψ1,Ψv
2,Ψe

2,Ψv
3,Ψe

3 are given by:

Ψ1 =
1

D
Tr

[(µ1

D
XΘ(1)>

)>
Z(1)

(
Z(1)>Z(1) + ψ1ψ2λIN

)−1
]
,

Ψv
2 =

1

D
Tr

[(
Z(1)>Z(1) + ψ1ψ2λIN

)−1
(
µ2

1

D
Θ(1)Θ(1)> + µ2

∗IN

)(
Z(1)>Z(1) + ψ1ψ2λIN

)−1

Z(1)>
(

1

D
XX>

)
Z(1)

]
,

Ψv
3 =

1

D
Tr

[(
Z(1)>Z(1) + ψ1ψ2λIN

)−1
(
µ2

1

D
Θ(1)Θ(1)> + µ2

?IN

)(
Z(1)>Z(1) + ψ1ψ2λIN

)−1

Z(1)>Z(1)

]
,

Ψe
2 =

1

D
Tr

[(
Z(1)>Z(1) + ψ1ψ2λIN

)−1
(
µ2

1

D
Θ(1)Θ(2)>

)(
Z(2)>Z(2) + ψ1ψ2λIN

)−1

Z(2)>
(

1

D
XX>

)
Z(1)

]
,

Ψe
3 =

1

D
Tr

[(
Z(1)>Z(1) + ψ1ψ2λIN

)−1
(
µ2

1

D
Θ(1)Θ(2)>

)(
Z(2)>Z(2) + ψ1ψ2λIN

)−1

Z(2)>Z(1)

]
.

3.3 Computation of the vanilla terms

To start with, let us compute the vanilla terms (those who carry a superscript v), which involve a single instance
of the random feature vectors. Note that these were calculated in [4] by evaluating the Stieljes transform of the
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random matrices of which we need to calculate the trace. The replica method used here makes the calculation of
the vanilla terms carry over easily to the the ensembling terms (superscript e) and the divide and conquer term
(superscript d). To illustrate the calculation steps, we will calculate Ψv

3, then provide the results for Ψv
2 and Ψ1.

In the vanilla terms, the two inverse matrices that appear are the same. Hence we use twice the replica identity (6),
introducing 2n replicas which all play the same role:

M−1
ij M

−1
kl = lim

n→0

∫ ( 2n∏
α=1

dη

)
η1
i η

1
j η

2
kη

2
l exp

(
−1

2
ηαMijη

α

)
. (25)

The first step is to perform the averages, i.e. the Gaussian integrals, over the dataset X, the deterministic noise W
induced by the non-linearity of the activation function and the random features Θ.

3.3.1 Averaging over the dataset

Replacing the activation function by its Gaussian covariate equivalent model and using (25), the term Ψ3 can be
expanded as:

Ψv
3 =

1

D

[
Zµh

(
Z>Z + ψ1ψ2λIN

)−1

hh1

(
µ2

1

D
Θh1iΘh2i + µ2

?δh1h2

)(
Z>Z + ψ1ψ2λIN

)−1

h2h′
Zh′µ

]
=

1

D

(
µ2

1

D
Θh1iΘh2i + µ2

?δh1h2

)
[ZµhZh′µ]

∫ ( 2n∏
α=1

dηα

)
η1
hη

1
h1
η2
h2
η2
h′ exp

(
−1

2
ηαh
(
Z>Z + ψ1ψ2λIN

)
hh′

ηαh′

)
=

1

D2

(
µ2

1

D
Θh1iΘh2i + µ2

?δh1h2

)(
µ1√
D

ΘX + µ?W

)
hµ

(
µ1√
D

ΘX + µ?W

)
h′µ∫ ( 2n∏

α=1

dηα

)
η1
hη

1
h1
η2
h2
η2
h′ exp

(
−1

2
ηαh

(
1

D

(
µ1√
D

ΘX + µ?W

)
hµ

(
µ1√
D

ΘX + µ?W

)
h′µ

+ ψ1ψ2λδhh′

)
ηαh′

)
.

Now, we introduce λαi := 1√
P
ηαhΘhi, and enforce this relation using the Fourier representation of the delta-function:

1 =

∫
dλαi dλ̂

α
i e
iλ̂αi (
√
Pλαi −η

α
hΘhi). (26)

The average over the dataset Xµi has the form of (5) with:

(GX)µµ′,ii′ = δµµ′

(
δii′ +

µ2
1ψ1

D
λαi λ

α
i′

)
, (27)

(JX)µ,i =
µ1µ?

√
ψ1

D

∑
αa

λαi η
α
hWµh. (28)

Using formulae (5), we obtain:

Ψv
3 =

N

D2

∫ ( 2n∏
α=1

dηαdλαdλ̂α

)(
µ2

1P

D
λ1
iλ

2
i + µ2

?η
1
i η

2
i

)
[
µ2
?η

1
hWhWh′η

2
h′ + µ2

1ψ1λ
1
iλ

2
i′
(
(G−1

X )ii′ + (G−1
X JX)i(G

−1
X JX)i′

)
+ 2µ1µ?

√
ψ1λ

1
iWhη

2
h(G−1

X JX)i

]
exp

(
−n

2
log det(GX)− 1

2
ηαh

(
µ2
?

D
WhWh′δαβ−

µ2
1µ

2
?ψ1

D2
Whλ

α
i (GX)−1

ii′ λ
β
i′Wh′+ψ1ψ2λδhh′

)
ηβh′+iλ̂

α
i (
√
Pλαi −ηαhΘhi)

)
Note that due to with a slight abuse of notation we got rid of indices µ, which all sum up trivially to give a global
factor N .
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3.3.2 Averaging over the deterministic noise

The expectation over the deterministic noise Wh is a Gausssian integral of the form (5) with:

[GW ]hh′ = δhh′ +
µ2
?

D
ηαhA

αβηβh′ , (29)

[JW ]h = 0, (30)

Aαβ = δαβ − µ2
1ψ1

1

D

∑
i,j

λαi [G−1
X ]ijλ

β
j . (31)

Note that the prefactor involves, constant, linear and quadratic terms in W since:

(G−1
X JX)i =

µ1µ?
√
ψ1

D
[ηαW ]

[
G−1
X λα

]
i
.

Thus, one obtains:

Ψv
3 =

ψ2

D

∫ ( 2n∏
α=1

dηαdλαdλ̂α

)(
µ2

1ψ1λ
1
iλ

2
i + µ2

?η
1
i η

2
i

) [
µ2
?

[
η1(G−1

W )η2
]

+ µ2
1ψ1

[
λ1HWλ

2
]

+ 2µ2
1µ

2
?ψ1[λ1SW η

2]
]

exp

(
−n

2
log det(GX)− n

2
log det(GW )− 1

2
ψ1ψ2λ

∑
(ηαh )2 + iλ̂αi (

√
Pλαi − ηαhΘhi)

)
,

with

(HW )ij = (G−1
X )ij +

µ2
1µ

2
?ψ1

D2

[
ηα(G−1

W )ηβ
] [
G−1
X λα

]
i

[
G−1
X λβ

]
j
, (32)

(SW )ih =
1

D

[
G−1
X λα

]
i

[
G−1
W ηα

]
h
. (33)

3.3.3 Averaging over the random feature vectors

The expectation over the random feature vectors Θhi is a Gausssian integral of the form (5) with:

[GΘ]hh′,ii′ = δhh′,ii′ , (34)

[JΘ]hi = −iλ̂αi ηαh . (35)

Preforming this integration results in:

Ψv
3 =

ψ2

D

∫ ( 2n∏
α=1

dηαdλαdλ̂α

)(
µ2

1ψ1λ
1
iλ

2
i + µ2

?η
1
i η

2
i

) [
µ2
?

[
η1(G−1

W )η2
]

+ µ2
1ψ1

[
λ1HWλ

2
]

+ 2µ2
1µ

2
?ψ1[λ1SW η

2]
]

exp

(
−n

2
log det(GX)− n

2
log det(GW )− 1

2
ψ1ψ2λ

∑
(ηαh )2 − 1

2
ηαhη

β
h λ̂

α
i λ̂

β
i + i

√
Pλ̂αi λ

α
i

)
.

3.3.4 Expression of the action and the prefactor

To complete the computation we integrate with respect to λ̂αi , using again formulae (5):

[
Gλ̂
]αβ
ii′

= δii
′
ηαhη

β
h , (36)[

Jλ̂
]α
i

= i
√
Pλαi . (37)

This yields the final expression of the term:

Ψv
3 =

ψ2

D

∫ ( 2n∏
α=1

dηα

)(
2n∏
α=1

dλα

)(
µ2

1ψ1λ
1
iλ

2
i + µ2

?η
1
i η

2
i

) [
µ2
?

[
η1(G−1

W )η2
]

+ µ2
1ψ1

[
λ1HWλ

2
]

+ 2µ2
1µ

2
?ψ1[λ1SW η

2]
]

exp

(
−n

2
log det(GX)− n

2
log det(GW )− D

2
log det(Gλ̂)− 1

2
ψ1ψ2λ

∑
(ηαh )2 − P

2
λαi (G−1

λ̂
)αβii′ λ

β
i′

)
.
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The above may be written as

Ψv
3 =

∫ (∏
dη
)(∏

dλ
)
PΨv3

[η, λ] exp

(
−D

2
Sv [η, λ]

)
, (38)

with the prefactor PΨv3
and the action Sv defined as:

PΨv3
[η, λ] :=

ψ2

D

(
µ2

1ψ1λ
1
iλ

2
i + µ2

?η
1
i η

2
i

) [
µ2
?

[
η1(G−1

W )η2
]

+ µ2
1ψ1

[
λ1HWλ

2
]

+ 2µ2
1µ

2
?ψ1[λ1SW η

2]
]
,

Sv [η, λ] :=ψ2 log det(GX) + ψ2 log det(GW ) + log det(Gλ̂) +
1

D
ψ1ψ2λ

∑
(ηαh )2 +

P

D

(
λαi (G−1

λ̂
)αβii′ λ

β
i′

)
.

3.3.5 Expression of the action and the prefactor in terms of order parameters

Here we see that we have a factor D →∞ in the exponential part, which can be estimated using the saddle point
method. Before doing so, we introduce the following order parameters using the Fourier representation of the
delta-function:

1 =

∫
dQαβdQ̂αβe

Q̂αβ(PQαβ−ηαhη
β
h), (39)

1 =

∫
dRαβdR̂αβe

R̂αβ(DRαβ−λαi λ
β
i ). (40)

This allows to rewrite the prefactor only in terms of Q,R: for example,

µ2
1ψ1λ

1
iλ

2
i + µ2

?η
1
i η

2
i = ψ1D(µ2

1R
12 + µ2

?Q
12).

To do this, there are two key quantities we need to calculate: λG−1
X λ and ηG−1

W η. To calculate both, we note that
GX ang GW are both of the form I + X, therefore there inverse may be calculated using their series representation.
The result is:

[MX ]
αβ

:=
1

D
λαG−1

X λβ =
[
R(I + µ2

1ψ1R)−1
]αβ

, (41)

[MW ]
αβ

:=
1

P
ηα(G−1

W )ηβ =
[
Q(I + µ2

?ψ1AQ)−1
]αβ

. (42)

Using the above, we deduce:

λ1HWλ
2 = DM12

X + Pµ2
1µ

2
?ψ1 [MXMWMX ]

12
, (43)

λ1SW η
2 = P [MXMW ]

12
. (44)

The integrals over η, λ become simple Gaussian integrals with covariance matrices given by Q̂, R̂, yielding:

1 =

∫
dQαβdQ̂αβe

−ψ1D
2 (log det Q̂−2TrQQ̂), (45)

1 =

∫
dRαβdR̂αβe

−D2 (log det R̂−2TrRR̂). (46)

The next step is to take the saddle point with respect to the auxiliary variables Q̂ and R̂ in order to eliminate them:

∂Sv

∂Q̂αβ
= ψ1

(
Q̂−1 − 2Q

)
= 0⇒ Q̂ =

1

2
Q−1, (47)

∂Sv

∂R̂αβ
=
(
R̂−1 − 2R

)
= 0⇒ R̂ =

1

2
R−1. (48)

One finally obtains that:

Ψv
3 =

∫ (∏
dQ
)(∏

dR
)
PΨv3

[Q,R] exp

(
−D

2
Sv [Q,R]

)
, (49)

With:

PΨv3
[Q,R] =Dψ2

1ψ2(µ2
1R

12 + µ2
?Q

12)
[
µ2
? [Mv

W ]
12

+ µ2
1

(
M12
X + µ2

1µ
2
?ψ

2
1 [MXM

v
WMX ]

12
)

+ 2µ2
1µ

2
?ψ1 [MXM

v
W ]

12
]
,

Sv [Q,R] =ψ2 log det(GX) + ψ2 log det(GW ) + ψ2
1ψ2λTrQ+ Tr

(
RQ−1

)
+ (1− ψ1) log detQ− log detR. (50)
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3.3.6 Saddle point equations

The aim is now to use the saddle point method in order to evaluate the integrals over the order parameters. Thus,
one looks for R and Q solutions to the equations:

∂Sv

∂Qαβ
= 0,

∂Sv

∂Rαβ
= 0 ∀α, β = 1, · · · , 2n.

To solve the above, it is common to make a replica symmetric ansatz. In this case, we assume that the solutions to
the saddle points equations take the form:

Q =


q q̃ · · · q̃

q̃
. . .

. . .
...

...
. . .

. . . q̃
q̃ · · · q̃ q

 , R =


r r̃ · · · r̃

r̃
. . .

. . .
...

...
. . .

. . . r̃
r̃ · · · r̃ r

 (51)

The action takes the following form:

Sv(q, r, q̃, r̃) = 2n (S0(q, r) + Sv1 (q, r, q̃, r̃))

S0(q, r) = λψ2
1ψ2q + ψ2 log

(
µ2
?ψ1q

µ2
1ψ1r + 1

+ 1

)
+
r

q
+ (1− ψ1) log(q) + ψ2 log

(
µ2

1ψ1r + 1
)
− log(r)

Sv1 (q, r, q̃, r̃) = fv(q, r)q̃ + gv(q, r)r̃

fv(q, r) = λψ2
1ψ2 +

µ2
?ψ1ψ2

µ2
?ψ1q + µ2

1ψ1r + 1
+

1− ψ1

q
− r

q2

gv(q, r) = − µ2
?µ

2
1ψ

2
1ψ2q

(µ2
1ψ1r + 1) (µ2

?ψ1q + µ2
1ψ1r + 1)

+
µ2

1ψ1ψ2

µ2
1ψ1r + 1

+
1

q
− 1

r
. (52)

3.3.7 Fluctuations around the saddle point

We introduce the following notations:

[∇TF (T?)]αβ =
∂F

∂Tαβ
|T? ,

[HTF (T?)]αβ,γδ =

[
∂2F

∂Qαβ∂Qγδ
∂2F

∂Qαβ∂Rγδ
∂2F

∂Rαβ∂Qγδ
∂2F

∂Rαβ∂Rγδ

]∣∣∣∣∣
T?

,

H [F ] =


∂F
∂q∂q

∂F
∂q∂r

∂F
∂q∂q̃

∂F
∂q∂r̃

∂F
∂q∂r

∂F
∂r∂r

∂F
∂r∂q̃

∂F
∂r∂r̃

∂F
∂q∂q̃

∂F
∂r∂q̃

∂F
∂q̃∂q̃

∂F
∂q̃∂r̃

∂F
∂q∂r̃

∂F
∂r∂r̃

∂F
∂q̃∂r̃

∂F
∂r̃∂r̃


∣∣∣∣∣∣∣∣∣q=q∗r=r∗
r̃=0
q̃=0

.

Proposition Let q? and r? be the solutions of the fixed point equation for the function S0 : (q, r) 7→ R defined in
(52): {

∂S0(q,r)
∂q = 0

∂S0(q,r)
∂r = 0.

Then we have that

Ψv
3 =

1

D
Tr
[
H [Sv]

−1
H
[
PΨv3

]]
. (53)
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Sketch of proof Solving the saddle point equations:
∂Sv(q,r,q̃,r̃)

∂q = 0
∂Sv(q,r,q̃,r̃)

∂q = 0
∂Sv(q,r,q̃,r̃)

∂q̃ = 0
∂Sv(q,r,q̃,r̃)

∂r̃ = 0

,

one finds q̃ = r̃ = 0, which is problematic because the prefactor vanishes: PΨ3 ∝ µ2
1q̃ + µ2

?r̃.
Therefore we must go beyond the saddle point contribution to obtain a non zero result, i.e. we have to examine the
quadratic fluctuations around the saddle point. To do so we preform a second-order expansion of the action (50) as
a function of Q and R:

PΨv3
(T ) ≈ PΨv3

(T?) + (T − T?)>∇PΨv3
(T?) +

1

2
(T − T?)>HT

[
PΨv3

(T?)
]

(T − T?),

Sv(T ) ≈ S0(T?) +
1

2
(T − T?)>HT [Sv(T?)] (T − T?).

Computing the second derivative of (50), it is easy to show that:

[HT [Sv(T )]]αβ,γδ = [HT [Sv(T )]]αβ (δαγδβδ + δαδδβγ) ,[
HT

[
PΨv3

(T )
]]
αβ,γδ

=
[
HT

[
PΨv3

(T )
]]
αβ

(δαγδβδ + δαδδβγ) ,

where

HT [F ]αβ =

[
∂2F

∂Qαβ∂Qαβ
∂2F

∂Qαβ∂Rαβ
∂2F

∂Rαβ∂Qαβ
∂2F

∂Rαβ∂Rαβ

]

=
1

2n
δαβ

[
∂2F
∂q∂q

∂2F
∂q∂r

∂2F
∂r∂q

∂2F
∂r∂r

]
+

2

2n(2n− 1)
(1− δαβ)

[
∂2F
∂q̃∂q̃

∂2F
∂q̃∂r̃

∂2F
∂r̃∂q̃

∂2F
∂r̃∂r̃

]
.

Hence,

Ψv
3 = lim

n→0

∫
dTPΨv3

(T ) exp−
D
2 S

v(T ),

= lim
n→0

PΨv3
(T?)︸ ︷︷ ︸
0

+∇PΨv3
(T?)αβ

∫
dT (T − T?)αβ exp

(
−D

2
Sv(T )

)
︸ ︷︷ ︸

0

+
1

2
HT

[
PΨv3

(T?)
]
αβ

∫
dT (T − T?)2

αβ exp

(
−D

2
Sv(T )

)
= lim
n→0

1

2
HT

[
PΨv3

(T?)
]
αβ
e−

D
2 S

v(T?)

∫
dT (T − T?)2

αβe
−D2

∑
αβ(T−T?)2αβHT [Sv(T?)]αβ

= lim
n→0

1

2

(2π)n

detHT [Sv(T?)]
e−

D
2 S

v(T?) 2

D
HT

[
PΨv3

(T?)
]
αβ
HT [Sv(T?)]

−1
αβ

=
1

D
Tr
[
H [Sv]

−1
H
[
PΨv3

]]
In the last step, we used the fact that:

lim
n→0

e−
D
2 S

v(T?) = lim
n→0

e−nDS0(q?,r?) = 1,

lim
n→0

detHT [Sv(T?)] = 1.

The last equality follows from the fact that for a matrix of size n× n of the form Mαβ = aδαβ + b(1− δαβ), we have

detM = (a− b)n
(

1 +
nb

a− b

)
−−−→
n→0

1.
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3.3.8 Expression of the vanilla terms

Using the above procedure, one can compute the terms Ψ1,Ψ
v
2,Ψ

v
3 of (24): for each of these terms, the action is the

same as in (50), and the prefactors can be obtained as:

PΨ1 [Q,R] = µ2
1ψ1ψ2

(
M11
X + µ2

1µ
2
?ψ

2
1 (MXMWMX)

11
+ µ2

?µ1ψ1 (MXMW )
11
)
,

PΨv2
[Q,R] = Dψ2

1ψ2

(
µ2

1R
12 + µ2

?Q
12
) (
µ2

1ψ2PXX − 2µ2
1µ

2
?ψ1ψ2PXW + µ2

?PWW

)
,

PΨv3
[Q,R] = Dψ2

1ψ2(µ2
1R

12 + µ2
?Q

12)
[
µ2
? [Mv

W ]
12

+ µ2
1

(
M12
X + µ2

1µ
2
?ψ

2
1 [MXM

v
WMX ]

12
)

+ 2µ2
1µ

2
?ψ1 [MXM

v
W ]

12
]
,

PXX = N12
X +

1

ψ2
M12
X + 2 (µ1µ?ψ1)

2
[NXMWMX ]

12
+

(µ1µ?ψ1)
2

ψ2
[MXMWMX ]12 + (µ1µ?ψ1)

4
[MXMWNXMWMX ]12,

PXW = [NXMW ]
12

+
1

ψ2
[MXMW ]

12
+ (µ1µ?ψ1)

2
[MXMWNXMW ]

12
,

PWW = M12
W + ψ2 (µ1µ?ψ1)

2
[MWNXMW ]

12
.

Where a new term appears:

[NX ]αβ =
[
R(I + µ2

1ψ1R)−2
]αβ

. (54)

3.4 Computation of the ensembling terms

3.4.1 Expression of the action and the prefactor

In the ensembling terms, the two inverse matrices are different, hence one has to introduce two distinct replica
variables. We distinguish them by the use of an extra index a ∈ {1, 2}, denoted in brackets in order not to be
confused with the replica indices α.

[
M (1)

]−1

ij

[
M (2)

]−1

kl
= lim
n→0

∫ ( n∏
α=1

2∏
a=1

dηα(a)

)
η

1(1)
i η

1(1)
j η

1(2)
k η

1(2)
l exp

−1

2

∑
(a)

ηα(a)M
(a)
ij η

α(a)

 . (55)

Calculations of the Gaussian integrals follow through in a very similar way as for the vanilla terms. The matrices
appearing in the process are:

(GeX)ii′ = δii′ +
µ2

1ψ1

D

∑
(a)α

λ
α(a)
i λ

α(a)
i′ , (56)

(JeX)i =
µ1µ?

√
ψ1

D2

∑
αa

λ
α(a)
i η

α(a)
h W

(a)
h , (57)

(GeW )
(ab)
hh′ = δabhh′ +

µ2
?

D

∑
αβ

η
α(a)
h Aαβ,abe η

β(b)
h′ , (58)

(JeW )h = 0 (59)

(GeΘ)
(ab)
hh′,ii′ = δabhh′,ii′ (60)

(JeΘ)
(a)
hi = −i

∑
α

λ̂
α(a)
i η

α(a)
h , (61)

(Ge
λ̂
)
αβ,(ab)
ii′ = 2δabδii

′
η
α(a)
h η

β(b)
h , (62)

(Je
λ̂
)
α(a)
i = i

√
Pλ

α(a)
i . (63)

(64)
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with

Aαβ,(ab)e = δabδαβ − µ2
1ψ1

1

D

∑
i,j

λ
α(a)
i [Ge−1

X ]ijλ
β(b)
j , (65)

[He
W ]ii′ =

[
Ge−1
X

]
ii′

+
∑
αβ,ab

[
Ge−1
X λα(a)

]
i

[
Ge−1
X λβ(b)

]
i′

[
ηα(a)

[
Ge−1
W

](ab)
ηβ(b)

]
, (66)

[SeW ]ih =
1

D

∑
α,a

[
Ge−1
X λα(a)

]
i

[
Ge−1
W ηα(a)

]
h
. (67)

Starting with the computation of Ψe
3 in order to illustrate the method used, the prefactor PΨe3

and the action are Se

are given by:

PΨe3
[η, λ] :=

µ2
1ψ1ψ2

D
λ

1(1)
i λ

1(2)
i

[
µ2
?

[
η1(1)(Ge−1

W )(12)η1(2)
]

+ µ2
1ψ1

[
λ1(1)He

Wλ
1(2)
]

+ 2µ2
1µ

2
?ψ1[λ1(1)SeW η

1(2)]
]
, (68)

Se [η, λ] :=ψ2 log det(GeX) + ψ2 log det(GeW ) + log det(Ge
λ̂
) +

1

D
ψ1ψ2λ

∑
(η
α(a)
h )2 +

1

2D

(
λ
α(a)
i (Ge−1

λ̂
)αβ,abii′ λ

β(b)
i′

)
.

(69)

3.4.2 Expression of the action and the prefactor in terms of order parameters

This time, because of the two different systems, the order parameters carry an additional index a, which turns them
into 2× 2 block matrices:

1 =

∫
dQ

(ab)
αβ dQ̂

(ab)
αβ e

Q̂
(ab)
αβ (PQ

(ab)
αβ −η

α(a)
h η

β(b)
h ), (70)

1 =

∫
dR

(ab)
αβ dR̂

(ab)
αβ eR̂

(ab)
αβ (dR

(ab)
αβ −λ

α(a)
i λ

β(b)
i ). (71)

The systems being decoupled, we make the following ansatz for the order parameters:

Q =



q · · · 0
...

. . .
...

0 · · · q

q̃ · · · 0
...

. . .
...

0 · · · q̃
q̃ · · · 0
...

. . .
...

0 · · · q̃

q · · · 0
...

. . .
...

0 · · · q


, R =



r · · · 0
...

. . .
...

0 · · · r

r̃ · · · 0
...

. . .
...

0 · · · r̃
r̃ · · · 0
...

. . .
...

0 · · · r̃

r · · · 0
...

. . .
...

0 · · · r


. (72)

In virtue of the simple structure of the above matrices, the replica indices α trivialize and we may replace the
matrices Q and R by the 2× 2 matrices:

Q =

[
q q̃
q̃ q

]
, R =

[
r r̃
r̃ r

]
.

Define:

[Me
X ](ab) ≡

1

D
λ

(a)
i

[
Ge−1
X

]
ij
λ

(b)
j =

[
R(I + µ2

1ψ1R)−1
]
(ab)

, (73)

[Me
W ](ab) ≡

1

P
η(a)

[
Ge−1
W

](ab)
η(b) =

[
Q(I + ψ1A

eQ)−1
]
(ab)

, (74)

where products are now over 2× 2 matrices. Then, one has:

PΨe3
[Q,R] :=Dµ2

1ψ
2
1ψ2R

(12)
[
µ2
?M

e(12)
W + µ2

1

(
M

e(12)
X + µ2

1µ
2
?ψ

2
1 [Me

XM
e
WM

e
X ]

(12)
)

+ 2µ2
1µ

2
?ψ1 [Me

XM
e
W ]

(12)
]
,

Se [Q,R] :=ψ2 log det(GeX) + ψ2 log det(GeW ) +
∑
a

[
(ψ2

1ψ2λ)TrQ(a)(a) + Tr
(
R(a)(a)(Q−1)(a)(a)

)
+ log detQ(a)(a)

]
− ψ1 log detQ− log detR.
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Where we have:

Me
X =

1

(1 + µ2
1ψ1r)2 − (µ2

1ψ1r̃)2

[
r + µ2

1ψ1(r2 − r̃2) r̃
r̃ r + µ2

1ψ1(r2 − r̃2)

]
, (75)

Ae(ab) = δ(ab) − µ2
1ψ1 [Me

X ](ab) , (76)

[Me
W ](ab) = qδ(ab) − µ2

?ψ1

[
Ae(I + µ2

?ψ1qA
e)−1

]
(ab)

, (77)

det(GeX) = det(δ(ab) + ψ1µ
2
1R(ab)), (78)

det(GeW ) = det(δab + ψ1qA
e
(ab)). (79)

Finally, we are left with:

Se(q, r, q̃, r̃) =n (S0(q, r) + Se1(q, r, q̃, r̃)) ,

Se1(q, r, q̃, r̃) =r̃2fe(q, r) + q̃2ge(q, r),

fe(q, r) =
2rµ2

1ψ1

(
1 + qµ2

?ψ1

)
+
(
1 + qµ2

?ψ1

)2 − r2µ4
1ψ

2
1(−1 + ψ2)

2r2 (1 + rµ2
1ψ1 + qµ2

?ψ1)
2 ,

ge(q, r) =
ψ1

2q2
.

Where S0 was defined in (52).

3.4.3 Expression of the ensembling terms

Evaluating the fluctuations around the saddle point follows through in the same way as for the vanilla terms, with
the following expressions of the prefactors:

PΨe2
[Q,R] = Dψ2

1ψ2µ
2
1r̃
[
µ2

1P
e
XX − 2µ2

1µ
2
?ψ1P

e
WX + µ2

?P
e
WW

]
, (80)

PΨe3
[Q,R] = Dµ2

1ψ
2
1ψ2R

(12)
[
µ2
?M

e(12)
W + µ2

1

(
M

e(12)
X + µ2

1µ
2
?ψ

2
1 [Me

XM
e
WM

e
X ]

(12)
)

+ 2µ2
1µ

2
?ψ1 [Me

XM
e
W ]

(12)
]
, (81)

P eXX = ψ2N
e12
X +Me12

X + 2ψ2(µ1µ?ψ1)2 [Me
XN

e
XM

e
W ]

12
+ (µ1µ?ψ1)2 [Me

XM
e
WM

e
X ]

12

+ ψ2(µ1µ?ψ1)4 [Me
XM

e
WN

e
XM

e
WM

e
X ]

12
,

(82)

P eWX = ψ2 [Ne
XM

e
W ]

12
+ [Me

XM
e
W ]

12
+ ψ2(µ1µ?ψ1)2 [Me

XM
e
WN

e
XM

e
W ]

12
, (83)

P eWW = [Me
W ]12 + ψ2(µ1µ?ψ1)2 [Me

WN
e
XM

e
W ]

12
. (84)

3.5 Computation of the divide and conquer term

Here, we are interested in computing the term Ψd
2. This term differs from the previous ones in that there are now

two independent data matrices X(1) and X(2). The calculations for the action and the prefactor are very similar to
calculations performed for the ensembling terms Ψe

2,Ψ
e
3, with the addition that X now also carries an index (a).

Firstly let us write Ψd
2 as a trace over random matrices:

Ψd
2 =

µ2
1

d2
Tr
[
X(1)Z(1)B(1)−1Θ(1)Θ(2)B(2)−1Z(2)X(2)

]
. (85)
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Calculations follow through in the same way as in the previous sections. Using the replica formula (55), and
performing the integrals over the Gaussian variables the following quantities appear:

(GdX)
(ab)
ii′ = δii′ +

µ2
1ψ1

D

∑
α

λ
α(a)
i λ

α(a)
i′ , (86)

(JdX)
(a)
i =

µ1µ?
√
ψ1

D2

∑
α

λ
α(a)
i η

α(a)
h W

(a)
h , (87)

(GdW )
(ab)
hh′ = δabhh′ +

µ2
?

D

∑
αβ

η
α(a)
h Aαβ,abη

β(b)
h′ , (88)

(JdW )h = 0, (89)

(GdΘ)
(ab)
hh′,ii′ = δabhh′,ii′ , (90)

(JdΘ)
(a)
hi = −i

∑
α

λ̂
α(a)
i η

α(a)
h , (91)

(Gd
λ̂
)
αβ,(ab)
ii′ = 2δabδii

′
η
α(a)
h η

β(b)
h , (92)

(Jd
λ̂

)
α(a)
i = i

√
Pλ

α(a)
i . (93)

(94)

The saddle point ansatz for Q and R is the same as the one for the ensembling terms (see (72)). The procedure to
evaluate Ψd

2 is also the same as the one for Ψe
2 except the Hessian is taken with respect to Sd. The final result is

given below.

PΨd2
[Q,R] =Dµ2

1ψ1ψ
2
2 r̃
[
ψ1µ

2
1PXX + 2µ2

?µ
2
1ψ

2
1PWX + µ2

?ψ1PWW

]
,

PXX =
(
N11
X + 2(µ1µ?ψ1)2 [NXMWMX ]

11
+ (µ1µ?ψ1)4 [MXMWNXMWMX ]

11
)
,

PWX = [NXMW ]
11

+ (µ1µ?ψ1)2 [MXMWNXMW ]
11
,

PWW =(µ1µ?ψ1)2 [MWNXMW ]
11
,

Sd[q, r, q̃, r̃] =n
(
S0(q, r) + Sd1 (q, r, q̃, r̃)

)
,

Sd1 (q, r, q̃, r̃) =
r̃2

r2
+
ψ1q̃

2

q2
.

With:

MX =
r

1 + µ2
1ψ1r

,

A = 1− µ2
1ψ1MX ,

MW =
q

1 + µ2
?ψ1qA

,

NX =
r̃

(1 + µ2
1ψ1r)2

.
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