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Abstract

In this paper, we study inexact high-order Tensor
Methods for solving convex optimization prob-
lems with composite objective. At every step of
such methods, we use approximate solution of the
auxiliary problem, defined by the bound for the
residual in function value. We propose two dy-
namic strategies for choosing the inner accuracy:
the first one is decreasing as 1/ kPl where p>1
is the order of the method and & is the iteration
counter, and the second approach is using for the
inner accuracy the last progress in the target objec-
tive. We show that inexact Tensor Methods with
these strategies achieve the same global conver-
gence rate as in the error-free case. For the second
approach we also establish local superlinear rates
(for p > 2), and propose the accelerated scheme.
Lastly, we present computational results on a va-
riety of machine learning problems for several
methods and different accuracy policies.

1. Introduction
1.1. Motivation

With the growth of computing power, high-order opti-
mization methods are becoming more and more popular
in machine learning, due to their ability to tackle the ill-
conditioning and to improve the rate of convergence. Based
on the work (Nesterov & Polyak, 2006), where global com-
plexity guarantees for the Cubic regularization of Newton
method were established, a significant leap in the develop-
ment of second-order optimization algorithms was made,
discovering stochastic and randomized methods (Kohler &
Lucchi, 2017; Tripuraneni et al., 2018; Cartis & Schein-
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berg, 2018; Doikov & Richtarik, 2018; Wang et al., 2018;
Zhou et al., 2019), which have better convergence rate, than
the corresponding first-order analogues. The main weak-
ness, though, is that every step of Newton method is much
more expensive. It requires to solve the subproblem, which
is a minimization of quadratic function with a regularizer,
and possibly with some additional nondifferentiable com-
ponents. Therefore, the idea to employ higher derivatives
into optimization schemes was remaining questionable, be-
cause of the high cost of the computations. However, re-
cently (Nesterov, 2019a) it was shown, that the third-order
Tensor Method for convex minimization problems admits
very effective implementation, with the cost, which is com-
parable to that of the Newton step.

Now we have a family of methods (starting from the meth-
ods of order one), for each iteration of which may need to
call some auxiliary subsolver. Thus, it becomes important to
study: which level of exactness we need to ensure at the step
for not loosing the fast convergence of the initial method. In
this work, we suggest to describe approximate solution of
the subproblem in terms of the residual in function value.
We propose two strategies for the inner accuracies, which
are dynamic (changing with iterations). Indeed, there is no
need to have a very precise solution of the subproblem at the
first iterations, but we reasonably ask for higher precision
closer to the end of the optimization process.

1.2. Related Work

Global convergence of the first-order methods with inex-
act proximal-gradient steps was studied in (Schmidt et al.,
2011). The authors considered the errors in the residual
in function value of the subproblem, and require them to
decrease with iterations at an appropriate rate. This setting
is the most similar to the current work.

In (Cartis et al., 2011a;b), adaptive second-order methods
with cubic regularization and inexact steps were proposed.
High-order inexact tensor methods were considered in (Bir-
gin et al., 2017; Jiang et al., 2018; Grapiglia & Nesterov,
2019c;d; Cartis et al., 2019; Lucchi & Kohler, 2019). In all
of these works, the authors describe approximate solution
of the subproblem in terms of the corresponding first-order
optimality condition (using the gradients). This can be diffi-
cult to achieve by the current optimization schemes, since
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it is more often that we have a better (or the only) guaran-
tees for the decrease of the residual in function value. The
latter one is used as a measure of inaccuracy in the recent
work (Nesterov, 2019b) on the inexact Basic Tensor Meth-
ods. However, only the constant choice of the accuracy level
is considered there.

1.3. Contributions

We propose new dynamic strategies for choosing the in-
ner accuracy for the general Tensor Methods, and several
inexact algorithms based on it, with proven complexity guar-
antees, summarized next (we denote by J; the required
precision for the residual in function value of the auxiliary
problem):

e The rule 6 := 1/kP*!, where p > 1 is the order of
the method, and k is the iteration counter.

Using this strategy, we propose two optimization
schemes: Monotone Inexact Tensor Method I (Algo-
rithm 1) and Inexact Tensor Method with Averaging
(Algorithm 3). Both of them have the global com-
plexity estimates O(1/ 5%) iterations for minimizing
the convex function up to ¢ -accuracy (see Theorem 1
and Theorem 5). The latter method seems to be the
first primal high-order scheme (aggregating the points
from the primal space only), having the explicit dis-
tance between the starting point and the solution, in
the complexity bound.

e Therule 6y := ¢ (F'(zp—2) — F(xk—1)), where F'(z;)
are the values of the target objective during the itera-
tions, and ¢ > 0 is a constant.

We incorporate this strategy into our Monotone Inexact
Tensor Method II (Algorithm 2). For this scheme, for
minimizing convex functions up to e-accuracy by the
methods of order p > 1, we prove the global com-
plexity proportional to O(1/ 5%) (Theorem 2). The
global rate becomes linear, if the objective is uniformly
convex (Theorem 3).

Assuming that 0y, := ¢+ (F(xg—2) — F(xk,l))pTJrl , for
the methods of order p > 2 as applied to minimization
of strongly convex objective, we also establish the local
superlinear rate of convergence (see Theorem 4).

e Using the technique of Contracting Proximal itera-
tions (Doikov & Nesterov, 2019a), we propose inexact
Accelerated Scheme (Algorithm 4), where at each iter-
ation k, we solve the corresponding subproblem with
the precision (;, := 1/kP*2 in the residual of the func-
tion value, by inexact Tensor Methods of order p > 1.
The resulting complexity bound is O(1/ 6#) inexact
tensor steps for minimizing the convex function up to
€ accuracy (Theorem 6).

e Numerical results with empirical study of the methods
for different accuracy policies are provided.

1.4. Contents

The rest of the paper is organized as follows. Section 2
contains notation which we use throughout the paper, and
declares our problem of interest in the composite form. In
Section 3 we introduce high-order model of the objective
and describe a general optimization scheme using this model.
Then, we summarize some known techniques for computing
a step for the methods of different order. In Section 3.2 we
study monotone inexact methods, for which we guarantee
the decrease of the objective function for every iteration,
and in Section 3.3 we study the methods with averaging.
In Section 4 we present our accelerated scheme. Section 5
contains numerical results. Missing proofs are provided in
the supplementary material.

2. Notation

In what follows, we denote by E a finite-dimensional real
vector space and by E* its dual space, which is a space of
linear functions on E. The value of function s € E* on
x € E is denoted by (s, ). One can always identify E and
E* with R", when some basis is fixed, but often it is useful
to seperate these spaces, in order to avoid ambiguities.

Let us fix some symmetric positive definite linear operator
B : E — E* and use it to define Euclidean norm for the
primal variables: ||z]| < (Bz,2)1/2, & € E. Then, the
norm for the dual space is defined as:

max

def
5]l =
heE: [hll<1

(s,x) = (s,B~1s)1/2 sc E*.

For a smooth function f, its gradient at point x is denoted
by Vf(z), and its Hessian is V2 f(x). Note that for = €
dom f C E we have Vf(x) € E*, and V2 f(z)h € E* for
h € E.

For p > 1, we denote by D? f(x)[h1,- - , hp] pth direc-
tional derivative of f along directions hy,...,h, € E. If
h; = hforall 1 < i < p, the shorter notation DP? f(x)[h]?
is used. The norm of DP f(z), which is p-linear symmetric
form on E, is induced in the standard way:

def
DP <
|1D? f ()] oy X

[Ihil| <1, 1<i<p

D? f(z)[h,. .., hy]

= max

heE: |[h||<1 |Dpf(;z;)[h}1’|.

See Appendix 1 in (Nesterov & Nemirovskii, 1994) for the
proof of the last equation.

We are interested to solve convex optimization problem in
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the composite form:

mi £

f(@) + (@) }, ()

where ¢ : E — R U {+o0} is a simple proper closed
convex function, and f : domvy — R is several times
differentiable and convex. Basic examples of ¢ which we
keep in mind are: {0, +oo}-indicator of a simple closed
convex set and ¢;-regularization. We always assume, that
solution z* € dom v of problem (1) does exist, denoting
F* = F(x*).

3. Inexact Tensor Methods
3.1. High-Order Model of the Objective

We assume, that for some p > 1, the pth derivative of
the smooth component of our objective (1) is Lipschitz
continuous.

Assumption 1 Forall z,y € dom

[1DPf(z) = DPf(y)ll < Lpllz -yl 2

Examples of convex functions with known Lipschitz con-
stants are as follows.

Example 1 For the power of Euclidean norm f(x) =
pﬁHx — zo||P™, p > 1, (2) holds with L, = p! (see
Theorem 7.1 in (Rodomanov & Nesterov, 2019)).

Example 2 For a given a; € E*,1 <1 < m, consider the
log-sum-exp function:

m>=b4§

i=1

e<“i’f”>> , x€E.

Then, for B := Y " a;a} (assuming B = 0, otherwise
we can reduce dimensionality of the problem), (2) holds
with Lhn = 1, Ly = 2 and L3 = 4 (see Lemma 4 in the
supplementary material).

Example 3 Using E = R, and a; = 0,a2 = 1 in the
previous example, we obtain the logistic regression loss:
f(z) = log(1 + e7).

Let us consider Taylor’s model of f around a fixed point x:

def

F0) & foe) = f@)+ 3 D @)l -l

Then, from (2) we have a global bound for this approxima-
tion. It holds, for all z,y € dom 1)

f@) = @) < Gmlly =2l G

Denote by Qg (x; y) the following regularized model of our
objective:

QH(-r; y) o

H|y—z|P*?!

Froly) + S 4 v(y), @
which serves as the global upper bound: F(y) < Qg (x;y),
for H big enough (at least, for & > L,). This property
suggests us to use the minimizer of (4) in y, as the next
point of a hypothetical optimization scheme, while x being
equal to a current iterate:

Trr1 € Argming Qp(zisy), k>0. 5)
The approach of using high-order Taylor model f,, ,(y) with
its regularization was investigated first in (Baes, 2009).

Note, that for p = 1, iterations (5) gives the Gradient
Method (see (Nesterov, 2013) as a modern reference), and
for p = 2 it corresponds to the Newton method with Cubic
regularization (Nesterov & Polyak, 2006) (see also (Doikov
& Richtarik, 2018) and (Grapiglia & Nesterov, 2019a) for
extensions to the composite setting).

Recently it was shown in (Nesterov, 2019a), that for H >
pL,, function Qg (x; ) is always convex (despite the Tay-
lor’s polynomial f, ,(y) is nonconvex for p > 3). Thus,
computation (5) of the next point can be done by pow-
erful tools of Convex Optimization. Let us summarize
some known techniques for computing a step of the general
method (5), for different p:

e p = 1. When there is no composite part: ¢(x) = 0,
iteration (5) can be represented as the Gradient Step
with preconditioning: xy+1 = xp — BV f(2y).
One can precompute inverse of B in advance, or
use some numerical subroutine at every step, solving
the linear system (for example, by Conjugate Gra-
dient method, see (Nocedal & Wright, 2006)). If
¥(x) # 0, computing the corresponding prox-operator
is required (see (Beck, 2017)).

e p = 2. One approach consists in diagonalizing the
quadratic part by using eigenvalue- or tridiagonal-
decomposiition of the Hessian matrix. Then, com-
putation of the model minimizer (5) can be done very
efficiently by solving some one-dimensional nonlinear
equation (Nesterov & Polyak, 2006; Gould et al., 2010).
The usage of fast approximate eigenvalue computation
was considered in (Agarwal et al., 2017). Another
way to compute the (inexact) second-order step (5)
is to launch the Gradient Method (Carmon & Duchi,
2019). Recently, the subsolver based on the Fast Gra-
dient Method with restarts was proposed in (Nesterov,
2019b), which convergence rate is O(t%), where ¢ is
the iteration counter.
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e p = 3. In (Nesterov, 2019a), an efficient method for
computing the inexact third-order step (5) was out-
lined, which is based on the notion of relative smooth-
ness (Van Nguyen, 2017; Bauschke et al., 2016; Lu
et al., 2018). Thus, every iteration of the subsolver
can be represented as the Gradient Step for the auxil-
iary problem, with a specific choice of prox-function,
formed by the second derivative of the initial objective
and augmented by the fourth power of Euclidean norm.
The methods of this type were studied in (Grapiglia &
Nesterov, 2019b; Bullins, 2018; Nesterov, 2019b).

Up to our knowledge, the efficient implementation of the
tensor step of degree p > 4 remains to be an open question.

3.2. Monotone Inexact Methods

Let us assume that at every step of our method, we minimize
the model (4) inexactly by an auxiliary subroutine, up to
some given accuracy d > 0. We use the following definition
of inexact §-step.

Definition 1 Denote by Ty 5(x) a point T = Ty 5(z) €
dom v, satisfying

Qp(z;T) —min Qp(z;y) < 4. (6)
y

The main property of this point is given by the next lemma.

Lemma 1 Let H = oL, for some o > p. Then, for every
y € dom )

«a _g|Ppt?
F(Tus(x)) < F(y)+oelsl 5 @)

Proof:

Indeed, denoting T' = Ty 5(x), we have

(3) a —z p+1
< F(y)+ el

O
Now, if we plug y := x (a current iterate) into (7), we obtain

F(Tys(z)) < F(x)+0. Soin the case § = 0 (exact tensor
step), we would have nonincreasing sequence {F'(z) } x>0
of test points of the method. However, this is not the case
for & > 0 (inexact tensor step). Therefore we propose the
following minimization scheme with correction.

If at some step k£ > 0 of this algorithm we get x4+1 = Ty,
then we need to decrease inner accuracy for the next step.
From the practical point of view, an efficient implementation

Algorithm 1 Monotone Inexact Tensor Method, I
Initialization: Choose z( € dom . Fix H := pL,,.
for k=0,1,2,... do

Pick up 041 >0
Compute inexact tensor step Ty 11 := Tx 5., (Z1)
if F(Tk+1) < F(gck) then
Tpt1 = Trt1
else
Tht1 = Tk
end if
end for

of this algorithm should include a possibility of improving
accuracy of the previously computed point.

Denote by D the radius of the initial level set of the objec-
tive:

def

D sup{lla—a| : Fla) < Flan)}. @)

For Algorithm 1, we can prove the following convergence
result, which uses a simple strategy for choosing dy 1.

Theorem 1 Let D < +00. Let the sequence of inner accu-
racies {0y } x>1 be chosen according to the rule

5k’ =

T ©)

with some ¢ > 0. Then for the sequence {xy },>1 produced
by Algorithm 1, we have

p+1 p+1
< WHELDT e (10

F(x)— F*
We see, that the global convergence rate of the inexact Ten-
sor Method remains on the same level, as of the exact one.
Namely, in order to achieve F'(zx) — F* < &, we need to
perform K = O(1/ 5%) iterations of the algorithm. Accord-
ing to these estimates, at the last iteration K, the rule (9)
requires to solve the subproblem up to accuracy

Sk = Olec™). (11)
This is intriguing, since for bigger p (order of the method)
we need less accurate solutions. Note, that the estimate (11)
coincides with the constant choice of inner accuracy in (Nes-
terov, 2019b). However, the dynamic strategy (9) provides
a significant decrease of the computational time on the first
iterations of the method, which is also confirmed by our
numerical results (see Section 5).

Now, looking at Algorithm 1, one may think that we are
forgetting the points Ty such that F/(T41) > F'(xy), and
thus we are loosing some computations. However, this is
not true: even if point T has not been taken as zjy1, we
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shall use it internally as a starting point for computing the
next Ty 5. To support this concept, we introduce inexact
d-step with an additional condition of monotonicity.

Definition 2 Denote by My 5(x) a point M = Mp 5(x) €
dom v, satisfying the following two conditions.

Qp(z; M) —min Qp(z;y) < 6, (12)
y

F(M) < F(x). (13)
It is clear, that point M from Definition 2 satisfies Defini-
tion 1 as well (while the opposite is not always the case).
Therefore, we can also use Lemma 1 for the monotone
inexact tensor step. Using this definition, we simplify Algo-
rithm 1 and present the following scheme.

Algorithm 2 Monotone Inexact Tensor Method, 11
Initialization: Choose x¢ € dom . Fix H := pL,,.
fork=0,1,2,... do
Pick up 0341 >0
Compute inexact monotone tensor step Tp4i =
MH751¢+1 (xk)

end for

When our method is strictly monotone, we guarantee that
F(z41) < F(xy) forall k > 0, and we propose to use the
following adaptive strategy of defining the inner accuracies.

Theorem 2 Let D < +oo. Let sequence of inner accura-
cies {0y }>1 be chosen in accordance to the rule

6k = kZQ

c- (F(Ik—z) - F(Ik—l))’

(14)

and 61 > 0. Then for
the sequence {xy }r>1 produced by Algorithm 2, we have

1
fOV someﬁxedO <c< pr2)3pF1_1

'YLprJrl B

F(zg) - F* < prkp Eeh) (15)
where v and 3 are the constants:
def (p+2)P*! def 65, +4c2P*2(F(29)—F*)
7T I ((pr2)3E o) B =

1—c((p+2)*/(p+1)—1)"

The rule (14) is surprisingly simple and natural: while the
method is approaching the optimum, it becomes more and
more difficult to optimize the function. Consequently, the
progress in the function value at every step is decreasing.
Therefore, we need to solve the auxiliary problem more ac-
curately, and this is exactly what we are doing in accordance
to this rule.

It is also notable, that the rule (14) is universal, in a sense
that it remains the same (up to a constant factor) for the
methods of any order, starting from p = 1.

This strategy also works for the nondegenerate case. Let
us assume that our objective is uniformly convex of degree
p + 1 with constant op1. Thus, for all z,y € dom 1 and
F'(x) € OF (z) it holds

Py) - F(2) + (F/(2),y — )
(16)
> Z |y — g,

For p = 1 this definition corresponds to the standard class
of strongly convex functions. One of the main sources of
uniform convexity is a regularization by power of Euclidean
norm (we use this construction in Section 4, where we
accelerate our methods):

Example 4 Let ¢(z) = Jt5llz — zo|PtL, > 0.

Then (16) holds with op11 = 2P (see Lemma 5
in (Doikov & Nesterov, 2019c)).

Example 5 Let ¢(x) = & 2, u > 0. Consider the
ball of radius D around the optimum: B = {x : ||z —z*|| <

D}. Then (16) holds for all z,y € B with 0py1 = Q(fzgi)“
(see Lemma 5 in the supplementary material).

Denote by w,, the condition number of degree p:

def

w, = p+1)°L, 1}

plopt1

max {( (17)

The next theorem shows, that w,, serves as the main factor
in the complexity of solving the uniformly convex problems
by inexact Tensor Methods.

Theorem 3 Let 0,11 > 0. Let sequence of inner accura-
cies {0y }x>1 be chosen in accordance to the rule

0, = c- (F(xk_g) - F(xk_1)), k>2 | (18)

for some fixed 0 < c <5 wp P and 01 > 0. Then for the
sequence {xy}i>1 produced by Algorithm 2, we have the
following linear rate of convergence:

F(zps) — F*
(19)
< (1= 2w

~1/p | c) (F(xg—1) — F*).

Let us pick ¢ := 50 H)wp p, Then, according to esti-
mate (19), in order solve the problem up to € accuracy:
F(zg)— F* < g, we need to perform

1o} (w,l)/p log F(wo)—F*)

K = (20)

iterations of the algorithm.

Finally, we study the local behavior of the method for
strongly convex objective.



Inexact Tensor Methods with Dynamic Accuracies

Theorem 4 Let oo > 0. Let sequence of inner accuracies
{0k }k>1 be chosen in accordance to the rule

p+1

¢ (F(zp—2) — F(zp-1)) =, k>2 | 2D

5k =

with some fixed ¢ > 0 and 6 > 0. Then for p > 2
the sequence {xy}r>1 produced by Algorithm 2 has the
local superlinear rate of convergence:

F(epy) — F*
(22)

= (%(l)% T C) (F(zg—1) — F*)"5.

o2

Let us assume for simplicity, that the constant c is chosen to

be small enough: ¢ < % (a%)(pﬂ)ﬂ. Then, we are able to

describe the region of superlinear convergence as

0= {ecdme: - = ()77}

After reaching it, the method becomes very fast: we need to
perform no more than O(log log %) additional iterations to
solve the problem.

Note, that estimate (22) of the local convergence is slightly
weaker, than the corresponding one for exact Tensor Meth-
ods (Doikov & Nesterov, 2019b). For example, for p = 2
(Cubic regularization of Newton Method) we obtain the con-
vergence of order %, not the quadratic, which affects only a
constant factor in the complexity estimate. The region Q of
the superlinear convergence is remaining the same.

3.3. Inexact Methods with Averaging

Methods from the previous section were developed by forc-
ing the monotonicity of the sequence of function values
{F(zk)}r>0 into the scheme. As a byproduct, we get the
radius of the initial level set D (see definition (8)) in the
right-hand side of our complexity estimates (10) and (15).
Note, that D may be significantly bigger than the distance
|zg — 2*|| from the initial point to the solution.

Example 6 Consider the following function, for x € R™:

WP £ 3 |20 — (=) p1
=2

flz) =

where ") indicates ith coordinate of . Clearly, the mini-
mum of f is at the origin: * = (0,...,0)T. Let us take two
points: xg = (1,...,1)T and 1, such that xﬁ” =201,
It holds, f(xo) = f(x1) = n, so they belong to the same
level set. However, we have (for the standard Euclidean
norm): ||wg — x*|| = \/n, while D > ||z; — x*|| > 2L

Here we present an alternative approach, Tensor Methods
with Averaging. In this scheme, we perform a step not from

the previous point x, but from a point y, which is a convex
combination of the previous point and the starting point:

ye = Mxp+ (1= Ag)zo,

where )\, = (kiﬂ)pJrl

remains very simple.

. The whole optimization scheme

Algorithm 3 Inexact Tensor Method with Averaging
Initialization: Choose x¢ € dom . Fix H := pL,,.
for k=0,1,2,... do

Set A= (55)"", yi = Mk + (1= Ao

Pick up d3+1 >0

Compute inexact tensor step Ty y1 := Tr.s5,,, (Yx)
end for

For this method, we are able to prove a similar convergence
result as that of Algorithm 1. However, now we have the
explicit distance ||xg — =*|| in the right hand side of our
bound for the convergence rate (compare with Theorem 1).

Theorem 5 Let sequence of inner accuracies {0y }i>1 be
chosen according the rule

0 = (23)

_c
kp+1

for some ¢ > 0. Then for the sequence {xy};>1 produced
by Algorithm 3, we have

p+1 zo—z* p+1 c
Flag) — F* < (r+1) Lp;;;\llcpo [, N eZy

Thus, Algorithm 3 seems to be the first Primal Ten-
sor method (aggregating only the points from the primal
space E), which admits the explicit initial distance in the
global convergence estimate (24). Table 1 contains a short
overview of the inexact Tensor methods from this section.

Table 1. Summary on the methods.

Algorithm The rule for 5 Global Local
rate superl
Tensor Method LpDPH1
(Nesterov, 2019a) 0 o ( 133 ) Yes
Monotone Inexact Ll
Tensor Method, T 1/kPH! O( D ) No
(Algorithm 1)
Monotone Inexact O( LppP+1 ) Yes,
Tensor Method, Il (F(zx—1) — F(z))" %P 5 o
(Algorithm 2) a = a=E=
Inexact
Tensor Method p+1 (M)
with Averaging 1/k o kP No

(Algorithm 3)
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4. Acceleration

After the Fast Gradient Method had been discovered in (Nes-
terov, 1983), there were made huge efforts to develop accel-
erated second-order (Nesterov, 2008; Monteiro & Svaiter,
2013; Grapiglia & Nesterov, 2019a) and high-order (Baes,
2009; Nesterov, 2019a; Gasnikov et al., 2019; Grapiglia
& Nesterov, 2019c; Song & Ma, 2019) optimization algo-
rithms. Most of these schemes are based on the notion of
Estimating sequences (see (Nesterov, 2018)).

An alternative approach of using the Proximal Point itera-
tions with the acceleration was studied first in (Gtiler, 1992).
It became very popular recently, in the context of machine
learning applications (Lin et al., 2015; 2018; Kulunchakov
& Mairal, 2019; Ivanova et al., 2019). In this section, we use
the technique of Contracting Proximal iterations (Doikov &
Nesterov, 2019a), to accelerate our inexact tensor methods.

In the accelerated scheme, two sequences of points are used:
the main sequence {x },>0, for which we are able to guar-
antee the convergence in function residuals, and auxiliary
sequence { vy } ;>0 of prox-centers, starting from the same
initial point: vy = x¢. Also, we use the sequence { Ay }r>0

. . def
of scaling coefficients. Denote ay, = A — Ap_1,k> 1.

Then, at every iteration, we apply Monotone Inexact Ten-
sor Method, II (Algorithm 2) to minimize the following
contracted objective with regularization:

def

hipi(z) 2 Appr [T 4 g ()

Apt1

+ Bd(vk; ac)

Here f;(vg;x) e d(z) — d(vk) — (Vd(vg),x — vg) is
Bregman divergence centered at vy, for the following choice
of prox-function:

d@) = glle =l

which is uniformly convex of degree p + 1 (Example 4).
Therefore, Tensor Method achieves fast linear rate of con-
vergence (Theorem 3). By an appropriate choice of scaling
coefficients { Ay }r>1, we are able to make the condition
number of the subproblem being an absolute constant. This
means that only 0(1) steps of Algorithm 2 are needed to
find an approximate minimizer of Ay (+):

hir1(Ves1) = by < Getr (25)

Note that inexact condition (25) was considered first in (Lin
et al., 2015), in a general algorithmic framework for acceler-
ating first-order methods. It differs from the corresponding
one from (Doikov & Nesterov, 2019a), where a bound for
the (sub)gradient norm was used.

Therefore, for accelerating inexact Tensor Methods, we
propose a multi-level approach. On the upper level, we

Algorithm 4 Accelerated Scheme
Initialization: Choose g € dom4). Set vy
AO = 0.
fork=0,1,2,... do
p+1
Set Ak+1 = %
Pick up (x+1 >0
Find vg41 such that (25) holds
Set Thpr o= Ak4+1Vk+1+ARTE

Apg1
end for

‘= To,

run Algorithm 4. At each iteration of this method, we call
Algorithm 2 (with dynamic rule (18) for inner accuracies)
to find vg4.1. For this optimization scheme, we obtain the
following global convergence guarantee.

Theorem 6 Let sequence {(j }1>1 be chosen according to
the rule

G o= g (26)

with some ¢ > 0. Then for the iterations {x }>1 produced
by Algorithm 4, it holds:

F(zp) — F* <

e p+1

< O(Lp(|‘-’ﬂ0k:+l\p +C)). (27)
For every k > 0, in order to find vi41 by Algorithm 2
(for minimizing hyy1(+), starting from vy), it is enough to
perform no more than

_ ok pt1
O(log (k41D (|20 o ke +c))_ (28)
inexact monotone tensor steps.

Therefore, the total number of the inexact tensor steps for
finding e-solution of (1) is bounded by 5(1/6ﬁ) One
theoretical question remains open: is it possible to construct
in the framework of inexact tensor steps, the optimal meth-
ods with the complexity estimate O(l / 5ﬁ) having no
hidden logarithmic factors. This would match the existing
lower bound (Arjevani et al., 2019; Nesterov, 2019a).

5. Experiments

Let us demonstrate computational results with empirical
study of different accuracy policies. We consider inexact
methods of order p = 2 (Cubic regularization of Newton
method), and to solve the corresponding subproblem we
call the Fast Gradient Method with restarts from (Nesterov,
2019b). To estimate the residual in function value of the
subproblem, we use a simple stopping criterion, given by
uniform convexity of the model g(y) = Qg (z;y):

o) ~ming(y) < 3(H)" VeI @9)
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An alternative approach would be to bound the functional
residual by the duality gap'.

We compare the adaptive rule for inner accuracies (14) with
dynamic strategies in the form d; = 1/k®, for different «
(left graphs), and with the constant choices (right).

5.1. Logistic Regression

First, let us consider the problem of training ¢s-regularized
logistic regression model for classification task with two
classes, on several real datasets?: mashrooms (m =
8124,n = 112), w8a (m = 49749,n = 300), and a8a
(m = 22696,n = 123)>.

We use the standard Euclidean norm for this problem, and
simple line search at every iteration, to fit the regularization
parameter 1. The results are shown on Figure 1.
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Figure 1. Comparison of different accuracy policies for inexact
Cubic Newton, training logistic regression.

"Note that the left hand side in (29) can be bounded from below
by the distance from y to the optimum of the model, using uniform
convexity. Therefore, we have a computable bound for the distance
to the solution of the subproblem.

https://www.csie.ntu.edu.tw/~cjlin/
libsvmtools/datasets/

3m is the number of training examples and n. is the dimension
of the problem (the number of features).

5.2. Log-Sum-Exp

In the next set of experiments, we consider unconstrained
minimization of the following objective:

flt(x) = Mln ( eXP(W)) , T E Rna
i=1

where ;1 > 0 is a smoothing parameter. To generate the data,
we sample coefficients {a; }7* ; and b randomly from the uni-
form distribution on [—1, 1]. Then, we shift the parameters
in a way to have the solution z* in the origin. Namely, us-
ing {@;}, we form a preliminary function f,, (), and set
a; := a;—V f,(0). Thus we essentially obtain V £,,(0) = 0.

We set m = 6n, and n = 100. In the method, we
use the following Euclidean norm for the primal space:
||| = (Bx,z)'/2, with the matrix B = Y_;" | a;al, and
fix regularization parameter H being equal 1. The results
are shown on Figure 2.
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Figure 2. Comparison of different accuracy policies for inexact
Cubic Newton, minimizing Log-Sum-Exp function.

We see, that the adaptive rule demonstrates reasonably good


https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
https://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
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performance (in terms of the total computational time*) in
all the scenarios.
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Supplementary Material

A. Extra Experiments
A.1. Exact Stopping Criterion

In the following set of experiments with Cubic Newton method, we compute the exact minimizer of the model (5), at every
iteration. Then, we use this value to ensure the required precision in function value of the subproblem for the inexact step
(in the previous settings we used the upper bound (29) for this purpose). The results for Log-Sum-Exp function are shown
on Figures 3 and 4. The results for Logistic regression are shown on Figure 5.
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Figure 3. Exact stopping criterion, minimizing Log-Sum-Exp function, n = 100.
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Figure 4. Exact stopping criterion, minimizing Log-Sum-Exp function, n = 200.
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Figure 5. Exact stopping criterion, training Logistic regression.

We compare the iteration rate and the corresponding number of Hessian-vector products used, for the constant choice of inner
accuracy (left graphs), dynamic strategies in the form 6, = 1/k® (center), and adaptive strategies oy, = (F(xx—1)—F(zk))®
(right graphs). We use the names “adaptive”, "adaptive 1.5” and "adaptive 2” for « = 1, o« = 3/2, and o = 2, respectively.

We see, that the constant choice of inner accuracy reasonably depends on the desired precision for solving the initial problem.
At the same time, the dynamic strategies are adjusting with the iterations. The best performance is achieved by the use of the
adaptive policies. It is also notable, that in some cases, we need to use “adaptive 1.5 or “adaptive 2” strategy, to have the
local superlinear convergence. This confirms our theory.
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A.2. Averaging and Acceleration

In this experiment, we consider unconstrained minimization of the following objective («*) indicates ith coordinate of x)
f) = [aOP+ 3 e —2t=P, weRr, (30)
i=2

by different inexact Newton methods. Note, that the structure of (30) is similar to that one of the worst function for the
second-order methods (see Chapter 4.3.1 in (Nesterov, 2018)). It is also similar to the function from Example 6.

We compare iteration rates of the following algorithms: Cubic Newton (CN) with dynamic rule d;, = 1/k3, Cubic Newton
with adaptive rule (14), the method with Averaging (Algorithm 3) with 6, = 1/k®, and the accelerated method with
Contracting proximal iterations (Algorithm 4). For the latter one we use (x = 1/k and 0; = 1/k, as the rules for choosing
the accuracy of inexact (outer) proximal steps, and inexact (inner) Newton steps, respectively.’

For the first three algorithms, we also compare the constant choice for the regularization parameter: H = 1 (on the top
graphs), and a simple line search® for choosing H at every iteration (bottom). The results are shown on Figure 6.
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Figure 6. Methods with averaging and acceleration.

We see, that all the methods have a sublinear rate of convergence, until the iteration counter is smaller than the dimension of
the problem. The use of the line search significantly helps for improving the rate. Thus, it seems to be an important open
question (which we keep for the further research) — to equip the contracting proximal scheme (Algorithm 4) with a variant
of line search as well.

3In our experiments, there is no need of high precision for the inexact contracting proximal steps. A faster decrease of &), did not
improve the rate of convergence.

SNamely, we multiply H by the factor of two, until condition F (T 5(z¥)) < Qm(x®; Tw s (")) is satisfied. At the next iteration,
we start the line search from the previous estimate of H, divided by two.
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B. Auxiliary Results

Lemma 2 For every a,b > 0 and integer p > 1 it holds

(a+bP~t < 2p=2gp=1 4 9p—2pp—1, 31)

Proof:

For p = 1 itis trivial. For p > 2 we use convexity of y(z) = 2P~ 1:

atb)P—! ab”l et
(7)< st

which is (31). O

Lemma 3 For every s > 1, it holds

k
Sio< o 6
i=
Proof:
Indeed,
ko ko oo
X S
Y = ltXg s 1+ [ % =
=1 =2 1
|
Lemma 4 For a given a; € E*, 1 < ¢ < m, consider the log-sum-exp function
m
f(x) = log <Z e<‘“*””>> , z€ekE.
i=1
m
Then, for Euclidean norm ||z| = (Bx,z)'/?,2 € B with B = Y. a;a} (assuming B = 0, otherwise we can reduce

i=1
dimensionality of the problem), we have the following estimates for the Lipschitz constants:

Li = 1, Ly = 2, Ly = 4.

Proof:

Denote r(z) = > i, e{@®) Then, forall z € E and h € E, we have

(VF@.h) = b 3 e anh)
(VH@hn) = iy & e (o) — (VF@.0? < Slauh)? = [ul?,
D@ = oy X el (s h) = (VHEL 0P < (T2F@)hh) max (o —aj.h) < 2,
D@ = gy X e (a ) = (Vi (). k) = 3(V2f()h. )
< D) max (a;—a;h) < 4[]

1<i,5<m
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2 1 > 0. Consider the ball of radius D around some fixed point c:

Lemma 5 Let Y(x) = §llx — 0
B = {z:l|lz—c|| <D}
Then, for any p > 1, it holds,

U(y) —P(@) = (Vi(),y —2) > ZElly—aP*,  2yeb,

with op1q = z(fgillﬁ Thus function 1) is uniformly convex of degree p + 1 on a ball.

Proof:

For all z,y € B, we have
[z =yl < llo—cl+lle—yl < 2D.

Therefore,

U(y) —v(@) = (Vi(),y —z) = §lly—af

= gpaprly — P

_ pr-&-l — M”y _ x”p-ﬁ-l.

> sptlly = 551

C. Proof of Theorem 1
Proof:
Indeed, by Lemma 1, for every y € dom 1) we have

(1) e
Flarpr) < F(Thpr) < Fly)+ 2=l g5, k>o.

(33)

. . e . . def def
Let us introduce an arbitrary sequence of positive increasing coefficients { A }r>0, Ao = 0. Denote Gf+1 = A1 — Ag.

Then, plugging y = %LAW“ into (33), we obtain
: P Lplles—a® Pt
Flagy) < GeF 4 g Fa) + g belogrlis g,
or, equivalently
A1 (F CFY) < Ap(F() - F) 4 S Dllmeat 7 g s
k1 (F(Th41) ) < Ap(F(wg) )+ 4 ol + Ag410k41-

k41

Summing up these inequalities, we get, for every k > 1

k L k aPtt 1
Ap(F(zg) = F*) <3 A+ 28 > S [l — 2P+
i=1 ; i

=1

=

k 1
L,DP*?! e
Aiéi + pp! Z 1AP ’
1

i=1 ¢

IN

K3

(34)



Inexact Tensor Methods with Dynamic Accuracies

where the last inequality holds due to monotonicity of the method:
F(z;) < F(xg), i>0.
Finally, let us fix Ay, = kP*L. Then, by the mean value theorem, for some £ € [k — 1; k]
ay = Ap—Ap; = kPTI—(k—1)pt!

= (+1& < (p+ DI

Therefore,
k aPTt k p+1;p(p+1)
Y < X Pmmr— = ek, (35)
and
k ko o
Z Aléz = Z C;p_,_l = ck. (36)
i=1 i=1
Plugging these bounds into (34) completes the proof. ]
D. Proof of Theorem 2
Proof:

First, by the same reasoning as in Theorem 1, we obtain the following bound, for every k > 1:

k L,DPH & art!
Ak(F(.’L‘k)—F*) < ZAi(Si‘i‘pT Z AT (37)
=1 =1 °

. . . . . . def def
where { Ay }>0 is an arbitrary sequence of increasing coefficients, with A, =2 0,and ar, = A — Ajp_1.

Substituting into (37) the values §; = ¢(F(z;—2) — F(z;-1)), ¢ > 2, we have

Ap(Flz) — F*) < Aoy +¢ iAi(F(w”) — Flaiy) + 22 é; k>, (38)
or, rearranging the terms, it holds for every k > 2:
(c+ 1A (F(zx) — F*)
< Au(F(ar) — F*) + cAp(F(zr1) — F*)
BB S s A () — ) A+ A - B )
Lprt et K2
T Z; e 2 aia(F(we) = F7) + Ardy + eda(F (o) = F7),
and for k£ = 1 we have
A (o) — F*) 2 Ays 4 Lo D"“j—? = (5 + Le D70 ) (40)

Now, let us pick A = kP+2. Then,

ary = kP2 —(k—-1)P*2 < (p+2)kPHL,
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and
P+ I ko
< (Pt Y i = (2P Y < (p 2Pt

i=1 =1

k (l
P
Therefore, (39) leads to

(c+ DEPT2(F (zy) — F*)

. - 1)
< wERTRLDT L 12) z (i + 27+ (F(2;) — F*) + 6y + c2P2(F(zo) — F*), k> 2.
And the statement to be proved is
+1
Flap) - F* < o+ 20—, k21, (42)
where » »
def  §14c2P T2 (F(z9)—F") def (p+2)?
b= ey 7 — Taerowesn- 43)
Note, that from our assumptions, c is small enough: ¢ < W, and (43) are correctly defined.
Let us prove (42) by induction. It holds for £ = 1 by (40). Assuming that it holds forall 1 < k < K — 2, we have
. D@ oyp+1p ppl . K=2 L,DP+ 81+c2PH2(F (o) —F*
Flog)—F* = PRme— + o 2 G+ 2)p+1<% + iﬁz) + R
(p+2)P*T | ye(p+2) (z+2)p+1 L,DPt!
< pc+1 + ((,—&-?)K? Z ) : plKP
K—2
Be(p+2 1 §514c2P2(F(zo)—F* 1
+ ( (c(il)) ; wrz T : c(+1( = )) T Kpt2
< (p+2)P T +ye(p+2)3Ptt  L,DPH! Be(p+2)* n 014c2P T2 (F(zg)—F*)\ _1
— c+1 p! KP (c+1)(p+1) c+1 Kpr+2>»
where we have used in the last inequality the following simple bounds:
Z_: z+2)p+1 < 3p+1 Kz_:Q $ < 3p+1K2,
i=1 i=1
K—2 (32)
> & < 2
Therefore, to finish the proof, its enough to verify two equations:
Be(p+2)? 814c2P 2 (F(x0)—F*) (p+2)P fye(p+2)3Ptt
(et T et = f, and 1 = 7
which are (43). O
E. Proof of Theorem 3
Proof:
Indeed, by Lemma 1, for every y € dom 1) we have
T +1
F(ape) < Fly)+ 2=l g6 00 k>0 (44)
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Let us substitute y = A\z* + (1 — \)xy, into (44), where A = wp_l/p € (0, 1]. This gives

F(xg11)

+1 o —g* [P
< AF* 4+ (1 _ /\)F(a:k) + AP Lp“p]? * + 5k+1

< OAFF 4 (1= N F(a) + 2D (g ) - F*) 4 Gy,

op+1p!

where we use uniform convexity in the last inequality. Therefore, for every k£ > 1:

—1/p

Flarn) = F* < (1= 7+ 20 ) (Flag) = F*) + O

p+1

(1= 3w P F(@r) = F*) + e(Flax-1) = Fax)

S (17#wgl/P+c)(F(xk_1)*F*),

the last inequality uses monotonicity of the method: F'(zy) < F(x;—1) and the bound: F* < F(zy).

F. Proof of Theorem 4

Proof:

Let us plug y = =* into (7). Thus, we obtain, for every & > 1:

F(xg41)

<

IN

<

* |1 p41
F* + LPHMZ!I i + k11
p+1
P+ 2(2)7 (F(ax) — F*)' + 6

F* 4 B ()5 (F(an) — F*)'F + o(Planr) - Flag) "+

g2

F* 4 (ﬁ(g)T +C>(F($k—1) - P,

p!

where monotonicity of the method: F(x;) < F(x;—1) and the bound: F* < F'(x}) are used in the last inequality.

G. Proof of Theorem 5

Proof:

The proof is similar to that one of Theorem 1.

By Lemma 1, for every y € dom ) we have

F(rg) < Fy)+

7 .
@ Ly lly—ys [P+
p!

+ 6k)+17 k Z 0.

Let us substitute y = A\xg + (1 — Ag)z*, with Ag defined in the algorithm:

Thus we obtain

1
)\k = (kiﬂ)p-i_ .

x —.’L‘* p+1
Flarer) < (1= M)F* + MF(ay) + (1= prtEeleoo e o5
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or, equivalently

aPt?! 20—z ||PTL
Ap1(F(zpgr) — F*) < Ap(F(ar) — F*) + 5 Lpllzo=a”

k+1

+ Ap10k41,

where A, = kP™! and a, = Ay, — Aj_1 (soitholds: Ay = Ap/Ak+1 and 1 — Ny, = ags1/Ags1). Telescoping these

inequalities and using the bounds (35) and (36) complete the proof.

H. Proof of Theorem 6

Proof:

]

The proof is similar to that one of Theorem 1 from (Doikov & Nesterov, 2019a), where convergence rate of Contracting
Proximal Method is established. Additional technical difficulties, which are arising here, are caused by using inexact

solution of the subproblem, equipped with the stopping condition (25).

. . def . . .
We denote the optimal point of hy41(+) by zx+1 = argmin, . hi+1(y). Since the next prox-center vy is defined as an

approximate minimizer, we have

hiet1(Vesr) = hega(2r1) <0 Qe
Function hy1(+) is strongly convex with respect to d(-), thus we have

(45)
Cor1 > hep1(Vkg1) — a1 (Zeg1) > Ba(Ze+1; Vet1)

> gy vk — 2 P

Therefore,

)

46 def p=1 IR
lvk41r — zeall < &1 = 2T (pH+1)PFI(E0

Let us prove by induction the following inequality, for every k& > 0:
Ba(zo;x) + ApF(x) > Ba(vk;z) + ApF(xg) + Cr(z), z € dom F.

k
where Cy(x) def _ > (Tle — || + CZ-), and 7; def p2P 2| 2 — wo||PEE + 21’*252’4’.
i=1

It obviously holds for £ = 0. Assume that it holds for the current iterate, and consider the next step k + 1:

Ba(zo;z) + Apy1F(2)
= Ba(wo;z) + ApF(z) + app1 F(x)

(48)
> Ba(vk;z) + ApF(2x) + apr1 F(x) + Ci(z)

> Balve;x) + Ak+1f(%t_?wc) + app19(z) + Ap () + Cr()

= hpi(z) + App(ar) + Cr(x),

where the last inequality holds by convexity of f.

(45)

(40)

(47)

(48)

(49)
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Using strong convexity of hj1(-) with respect to d(-), we obtain

hrepr(x) > hega(Zrg) + Ba(zryrs o)

(45)

> hpg1(Vet1) + Balzrt1; @) — Crgr

= i1 (Vkt1) + Ba(Vks1; @) + Ba(2r41; Ve+1) + (Vd(Vet1) — Vd(2k41), T — V1) — Cht1
> hkr1(Vkt1) + Ba(vkt152) — [|[Vd(vkt1) — Vd(zk1) s - |2 — vkl = G-

Now, computing second derivative of d(z) = pﬁ |z — xo]|PHL, we get

V2d(z) = (p—1)llz—zolP"*Blz — o)(z — 20)* B + ||z — xo|["~' B
=< pllz —xolP7'B.
Therefore,
Vd(vgsr) = Vd(zrpe)ll« - = | JVQd(Zk-&-l + 7(Vk41 — 25+1))dAT (V1 — 2i41) [
(47)

1
< Gt [IVd(zrgr + T(Vig1 — 2kg1))|ldT
0

< plrsr [ 2k — zo + T(Vkg1 — 2k [P T
0

(31?47) 7 p—1 2p 2 p-1
< §k+1f( ?|zkgr — zolP + TP dr

_ _ _ def
= p2P sk —wollPT ke + 2P, = Thaa
Combining obtained bounds together, we conclude

(49)
Balwoi o) + A1 F@) > hyer (o) + Ag(on) + Ci(a)

(50)252) hi1 (V1) + Ba(vks132) — T |l — vk || — Gor + Apt(zk) + Cr(2)
= i1 (vks1) + Ba(ve1iz) + App(zr) + Cppa (@)
= Aprf(@ie1) + a1 (V1) + Ba(ow vitr) + Ba(vis1; @) + At (k) + Crta (2)
> A F(zrgr) + Ba(ves1:2) + Crya ().

Thus, (48) is proven for all £ > 0.
Let us plug x := x* into (48). We obtain

(48)
Ba(vg; z*) + Ap(F(xy) — F) g Ba(xo; x*) — Cr(z*)

= Balzo;z )+ZQ+Z7}HU¢*$H

(32)

S /Bd($07$*) + C(;)IIQ) + Z Tz”vz — X H = A,

(50)

(S

(52)

(53)
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and to finish the proof, we need to estimate a, from above.

By uniform convexity of d(-), we have

(53)
s loe — 2P < Ba(vgsa®) < ap (54)
At the same time,
« (54) p=1 1 =
ar = o1 F Tl — 2| < a1 27 (p+ 1)l

_1
Dividing both sides of the last inequality by /", and using monotonicity of {ay, } x>0, we get

ey ey p=1 1
af™ < ot 420 (p+ 1) Ty,

Therefore,
_p_ p—1 k pT
o < <a5+1 LR A S Ti) . (55)
i=1
To finish, it remains to bound the sum of 7;, which is
k k
Xmoo= 2 (p2P7Plz — ol PTG + 2073¢F)
i=1 i=1
GH & 2 1 2 1 2¢p
< (p4P=2||z; — a*[|P71& + p4P 2 ||wo — [P + 2P 72T
i=1
(47) gL *(|p—1 L =1 S T
= pAP2 3 |z —a|PTRE + p(p+ 1) P 2p AP lmg — 2P S0 ¢ (56)
i=1 i=1
9 (p—=1)p P k %
v )T
i=1
(32) k
< pAPE YT |lz — aF||PT G + Ay,
i=1
where
de 1 p—1 1 (p—1) P _p_
Aq tef p(p + 1)1’4lrl 2P+i4p72\|x0 - x*||pflcp41r1 (p+2) + 2P722 e (p+1)pFicrt (%L(g;%’
and we need to bound ||z; — 2*|| from above.
Substituting z := z* into (49), we have
(49)
ﬁd(xo;x*) + A F* > hk+1($*)+Ak1/)(1'k) —i—Ck(x*)
> g1 (2e41) + Ba(zer1; %) + Aptp(xr) + Cr(z) 57
> Appa F(SEEERAI) 4 8 (g5 27) + Ci(a).
So,
1 *
st (pry k1 — &P+
* (57) * *
< 5d(zk+1§x ) < Bd(CCOQI )*Ok(x ) < ag (58)

pt1
P

k
(A2 ALY - x*np-la) ,
=1

(55),(56)
<
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with
P — r —
Ay ol 425 (p+ 1)7AL, and Ay T 255 (p+ 1) 7T par2,
def k 1 .
Therefore, for the monotone sequence v, = Ag+ Az Y ||z; — 2*||P71¢;, it holds
i=1
i1 (58 w=1)? p-1 2oL
Vo1 = Vet Asllzprr — 2P k1 S me+ A2 (p+1)p Y e
(p—1)2 p—1 P—L
< e+ A2 (p+ 1) p Ty d G
p=1
Dividing both sides by 7, 7, , and using monotonicity again, we obtain
1 1 (p—1)2 _
W S W AHB2 T (p+ 1) G, (59)
Telescoping which, gives
_1_ (58) 1 (59) 1 (p—1)2 1k
ol < < A AT (p+ 1) Y g
i=1
1 (p—1) p
< Aé’ 4 Ag2 pp+111’ (p + 1)1,11 CP% 5—157—1 (60)
= O(llwo—w"l + 7).
Finally,
(53) (60) Pt
Fla)-F < g < ofhllegtiha)

Lastly, let us prove bound (28) for the number of tensor steps, needed to find vy 1. We minimize A1 (-), starting from the
previous prox-point vi. We denote the first component of hg1(-), by:

def

A
ge+1(z) = Ak+1f(‘ak+f:+1kxk’)a

which is contracted version of the smooth part of our objective F'(z). Direct computation gives the following relation
between Lipschitz constants for the derivatives of g1 and f:

p+1

ap.] k p+1_pptlyp+l k pyp+1
Lp(gk+1) = AE:I Lp(f) = « +2-]Z+1)p(p+1)) S ((pzrkll(l)j(ill)) = (p + ]-)erl' (61)

Therefore, condition number w,, (17) for Ay is bounded by an absolute constant, and we need to estimate only the value
under the logarithm in (20). Due to Lemma 1, one monotone inexact tensor step M := My 5(v,) for function hyy1(+) with
constant H := pL,(gx+1) gives

(M.(61)
hi41(M) < hesr () + (p+ 1P ly—vp |PF + 9, y € dom . (62)

p!
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We substitute y := z* (minimizer of F’) into (62), and thus we obtain

(62)

P11y, —g*||PH1L
hepr(M) =Rty < hega(e®) — by, + @
@ * o * * (p+1D)P o —z* P!
< A = Ag(ak) + Ba(wos %) — Cp(a™) — hiyq + pl +4
(53),(54)

< A B = Ag(ay) — b + (1 + M)% +4

= Ap 1 F* 7my1n hk+1 JrAk’l/)(l’k)} (1+ M)ak +4

{ 7
a T p+29p—1
< App P - myln{AkJrlF Hf,:fk £) + ﬁd(vk;y)} (1 + %)ak +94
< A F* — Inyln{A;c+1F ak+1U+Akmk)} + (1 + M)ak +4

Apt1 p!

p+29p—1 (60)
= (1+%)ak+6 < O(||J;0—x*Hp+1+c+5>.

So, if we set ¢ := ¢ and perform just one step of the monotone inexact tensor method for Ay 1(+), the remaining amount of
steps [N needed to find vy 1, such that (25) holds, is bounded as:

Ny, (20) O(logM) < O(bgw)

Cht1 c



