
Supplementary Material

A Omitted Proofs

A.1 Proof of Theorem 4.1

In order to prove Theorem 4.1, let us first state the Danskin theorem.

Lemma A.1 (Danskin). Let B be nonempty compact topological space and h : Rd⇥B !
R be such that h(·, �) is di↵erentiable for every � 2 B and r✓h(✓, �) is continuous on

Rd ⇥ B. Also, let �⇤(✓) = {� 2 argmax�2B h(✓, �)}.
Then, the corresponding max-function

&(✓) = max
�2B

h(✓, �)

is locally Lipschitz continuous, directionally di↵erentiable, and its directional derivatives

satisfy

& 0(✓, r) = sup
�2�⇤(✓)

rTr✓h(✓, �).

In particular, if for some ✓ 2 Rd
the set �⇤(✓) = {�⇤

✓
} is a singleton, the max-function

is di↵erentiable at ✓ and

r&(✓) = r✓h(✓, �
⇤
✓).

By this lemma, we can easily obtain the following lemma:

Lemma A.2. For any ✓̃ that minimize &(✓) and lying in the interior, we can obtain

r✓h(✓̃, �) = 0.

Proof. Since ✓̃ minimizes &(✓) and lies in the interior of ⇥ , we can obtain

& 0(✓̃, r) = 0

for any direction vector r.
If there is a � 2 �⇤(✓̃), such thatr✓h(✓̃, �) 6= 0, then we take r = r✓h(✓̃, �)/kr✓h(✓̃, �)k,

we have
& 0(✓̃, r) = sup

�2�⇤(✓̃)
rTr✓h(✓̃, �) � kr✓h(✓̃, �)k2 > 0,

which is contradictory to the fact & 0(✓̃, r) = 0.

[Proof of Theorem 1] Now we are ready to give the formal proof. In order for
simplicity, we here use L(✓M, x, y) instead of L(✓M, x, y,M). With lemma A.2, we can
obtain that

1

n

nX

i=1

r✓L(✓
M, xi + �i, yi)|✓M=✓̂M",min

= 0.

With Taylor expansion and under the assumption of Lemma A.2, we can obtain

0 =
1

n

nX

i=1

[r✓L(✓̂
M
",min, xi, yi) +rx,✓L(✓̂

M
",min, xi, yi)�i +O(k�k22)].

 



Here the assumption of compactness and continuity can help us to write the remainder
1
2�

T

i
H

✓̃
�i into O(k�ik22) since we can bound every entry of H

✓̃
. We use the same property

repeatedly and will not reiterate it.
Now, let us perform taylor expansion on r✓L(✓̂M",min, xi, yi) and rx,✓L(✓̂M",min, xi, yi).

r✓L(✓̂
M
",min, xi, yi) = r✓L(✓̂

M
min, xi, yi)+r2

✓L(✓̂
M
min, xi, yi)(✓̂

M
",min�✓̂Mmin)++O(k✓̂M",min�✓̂Mmink22)

and
rx,✓L(✓̂

M
",min, xi, yi) = rx,✓L(✓̂

M
min, xi, yi) +O(k✓̂M",min � ✓̂Mmink2).

By simple algebra,

✓̂M",min � ✓̂Mmin +O(k✓̂M",min � ✓̂Mmink22) =
�
� 1

n

nX

i=1

r2
✓L(✓̂

M
min, xi, yi)

��1
⇣ 1

n

nX

i=1

rx,✓L(✓̂
M
min, xi, yi)�i

+ k✓̂M",min � ✓̂Mmink2k�ik2
⌘
.

We know if we divided " on both sides, we know when " goes to 0, the limit of the
right handside exists if we assume the limit of lim"!0 �i/" exist (notice �i is a implicit
function of "). Thus, k✓̂M

",min � ✓̂Mmink/" cannot goes to infinity as " goes to 0. In orther
words, AIF must exist.

Now the only thing left is to prove lim"!0 �i/" exist. We prove that

lim
"!0

�i
"
= �i,

where

�i,k =
bq�1
k

(
P

m

k=1 b
q

k
)
1
p

sgn
⇣ @

@x·,k
L(✓̂Mmin, xi, yi)

⌘
,

with bk = | @

@x·,k
L(✓̂Mmin, xi, yi)|. By Hölder inequality, we know

|rxL(✓̂
M
min, xi, yi) · �i|  "krxL(✓̂

M
min, xi, yikq

the equality holds if and only if �i = "�i . Since

L(✓̂M",min, xi + �i, yi) = L(✓̂M",min, xi, yi) +rxL(✓̂
M
",min, xi, yi)�i +O(k�ik22),

we know the reminder is ignorable

O(k�ik22)
|L(✓̂M

",min, xi, yi)�i|
! 0

as " goes to 0. So, we must have

lim
"!0

�i
"
= �i.

As a result,
Î(M) = �H�1

✓̂Mmin

�

as described in the theorem.



A.2 Proof of Theorem 5.1

Let us first compute the AIF for linear models.
Specifically, let us consider the regression setting (xi, yi) 2 Rd ⇥ R are i.i.d. draws

from a joint distribution Px,y, for i = 1, 2, ..., n. Note that we don’t assume linear
relationship, but the linear regression model tries to find the best linear approximation
by solving

✓̂ = argmin
✓

1

n

nX

i=1

l(✓, xi, yi) := argmin
✓

1

2n

nX

i=1

(yi � ✓Txi)
2,

where we use l(✓, xi, yi) =
1
2(yi � ✓Txi)2 as the loss function.

Further, let us define

✓⇤ = argmin
✓

EPx,y [
1

2
(Y � ✓TX)2],

denoting the best population linear approximation to Y .
When the true model is Y = X>�⇤1 + (X>�⇤2)

2 + ⇠, and X ⇠ N (0,�2xI), we have

✓⇤ = (E[XX>])�1E[XY ] = (E[XX>])�1(E[XX>�⇤1 ] + E[X(X>�⇤2)
2]) = �⇤1 .

Further, denote ✏i = yi � ✓⇤>xi, and

✓̂ = argmin
✓

1

2n

X

i=1

(yi � ✓Txi)
2,

and we have k✓̂ � ✓⇤k2 = Op(
p

m

n
).

By definition, for k 2 [m],

bk =| @

@x·,k
l(✓̂Mmin, xi, yi,M)| = |yi � ✓̂>xi| · |✓̂k|,

and therefore, by letting p = q = 2, in Eqn (5) of Theorem 4.1,
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k =
bq�1
k

(
P

d
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q

k
)
1
p

sgn(
@

@x·,k
l(✓̂Mmin, xi, yi,M)) =

bk

(
P

d

k=1 b
2
k
)1/2

sgn((yi � ✓̂>xi) · ✓̂k)

=
(yi � ✓̂>xi) · ✓̂k
|yi � ✓>xi| · k✓̂k2

=
✓̂k

k✓̂k
· sgn(yi � ✓̂>xi).

As a result

�i = ( i

1, 
i

2, · · · , i

m)T = sgn(yi � ✓̂>xi) ·
1

k✓̂k
· ✓̂,



and

�

E
x⇠P̂x

kxk2
=
1

n

nX

i=1

rx,✓l(✓̂
M
min, xi, yi,M)�i =

1

n

nX

i=1

[(✓̂>xi � yi) · Id + ✓̂x>i ] · sgn(yi � ✓̂>xi) ·
1

k✓̂k
· ✓̂

=
1

nk✓̂k

nX

i=1

[(✓̂>xi � yi) · ✓̂ + ✓̂x>i ✓̂] · sgn(yi � ✓̂>xi)

=� 1

nk✓̂k

nX

i=1

(yi · ✓̂) · sgn(yi � ✓̂>xi)

=� ✓̂

nk✓̂k

nX

i=1

yi · sgn(yi � ✓̂>xi)

=� ✓̂

nk✓̂k

nX

i=1

(✏i + ✓⇤>xi) · sgn(yi � ✓̂>xi)

=� ✓̂

nk✓̂k

nX

i=1

✓⇤>xi · sgn(yi � ✓̂>xi)�
✓̂

nk✓̂k

nX

i=1

✏i · sgn(yi � ✓̂>xi)

=� ✓̂

nk✓̂k

nX

i=1

✓⇤>xi · sgn(✏i)�
✓̂

nk✓̂k

nX

i=1

✏i · sgn(✏i)

+
✓̂

nk✓̂k

nX

i=1

✓⇤>xi · (sgn(✏i)� sgn(✏i � (✓̂ � ✓⇤)>xi))

+
✓̂

nk✓̂k

nX

i=1

✏i · (sgn(✏i)� sgn(✏i � (✓̂ � ✓⇤)>xi)).

P(sgn(✏i) 6= sgn(✏i � (✓̂ � ✓⇤)>xi)  P(|✏|  |(✓̂ � ✓⇤)>xi|) = O(

r
1

n
) = o(1).

Recall that ✏i = yi � ✓⇤>xi = (x>
i
�⇤2)

2 + ⇠i, then we obtain xisgn((x>i �
⇤
2)

2 + ⇠i)
d
=

�xisgn((x>i �
⇤
2)

2 + ⇠i). As a result, we have E[xisgn(✏i)] = E[xisgn((x>i �⇤2)2 + ⇠i)] = 0,
yielding

1

n

nX

i=1

✓⇤>xi · sgn(✏i) = Op(
1p
n
).

Then, we have

�

E
x⇠P̂x

kxk2
= � ✓̂

k✓̂k
(
1

n

nX

i=1

|✏i|+Op(
1p
n
)) = � ✓̂

k✓̂k
(E|✏i|+Op(

1p
n
))

Moreover, the Hessian matrix

H✓(X
e, Y e) = 1/n0

n
0X

i=1

r2
✓l(✓̂

M
min, x

e

i , y
e

i ;A) =
1

n
Xe>Xe = �2xI +Op(

r
m

n
).



Then

Ŝ✏(L) = �>H�1
✓

(Xe, Y e)� = (E
x⇠P̂x

kxk2)2(E|✏i|+Op(
1p
n
))2

✓̂>(�2xI +Op(
p

m

n
))�1✓̂

k✓̂k2

= (E
x⇠P̂x

kxk2)2 · [(E|✏i|)2 +Op(
1p
n
)] · (��2

x +Op(

r
m

n
)).

Then, let us consider the quadratic basis of the regression setting (xi, yi) 2 Rm ⇥ R
are i.i.d. draws from a joint distribution Px,y, for i = 1, 2, ..., n. Suppose we use the
basis v(x) = (v1(x), ..., vd(x)) = (x1, ..., xm, x21/2, ..., x

2
m/2, {xjxk}j<k), to approximate

y, and try to solve

✓̂ = arg min
✓2Rm

1

n

nX

i=1

l(✓, xi, yi) := argmin
✓

1

2n

nX

i=1

(yi � ✓T v(xi))
2.

Further, let us define

✓⇤ = argmin
✓

EPx,y [
1

2
(Y � ✓T v(X))2],

denoting the best population linear approximation to Y .
Denote ✏i = yi � ✓⇤>v(xi). Since the true model is Y = X>�⇤1 + (X>�⇤2)

2 + ⇠, and
X ⇠ N(0,�2xI), then ✏i = ⇠i and we have E[sgn(✏i)xi] = 0.

Further, denote

✓̂ = argmin
✓

1

2n

X

i=1

(yi � ✓T v(xi))
2.

We have k✓̂ � ✓⇤k = Op(
p

m

n
).

By definition, for k 2 [m],

bk =| @

@x·,k
l(✓̂Mmin, xi, yi)| = |yi � ✓̂>v(xi)| · |✓̂>

@

@x·,k
v(xi)| = |yi � ✓̂>v(xi)| · |✓̂>

@

@x
v(xi)ek|.

Therefore, by letting p = q = 2 in Eqn (5) of Theorem 4.1,
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k

(
P

d
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q

k
)
1
p

sgn(
@
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l(✓̂Mmin, xi, yi)) =

bk

(
P

d
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2
k
)1/2

sgn(
@

@x·,k
l(✓̂Mmin, xi, yi))

=
(✓̂>v(xi)� yi) · ✓̂> @

@x
v(xi)ek

|yi � ✓̂>v(xi)| · k✓̂> @
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=
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· sgn(✓̂>v(xi)� yi).

As a result
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i
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k✓̂> @
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Then
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Then we have
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By similar argument, we have
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Recall that v(x) = (x1, ..., xm, x21/2, ..., x
2
m/2, {xjxk}j<k), and the quadratic term in

the true model is (�⇤>2 x)2 (so then E|✏| is easy to compute), then
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v(x) = (Im, diag(x1, ..., xm), P erm(xixj))

> =
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4
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Perm(xixj)

3

5 2 R(m2+m)⇥m,



where Dx = diag(x1, ..., xd), and Perm(xixj) 2 Rm⇥(m2�m) with each column being
xjek + xkej for 1  j < k  m.

Then we have
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Moreover,
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Recall that for linear model,
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Since the true model is y = �⇤>1 x + (�⇤>2 x)2 + ⇠ with ⇠ ⇠ N (0,�2
⇠
), and x ⇠

N (0,�2xIm), we have
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On the other hand, 1
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Then let us consider the case where p = 1, q = 1 in Eqn (5) of Theorem 4.1,
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v(xi) · k✓>
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@x
v(xi)k1 · sgn(✓>v(xi)� yi)

=E[|✓>v(xi)� yi| ·
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@x
v(xi)sgn((
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@x
v(xi))

>✓)] +Op(
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)

By similar argument, since ksgn(( @

@x
v(xi))>✓k =

p
d we have
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).
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In addition, for the class of linear models, we have

�̂(Alin) = d · (E|(�>2 x)2 + ✏|)2 2 [(k�2k22�2x �
r

2

⇡
�✏)

2, (k�2k22�2x +
r

2

⇡
�✏)

2].

Therefore, using the exact same statement as the previous case where p = q = 2, we
get the desired result.

A.3 Proof of Theorem 5.2 and Corollary 5.1

Now let us first compute the AIF for linear models.
Specifically, let us consider the regression setting (xi, yi) 2 Rm ⇥ R are i.i.d. draws

from a joint distribution Px,y, for i = 1, 2, ..., n. Note that we don’t assume linear
relationship, but the linear regression model tries to find the best linear approximation
by solving

✓̂ = argmin
✓

1

n

nX

i=1

l(✓, xi, yi) := argmin
✓

1

2n

nX

i=1

(yi � ✓Txi)
2,

where we use l(✓, xi, yi) =
1
2(yi � ✓Txi)2 as the loss function.

Further, let us define

�Lmin = argmin
✓

EPx,y [
1

2
(Y � ✓TX)2],

denoting the best population linear approximation to Y , which makes Cov(xi, yi �
✓⇤>xi) = 0. Denote ⌘L

i
= yi � �L>minxi, we then have E[⌘L

i
xi] = 0.

Further, denote ⌘L
i
= yi � �L>minxi, and

�̂ = argmin
✓

1

2n

X

i=1

(yi � ✓Txi)
2,

and we have k�̂ � �Lmink2 = Op(
p

m

n
).

By definition, for k 2 [m],

bk =| @

@x·,k
l(�̂, xi, yi,L)| = |yi � �̂>xi| · |�̂k|,

and therefore, by letting p = q = 2 in Eqn (5) of Theorem 4.1,
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bq�1
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(
P

d
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q

k
)
1
p
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@

@x·,k
l(�̂, xi, yi,M)) =
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(
P

d

k=1 b
2
k
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sgn((yi � �̂>xi) · �̂k)

=
(yi � �̂>xi) · �̂k
|yi � ✓>xi| · k�̂k2

=
�̂k

k�̂k
· sgn(yi � �̂>xi).

As a result

�i = ( i

1, 
i

2, · · · , i

m)T = sgn(yi � �̂>xi) ·
1

k�̂k
· �̂,



and

�

E
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>xi))

+
�̂

nk�̂k
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⌘Li · (sgn(⌘Li )� sgn(⌘Li � (�̂ � �Lmin)
>xi)).

Then we have

P(sgn(⌘Li ) 6= sgn(⌘Li � (�̂ � �Lmin)
>xi)  P(|✏|  |(�̂ � �Lmin)

>xi|) = O(

r
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n
) = o(1).

Recall that E[xisgn(⌘Li )] = E[xisgn((x>i �⇤2)2 + ⇠i)] = 0, we have

1

n

nX

i=1

�L>minxi · sgn(⌘Li ) = Op(
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n
).

Then, we have
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E
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|⌘Li |+Op(
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Moreover, the Hessian matrix
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e, Y e) = 1/n0

n
0X

i=1
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✓l(�̂, x
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).



Then, we have

Ŝ✏(L) = �>H�1
✓

(Xe, Y e)� = (E
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kxk2)2(E|⌘Li |+Op(
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))2
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x +Op(

r
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n
). (10)

Now, let us consider the random e↵ect model in Corollary 5.1, when the true model

is y = �>x+ ⇠, where x 2 RM , �1, ...,�M
i.i.d.⇠ N(0, 1), ⇠ ⇠ N (0,�2

⇠
), and x1, ..., xn

i.i.d.⇠
N (0,�2xIM ). Then when we only include m features in the linear predictive model, the
residual

⌘Li = ⇠ + xi,m+1�m+1 + ...+ xi,M�M .

Then conditional on �, we have

⌘Li ⇠ N(0,�2⇠ + (�2m+1 + ...+ �2M )�2x).

We then have E[|⌘L
i
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M
)�2x) Take expectation w.r.t �, we
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For E
x⇠P̂x
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Plug into (10), we get
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).

A.4 Proof of Theorem 5.3

Now let us consider the general basis of the regression setting (xi, yi) 2 Rm ⇥ R are
i.i.d. draws from a joint distribution Px,y, for i = 1, 2, ..., n. Suppose we use the basis
v(x) = (v1(x), ..., vd(x)) = (x1, ..., xm, x21/2, ..., x

2
m/2, {xjxk}j<k), to approximate y, and

try to solve

✓̂ = arg min
✓2Rm
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l(✓, xi, yi) := argmin
✓
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2.

Further, let us define

✓⇤ = argmin
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EPx,y [
1

2
(Y � ✓T v(X))2],

denoting the best population linear approximation to Y .
Denote ⇠i = yi � ✓⇤>v(xi), and let
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2.



We have k✓̂ � ✓⇤k = Op(
p

m

n
).

By definition, for k 2 [m],
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Therefore, by letting p = q = 2 in Eqn (5) of Theorem 4.1,
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As a result
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Recall that we assume E[sgn(✏i)xi] = 0, then we have
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Then, since
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Moreover,
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A.5 Proof of Theorem 5.4

Now let us first recall the AIF for linear models.
Specifically, let us consider the regression setting (xi, yi) 2 Rd ⇥ R are i.i.d. draws

from a joint distribution Px,y, for i = 1, 2, ..., n. Note that we don’t assume linear
relationship, but the linear regression model tries to find the best linear approximation
by solving

✓̂ = argmin
✓
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l(✓, x̃i, yi) := argmin
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1

2n

nX

i=1

(yi � ✓T x̃i)
2,

where x̃i = xi + #i we use l(✓, x̃i, yi) =
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2(yi � ✓T x̃i)2 as the loss function.

Further, let us define
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denoting the best population linear approximation to Y , which makes Cov(xi, yi �
✓⇤>xi) = 0. Denote ⌘L
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= yi � �L>minxi, we then have E[⌘L
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Moreover, the Hessian matrix on the test data
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Ŝ✏(L) = �>H�1
✓

(Xe, Y e)� = (E
x⇠P̂x

kxk2)2(E|⌘Li |+Op(
1p
n
))2

�̂>(�2xI +Op(
p

m

n
))�1�̂

k�̂k2

= (E
x⇠P̂x

kxk2)2 · ✏2 · [(E|⌘Li |)2 +Op(
1p
n
)] · (��2

x +Op(

r
m

n
)).

and
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A.6 Proof of Corollary 6.1

We consider kernel regression in the following form:

L̂n(✓, X, Y ) =
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K(xi, xj)✓j
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Let us denote K(xi) :=
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K(xi, x1),K(xi, x2), · · · ,K(xi, xn)

�T
. The proof of Corollary

6.1 is almost the same as Theorem 4.1, with slightly modification. Actually, the loss
can be in a general form as L̂n(✓, X, Y ), our proof for Theorem 4.1can still be applied.
Since
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Meanwhile,
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Besides,
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By the argument in Theorem 4.1, we know
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)
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sgn
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rxiL̂n(✓̂min, k)
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,

with ck = |rxiL̂n(✓̂min, k)| and rxiL̂n(✓̂min, k) is short for the k-th coordinate of
rxiL̂n(✓, X, Y ).



A.7 Proof of Theorem 6.1

In this subsection, we state more rigorously about our theorem. Firstly, we notice that if
we let n and " in Lemma 6.1 to be independent with each other, actually, the definition
of ÎDRO(M) should be defined as

d✓̂M,DRO

",min

d"

��
"=0

and will obtain a limit that is dependent of sample size n and as n goes to infinity,
ÎDRO(M) will goes to a trivial solution 0. In order to obtain a limit independent of
sample size, we need n and " to be dependent. Besides, if we do let n and " to be
dependent, the limit of ÎDRO(M) depends on the dependent relationship between "
and n. So unlike AIF, ÎDRO(M) is algorithm dependent.

We assume n is a function of " and n"u = 1. Then, we still have

✓̂M,DRO

",min � ✓̂Mmin ⇡
�
� 1

n

nX

i=1

r2
✓L(✓̂

M
min, xi, yi)

��1
⇣ 1

n

nX

i=1

rx,✓L(✓̂
M
min, xi, yi)�i

⌘
.

Notice, we can put all the mass in 6.1 on one of �i, so, we can put all on the �i with
largest krxL(✓̂Mmin, xi, yi)kq in order to achieve the maximum, which yields the final
result.
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