Supplementary Material

A Omitted Proofs

A.1 Proof of Theorem 4.1

In order to prove Theorem 4.1, let us first state the Danskin theorem.

Lemma A.1 (Danskin). Let B be nonempty compact topological space and h : REx B —
R be such that h(-,0) is differentiable for every § € B and Vgh(0,4) is continuous on
RY x B. Also, let §*(0) = {6 € argmaxseg h(6,0)}.

Then, the corresponding mazx-function

$(0) = maxh(0,6)

18 locally Lipschitz continuous, directionally differentiable, and its directional derivatives

satisfy
'(0,7) = sup TTVQh(G,d).
55+ (0)

In particular, if for some 6 € R? the set §*(0) = {6} is a singleton, the maz-function
1s differentiable at 0 and
Vs(0) = Voh(6,dp).

By this lemma, we can easily obtain the following lemma:

Lemma A.2. For any 0 that minimize ¢(0) and lying in the interior, we can obtain
Voh(6,68) = 0.
Proof. Since 6 minimizes ¢(0) and lies in the interior of © , we can obtain
Jd(0,r)=0

for any direction vector r. 3 3 3
If thereisa d € 6*(0), such that Voh(6,0) # 0, then we take r = Vgh(6,6)/||Voh(8,0)]l,

we have

Jd(0,r)= sup rTVeh(0,6) > ||[Vgh(0,8)|2 > 0,
56+ (0)

which is contradictory to the fact ¢(6,r) = 0. O

[Proof of Theorem 1] Now we are ready to give the formal proof. In order for
simplicity, we here use L(#M, x,y) instead of L(6M, z,y, M). With lemma A.2, we can
obtain that

£,min

1 n
n ZVGL(QMM% + 5iayi)|9M:éM = 0.
i=1

With Taylor expansion and under the assumption of Lemma A.2, we can obtain

1 — R .
0= > VoL i iy vi) + Vg L0, i, )65 + O(1[8]13)]-
=1



Here the assumption of compactness and continuity can help us to write the remainder
$07 H;0; into O(]|6;]|3) since we can bound every entry of H;. We use the same property
repeatedly and will not reiterate it.

Now, let us perform taylor expansion on VgL(@é"min, 2, y;) and Vx,gL(H%in, iy Yi)-

VHL(08m1n>$1?yl) VGL(Qmm?xl’yl)_'—ve (emln’x“yl)(éamm HH/\I/lin)++O(||0€mln mln”)

and
Vg GL(QE min’ L1 yl) =V, 9L(0m1n> Li, yl) + O(Hgs min mln”Q)

By simple algebra,

/1 .
M . GM L o1oM _Z LIOM 2.y, 1(7 CoL(BM 2. 46
Emln m1n+ (H Emln mll’lH2 Zv m1n7x7y)) n;v 39 (m1n7x7y)

102 — 01211812

We know if we divided € on both sides, we know when & goes to 0, the limit of the
right handside exists if we assume the limit of lim._,¢ d;/¢ exist (notice §; is a implicit
function of €). Thus, || M || /e cannot goes to infinity as € goes to 0. In orther
words, AIF must exist.

Now the only thing left is to prove lim._,( d; /¢ exist. We prove that

g, min IIllIl

6,

lim ="
where -
b, 0
Yik = mk q 1 Sgn(@x L(ar./;l/llnv Ly yz))v
(> k1 bg)? ok

with b, = \%L(éﬁ{i‘n, zi,y;)|. By Hélder inequality, we know

Ve L3 i, yi) - 61| < el Ve L0k, 21, villg
the equality holds if and only if §; = e7; . Since
L0 ins @i + 6593) = L0 iy i) + Vo L(02 0, i, yi)6i + O(1|i][3),
we know the reminder is ignorable

O([15:113)

—0
L (eé\/lmm,xi, i) i

as € goes to 0. So, we must have

As a result,

as described in the theorem.



A.2 Proof of Theorem 5.1

Let us first compute the AIF for linear models.

Specifically, let us consider the regression setting (z;,v;) € R? x R are i.i.d. draws
from a joint distribution P,,, for i = 1,2,...,n. Note that we don’t assume linear
relationship, but the linear regression model tries to find the best linear approximation
by solving

1 < 1 &
j — in ) e T T )2
0 - argmeln n Z;l(ea IZ)yl) T a‘rgmeln 2 Z(yl 9 331) )
1=

n <
=1

where we use [(0, z;, ;) = 3(y; — 07 2;)? as the loss function.
Further, let us define

1
0" = arg mgnpr’y[i(Y - 07X)?),
denoting the best population linear approximation to Y.
When the true model is Y = X T8 + (X 35)2 + ¢, and X ~ N(0,021), we have
6" = (EIXXT)'E[XY] = (BIXX )N (EXX5]] + E[X (X 53)%) = 1.

Further, denote ¢ = y; — 0* " z;, and

and we have || — 6* ||, = Op(\V/5)-
By definition, for k € [m],

0 4 . .

and therefore, by letting p = ¢ = 2, in Eqn (5) of Theorem 4.1,

biil AM
— sgn( U(Orpins Ti Yi, M) = ——F———-5¢
(i b)r O (i1 bR

=0T O 0 ,
Y zi) Ok _ O en(y; — 0" x;).

b A .
i n((yi — 0" x;) - O)

)

= —= —= - S
lyi — 0Tl - 102 (1]

As a result

o . . 1 .
b= (4ot 87 = sl 72) 0.




and

n

o

:n||1§\| (072 —y:) - 0+ 02 6] - sen(y; — 0 ")
i=1
1 < - T
== m (yi-0) -sgn(y; — 0 xi)
nHGII Z‘% e =07
9 S * 1 hT
=—— (6 + 60" x;)-sgn(y; — 0 x;)
nl|0]] i=1
= 0§ x; - sgn(y; — ; Ze sgn(y x;)
nH9H nH@H
X 6 Zn: sgn(e;)
[ ~ € * €;
n!lell n||0]] 5=
nHeH ZG*T@ (sgn(e;) — sgn(e; — (0 — 09) T a;))
nHGH (sgn(e;) — sgn(e; — (6 — 6%) Tay)).
R A 1
P(sgn(e;) # sgn(e; — (0 — 0%) ") <P(le] < [(0 - 6%) ") = O —)=o(1).

Recall that ¢; = y; — 0*T2; = (2 B5)% + &, then we obtain z;sgn((z] 83)2 + &) <
—xisgn((:):j,b’;)z +&;). As a result, we have E[z;sgn(e;)] = E[xisgn((x;ﬁS)Q +&)] =0,
yielding

1~ ot B 1
n;@ xz~sgn(ez)—0p(%).

Then, we have

o 0
€|l +0p(—=)) = Ele;| + Op(—=
||9|| ZI |+ f) ~ gy (Eleil + (\/ﬁ»

E%pzl!x\\z

Moreover, the Hessian matrix

1
Ho(X°,Y¢) = 1/n/ Zv2 s 05,953 A) = XX = a§I+0p(,/%).

1 N A
Z Ve Gl mln?xlvyla M)¢z = E Z[(@Txi - yi) g+ Hxi ] sgn( - esz)

|




Then

L))2HAT(J§,I +0,(y/2) 710
vn 16112
1

= (B, ol (Bl + Onl )] 7 + Oyl )

Se(L) =@ H, ' (X, Y) = (E,_p []l2)*(Elei] + Op(

x~ P,

Then, let us consider the quadratic basis of the regression setting (z;,y;) € R™ x R
are i.i.d. draws from a joint distribution P, ,, for ¢ = 1,2,...,n. Suppose we use the
basis v(z) = (v1(2), ..., va(®)) = (T1, oo, Ty, /2, .., 22, /2, {271 } j<k), tO approximate
y, and try to solve

n
A~

1 T 2
0= argerélﬁgn EZZ (0, x;,y;) == argmlnzn;(yz — 0" v(x;))”.

Further, let us define
1
0 = argminEp, [ (Y~ 670(X))?)

denoting the best population linear approximation to Y.

Denote ¢; = y; — 0* "v(x;). Since the true model is Y = X "85 + (X7 35)% + ¢, and
X ~ N(0,021), then ¢; = & and we have E[sgn(e;)x;] = 0.

Further, denote

5 . T 2
0 = argmin o Z:(yZ — 60" v(x;))”.

0 n

=1
We have [|0 — 0%|| = O, (/).
By definition, for k € [ 1,
5T AP T 5T O
b _‘75( o i yi)| = lyi — 0T v ()] - 10 p. kv(xi)\ =lyi =0 v(@)] 107 Z-v(zi)exl-

Therefore, by letting p = ¢ = 2 in Eqn (5) of Theorem 4.1,

U DM ) = — (TG )
k= (szl b"i)% g &T-,k mins> Ti> Yi)) = (Zz:1 bz)lﬂ g 8x.,k min> Lis Yi
— (0T v(s) _yi)'éTa%”(xi)e’f _ éTaa v(zi)er -sgn(0 T v(z;) — ;)
i = 0T o) - 107 Lol 107 Zo(as)] o
As a result
i i A 1 j7 90
oF = (i, b ) = sgn(@Tv(x;) — yi) - T Zo@l .GT%U(ﬂfz)
and

Val(0,21,) = Te(z) — ) (3oolwi))Td

R o R 0
o) — NoT o ) T P )
vm,el(gax’wyz) U(xl)e 8%1)(.%'2) + (6 U<x’b) yl) aﬂ?v(wZ)



Then

® 1 <
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;, 9 @)Té
1 2ol (5, 0(@)

n

n||9T81(a:)|| ZK@TU(Q;Z) ~ Vi) ng(%)(iv(%)fé + v(w;)
'HQT;”(%)H - sgn(0"v(x:) — i)
9 ) X
_nHGT 0 y(x;)| Z axv(mi)(%v(m)ﬁe

=1

+ = Z v(x;) |9Tgv(xz)H sgn(9 v(x;) — i)

_ wavx va T m2
Bl g ) i1+ 0,0/™)

Then we have

0Tv(@s) —yi] O

E[— —wv(z;) 9|2
B o ) () Al
’é—rv(q;i) _yi‘ 0 0 TAN2
El||——————v(x;)(=—wv(x;)) "' 0
<BlI 57 8 )o@ O

<E[|( 2ol ool 18Tv(z) — il

BN o) L ool 0T o) — i)+ Oy ™)
Bl eol)T Lot (BN + 0,042+ 0,0 ™)

By similar argument, we have

”E[M D e (o) TP 2E i D)) ()] (e

Recall that v(x) = (1, ..., T, 23 /2, ..., 22, /2, {xj21 } j<k), and the quadratic term in
the true model is (35 x)? (so then Ele| is easy to compute), then

* T
0 Im ,
8—1}( z) = (I, diag(x1, ..., Tm ), Perm(z;z;)) " = D, e RO +m)xm
) Perm(zix;)




where D, = diag(z1,...,24), and Perm(z;z;) € R™X(m*=m) with each column being
zjer + wpej for 1 <j <k <m.
Then we have

o .0
-v(wi) ov(wi) = Im + Dq,
(o)™ Lo(w) = L+ Do

where (Dq)j; = (22 + ... + 22), (Dg),r = zjwg. As aresult, Dg = zz' + (2 + ... +
x2 )1, — D?

m

”111”f vl (zx” + (23 + ...+ 22) v = (2 + ... + 22) + inf(z T v)?
v:||v||=1 v

Therefore,

L+ (23 4. +22) — maxx? < Amin(Ig + Do) < Amax(Ig + Dg) < 1+ 2(2% + ... + 22).

Moreover,
Hp(X,Y¢) = liv (x)v xl = E[U(%)U(%)T] +0 (W)
n =1 ' !
3 m?
Then

5(Q) SME[W(%M»Tivmm (BI&D? + op<\/z)) . op(ﬁ)
<o B+ 20+ o] (Bl + OM» " op<ﬁ>

m2
SW@ +2mo3) - (El&])* + op(\/T)) 40 (\/7)

Similarly,

B (w) o) - (I + 0y 1)+ 0,0 ™)

> et Jo L (ot — ] (Bl + 0[5+ 0,0/

2 o Ty (L (2o m)od) - (B + 0L+ 0,0/™2)

xT

U
m
—

~min{o2, %Ué}

Recall that for linear model,

A 07 (02 0] m))—1g
8.6) = @TH; (XL YN0 = (B, ., ol (Ble] + Ol =) 72 +Héﬂim)

= (B, ol (Bl + Onl )] (77 + Oyl ™)



Since the true model is y = BiTz + (85"z)? + & with £ ~ N(0,0’?), and x ~
N(0,021,,), we have

* * 2 2
(Elel)? = (BI(85T2)° + €))% € [(Ilﬁzllgaﬁ—\/; 02 (155 302 +\f o).
Therefore, when 2 (351302 ~/206)? 2 fraerlyory (L+2mo?) 207, thatis, (165 302
VE20e? > A 202,
- < m?
AL) = A(Q)+ 0,/ ™).
mln{a 2

On the other hand, J \\52” 202 + \fa,g T

A(L) < A(Q) + Op(ﬁ)-

Then let us consider the case where p = 0c0,¢ =1 in Eqn (5) of Theorem 4.1,

3 2

2 > 4}(1+m0§—20§'logm) 502,

; it & um d
Vk = d ;Sgn(a l(emin’xi7yi)) - Sgn(il(emumxhyl))
(S o)r O 02

= (07 L p(e)er) - sen(0 () — yi).

~

Then
1 — ;
:fzvzﬁl(eﬁn,ﬂ%yi)ﬁbi
ni 1
2 Z (0T v(x;) 0 ~—v(w;) + v(:v')HTﬁv(:r')] -sgn(0 " v(z) — i) - Sgn((g”(x'))w)
i z 8.213 i 1 or ? v ’ oz !

n

wa o) — il oo(sen((ooo() )+ S vl - 107 5 (el -sgn(dTv(a)

=1

=E[|67o(z) — yil- jx (a:)sen((5-0(20) )] + Op( %

\/ﬁ)

By similar argument, since [|sgn(( gz 9 v(z;)) 0| = Vd we have

B8 0(r:) — il - vl )snl( o)) 62/
S (5 0(20)) T ()] (Ele])” + op@) i op<\/f>.

B8 v(e) — il - ov(zo)san(( o)) 0] /d

Bl Leo()” Lot (Ele? + 0,02 + 0,0/

— Yi)



In addition, for the class of linear models, we have

) 2 2
A(Aiin) = d - (E|(8y 2)* + €))? € [(|B2]I307 — \/;Ue)Q, (18211307 + \/;05)2].

Therefore, using the exact same statement as the previous case where p = ¢ = 2, we
get the desired result.

A.3 Proof of Theorem 5.2 and Corollary 5.1

Now let us first compute the AIF for linear models.

Specifically, let us consider the regression setting (z;,y;) € R™ x R are i.i.d. draws
from a joint distribution P, ,, for i = 1,2,...,n. Note that we don’t assume linear
relationship, but the linear regression model tries to find the best linear approximation
by solving

A 1 n . 1 n
0= arginin D 6,,35) = avginin 5 3 S(0s = 67,
1= 1=

where we use 1(0,z;,y;) = 2 (y; — 07 2;)? as the loss function.
Further, let us define

1
ﬁrflin = arg Hgl’l EPx,y [i(Y - GTX)2]>

denoting the best population linear approximation to Y, which makes Cov(x;,y; —

6*"x;) = 0. Denote nf =y; — 5T 2;, we then have E[nf:cl] =0.

min
Further, denote 77,;[‘ =y; — BE] z;, and

min

1 T 2
= gmin o (00
1=

and we have ||3 — 85, [l2 = Op(y/2).

min n

By definition, for k € [m],

0 N A R
by, =|%l(ﬂ,$iyyuﬁ)! = lyi — B ai| - | Bl

and therefore, by letting p = ¢ = 2 in Eqn (5) of Theorem 4.1,

. it . by . .
Yy = k sgn( UB, i, yiy M) = —————segn((y; — B 2;) - Br)
(ol by O (S 07)1/2
_AT.N\.A 2 R
- o é wi) Pe _ Br ~sgn(yi — B ).
lyi — 0" x| - ||Bll2 118
As a result

1

¢Z:(wiuw§7 7win)T:Sgn(yi_BTxi)' ‘/37

=



and

@ A ~ A
m n ZVI ol (B, i, yis M) i = %Z[(ﬁTﬂUi — i) - Ig+ B ] -sgn(y; — BT
x~ Py P
:n||13|! (BT i —vi) - B+ Ba) B] - sgn(yi — B )
=1
1 <« . .
- nHﬁH 2 (i B) - senlyi = Bla)
i=1
J— o AT )
) nrwn Zy’ )
B HBH Z + Butni) - senlys — 67 x1)
_ o
nHBH Zﬁmm @i - senly ||ﬁ” Zm B ;)
) nHBII Zﬁ sl ||5|| Z”’ W
nrwu Zﬁmm (sen(n) — sgn(nf — (3 — L) 1)
nHﬂH Zm ne) —sen(nf — (B — Bhin) ')
Then we have
P(sgn(n®) # sen(nf — (3 — 8L ) Ta) < P(le] < |(B — BE.) Tas) = %) — o(1),
Recall that E[xisgn(nf)] = E[sz‘sgn((:ﬁjﬂg)Q +¢)] = 0, we have
Z/Bm1n$z Sgl’l i ) OP(\/lﬁ)
Then, we have
® B 1
E_plelz ﬁll ZI f 57 (Bl + 0p( 7))

Moreover, the Hessian matrix

n

1
p(X€,Y°) 1/n ZVQ L,y A) = nXETXe:U?gI‘f‘Op(\/T).

1
1Bl

b



Then, we have

: 2(| L 1 0BT+ Op(VT)) B
e 2Bl + O ) oot
= (B, Iel)? (B + O] (o7 + Oy ™)

= O, o) (B o+ Oyl ™). (10)

Now, let us consider the random effect model in Corollary 5.1, when the true model
isy=p"z+¢ where x € RM, By, ..., B g N(0,1), & ~ N(O,Ug), and z1, ..., Tn i
N(0,021y). Then when we only include m features in the linear predictive model, the
residual

S(L) =@ Hy /(X% V) = (E

nF = &4 Timi1Bmi1 + o+ iarBur-

Then conditional on £, we have
0~ N(0,0¢ + (Brir + o + BRp)o2).

We then have E[|n|]? = %(ag + (BZ1 + ... + B3,)02) Take expectation w.r.t 3, we
have E[|nF|]? = %(Ug + (M —m)o?).
For E _ p [z]2, we have

m+1
E, p llzlla =E[\/B] + ...+ B8%] = | 2.

Plug into (10), we get

E[S.(L)] = e ). (M —m)o2 + 0f) + Op(égﬁ)-

mo? T2(2)

A.4 Proof of Theorem 5.3

Now let us consider the general basis of the regression setting (z;,y;) € R™ x R are
i.i.d. draws from a joint distribution P, ,, for ¢ = 1,2,...,n. Suppose we use the basis
v(z) = (V1(2), ooy va(2)) = (T1, ooy Ty, 3 /2, o 22, /2, {27k } j<k), to approximate y, and
try to solve

5 RIS 1 T 2
6 = arg min ~ ;_1 {0, 21, y) == arg min iE_l(yi — 0" v(x))"
Further, let us define
1
0" = argminEp, , [ (¥ — 070(X))?],

denoting the best population linear approximation to Y.
Denote & = y; — 0" Tv(x;), and let

5 _ . o aT, 2
0 = arg min o - ;(yz 0" v(x;))”.



We have ||6 — 6% = Op(\/2).
By definition, for k € [ l,

0 4 - ~r 0 - ~r 0
b =5 1B i) = o = o)+ 07 5 )| = o = 0 () - 07 (el

Therefore, by letting p = ¢ = 2 in Eqn (5) of Theorem 4.1,

i bz_l Sn( 8 l(éM s ))_ bk Sn( 8 l(éM . ))
F (Zzzle)% B aZL‘.7k min» V1> Yi (Zi:l bz)l/Q g 83:.7k min> Li» Yi
(OTo(@) —y) 0 Fro(w)en _ 87 Fotwer o or v
= A A gn v\x;) —Yi)-
v — 670G 107 o)l 107 Zo(@)] Y
As a result
. . . ~ 1 — O
of = (Wi, 0, k) =sgn(0v(w) —yi)  ————— 0T —v(ay),
107 Zo(ay)|| O
and 5
Val(0, 75, y:) = (9T’U($z‘) —yi) - (%v(x,;))TH
Vool ) = v(@)8T () + (6T o(w) — yi) - oevla)
z,0l\VU, T4, Yi) = i O Zq i Yi or i
Then
® 1 — R
P T T vx lenji/i[naxia i) P
B, Tl 2 N i)

:% ZKQATU(J;Z) — i) - aiv(a;z) + U(%)éT(f?xU(fcz)] . Sgn(éTv(xi) — )
=1
44;L4f.9mx,m
0T Loy \0a"t)

n

:A; Z[(éTU(l‘i) — i)

nHHT@v(xi)H

8%1)( () 0+ o) HéT%v(wi)IIQ] sen(0To(z) — u1)
num i oty 27 gl (a6
=1

T Zv(x» AT Sl sen (@ ofan) o).
i=1

Recall that we assume E[sgn(¢;)x;] = 0, then we have

) . |éT ((L‘Z) y,! 0 9 ol EU - Ta g
5 H:L'HQ _E[ ||9T (331)H or ( 1)(81, ( z)) 9]—1—01,(\/;)
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Then, since

10" v(zi) —yil O

E[— — —v(x; o112

Bl o ) Gy o)
7 gl
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Moreover,

Hy(X6,Y°) = v(x;) —E[v(acz)v(xz)—r]—i-Op(\/z)

3\*—‘
=
=%
i‘g

Then

- 1 0 0 1 m?2
$100) =iy P G gt - (RIS + 04y 1)+, e

A.5 Proof of Theorem 5.4

Now let us first recall the AIF for linear models.

Specifically, let us consider the regression setting (z;,y;) € R? x R are i.i.d. draws
from a joint distribution P, ,, for i = 1,2,...,n. Note that we don’t assume linear
relationship, but the linear regression model tries to find the best linear approximation
by solving

A 1 < 1 &
0= arg mein g Z l(aa 'i.’b yz) ‘= arg mein % Z(yz - HTi.i)27
i=1 i=1
where Z; = x; + ¥; we use (0, Z;,y;) = %( —67%;)? as the loss function.

Further, let us define
1
5 = axgminBp, (1 (y — 672)°) = (Elaz")) ' Elry] = (o) Elry],

B = srgminEp, [ (y—67%)%] = (El#27]) "Eley] = (0% +02) Eley] =

—1—02 ’

denoting the best population linear approximation to Y, which makes Cov(x;,y; —

6*"x;) = 0. Denote 7) =y — ﬂrﬁgxz, we then have E[n x;] = 0.
SUIZ:PFOSG Yi = B r; + Eza then Yi — Bm;;xz =Y — Bmm 5511179 = (5* - ﬁrﬁin)—rl'i +
€ 5m1n/l9

E(ly; — B5L %)% =0



0.2

VCLT( 611111’1 ) Var(yi 0_2 + 0_2 ﬁ*sz)
=Var(y; — % B* ;) + Var( BT,
- (2 1 (2
o2+ 02 o2+ o2
2 2
_ *T ) *T . g *T 9.
_V(I’I"(ﬁ x; + 51 - O'% T 0_72‘5 ZL'Z) + Var(ﬁﬁ 191)
o? T o? T
ar(gg n 026 x;) + Var(&) + ar(ag n 025 i)
2 2 2 2
_ 0,0, *1(12 2 0,0y * (12
_(O'%—i-0'2)HB ”2+U§+(0_%+03)”5 HZ
20202
= + o}
(e 1813 + o
Further, denote nf =19y — Bflllxi, and
) 1
B = argmin - Zl(yi —0"z;)?,
1=
and we have ||3 — 8%, || = Op(y/%). Then, we have
d Bl 1 B ‘ 1
=——(=D 1+ 0p(—=)) = === (Eln;| + Op(—=))
By llzllz (1)1 n ; IV T [ T YD

Moreover, the Hessian matrix on the test data
s 1 m
Hy(X,Y®) = 1/n' Yy Vil(B.af,45: A) = ~XTX =0T +0p(y) ).
i=1

Then we have

))QBT( 21+O (\/7))71/3
vn 18112

= (B, o) (EnFD)* + O =) - (057 0,0/,

Se(L) = @"Hy (X, Y)® = (E,_p |ell2)*(Eluf| + Op(—=

x~ Py

and

~

Se(Lnoise) = @THH_I(Xe,Ye)CD =(E ))2BT((U to )I+ O (\/7»716

vn 1312
= (E,p,llll2)? - € [(Eln;>[)* + Op(\/lﬁ)] (240l + op(\/f)).

[12)? (Bl o= | + Op(—=

x~ P,

Then
~ 20 o
Se(ﬁnoise) _ ‘7920 ) (02-&-02)H6m1HH2 +G§ —1—0( @)
S*E([,) o2+ o? ag n

0'2/0'2 2
_ xlTe 0,0
“a el <<02 - 2>||/3mm||2+0§) +0(\/:>



A.6 Proof of Corollary 6.1

We consider kernel regression in the following form:
La(6,X,Y) = Z ZK zi,7)05)" + A0]3.
z:l

Let us denote K (z;) := (K (z;,21), K(z;,22), - - ,K(mi,wn)) . The proof of Corollary
6.1 is almost the same as T}}eorem 4.1, with slightly modification. Actually, the loss
can be in a general form as £, (6, X,Y), our proof for Theorem 4.1can still be applied.
Since

R 1 &

L0.X,Y) =~ 2(K )76 — )K )+ 22,

VoLn(0,X,Y) nZ; ()70 — i ) K (i) +

we have

Vo 0ln(0,X,) vak( 79— i) K(w:)

- Z 331 TH’CI Tk + K(sz)e chi,xk - yi’cxi,xk)y

where Ky, 2, is a n X m matrix in the following form:

<8K(a:¢,x1)>T

oxy,

sz‘ﬁfk = :
OK (zi,an) \ L
8mk

R 2 2
2 L,00.X,Y)=2" K(z,)K(x;)" 4+ 2AI.
v09£ (0, ) ) n; (i‘) (SL’) + A

Meanwhile,

Thus, we have
é&,min - émin + O(Héa,min - émin”%) :( - vggﬁn(0m1n7 X Y (Z v%,@‘c min X7 Y)(sl

+ 1102 min — émin”2||5i||2>-

Besides,
N 2 —
vxkﬁn(ea Xa Y) = E E; (K(xZ)TH - yz> ’Cz; aﬁke)
1=
By the argument in Theorem 4.1, we know
e—=0 €
where
it A A
Byp = #sgn(VﬂEnwmm, B),
(k1 )7

WithA cp = |inﬁn(émin,k)| and Vxlﬁ (émin,k) is short for the k-th coordinate of
Vi, Ln(0,X,Y).



A.7 Proof of Theorem 6.1

In this subsection, we state more rigorously about our theorem. Firstly, we notice that if
we let n and ¢ in Lemma 6.1 to be independent with each other, actually, the definition
of ZPRO (M) should be defined as

AM,DRO

€,min

T\azo

and will obtain a limit that is dependent of sample size n and as n goes to infinity,
1P RO(M) will goes to a trivial solution 0. In order to obtain a limit independent of
sample size, we need n and € to be dependent. Besides, if we do let n and ¢ to be
dependent, the limit of 7P RO(M) depends on the dependent relationship between e
and n. So unlike AIF, ZPHO(M) is algorithm dependent.

We assume n is a function of ¢ and ne* = 1. Then, we still have

n n
SM,DRO 1 A —1/1 5
Gg’min - Gﬁl’fn %( - EZV%L(QHASH,IZ,%)) (EzvzﬁgL(G%n,xl,yz)éa
i=1 i=1

Notice, we can put all the mass in 6.1 on one of §;, so, we can put all on the §; with
largest ||V, L(0M  z;,9:)|q in order to achieve the maximum, which yields the final
result.
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