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Abstract

Linear networks provide valuable insights into
the workings of neural networks in general. This
paper identifies conditions under which the gradi-
ent flow provably trains a linear network, in spite
of the non-strict saddle points present in the op-
timization landscape. This paper also provides
the computational complexity of training linear
networks with gradient flow. To achieve these re-
sults, this work develops a machinery to provably
identify the stable set of gradient flow, which then
enables us to improve over the state of the art in
the literature of linear networks (Bah et al., 2019;
Arora et al., 2018a). Crucially, our results appear
to be the first to break away from the lazy train-
ing regime which has dominated the literature of
neural networks. This work requires the network
to have a layer with one neuron, which subsumes
the networks with a scalar output, but extending
the results of this theoretical work to all linear
networks remains a challenging open problem.

1. Introduction and Overview

Consider the training samples and their labels {z;, y; }7%, C
R?= x R, respectively. By concatenating {x;}; and {y; }:,
we form the data matrices
X eREX™, Y e R (1)
Consider also a linear network, i.e., a neural network where
the nonlinear activation functions are replaced with the iden-

tity map. To be specific, with IV layers and the correspond-
ing weight matrices {W;}}¥ ,, this network is characterized
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by the linear map

R — R%
z— W, 2)

and the matrix W € R% *9= in (2) is itself specified with
the nonlinear (and often over-parametrized) map

Rdlxdo N RdNXdN—l — Rdyxdm
(le"'aWN)HW::WN"'Wla (3)

where we set dg = d, and dy = d, for consistency.

In foregoing the full generality of nonlinear neural networks,
linear networks afford us a level of insight and technical
rigor that is out of the reach for nonlinear networks, at least
with our current technical tools (Arora et al., 2018b; Yan
et al., 1994; Kawaguchi, 2016; Chitour et al., 2018; Trager
et al., 2019; Saxe et al., 2013; Lu & Kawaguchi, 2017; Yun
etal., 2017).

Indeed, despite the absence of activation functions, matrix
W in the linear network (2,3) is a nonlinear function of
{W;}, and training this linear network thus involves solving
a nonconvex optimization problem in {W;};, which shares
many interesting features of the nonlinear neural networks.
Simply put, we cannot claim to understand neural networks
in general without understanding linear networks.

Training the linear network (2,3) with the data (X,Y) in (1)
can be cast as the optimization problem

Wi, Wi @)
Vj € [N],

which is nonconvex when N > 2. Above, [N] =
{1,---, N}. Let us introduce the shorthand

WN = (Wla"' 7WN)

€ RUxdo s RIVXAN-L = RIN . (5)

{ min %||Y—WNWN,1W1X”%

subject to W; € R%i*di—1

which allows us to rewrite problem (4) more compactly as

min Ly (W) subject to Wiy € RN, (6)
N

where Ly (Wn) = || — Wy - W1 X||%. With this

setup and before turning to the details, let us highlight the
contributions of this paper, in the order of appearance.



Training Linear Neural Networks

e Theorem 2.8 in Section 2 provides a new analysis of
the optimization landscape of linear networks, where
we uncover a previously-unknown link to the celebrated
Eckart-Young-Mirsky theorem and the geometry of the
principal component analysis (PCA).

e Theorem 3.8 in Section 3 identifies the conditions under
which gradient flow successfully trains a linear network,
despite the presence of non-strict saddle points in the
optimization landscape.

Theorem 3.8 thus improves the state of the art in (Bah
et al., 2019) as the first convergence result outside of the
lazy training regime, reviewed later. This improvement is
achieved with a new argument that provably identifies the
stable set of gradient flow, in the language of dynamical
systems theory.

Theorem 3.8 applies to linear networks that have a layer
with a single neuron, see Assumption 3.6. This case
corresponds to the popular spiked covariance model in
statistics, and subsumes networks with a scalar output.
Extension of Theorem 3.8 to all linear networks remains
a challenging open problem, as there is no natural notion
of stable set in general. We will however speculate about
how Theorem 3.8 might serve as the natural building
block for a more general result in the future.

e Theorem 4.4 in Section 4 quantifies the computational
complexity of training a linear network by establishing
non-local convergence rates for gradient flow. This re-
sult also quantifies for the first time how the (faraway)
convergence rate benefits from increasing the network
depth.

Theorem 4.4 presents the first convergence rate for lin-
ear networks outside of the lazy training regime, thus
improving the state of the art in (Arora et al., 2018a).

Indeed, of the dozens of related works, virtually all belong
to this lazy regime, to the best of our knowledge, thus sig-
nifying the importance of this breakthrough. Theorem 4.4
also corresponds to the spiked covariance model.

2. Landscape of Linear Networks

The landscape of nonconvex program (6) has been widely
studied in the literature, with contributions from (Arora
et al., 2018b;a; Chitour et al., 2018; Bartlett et al., 2019;
Saxe et al., 2013; Hardt & Ma, 2016; Laurent, 2018; Trager
et al., 2019; Baldi & Hornik, 1989; Zhu et al., 2019; He
et al., 2016; Nguyen, 2019). The state of the art here is
Proposition 31 in (Bah et al., 2019), reviewed in Appendix E,
which itself improves over Theorem 2.3 in (Kawaguchi,
2016).

The main result of this section, Theorem 2.8 below, is a
variation of Proposition 31 in (Bah et al., 2019) with an ad-

ditional assumption. In Section 3, we will use Theorem 2.8
to improve the state of art for training linear networks, under
this new assumption.

Crucially, the proof of Theorem 2.8 uncovers a previously-
unknown link to the celebrated Eckart-Young-Mirsky theo-
rem (Eckart & Young, 1936; Mirsky, 1966) and the geome-
try of PCA.

To begin, let us concretely define the notion of optimality
for problem (6).

Definiton 2.1 (First-order stationarity for (6)). We say that
W € R is qa first-order stationary point (FOSP) of
problem (6) if

VLy(Wn) =0, )

where VL (W) is the gradient of Ly at Wi.
Definiton 2.2 (Second-order stationarity for (6)). We say

that W € RN is a second-order stationary point (SOSP)
of problem (6) if, in addition to (7), it holds that

VQLN(WN)[AN] >0, VAN € RdN, (8)

where V2L (WN)[AN] is the second derivative of Ly at
Wn along the direction AN.

Definiton 2.3 (Strict saddles of (6)). Any FOSP of prob-
lem (6), which is not an SOSP, is a strict saddle point of (6).

Any SOSP of problem (6) is either a local minimizer of (6),
or a non-strict saddle point of problem (6). Unlike a non-
strict saddle point, there always exists a descent direction
to escape from a strict saddle point (Lee et al., 2017). To
continue, let

ri= Hélﬁ dj, (smallest width of the network) (9)
i<

denote the smallest width of the linear network (2,3). As

shown in Appendix A, we can reformulate problem (6) as

min Ly (W)
Wn

min LY - WX|%2 = L(W

[ 4l I3 = Ly(W) o
subject to rank(W) < r
min 2||Y — PQX||% =: Lo(P,Q

_ fmin 4l =L@
subject to P € R%w X", Q € R"¥4=,

In particular, the notion of optimality for problem (10b)
is defined similar to Definitions 2.1-2.3. There is a corre-
spondence between the stationary points of problems (6)
and (10b), proved in Appendix B.

Lemma 2.4 (Pairwise correspondence between SOSPs).
Any FOSP W = (W4, ,Wx) of problem (6) cor-
responds to an FOSP (P, Q) of problem (10b), provided
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that W = Wy - - - W1 is rank-r. Moreover, @y;SOSP WnN
of problem (6) corresponds to an SOSP (P, Q) of prob-

lem (10b), provided that rank(W') = r.

Let Py := XX and Px. := I,, — Px denote the orthog-
onal projections onto the row span of X and its orthogonal
complement, respectively. Here, X is the pseudo-inverse
of X and I,,, € R™*™ is the identity matrix. Using the
decomposition Y = YPx + YPx 1, we can in turn rewrite
problem (10b) as

min Lz(P, Q)
: 1 o 1|12
Juin sIIYPx — PQ'||%

1
= SIY Py} {Po@ 2
subject to Q' = QX

1 1
2 §||Y7)Xl||% +g}g} §||Y7’X — PQ'|%. (11

The relaxation above is tight, and there is a correspondence
between the stationary points, proved in Appendix C.

Lemma 2.5 (Pairwise correspondence between SOSPs).
Suppose that X X T is invertible. Then it holds that

1 .
- §||Y77Xi 17+ min Ly(P,Q)

min ||YPx — PQ'||% =: Ly(P, Q")
[ bl I = Li( .
subject to P € RWwX" Q' € R™*™,

Any FOSP (P,Q) of problem (10b) corresponds to an
FOSP (P, @/) of problem (12). Moreover, any SOSP (P, Q)
of problem (10b) corresponds to an SOSP (P, @/) of prob-
lem (12).

Note that solving problem (12) involves finding a best rank-
r approximation of YPx or, equivalently, finding r lead-
ing principal components of YPx (Murphy, 2012). By
combining Lemmas 2.4 and 2.5, we immediately reach the
following conclusion.

Lemma 2.6 (Pairwise correspondence between SOSPs).
Suppose that X X T is invertible. Then any FOSP W
of problem (6) corresponds to an FOSP (P, Q') of prob-
lem (12), provided that W =W x - - - W is rank-r. More-
over, any SOSP W of problem (6) corresponds to an
SOSP (P, Q') of (12), provided that rank(W) = r.

We next recall a variant of the celebrated EYM theo-
rem (Eckart & Young, 1936; Mirsky, 1966; Hauser &
Eftekhari, 2018; Hauser et al., 2018), which specifies the
landscape of the PCA problem (12).

Theorem 2.7 (EYM theorem). Any SOSP (P, @I) of the
PCA problem (12) is also a global minimizer of prob-
lem (12).

With Lemma 2.6 at hand, we invoke Theorem 2.7 to uncover
the landscape of problem (6), see Appendix D for the proof.

Theorem 2.8 (Landscape of linear networks). Suppose that
XX is invertible and that rank(Y X1 X) > r. Then any
SOSP W = (W1, , W) of problem (6) is a global
minimizer of problem (6), provided that Wy --- W1 is a
rank-r matrix.

In words, Theorem 2.8 identifies certain SOSPs of prob-
lem (6) which are global minimizers of problem (6). A
few important remarks are in order: (1) The proof of The-
orem 2.8 establishes a pairwise correspondence with the
stationary points and the geometry of the PCA problem.
This connection was previously unknown, to the best of our
knowledge.

(2) Any rank-degenerate SOSP of problem (6) is excluded
from Theorem 2.8, i.e., any SOSP W = (W1, -- , Wx)
such that rank(W y - -- W1) < 7 is excluded from our re-
sult. For example, the zero matrix is a spurious SOSP of
problem (6) when the network depth N > 2, as observed
in (Bah et al., 2019; Kawaguchi, 2016; Trager et al., 2019).
The landscape of problem (6) in general is therefore more
complicated than the special case of N = 2, corresponding
to the Eckart-Young-Mirsky theorem, see Theorem 2.7.

(3) Theorem 2.8 is a variation of Proposition 31 in (Bah
et al., 2019) with a new assumption on Y’ X T X, which will
be necessary shortly. Similar assumptions have been used
in the context of PCA, for example in (Helmke & Shayman,
1995). (4) For completeness, we also prove Theorem 2.8
using Proposition 31 in (Bah et al., 2019) as the starting
point, see Appendix E.

3. Convergence of Gradient Flow

In view of Theorem 2.8 above, even though nonconvex, the
landscape of problem (6) has certain favourable properties.
On the other hand, problem (6) fails to satisfy the strict
saddle property that enables first-order algorithms to avoid
saddle points (Lee et al., 2016; Ge et al., 2015). For example,
the zero matrix is a non-strict saddle point of problem (6)
when the network depth N > 2, as discussed earlier.

Against this mixed background, it is natural to ask if first-
order algorithms can successfully train linear neural net-
works. This fundamental question has remained unanswered
in the literature, to our knowledge. Indeed, outside the lazy
training regime, reviewed in Section 4, it is not known if
gradient flow can successfully solve problem (6).

In fact, the state of the art here, Theorem 35(a) in (Bah
et al., 2019), guarantees the convergence of gradient flow to
a minimizer of Ly, when restricted to one of few regions
in R Even though these regions are known in advance,
their result cannot predict which region would contain the
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limit point of gradient flow, for a given initialization.

In other words, Theorem 35(a) in (Bah et al., 2019) does
not guarantee the convergence of gradient flow to a global
minimzer of problem (6), and gradient flow might indeed
converge to a spurious SOSP of problem (6), such as the
zero matrix. For completeness, Theorem 35(a) in (Bah et al.,
2019) is reviewed in Appendix F.

In an important setting, this section answers the open ques-
tion of convergence of gradient flow for training linear net-
works. This is achieved with a new argument, which enables
us to provably identify the stable set of gradient flow, in the
language of dynamical systems theory. Let us begin with
the necessary preparations.

Consider gradient flow applied to program (6), specified as

. dW.(t

w0 = 0 — gy, Ly (o).
Vj € [N], Vt > 0, (gradient flow) (13)
and initialized at W9 € RIN. Above, Vy, Ly is the
gradient of Ly with respect to W}, the weight matrix for
the jth layer of the linear network, see (4,5,6).

A consequence of the Lojasiewicz’ theorem is the following
convergence result for the gradient flow. See Appendix G
for the proof, similar to Theorem 11 in (Bah et al., 2019).

Lemma 3.1 (Convergence, uninformative). If X X T is in-
vertible, then gradient flow (13) converges. Moreover, the
limit point is an SOSP W € RN of problem (6), for al-
most every initialization Wi o with respect to the Lebesgue
measure in RN,

To study this limit point W, we focus here on a common
initialization technique for linear networks (Hardt & Ma,
2016; Bartlett et al., 2019; Arora et al., 2018a;b).

Definiton 3.2 (Balanced initialization). For gradient
flow (13), we call Wno = (Wi, - ,Wno) € RN ¢
balanced initialization if

T _ T
Wit1,0Wit1,0 = WjoW,o,

Vi e [N —1]. (14)
Claim 4 in (Arora et al., 2018a) underscores the necessity of
a (nearly) balanced initialization for linear networks. More
generally, (Sutskever et al., 2013) highlights the importance
of initialization in deep neural networks. The main result of
this section, Theorem 3.8 below, thus requires an (exactly)
balanced initialization.

Assuming exact balanced-ness in (14) is sufficient here be-
cause the focus of this theoretical work is continuous-time
optimization. More generally, approximate balanced-ness
is necessary for discretized algorithms, such as gradient
descent (Arora et al., 2018a). We avoid this additional layer

of complexity here as it does not seem to add any key theo-
retical insights to this paper.

A useful observation is that, if the initialization is balanced,
gradient flow remains balanced afterwards, see for example
Lemma 2 in (Bah et al., 2019). More formally, gradient
flow (13) satisfies

WjTl-l,OWj-H»O = WLOWJTO’ Vj e [N — 1}

- Wj+1(t)TWj+1(t) = Wj (t)Wj (t)T, (15)

for every j € [N — 1] and every t > 0. Above, the weight
matrix W;(¢) is the j™ component of Wi (t), see (5).

Alongside gradient flow (13), it is convenient to introduce
another flow (Bah et al., 2019; Arora et al., 2018a), which
dictates the evolution of the end-to-end product of the
weight matrices of the linear network.

Concretely, for a matrix W € R% ¥4« consider the linear
operator Ay specified as

Ay RI* e Ry
N
A= (WwWwT)

Jj=1

N—j
N

AWTW)'S. (16

For a balanced initialization Wno = (W10, , Wno),
gradient flow (13) in R induces a flow in R%*%=  ini-
tialized at Wy = Wy Wi € R *d= and specified
as

W(t) = —Aw (VLU(W(#)  VE>0,
= Ay y(WHXXT -YXT)  (see (10a))
(induced flow) (17

see for example Equation (26) in (Bah et al., 2019). Above,
W(t) = Wy (t)--- Wi(t) € Riw>de, (18)

We will refer to (17) as the induced flow, which governs the
evolution of the end-to-end product of the weight matrices
of the linear network.

It is known that induced flow (17) admits an analytic singu-
lar value decomposition (SVD), see for example Lemma 1
and Theorem 3 in (Arora et al., 2019a) or (Illashenko &
Yakovenko, 2008). More specifically, it holds that

SVD =~ = 7

W)= U)SHOVE),  vt>0, (19

provided that the network depth N > 2. In (19),
U(t),V(t), S(t) are analytic functions of ¢ (Parks & Krantz,
1992). Moreover, U(t) € R%* V(t) € Ré=*d are or-
thonormal bases, and S(t) € R% % contains the singular
values of W (t) in no specific order.
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The evolution of the singular values of W () in (19) is also
known (Arora et al., 2019a; Townsend, 2016). In particular,
the following byproduct about the rank of W () is important
for us, see Appendix H for the proof.

Lemma 3.3 (Rank-invariance). For induced flow (17),
rank(W (t)) = rank(Wy) for all t > 0, provided that X X T
is invertible and the network depth N > 2.

Let us henceforth assume that X X T is invertible, and that
gradient flow (13) is initialized at Wi o € M-, Where

MN,r = {WN : rank(WN - Wl) — 7’} C RdN’ (20)

see (5). We now make the following observations about the
set M, proved in Appendix I.

Lemma 3.4 (Propeties of M ;). D M, is not a closed
subset of RIN. (2) The complement of M, in RIN has
Lebesgue measure zero. (In particular, My . is a dense
subset of RIN )

In view of Lemma 3.4, almost every initialization Wi ¢ €
RN of gradient flow (13) falls into the set My ., i.€.,

Wn,o € MN.r, almost surely. 21

Moreover, once initialized in My, with a balanced ini-
tialization, induced flow (17) remains rank-r at all times
by (18,20) and Lemma 3.3. Consequently, gradient flow (13)
remains in M, at all times, see again (18,20). We com-
bine this last observation with (21) to conclude that

Wn(t) € MN,r, vVt >0, almostsurely, (22)

over the choice of balanced initialization Wi o € RN,
Despite (22), the limit point Wi of gradient flow (13)
might not belong to My, because My, is not closed,
see Lemma 3.4.

That is, even though the limit point W of gradient flow is
almost surely an SOSP of problem (6) by Lemma 3.1, we
cannot apply Theorem 2.8 and Wy might be an spurious
SOSP of problem (6), such as the zero matrix. Indeed, Re-
mark 39 in (Bah et al., 2019) constructs an example where
W ¢ M, see also (Yan et al., 1994). To avoid this un-
wanted behaviour, it is necessary to restrict the initialization
of the gradient flow and impose additional assumptions.

Our first assumption is that the data is statistically whitened,
which is common in the analysis of linear networks (Arora
et al., 2018a; Bartlett et al., 2019).

Definiton 3.5 (Whitened data). We say that the data matrix
X € R%*"™ jswhitened if

XXT 1 &
Zmlm;r =14, (23)
=1

m m

where I;, € R¥*d= js the identity matrix.

Our second assumption is that 7 = 1 in (9). This case is sig-
nificant as it corresponds to the popular spiked covariance
model in statistics and signal processing (Eftekhari et al.,
2019; Johnstone et al., 2001; Vershynin, 2012; Berthet et al.,
2013; Deshpande & Montanari, 2014), to name a few.

Moreover, » = 1 subsumes the important case of networks
with a scalar output.

Lastly, the case » = 1 appears to be the natural building
block for the case > 1 via a deflation argument (Mackey,
2009; Zhang & Ghaoui, 2011). Indeed, gradient flow (13)
moves orthogonal to the principal directions that it has pre-
viously discovered or “peeled”. Extending our results to the
case r > 1 remains a challenging open problem.

From (10a) with r = 1, recall that problem (6) for training
a linear neural network is closely related to the problem

1
min 5HYPX — WX ||% subject to rank(W) < r =1

= I%n %HZ — W||% subject to rank(W) <1,  (24)

where the second line above is obtained using (23), and

od
7 = . 25)
m

We are in position to collect all the assumptions made in
this section in one place.

Assumption 3.6. In this section, we assume that the linear
network (2,3) has depth N > 2, and one of the layers has
only one neuron, i.e., v = 1in (9). Moreover, the data
matrix X in (1) is whitened as in (23), and Z = %YXT
in (25) satisfies

$z,2

rank(Z) >r =1, ~z:= <1, (26)

sz
where sz and sz o are the two largest singular values of Z.
Lastly, we assume that the initialization of gradient flow (13)
is balanced, see Definition 3.2.

In view of (26), let us define

Zi=uyz-Sz - v} (target matrix) 27
to be the best rank-1 approximation of Z, obtained via SVD.
Here, ||uzl|l2 = ||vz||2 = 1, and sz appeared in (26).

Note that Z; is the unique solution of problem (24), because
Z has a nontrivial spectral gap in (26), see for example
Section 1 of (Golub et al., 1987).

Let us fix @ € [yz,1). To exclude the zero matrix as the
limit point of gradient flow (13), the key is to restrict the
initialization to a particular subset of the feasible set of
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problem (6) with » = 1, specified as

Mo = {WN =Wy, -, Wn):

tSVD T
Wy Wy "= uw - Sw - Uy,

sw > (@ —7vz)sz, U%Zlvw > asz} C RN (28)

where sz, vz were defined in (26). Above, tSVD stands for
the thin SVD. A simple observation is that the set Ny, has
infinite Lebesgue measure in RN,

Such restriction of the feasible set of problem (6) is nec-
essary as described earlier, see also the negative example
constructed in Remark 39 of (Bah et al., 2019). Crucially,
note that the end-to-end matrices in NN o are positively
correlated with Z, and also bounded away from the origin.

An important observation is that, once initialized in NN 4,
gradient flow (13) avoids the zero matrix, see Appendix J.

Lemma 3.7 (Stable set). For gradient flow (13) initialized
at Wn o € J\/‘Nya, the limit point exists and satisfies W €
M 1. Above, a € (vz,1), and Assumption 3.6 and its
notation are in force, see also (20,28).

Combining Lemma 3.7 with Lemma 3.1, we find that the
limit point Wi € M1 of gradient flow (13) is an SOSP
of problem (6), for every balanced initialization Wiy ¢ €
J\/'N@ outside a subset with Lebesgue measure zero.

We finally invoke Theorem 2.8 to conclude that this SOSP
WnN € M1 s in fact a global minimizer of Ly in RIN
This conclusion is summarized below.

Theorem 3.8 (Convergence). Gradient flow (13) converges
to a global minimizer of problem (6) from every balanced
initialization in NN@ C RN outside of a subset with
Lebesgue measure zero, see (28). Above, a € (vz,1), and
Assumption 3.6 and its notation are in force.

A few important remarks are in order. (1) Outside the lazy
training regime reviewed in Section 4, to our knowledge,
Theorem 3.8 is the first convergence result for linear net-
works, answering the fundamental question of when gradi-
ent flow successfully trains a linear network.

(2) Indeed, under Assumption 3.6, Theorem 3.8 improves
over Theorem 35 in (Bah et al., 2019) which does not guar-
antee the convergence of gradient flow (13) to a solution of
problem (6), and discussed earlier and in Appendix F.

(3) This improvement was achieved by provably restricting
the gradient flow (13) to its stable set NNﬂ in (28), and
such a restriction is indeed necessary as detailed earlier.

(4) Note that Theorem 3.8 sheds light on the theoretical
aspects of the training of neural networks, and should not be
viewed as an initialization technique for linear networks. In

turn, linear networks only serve to improve our theoretical
understanding of neural networks in general.

Let us also examine the content of Assumption 3.6. (1) The
case r = 1 in (9) corresponds to the spiked covariance
model in statistics, and covers the important case of net-
works with a scalar output. Lastly, r = 1 appears to be
the natural building block for extension to » > 1, which
remains an open problem, see the discussion after (23).

(2) The assumption of whitened data in (23) is commonly
used in the context of linear networks, see for exam-
ple (Arora et al., 2018a; Bartlett et al., 2019). @ The
requirement that rank(Z) = rank(YPx) > r = 1in As-
sumption 3.6 is evidently necessary to avoid the limit point
of zero.

(4) Finally, it is known that the induced flow (17) for an
unbalanced initialization deviates rapidly from its balanced
counterpart. It is therefore not clear if an unbalanced flow
would provably avoid rank-degenerate limit points. How-
ever, we suspect that any disadvantage of an unbalanced
initialization will disappear asymptotically as the network
depth IV grows larger, see Equation 8 in (Bah et al., 2019).

4. Convergence Rate of Gradient Flow

In view of Theorem 3.8, it is natural to ask how fast we
can train a linear network with gradient flow. However,
Theorem 3.8 is notably silent about the convergence rate of
gradient flow (13) to a solution of problem (6). In short, is it
possible for gradient flow to efficiently solve problem (6)?

As we review now, this fundamental question has not been
answered in the literature beyond the lazy training regime.
Indeed, several works have contributed to our understanding
here, including (Shamir, 2018; Bartlett et al., 2019; Du &
Hu, 2019; Wu et al., 2019; Hu et al., 2020; Wu et al., 2019),
and (Gunasekar et al., 2017; Soudry et al., 2018; Ji & Tel-
garsky, 2018; Arora et al., 2019a; Rahaman et al., 2018; Du
et al., 2018a) in the related area of implicit regularization.

For our purposes, (Arora et al., 2018a) exemplifies the cur-
rent state of the art and its shortcomings. Loosely speaking,
Theorem 1 in (Arora et al., 2018a) states that, when the
initial loss is small, gradient flow (13) solves problem (6) to
an accuracy of € > 0 in the order of

C_(l_%)log(l/e) (29)

time units, where C' is independent of the depth IV of the
linear network. For completeness, Theorem 1 in (Arora
et al., 2018a) is reviewed in Appendix K.

Theorem 1 in (Arora et al., 2018a) might disappoint the re-
searchers. For one, (29) suggests that increasing the network
depth N only marginally speeds up the training.
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More concerning is that Theorem 1 in (Arora et al., 2018a)
requires a close initialization, which is not necessary for
convergence, see Theorem 3.8. Indeed, Theorem 1 in (Arora
et al., 2018a) hinges on a perturbation argument, whereby
the initialization Wi o of gradient flow (13) must satisfy

Ln(Wn,0) = sufficiently small. (see (6)) (30)

In this sense, (Arora et al., 2018a) joins the growing body
of literature that quantifies the behavior of neural networks
when the learning trajectory is short (Du et al., 2018b;
Li & Liang, 2018; Allen-Zhu et al., 2018b;a; Zou et al.,
2018; Arora et al., 2019b; Tian, 2017; Brutzkus & Glober-
son, 2017; Brutzkus et al., 2017; Du & Lee, 2018; Zhong
et al., 2017; Zhang et al., 2018; Wu et al., 2019; Shin & Kar-
niadakis, 2019; Zhang et al., 2019; Su & Yang, 2019; Cao
& Gu, 2019; Chen et al., 2019; Oymak & Soltanolkotabi,
2018), to name a few.

To be sure, restricting the initialization is necessary for
successful training (Sutskever et al., 2013). For example,
gradient flow would stall when initialized at a saddle point.

However, it is widely-believed that first-order algorithms
can successfully train neural networks far beyond the lazy
training regime considered by (Arora et al., 2018a) and
others, and the line of research exemplified by (Arora et al.,
2018a) is, while valuable, highly over-represented in the
literature.

Indeed, the learning trajectory of neural networks is in gen-
eral not short, and the learning is often not local. We refer
to (Chizat et al., 2019; Yehudai & Shamir, 2019) for a de-
tailed critique of lazy training, see also Appendix K.

Let us dub this more general regime non-local training.
Quantifying the non-local convergence rate of linear net-
works is a vital step towards understanding the non-local
training of neural networks in general.

In an important setting, this section indeed quantifies the
non-local training of linear networks, and addresses both of
the shortcomings of Theorem 1 in (Arora et al., 2018a).

More specifically, for the case 7 = 1 in (9), Theorem 4.4
below quantifies the convergence rate of gradient flow (13)
to a solution of problem (6), even when (30) is violated.

Moreover, Theorem 4.4 establishes that the faraway con-
vergence rate of gradient flow improves by increasing the
network depth. All assumptions for this section are collected
in Assumption 3.6. Let us turn to the details now.

Instead of the convergence rate of gradient flow (13) to
a solution of problem (6), we equivalently study the con-
vergence rate of induced flow (17), as detailed next. The
following result is a consequence of Theorem 3.8, proved
in Appendix L.

Lemma 4.1 (Convergence of induced flow). In the setting
of Theorem 3.8, if gradient flow (13) converges to a solution
of problem (6), then induced flow (17) converges to the
solution Z1 of problem (24). Here, Z1 was defined in (27).

To quantify the convergence rate of induced flow (17), let
us define the new loss function

1
Lia(W):= 5||21 W%, (see (27)) (31)

In this section, we often opt for subscripts to compactly
show the dependence of variables on time ¢, for example, W;
as a shorthand for the induced flow W (¢). Withr = 1, recall
that induced flow (17) satisfies rank(W;) < 1, see (9,18).
Assuming that rank(7) = 1 at initialization, the induced
flow remains rank-1 by Lemma 3.3. Recall also the analytic
SVD of the induced flow in (19). The induced flow thus
admits the analytic thin SVD

tSVD

W, =" 5.0, V>0, (32)

where u; € R% and v; € R% have unit-norm, and s; > 0
is the only nonzero singular value of W;.

A simple calculation using (32), deferred to Appendix M,
upper bounds the loss function L ; in (31) as

Ti,e
—_—~

1
L, (Wy) < i(st — ) Zyvg)?

+sz(sz —utTZlvt). (33)
(S S—
Ta ¢

Roughly speaking, 17 ; above gauges the error in estimat-
ing the (only) nonzero singular value sy of the target 71,
whereas T5 ; gauges the misalignment between W; and Z;.
Both T 4,T5 ; are nonnegative for all £ > 0, see (27,32).

To quantify the convergence rate of induced flow (17) to the
global minimizer Z; of problem (24), we next write down
the evolution of the loss function L ; in (31) as

dLq 1 (Wy)
dt

= (VL12(W2), W3 )
= —m (W, = 2y, Aw, (W, = 2)) . (see (17.25)  (34)

(chain rule)

where the last line also uses the whitened data in (23). Start-
ing with the definition of Ay, in (16), we can bound the
last line of (34), see in Appendix N for the proof.

Lemma 4.2 (Evolution of loss). For induced flow (17) and
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the loss function Ly 1 in (31), it holds that

dLy 1 (W)
dt

2_2 2_2 T
< —2mNs, YTy —2ms; ~(u, Zive)Toy
_2 _2
+V2mNs; Nyy/T1 Tos + 2ms; N sz2Tos, (35)
see (26,32,33) for the notation involved.

Loosely speaking, the two nonpositive terms on the right-
hand side of (35) are the contribution of the target matrix Z;
in (27), whereas the two nonnegative terms there are the
contribution of the residual matrix Z — Z;. The (unwanted)
nonnegative terms in (35) vanish if Z = Z; is rank-1 and,
consequently, vz = sz2 = 0, see (26). In view of (33,35),
we make two observations:

@ Both T ; and T5 ; in (33) appear with negative factors
in the dynamics of (35). For loss L1 ; to reduce rapidly, we
must ensure that s; and utT Z1v¢ both remain bounded away
from zero for all £ > 0.

@ T+ has a large negative factor of —/V in the evolution
of loss function in (35), and is therefore expected to reduce
much faster with time for deeper linear networks.

Letus fix @ € [yz,1) and 8 > 1. Given the first observation
above, it is natural to restrict the initialization of gradient
flow to a subset of the feasible set of problem (24), specified
as

Nog(Zy) == {W 15YD UWw - Sw ~UJV :

(a —72)82 < sw < 5827

U%Zlvw > asz} C R xde (36)

where sz, vz were defined in (26).

The necessity of such a restriction was discussed after (28),
and the (new) upper bound on sy in (36) controls the (un-
wanted) positive terms in (35). Note that Nayg(Zl) is a
neighborhood of Z1, i.e., Z; € Ny g(Z1) by (27).

Once initialized in N, g(Z1), induced flow (17) remains in
Na.5(Z1), see Appendix O, closely related to Lemma 3.7.

Lemma 4.3 (Stable set). Fix o € [yz,1) and 8 > 1. For
induced flow (17), Wy € N, g(Z1) implies that W, €
Na.s(Zy) for all t > 0. Above, Assumption 3.6 and the
notation therein are in force.

In view of Lemma 4.3, we can now use (36) to bound s; and
utT Z1v¢ in (35). We can then distinguish two regimes (fast
and slow convergence) in the dynamics of the loss function
in (35) depending on the dominant term on the right-hand
side of (33). The remaining technical details are deferred to
Appendix P and we finally arrive at the following result.

Theorem 4.4 (Convergence rate). With Assumption 3.6 and
its notation in force, fix o € (vz,1) and B > 1. Suppose
that the inverse spectral gap =z is small enough so that the
exponents below are both negative.

Consider gradient flow (13) with the balanced initializa-
tion Wno = (Wi, ,Wnyo) € RIN such that Wy :=
Wi Wi € R>d satisfies

1SVD
rank(Wp) = 1, Wy "= uosovoT,

(@ —vz)sz < 89 < Bsz, uOTZlvo >asz.  (37)
Let W (t) = (Wh(t),-- ,Wn(t)) be the output of gradi-
ent flow (13) at time t, and set W (t) := W (t) - -- W1 (¢),
which satisfies rank(W (t)) = 1 for every t > 0.

Let T > 0 be the first time when s(1) < V65, where s(7)
is the (only) nonzero singular value of W (7). Then the
distance to the target matrix Z1 in (27) evolves as

vt<T, 12 -WO|E <120 - Wollz (38a)
e—mNS;% ((@—"/2)2_% —27252_%)75‘
vt >, 12y =W (@)|[7 <120 —W(r)|E  (38b)

0 2 2 L2
e Mz N(a(a—72)2 N —2y,Np? N)(t_T)

Under Assumption 3.6, Theorem 4.4 states that gradient
flow successfully trains a linear network with linear rate,
when initialized in the stable set.

As we will see shortly, Theorem 4.4 is the first result to
quantify the convergence rate of gradient flow beyond the
widely-studied lazy training regime. The remarks after The-
orem 3.8 again apply here about Assumption 3.6 and the
case r > 1. A few additional remarks are in order.

D Rephrasing (38), gradient flow (13) solves problem (6)
to an accuracy of ¢ > 0 in the order of

-1
vz (0= 72)2 = 2928%) Mlog(Cle) e > e
—1
mizz (04(04 - 72)2 - 2’YZN52) log(C/e)
— 2_ 2
- (Na((s*';/zZ;QfngZJ[z/ﬁ? - 1) €< €

time units. Above, ¢ is the right-hand side of (38b), evalu-
atedatt = 7.

(2) In Theorem 4.4, the end-to-end initialization matrix W
in (37) is positively correlated with the target matrix 7,
and away from the origin, see our earlier discussions for
the necessity of such restricted initialization. Note also that
(37) should not be seen as an initialization scheme but as a
theoretical result.

(3) The faraway convergence rate in (38) improves with
increasing the network depth N, whereas the nearby con-
vergence rate does not appear to benefit from increasing
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N. This improved faraway convergence rate should be con-
trasted with Arora’s result in (29).

(4) Crucially, the lazy training results fail to apply here. To
see this, with the initialization W0 = (W10, -+, Wn0),
Claim 1 in (Arora et al., 2018a) uses a perturbation argu-
ment, which requires that

|Z —Wno- - Wiollr < $min(Z), (39)

which is impossible unless trivially rank(Z) < r. Indeed,
the network architecture forces that rank(Wy o - - - W1 ,0) <
r, see (9).

In contrast, Theorem 4.4 applies even when (39) is violated,
as it does away entirely with the limitations of a perturbation
argument. Theorem 4.4 thus ventures beyond the reach of
the lazy training regime in (Arora et al., 2018a), which has
dominated the recent literature of neural networks, thus
signifying the importance of this breakthrough.

Thorough numerics for linear networks are abound, see for
example (Bah et al., 2019; Arora et al., 2018a;b), and we
refrain from lengthy simulations and only provide a numeri-
cal example in Figure 1. to visualize the (gradual) change of
regimes from fast to slow convergence, see (38a,38b). This
example also suggests new research questions about linear
networks.

—N=3
. —N=5
= 10° N=7]"
=
\
N
&0
<
-
o
B -1
M 10 | ]

0 2 4 6
Time t

Figure 1. Suppose that the sample size is m = 50, and consider a
randomly-generated whitened training dataset

(X,Y) e R%=>™ 5 RIv>™,

with d, = 5 and dy, = 1. For this dataset, the above figure
depicts the distance from induced flow (17) to the target vector
Z1=2=YX" /m in (25,27), plotted versus time ¢, for training
a linear network with d, inputs and d, outputs, as the network
depth N varies.

The direction of the initial end-to-end vector Wy € R% >4z js
obtained by randomly rotating the direction of the target vector
Z1 by about 30 degrees. We also set ||[Wo||2 = 10| Z]||2. Instead
of induced flow (17), we implemented the discretization of (17)
obtained from the explicit (or forward) Euler method with a step
size of 10~ with 10° steps.

This simple numerical example visualizes the (gradual) slow-down
in the convergence rate of gradient flow with time, see (38), and
also shows the faster faraway convergence rate for deeper networks,
see Theorem 4.4.

The above figure also suggests that the nearby convergence rate of
gradient flow (13) might actually be slower for deeper networks.
It is however difficult to theoretically infer this from Theorem 4.4,
because (38b) is an upper bound for the nearby error. The precise
nearby convergence rates of linear networks (and any trade-offs
associated with the network depth) thus remain as open questions.
Note also that the local analysis of (Arora et al., 2018a) cannot be
applied here, as discussed after Theorem 4.4.
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A. Derivation of (10a,10b)

To show (10a,10b), it suffices to show that the map

T(dn) : RN — Mo
Wn =Wy, --- ,Wn) = W=Wy---Wi, (40

is surjective, which we now set out to do.

Above dN = (do, - - dN) and RN = Rdo x ... x R4~

is the set of all dy X dj matrlces of rank at most r. As a
side note, ./\/ldN Xdo is the closure of the manifold of rank-
7 matrices. Lastly, the network architecture dictates that
satisfies

(see (9)) 41

mind; = r.
J

The proof of this surjective property is by induction.

The base of induction for N = 1 is trivial because I1(dg, d1)
is simply the identity map by (40) and thus surjective, in
particular for any pair of integers (dy, d;) that satisfies (41).

For the step of induction, suppose that II(dy) is surjective
for every tuple dn = (do, - - - , d ) that satisfies (41).

For an arbitrary integer dy 1, consider also an arbitrary
matrix

W e M X, (42)

with the SVD

SVD

WX U.svVT =U-Q, (43)

where U € Rdf +1xdn+1 and V' € R4*do are orthonor-
mal bases, and S € R4N+1%d0 contains the singular values
of W.

In particular, note that Q € RI¥+1%d0_ Note also that (42)
implies that

rank(Q) = rank(W) < r, (44)
because U is an orthonormal basis.
Combining (41) and (44), we reach
rank(Q) < r < dy. (45)
In view of (45), it is therefore possible (by padding with

zero columns or removing some columns from U and the
corresponding rows from () to create U’ and Q’ such that

W = [7' . é/T
where U’ € RvH1xdn @/ ¢ RIvxdo (46)

In this construction, rank(Q’) = rank(Q) < r and Q' €
RI~*do Consequently, the step of induction guarantees the
existence of W = (W, -, W;) € R such that

Q =Wy Wi (47)
It follows that
W=U-Q  (see(46))
=UWy---Wi.  (see (47)) (48)
That is,
W =1(dg, - ,dni1)[Wi,--- ,Wn,U'], (49

which completes the induction. We thus proved that TT(dn)
is a surjective map for every tuple dy that satisfies (41).

B. Proof of Lemma 2.4

Let Wy = (Wy,--- ,Wy) € R be an FOSP of
problem (6). For an infinitesimally small perturbation
AN = (Ay, -+ ,Ax) € RN, we can expand Ly in (6) as

LN(WN + AnN)
= Ly(Wn) 4 VLy(Wn)[AN]

+ %VQLN(WN)[AN] +o
— 1 I
= Ly(Wn) + §V2LN(WN)[AN] +o0. (50

where o represents (negligible) higher order terms, and the
second identity above holds because W1y is assumed to
be an FOSP in Lemma 2.4, see Definition 2.1. Above,
V2Ly(WnN)[AN] contains all second order terms in the
variables An.

Let jo correspond to a layer with the smallest width within
the linear network (2,3), i.e.,

r= ]H%l]{[l d; (see (9))
= dj,. (51)
We also set
P = WN .. 'Wj0+1 € ]Rdyxr,
Q:=Wj, - W, € RT¥% (52)
for short, and note that
=P-Q= W,
rank(W) = rank(P) = rank(Q) =, (53)

where the second line above holds by the assumption of
Lemma 2.4.
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Indeed, W = P - @Q implies that

min(rank(P),rank(Q)) > r. (54)

Note also that P has r columns and @ has r rows, thus

max(rank(P),rank(Q)) < r. (55)
Together, (54) and (55) give the second line of (53).

On the one hand, for an arbitrary (Ap,Ag), we can relate
the perturbation of W to the perturbation of (P, () as

Wy +AN)-- (W14 Ay)

= (P+Ap)(Q+Aq), (56)
where

Ay = W1§TAQ,

A; =0, 2<i<N-1,

An = ApP' Wy, (57)

and t denotes the pseudo-inverse, and we used the second
identity in (53).

Indeed, for the choice of Ay in (57), it holds that

(Wi +An)--- (W1 +4Ay)

= (Wn+ApP W)Wy
W (W + W Q Ag)

= (L, + ApP YW Wy -
- WoWi (I, +@TAQ)

= (Lo, + ApPYP - QLs, +Q'Ag)  (see (53))

= (P+Ap)(Q+Aq), (58)

(see (57))

which agrees with (56). The last line above uses the second

identity in (53), i.e., rank(P) = rank(Q)) = r. Above,
I, € R%*dy is the identity matrix.
On the other hand, we can expand L» in (10a) as
Ly(P + Ap,Q + Ag)
= Ly(P,Q) + VL2(P,Q)[Ap, Ag)
+V2Ly(P,Q)[Ap, Ag] + o, (59)

where o again higher order terms. Above,
VLy(P,Q)[Ap,Ag] collects all first order terms in
the variables (Ap, Ag). Likewise, V2 Lo (P, Q)[Ap, Ag]
contains all second order terms in (Ap, Ag).

For convenience, let us define the map
Ly R%*% 5 R

1
W= Sy - WX, (60)

and note that

Ly(P,Q) = L1(PQ), (see (10b))
Ly(Wn) =Li(Wyx ---Wh), (see (6)) (61)

for every P, Q, Wn.

In view of (61), we now write that

Ly(P+ Ap,Q + Ag)

=Li(P+Ap)(Q+Aq))  (see(61))
=Li(Wy+AN)-- (Wi +A)) (see (56))
= Lnv(Wn + An), (see (61)) (62)

for ANy = (Aq, -+, An) specified in (57).

As a result of (62), the expansions in (50) and (59) must
match. That is, for an arbitrary (Ap, Ag) and the corre-
sponding choice of Ay in (56), it holds that

VL (P,Q)[Ap,Aq]

=VILy(Wn)[AN] =0, (see (50,59)) (63)

and

V2Ly(P,Q)[Ap, Ag)

=V2Ly(WN)[AN].  (see (50.59))  (64)

It follows from (63) that (P, Q) is an FOSP of problem (10a)
if Wy is an FOSP of problem (6).
Moreover, if W1y is an SOSP of problem (6), then the last
line of (64) is nonnegative, see Definition 2.2. That is,
V2Ly(P,Q)[Ap, Ag]
= V2Ly(Wn)(AN) > 0, (65)
for an arbitrary (Ap, Ag) and the corresponding choice of
AN in (56). Therefore, (P, @) is an SOSP of problem (10a)

if Wy is an SOSP of problem (6). This completes the proof
of Lemma 2.4.

C. Proof of Lemma 2.5

Recall that Py and Px . denote the orthogonal projections
onto the row span of X and its complement, respectively.

Using the decomposition Q' = Q"Px + Q'Px., the last
program in (12) can be written as

1
in =Y _p 1112
g}g}QII Px — PQ'|%

1 1
= min 5|V Px = PQPx} +5IPQPxs 3. (66
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From the above decomposition, it is evident that the mini-
mum above is achieved when the last term in (66) vanishes.
This observation allows us to write that

o1
wmin S|VPx — PQ/|}

in *IIYPX - PQX|%,

(67)

I}p %HYPX PQ'Px|% (see (66))
n 5 YPx - PQ"|I%
B {subject to Q" = Q' Px
min HYPx — PQ"|%
- {subject to row span(Q”) C row span(X)
min 5[[YPx - PQ"|%
B {subject to Q" =QX
— B0

which proves the tight relaxation claimed in (12). The third
identity above uses the fact that the map

R™ ™ — row span(X)
Q' —Q"=QPx (68)
is surjective.

To prove the second claim in Lemma 2.5, let (P, Q) be an
FOSP of problem (10b), which satisfies

0= (Y -P QX)X T@ ;
0= PT( ~P-QX)X (69)
After setting
Q =0x, (70)
the above identities read as
0= -P-QX)X'Q  (see (69))
= (YPx-P-QX)XTQ"
=(vPx-P-Q)Q", (71)
and
0=P (Y -P-QX)X"  (see(69))
P (YPx - P-QX)X '
—P (YPx-P-Q)X". (72)
Recall that

row span(@/) C row span(X). (see (70))  (73)

With this in mind, (72) implies that

0=P (YPx—P-Q)X"
—P (YPx -P-Q),

(see (72))
(see (73)) (74)
where we also used the assumption that X X ' is invertible.

By combining (71,74), we conclude that (P, @/) is an FOSP
of problem (12) if (P, Q) is an FOSP of problem (10b).

To prove the last claim of Lemma 2.5, let (P, Q) be an
SOSP of problem (10b), which satisfies

1 _ _
5||APQX + PAQX|5 +(P-QX —Y,ApAgX) =

1 _ _

5||APQX + PAQX|5 + (P-QX — YPx,ApAgX)
Letus set Q = QX as before, and also note that the map

R"™*%= — row span(X)

AQ — AQ/ = AQX (76)

is evidently surjective. Then we may rewrite (75) as

S8R + PAGIE+(P-Q — ¥Px, ApAg) 20
Y(Ap,Ag/) € R%*" x row span(X), (77)
On the other hand, recall again (73). When
Agr L row span(X), (78)

we have that
1 ., .
518pQ +PAG T +(P-Q — YPx, ApAg)
1, = —
= 51APQ 17 + [PAq 7 > 0,
Y(Ap,Agr) € R%*" x row span(X)™, (79)

where the identity above uses (73,78).
ing (77,79), we reach

By combin-

1 ., _
518pQ +PAG T+ (P Q — YPx, ApAg)
>0, V(Ap,Ag). (80)

It is evident from (80) that (P, Q') is an SOSP of prob-
lem (12) if (P, Q) is an SOSP of problem (10b). This
completes the proof of Lemma 2.5.

D. Proof of Theorem 2.8

We begin with a technical lemma below, proved with the aid
of EYM Theorem 2.7. This result is standard but a proof is
included for completeness.
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Lemma D.1. If rank(YPx) > r, then any SOSP (P, Q)
of problem (12) is a global minimizer of problem (12) and
satisfies

rank(P) = rank(@/) = rank(W) =r, (81)
where W = P - @/.
Before proving the above lemma in the next appendix, let

us show how it can be used to prove Theorem 2.8.

Let us assume that rank(YPx) > r, so that Lemma D.1

is in force. Then any SOSP (P, @I) of problem (12) is a
global minimizer of problem (12) and satisfies (81).

Let us also assume that X X | is invertible, so that Lemma
2.6 is in force. Lemma 2.6 then implies that any SOSP
W of problem (6) corresponds to an SOSP (P, Q') of
problem (12), provided that W = Wy --- W is rank-r.
The relationship between these quantities is

Wy Wi X=WX=P-Q. (see(5370) (82)

In light of the preceding paragraph, we observe that any
SOSP W of problem (12) corresponds to a global mini-

mizer (P, Q') of problem (12), provided that T is rank-r.

Using the decomposition ¥ = YPx + YPx., we can
therefore write that

1 — —

SIY =W WX
1 — — 1

= §||YPX — Wy WiX|3 + §||Y7DXL||%
1 - —= 1

= 5IYPx ~P- Qi+ 5IYPxe [} (see(82))

— mi 1 12 1 2

= min 5 [YPx — PQ'[} + 51V P}

1 )
=min Sy - PQX[F  (see(12))

. 1
min SV = Wiy WX [ (see (10b)) (83)

That is, any SOSP Wy of problem (6) is a global minimizer
of problem (6), provided that W is rank-r. This completes
the proof of Theorem 2.8.

D.1. Proof of Lemma D.1
We conveniently assume that

rank(YPx) =, (84)
but the same argument is valid also when rank(YPx) > 7.

Let

tSVD

YPx 2’ USV (85)

denote the thin SVD of YPx, where U € R%>" has or-
thonormal columns, L/ € R™>™ has orthonormal rows, and
the diagonal matrix S € R"*" contains the singular values
of YP X.

By the way of contradiction, suppose that (P, Q') is an
SOSP of problem (12) such that

rank (P - @/) <. (86)
Without loss of generality, we can in fact replace (86) with

rank(P) = rank(Q') = rank(P- Q') <r.  (87)
(Indeed, for example if rank(P) < rank(Q') < r, then
(PPg, ”Pg@/) takes the same objective value in prob-
lem (12) as (P, @/) Here, Py is the orthogonal projection
onto the subspace S = row span(P) N column span(Q’).

On the other hand, by EYM Theorem 2.7, the SOSP (P, @/)
is in fact a global minimizer of problem (12). Therefore,
(?Pg, Pg@/) too is a global minimizer of problem (12)
and a fortiori an SOSP of problem (12). We can thus re-
place (P, Q') with the SOSP (PPg, PgQ') which satisfies
rank(PPg) = rank(Pgal) < r. That is, the assumption
made in (87) indeed does not reduce the generality of the
following argument.)

Assuming (87), next note that (P, @/) satisfies

P = [ USp Odyxl ] ERdyXT

— S /V

Q= [ o
1xd,

:| c Rrxm, (88)

where U € R%*("=1 and V' € R"=D*™ correspond to
those left and right singular vectors of YPx that might

be present in P - Q, see for example Lemma 5.1 (Item 5)
in (Hauser & Eftekhari, 2018).

In (88), Sp,Sg: € R™ " are (not necessarily diagonal)
matrices, and we note that U and V' are column and row
submatrices of U and V/, respectively.

In view of (84,85,86), there exists a unique pair (u, v) of left
and right singular vectors of YPx that is absent from (88),
ie.,

UTu=0, Viv=0. (89)

To match the representation in (85), note that v above is a
column-vector whereas v is a row-vector. In particular,

=[]

YPx =USV = USV + usv,

ﬁ:[U u],

(see (85))  (90)
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where S € R"! and s € R collect the singular values
corresponding to (U, V') and (u, v), respectively.

To proceed, consider inifinetsimally small scalars §,
and d,,. Consider also an infinitesimally small perturbation

(Ap,Ag)in (P, @/), specified as

P+ Ap= [ USp duu }

Q +2g = [ SV } o1

Op¥

It immediately follows that

(P‘FAP)(Q/‘FAQ/)
USp byu]- [ SoV }

5o (see (91))

USpSq'V + 60,uv
P. @/ + 0,0, uv.

(see (88)) 92)

From (89), it is evident that the perturbation in (92) is or-
thogonal to P - @/.

To continue, let us define the orthogonal projections Py =
UUT and P, = wu', and define Py, P, similarly. In
particular, we can decompose Y Px as

YPx = (Pu+Pu) YPx)(Py +Py)
= Py(YPx)Py + Pu(YPx)Py, (93)

where the cross terms above vanish by properties of the
SVD, see (85,89). Indeed, for example,

Pu(YPx)P, =UU T (USV)v v (see (85))
= UUT(USV + usv)vTv (see (90))
=UU"usv  (see (89))
=0, (see (89)) 94)

where S and s collect the corresponding singular values
for the singular vectors collected in (U, V') and (u,v), re-
spectively. We will use the decomposition (93) immediately
below.

Under the perturbation in (91), the objective function of

problem (12) becomes

1 = —

SIVPx = (P+Ap)(@ +Ag)F 95)
1 = —

= 5IVPx = (P+6,u)(@ + 0l (see (91)

= %IIYPX —P-Q - s.0uv]3  (see(92)

1
= 5Py +Pu)
(YPx —P- @/ — 0u0puv)(Py + ,PU)H%
1 _ =
=5 I(Po(YPx)Pv —P-Q)

+ (Pu(YPx)P, — 8udyuv)||% (see (93))
= %”PU(YPXyPV -P-Q%
+ %HPU(YPX)PU — bu0,uv||% (see (88))
= L IPo(yPx)Py ~ P Qi
+ %IuT(YPx)vT — 8udy|?. (96)

It is now clear from (96) that the perturbation in (91) de-
creases the objective function of problem (12) if we choose
the signs of J,, and 4, carefully.

Indeed, we can upper bound the last line of (96) as
1 — _
SIYPx = (P+6u)@ +6v) &
1 -
= 5IPe(YPx)Py ~P-Q |

1
+ §|uT(Y7DX)vT —0u0,>  (see (96))

1 = —= 1
<SIPoPx)Py = P-Q i + 5’ (YPx)olk
1 = —= 1
= S IPo(YPx)Py = P-Q I} + 3 Pu(YPx)Pu 3

1 = =
=5IYPx = P-QF,  (see(88,93) (97)

where we chose 0,9, above such that sign(d,d,) =
sign(u (YPx)v ).

Note that (97) contradicts the assumption that (P, @/) is an

SOSP of problem (12), see Definition 2.2. In fact, (P, @/)
is a strict saddle point of problem (12) because (Ap, Ag)
is a descent direction, see Definition 2.3.

Provided that rank(YPx) > r, we conclude that any SOSP
(P, Q) of problem (12) satisfies

rank(W) = r, where W =P-Q . (98)
We can in fact replace the conclusion in (98) with

rank(P) = rank(Q') = rank(W) = r. (99)
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—/

Indeed, max(rank(P),rank(Q )) < 7 because P has r
columns and @/ has r rows, see (12). On the other hand,
min(P, @I) > r because of (98). These two observations

imply that rank(P) = rank(Q) ) = r, as claimed in (99).

Lastly, by EYM Theorem 2.7, any SOSP of the PCA prob-
lem (12) is also a global minimizer of problem (12). This
completes the proof of Lemma D.1.

E. Another Proof for Theorem 2.8

Here, we establish Theorem 2.8 with Proposition 32 in (Bah
et al., 2019) as the starting point. For completeness, let us
first recall their result, adapted to our notation.

Proposition E.1. For every r' € [r], An SOSP W €
M of problem (6) is a global minimizer of L restricted
to the set M .

Next, let us recall from (10b,12) that

in L
min ~(WN)

= min

1
ZNY =W - W X2
Wi, Wi 2H N 1 Xl

(see (4,6))

o1
=min S|V - PQX|F  (see (10b)

_ 1 2 : 1 12
= 2||Y7>XL||F+%; 5IIYPx — PQ'|F, (100)

where the last line above is from (12).

In view of (100), a global minimizer Wg =
(W, ,Wg) of problem (6) (the first program in (100))
corresponds to a global minimizer (P°,Q’°) of prob-
lem (12) (the last program in (100)) such that

W We=W°,  W°X =P°Q°  (101)
By assumption of Theorem 2.8, it holds that rank(Y Px ) >
r. We can therefore invoke Lemma D.1 in Appendix D to
find that

rank(Wy; - - - W7) = rank(W?) (see (101))

=r. (see Lemma D.1)  (102)
It is convenient to rewrite (102) as
(Wlov"’ 7W1(\)/) € MN,rv (103)

where
MN = {WN =Wy, -, W)
rank(Wy - - Wy) = r} CRIN. (104)

On the other hand, with k = = T, Proposition 32 in (Bah et al.,
2019) states that an SOSP W € M1y - of problem (6) is

almost surely a global minimizer of Ly restricted to the set
M. In view of (103), we see that W is in fact a global
minimizer of Ly in R . This completes our alternative
proof for Theorem 2.8.

F. Theorem 35(a) in (Bah et al., 2019)

For completeness, here we recall Theorem 35(a) in (Bah
et al., 2019), adapted to our notation.

Theorem 35(a) (Bah et al., 2019). Suppose that X has full
column-rank and that rank(Y XTX) > r. Then gradient
flow (13) converges to a global minimizer of L restricted
to the M -+ for some v’ < r from any initialization outside
of a subset with Lebesgue measure zero.

The key drawback of Theorem 35(a) above is it cannot
ensure the convergence of gradient flow (13) to a global
minimizer of Ly. For example, if ' = 0 above, then
gradient flow converges to the zero matrix, which is known
to be a non-strict saddle point of problem (6) when N > 2.

G. Proof of Lemma 3.1

On the one hand, note that the objective function L (W)
of problem (6) is analytic in Wy;.

On the other hand, recall the assumption that X X T is invert-
ible. Then, regardless of initialization, gradient flow (13) is
bounded, i.e., contained in a finite ball centered at the origin,
see Step 1 in the proof of Theorem 11 in (Bah et al., 2019).

We can now invoke the Lojasiewicz’ theorem, see for ex-
ample Theorem 10 in (Bah et al., 2019) or (Absil et al.,
2005; Lojasiewicz, 1982), to conclude that gradient flow
converges to an FOSP Wy of problem (6), regardless of
initialization.

Lastly, gradient flow (13) avoids strict saddle points of Ly
for almost every initialization Wy o, with respect to the

Lebesgue measure in RN see Theorem 4.1 in (Lee et al.,
2016).!

We conclude that the limit point Wy of gradient flow (13)
is in fact an SOSP of problem (6), for almost every initial-
ization with respect to the Lebesgue measure in R~ This
completes the proof of Lemma 3.1.

Part of this argument is identical to the one in Theorem 11
of (Bah et al., 2019).

'Strictly speaking, Theorem 4.1 in (Lee et al., 2016) is for
gradient descent with a sufficiently small step size. However, their
claim also holds for the limit case of gradient flow, as the step size
of gradient descent goes to zero.
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H. Proof of Lemma 3.3

In the SVD of W () in (19), we let {si(t)}?:ll(dy’d“) denote
the singular values of W (¢) in no particular order, with the
corresponding left and right singular vectors denoted by
{ui(t),vi(t)}s, forevery t > 0.

On the one hand, the evolution of the singular values of
W (t) in (19) is described by Theorem 3 in (Arora et al.,
2019a) as

$i(t) = =Ns;(1)> % -uy () TVL (W (t))vs (), (105)

for every t > 0, where L; was defined in (10a). Moreover,
since the network depth N > 2, {s;(¢)}; remain nonnega-
tive for every ¢ > 0.

On the other hand, the singular values of W (¢) are bounded,
i.e., max; sup, s;(t) < oo.

Indeed, if XX is invertible, then gradient flow (13) is
bounded regardless of initialization, see Step 1 in the proof
of Theorem 11 in (Bah et al., 2019). Recall also that gradient
flow (13) and induced flow (17) are related through the map

RdN N ]Rdy Xdg

WNZ(W1,'~',WN)—>W=WN'~'W1. (106)

Consequently, induced flow (17) and a fortiori its singular
values too are bounded.

We finally apply Lemma 4 in (Arora et al., 2019a) to (105)

and find that each s; () is either zero for all ¢ > 0, or positive

for all ¢ > 0, provided that the network depth N > 2.

In other words, rank(WW (t)) is invariant with ¢, i.e.,
rank(W (t)) = rank(Wy),

vt >0, (107)

which completes the proof of Lemma 3.3.

L. Proof of Lemma 3.4

It is easy to see that M1, is not a closed set for any inte-
ger . For example, one can construct a sequence of rank-1
matrices that converge to the zero matrix.

For the second claim in Lemma 3.4, the proof is by induction
over the depth [V of the linear network.

For the base of induction, when N = 1, note that W =
Wi € Raxdo gee (3). It now follows from (9) that

(see (9))

In turn, it follows from (108) that almost every W7 is rank-r,
with respect to the Lebesgue measure in RN = Ry ¥de

min(dp,dy) = 7. (108)

For the step of induction, suppose that

rank(W) =7,  withW =Wy - Wi,  (109)

for almost every W = (Wy,---, Wy), with respect to
the Lebesgue measure in R . In particular, it follows
from (109) that range (V) is almost surely an r-dimensional
subspace in RV | i.e.,

dim(range(W)) = r, almost surely. (110)

Consider a generic matrix Wy, with respect to the
Lebesgue measure in R4V+1X4N  We distinguish two cases.

In the first case, suppose that dy 1 > dy. Then, W41 €
RI~+1XdN hag a trivial null space almost surely. With null
standing for null space of a matrix, it follows that

null(Wy 1 W) = null(W), (111)

and, consequently,

rank(Wyx 1 Wi -+ - Wh)

= rank(Wx 41 W) (see (109))

= dp — dim(null(Wx 1 W))

= dy — dim(null(W¥)) (see (111))

= rank(W) = r, (112)

almost surely with respect to the Lebesgue measure in
Ran+1XdN  Above, the third and last lines use the fun-
damental theorem of linear algebra.

In the second case, suppose that dy 11 < dy. Then the null
space of Wy, € RIN+1XdN jg a generic (dy — dy41)-
dimensional subspace of R~ . It follows that

dim(null(WN+1)) =dy —dny1 <dy —, (113)
where the inequality above holds by (9). Note that
dim(range(W)) 4+ dim(null(Wx41))
<r+4(dy-r) (see (110,113))
=dy. (114)

Since null(Wy 1) is a generic subspace in R~ that satis-
fies (114), it almost surely holds that

range(W) Nnull(Wy 1) = {0}. (115)

Consequently,
null(Wy 1 W) = null(W), (see (115)) (116)
and it follows identically to (112) that
rank(Wy 41 ---Wy) =1, (117)

almost surely with respect to the Lebesgue measure
in RIN+1,

We conclude from (112,117) that the induction is complete,
and this in turn completes the proof of the second and final
claim in Lemma 3.4.
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J. Proof of Lemma 3.7

Recall that the initialization of gradient flow (13) is balanced
by Assumption 3.6 and consider induced flow (17). Let us
define the set

No(Zy) = {W Y - sw gy
sw > (@ —vz)sz,

gy Zyvw > asz} C R¥vxda (118)
for a € [yz,1). Once initialized in NV, (Z1 ), induced flow
remains there, as detailed in the next technical lemma.

Lemma J.1. For induced flow (17) and o« € [yz,1), Wy €
No(Z1) implies that Wy € No(Z1) for all t > 0. That is,

Wy € NQ(Z1) — W, € Na(Zl), Vit >0. (119)

Above, Assumption 3.6 and the notation therein are in force.

Before proving Lemma J.1 in the next appendix, we show
how it helps us prove Lemma 3.7.

Indeed, from Lemma J.1 and the balanced initialization of
gradient flow (13), it follows that

WN,O € NN,a — WN,t S NN,ou Vi >0, (120)

under Assumption 3.6 and for a € [yz, 1), where we used
the definition of N , in (28).

Recall that the limit point W of gradient flow (13) exists
by Lemma 3.1, since X has full-column rank by Assump-
tion 3.6.

A byproduct of (120) about the limit point W of gradient
flow (13) is that

WN70 S NN,a —

Wi € closure(Mn o) € Mn 1, (121)

where the set inclusion above holds true provided that
a € (vz,1), see (20,28,120). In words, (121) indicates
that gradient flow does not converge to the zero matrix.

This completes the proof of Lemma 3.7.

J.1. Proof of Lemma J.1

The proof relies on the following technical lemma, which
roughly-speaking states that the (rank-1) induced flow (17)
always points in a similar direction as the (rank-1) target
matrix 2.

Lemma J.2. Under Assumption 3.6 and for a € [yz,1),
ungvo > asyz implies that utTZlvt > asyz for every
t > 0. That is,

u(—)ervO > asy = u:Zlvt >asy, Vt>0. (122)

Above, W; 15VD utstv;r is the rank-1 induced flow in (17,32),

and sz, vz were defined in (26).

Before proving Lemma J.2 in the next appendix, let us see
how Lemma J.2 can be used to prove Lemma J.1.

Let us fix @ € [yz,1). If Wy 15YD ugsovg € No(Z1),
then ug Zivqy > asz by definition of N, (Z;) in (118).
Lemma J.2 then implies that

u} Ziv; > asg, vt > 0. (123)

To prove Lemma J.1, by the way of contradiction, let 7 > 0
be the first time that the induced flow (17) leaves the set
No(Z1). It thus holds that

(see (118))
(see (123))

Sr=QSz — Sz

< u:ZlvT — 82,2, (124)

where the first line above uses the continuity of s; as a
function of time ¢. Indeed, we know s; to be an analytic
function of ¢, see (32).

On the other hand, let us recall the evolution of the nonzero
singular value of flow (17) from (105), which we repeat
here for convenience:

5 = —NsT ¥ W TVL (Wo)o,.  (see (105) (125)

Recalling the definition of L; from (10a) and the whitened
data assumption in (23), we simplify the above gradient as
VL (W,) =W, XX" -YXx"
=m(W, — 2).

(see (10a))

(see (23,25))  (126)

Substituting (126) back into (125) and using the thin SVD
of W in (32), we write at
_2
$r = —mNso ¥ oul (Wr — Z)v.  (see (125,126))
_2

= —mNsi N (sp — UIZ’UT) (see (32))

2—2 T T
> —mNs; ¥ (u; Ziv; — sz2 — u, Zv,) (see (124))

22
—mNs; ~ (uIZlvT — 572

—ul Zywr —ul Zyvvy)  (see (170)

2-% T
=-—mNs; Y(—szo—u, Z1+v;)

>0, 127)

which pushes the singular value up and thus pushes the
induced flow back into NV, (Z1). That is, the induced flow
cannot escape from N, (Z1).

In the last line of (127), we used the fact that sz o is the
second largest singular value of Z and hence the largest
singular value of the residual matrix Z;+, see (171). In the
same line, we also used the fact that u,, v, are unit-length
vectors by construction, so that uI Z1+vr > —5z2. This
completes the proof of Lemma J.1.
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J.2. Proof of Lemma J.2
From (32), recall the thin SVD of induced flow (17), i.e.,

W, P wsv), V>0, (128)

where
luell3 = [loe3 = 1, (129)
and the only nonzero singular value is s, > 0.

By taking the derivative of the identities in (129) with re-
spect to ¢, we find that

U:Ut = 0,

v 0y =0, vt > 0. (130)

By taking derivative of both sides of the thin SVD (128),
we also find that

Wi = tesev] +wseo] +wsio] ,  VE>0. (131)

Let U, € R%*(dy=1) with orthonormal columns be orthog-
onal to u;. By multiplying both sides of (131) by U,", we
find that

UTW, =UTaysw), V>0, (132)
which after rearranging yields that
Ui, = s U W,  VE>0. (133)
Combining (130,133) yields that
= s; Y Py, Wiy, vt >0, (134)

where Py, = U;U, is the orthogonal projection onto the
subspace orthogonal to ;.

Similarly, let V;, € R% *(d=—1) with orthonormal columns
be orthogonal to v;. As before, by multiplying both sides
of (131) by V;, we find that

WiV, = wsev] Vi, vt >0, (135)
which after rearranging yields
V"o, = s, VW, wy,  WE>0. (136)
Then, combining (130,136) leads us to
by = s; Py W, uy,  VE>0, (137)

where Py, = V,V,".

Both expressions (134,137) involve W, Under the assump-
tion of whitened data in (23), we express W; as

Wy =—Aw,( W, XXT —YXT")  (see(17)
= —mAw,(Wy — Z)  (see (23,25))

= —mNsi_%(st —u Zv)W,  (see (173))
_2
+msf N Pu, Z Py,
+ me_%PUtZPW Vit >0, (138)

where P, = ututT and P, = vtv; . The last identity
above invokes the first part of Lemma N.1, which collects
some basic properties of the operator Ay .

Substituting Wt back into (134,137), we reach

G = ms. NPy, Zu,  (see (138))

b =ms NPy ZTu,  VE>0.  (139)

It immediately follows from the first identity in (139) that

T4 =% T
Uyur =ms, N uy Py, Zug (see (139))
— 17% T T Z
=ms, “uyPuy,(uzszvy + Z1+)ve (see (170))
1—2
=ms;, ~szuyPuyuyz vy
1-% T
+ms; Nugz Py, Zy1+ vy
1-% 2 T
=ms, "sz||Puuzllz-vgve

2
+ms, NuyPy, Zysvr, V>0, (140)

To bound the last term above, note that
T
|uy Py, Z1+ vt

< ||Po,uzllz - | Z1+ve|2
<||Pv,uzllz - sz2||Pv,vell2, (see (170,171))

(Cauchy-Schawrz ineq.)
(141)

where sz  is the second largest singular value of Z and thus
the largest singular value of the residual matrix Z;+. Above,
Vy € R (d==1) with orthonormal columns is orthogonal
to vz, see (170,171).

Similarly, it follows from the second identity in (139) that

_2
v i, =ms; NulPv.ZTu,  (see (139))
_ -5 T T T

=ms; YvyPy,(vzszuy + Z4)u (see (170))

1—2
=ms, Vsz|Pvvzll - ugu

_2
tms, oL Py Zlu, VE>0.  (142)
To bound the last term above, we write that
|U—Zr7)VtZ1—|:rut‘
< [Pvivzllz - 1275 uell2
< |Pv,vzll2 - sz.2||Puyuell2, (143)

where Uy € R%*(dv—1) with orthonormal columns is or-
thogonal to uz, see (170).
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All these calculations in (140-143) allow us to write that

d(u Zy1vy)
dt

d T T
_ g, g uzvge) ”dzt V2% (ee (170))

= sz(ugi)(vgvr)
+ sz(u;ut)(v—zri)t) (product rule)
1—2
=msys, " ||[Pu,uzlls - (vzv0)
1—2
+msys, Y |[Pyozls - (ugu)?

+ Ry, vt > 0, (144)

where the residual R; satisfies

1—2
|Ri| <mszszas, ~||Puuzl2llPv,vell2lvg vl
1—2
+ mszsz 28, N||Pvtvz||2HPUZut||2|u;ut|. (145)
Let us set

a; = u;ut, by = v—ert, (146)

for short. Then we can rewrite (144,145) as

d(uf Z _2
WU I) st ™% (0 a7 + a2 7))

+ Ry, vt >0, (147)

where

1—2
|Re| <mszszes, V/1—ai\/1— b7 (|ae] + [be])
2

< 2mszsz,gst17N (1—a?)(1-b?)

_2
< 2mszszas N (1— aby), (148)

and the second above uses the fact that
lar| = Jugue| < [luzlla - luella <1, (149)

for every ¢t > 0, and similarly |b;] < 1. The third line
in (148) uses the inequality

Va1 - 82) = /1 - a2 — b2 + a2?

S \/ 1-— 2atbt + a%bf

=1~ atbt7

(150)

where the last line above again uses (149).

The residual R; is small when the spectral gap of Z is large.

Indeed, note that

Ri| < 2mszsz05, ¥ (1— aiby) (see (148))

2
< 2msZs, Nab(1— asby), (151)

where the last line above holds provided that

57,2

aiby > SZ, =g. (see (26)) (152)
We continue and bound the last line of (151) as
IRy| < 2ms%sl Vab (1 —aby)  (see (151)
= 2m82zst1_%(atbt — a?b?)
< omssl (U0 - ainf)
= msys (o} + 0} — 207)
= msgs ¥ (1= a})B +aF(1-B).  (153)

By comparing the above bound on the residual R;
with (147), for a fixed time ¢, we conclude that

d(utTZlvt)
———= >0 154
i >0, (154)
provided that
u:Zlvt =Sz - u:uzv—ert (see (170))
= Sz - aib; (see (146))
> Szvz- (see (152)) (155)

For « € [yz, 1), it immediately follows from (155) that

ungvo > asy — utTZlvt > asy, (156)

for every ¢ > 0, which completes the proof of Lemma J.2.

K. Lazy Training

For completeness, here we verify that Theorem 1 in (Arora
et al., 2018a) suffers from lazy training (Chizat et al., 2019).
To begin, let us recall Theorem 1 in (Arora et al., 2018a),
adapted to our setting.

Theorem K.1. For ¢ > 0, suppose that gradient flow is
initialized at Wno = (Wi, ,Wnyo) where Wy =
Wi Wi satisfies ||Wo — Z||p < omin(Z) — c. Here,
Omin(Z) stands for the smallest singular value of Z, de-
fined in (25). Suppose also that W is balanced, see Def-
inition 3.2. Then, for a target accuracy € > 0, it holds
that

1
1) = 5IW(t) - 2% <«

1
Vi > 205 log(1(0)/e), (157)
where W (t) = Wi (¢) - -- W1 (t).

For the sake of clarity, let us assume that d, = m and
X = /ml;,, which satisfies the whitened requirement
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in (23) and (Arora et al., 2018a). Here, 14, € R%*d= ig the
identity matrix.

Recalling the loss function Ly in (6) and the initialization
Wi o € RN of gradient flow (13), we write that

Ly(Wno)

1
= §||Y — W WioX|% (see (6))

1
= §||Y —VmWyo-Wipllt (X =+/mly,)
2

- Wn,O tee Wl,O (X = \/Eld,,)

-m 1 2d
2 m

F

m
= S I1Z = Wyo--- Wil 2. (see(25)

(158)

Definition 2 in (Arora et al., 2018a) requires the last line
above and, consequently, Ly (Wi o) to be small. In turn,
Ly (Wn o) appears in Equation (1) in (Chizat et al., 2019).
Definition 2 in (Arora et al., 2018a) thus requires the factor
% in Equation (1) in (Chizat et al., 2019) to be small, which
is how the authors define the lazy training regime there.

L. Proof of Lemma 4.1

From Theorem 3.8, recall that gradient flow (13) converges
to a solution of (6) from almost every balanced initialization
in the set Ny . That is,

1 2
Jim S [[Y =W (t) - W)X
1

= min_ - |V - Wy--- Wi X|[5.

= 159
Wi, Wy 2 (159)

On the other hand, recall that gradient flow (13) induces the
flow (17) under the surjective map

RdN — ./\/ll,... RS

Wn=Wi,- ,Wy)=>W=Wy---W;, (160)

where M ... .. is the set of all d, x d, matrices of rank
at most 7, see Appendix A for the proof of the surjective

property.

In view of (159), induced flow (17) therefore satisfies
o1 2
Jim Y =W)X

1
3 Yy —wx|3, (161)

= min
rank(W)<r

where W (t) = Wi (t)--- Wi(2).

Let Px = XTX and Py . = I, — Px denote the orthogo-
nal projections onto the row span of X and its orthogonal
complement, respectively. We can decompose Y as

Y =YPx +YPx. (162)

Using this decomposition, we can rewrite (161) as

1
lim o [[Y Py — W()X|5

t—o0

(163)

1 2
= i —|YPx —WX|%.

rankI?V%/%grz ” X HF
That is, in words, a linear network can only learn the com-
ponent of Y within the row span of X.

Under Assumption 3.6, the data matrix X is whitened, so
that Px = XX = LXTX, see (23). We can therefore
revise (163) as

. m 2
Jim 22— W)l

(164)

. m 2
= —|Z-W|5%,
rankr(nl/%/%gr 2 ” HF
where above we also used the definition of Z in (25). To

prove Lemma 4.1, we continue by setting » = 1 in (164).

Recall also from Assumption 3.6 and specifically (26) that
Z has a nontrivial spectral gap, i.e., sz > sz . Therefore,
Z1 = uzs ZU} is the unique solution of the optimization
problem in (164), where the vectors uyz, vy are the corre-
sponding leading left and right singular vectors of Z;, see
for example Section 1 in (Golub et al., 1987). In view of
this, it now follows from (164) with » = 1 that

lim (|20 = W ()| e =0, (165)

which completes the proof of Lemma 4.1.

M. Derivation of (33)

From Appendix N, we will use the orthonormal bases U, =
[ut, Ut] and V; = [vq, V;]. We decompose the loss function
in these two bases as

Liy(Wy) = %HWt — Z1||F (see (31))
= 1P (W~ 2P, I
+ 2P, (W, — 22)Py |3
+ 2P0, (W, — 2Py |3

1
+ 5 IPu (Wi = Z2)Pv |17, (166)

where P,, = usu/ is the orthogonal projection onto the
span of u, and the remaining projection operators above
are defined similarly.

Recalling the thin SVD W; = u;s;v, from (32) allows us
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to simplify (166) as

1
L171(Wt) = i(st — U:Zﬂ}t)z

1 1
+ 51w 2P + 5 1Pu, 2P, |

1
+ §H7’Ut217’vt||%
1
= E(St — u:Zlvt)z

1 1
+ 51 Z1lF = GlIPu ZyPu |7 (167)

Using the thin SVD Z; = quZvZ from (170) simplifies
the last line above as

1Z111% = 1Pus Z1Po, |17

2 2 T )2.

=52 — 55 (u] uz)*(vyv, (see (170))  (168)

Substituting the above identity back into (167) yields that

Ly (W)

1
= 7(5t —

9 u;erUt)Z

2
+ 7(1 — (u uz)?(vyv)?) (see (167,168))

1
= §($t — ’U,;er’Ut)z

+ (% — (u] Zyw)?)  (see (170))

DN | =

1
= §(St — u;ervt)Q

+ —(sz 4+ u] Zyv)(sz —u Zivy)

IN
DN | =

§(St — u;ervt)Q

+s7(s7 —u, Zivy), (169)
where the second identity and the inequality above use
again the thin SVD of Z;. The inequality above also
uses u: Z1vy < sz twice, which holds true because u;, vy
are unit-length vectors by construction and sz is the only
nonzero singular of Z1, see (170). This completes the deriva-
tion of (33).

N. Proof of Lemma 4.2

To begin, recall from (27) that Z; is the leading rank-1
component of Z, and let Z+ = Z — Z; denote the corre-
sponding residual. We thus decompose Z as

7 =27+ 7

SVD

= Uz -8z - UZ+UZSZVZ7 (170)

where Uz, Vz contain the remaining left and right singular
vectors of Z, and Sz contains the remaining singular values
of of Z. In particular, let us repeat that

sz =12l = 1Z1ll, sz2 = [Z1+l; (see (26)) (171)

where || - || stands for spectral norm.

In this appendix, we compute the evolution of loss function
Ly ; with time, which we recall from (34) as

dLy (W)
dt
=-—-m{Wy — Z1, Aw, W — 2)) (see (34))
=-—-m{W; — Z1, Aw, Wy — Z1))
(W, — Z1, Aw, (Z1+)).  (see (170)) (172)

To proceed, we will recall some basic properties of the
operator Ay, proved by algebraic manipulation of (16) and
included in Appendix N.1 for completeness. The second
identity below appears also in Lemma 5 of (Bah et al., 2019).

Lemma N.1. For an arbitrary W € R% >4z et

SVD

w2 sy’

denote its SVD, where U , V are orthonormal bases and S

contains the singular values of W. Then, for an arbitrary
A € R%>d=_jt holds that

N
Aw(8) =T [ Y2881

Jj=1

LOTAVYSTS) ™ | VT,
(A, Aw (4A))

N
Sy

LOTAV)(STS) 5 H . (173)

For the first inner product in the last line of (172), we invoke
the second identity in (173) to write that

Wy — Zv, Aw, Wy — Z4)) (174)

~ ~ N—j ~ ~ ST\ i=L 2
|(5i8T) 5 07 (W, — 20) V(BT 5|

M=

<.
Il
—

(S, — U 2V)(8) 8,)5)

‘ 2

Mz

sy

)

<.
Il
—

where the second line above uses the SVD

w, 2 U,8,V, (see (19)) (175)

We next simplify the last line of (174).

In view of the thin SVD W, “X° ugsiv, in (32), we let
U, € Rlvx(dy=1) and V; € R%*(d=~1) be orthogonal
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complements for u; and v, respectively. This allows us to
decompose W; as

w, P U0,5.V,T  (see (175))
S UT
:[ut Ut]|:t0:||:‘/:"l':|v

for every t > 0, where 0 above is the (d, — 1) x (d; — 1)
zero matrix. Using (176), we simplify (174) to read

(176)

(Wi = Z1, Aw, (W, — Z1))
= st_%(st — u;ervt)2
+5; N lu] Z1Vil3

22
+5; N||U, Zyve|3. (177)

The two norms above can be further simplified. Let us set

a; = u:uz, by = vt—rvz, (178)
for short. Then we expand the first norm in (177) as
||u;erVtH2 = sZ||u:qu—Zth||2 (see (170))
= szlul uz| - [lvg Villa
= szaz\/1 — b2, (see (178))  (179)

where the last line above follows because V; spans the or-
thogonal complement of v;. Likewise, the second norm
in (177) is expanded as

U, Zywill = 521U} uzllz - [v] vel

= szbiy/1 —af.

In particular, by combining (179,180), we find that

(see (178)) (180)

|uf Z2 Vi3 + 11U, Zaol3

sy (af(1=07) + (1= b7)a7)
= sQZ (af + bf - 2afbf)

> 5% (2a:b; — Qafbf)

= 282Zatbt(1 — atbt)7

(see (179,180))

(181)

where the penultimate line above uses the inequality a? +
bf > 2a.b;. Plugging (181) back into (177), we arrive at

<Wt - Zl"AWt (Wt - Zl)>
> sti%(st — utTZlvt)2
+ 28?_%822045(%(1 — atbt).

(182)

For the second inner product in the last line of (172), we

invoke the first identity in (173) to write that
Wi — Z, Aw,(Z:+))
_2
= st N sy —ug Zyve)(ug Zyvvy)

_z
— S? N <u2—Zth,u2—Zl+V}>

2

— STV (U Zyv, U Zysws), (183)

and, consequently,
(Wi — Z, Aw, (Z1+))]
_2
< Nst2 Nlgy — utTZlvt\ . |utTZl+vt\
22
+s; Nl ZuVillallu) Zi+ Vil
2= R 77T T
+ 5 ”Ut Zlvt||2HUt Z1+ vt |2, (184)
where we twice used the Cauchy-Schwarz inequality above.

Recall the decomposition of Z in (170). The three terms
in (184) that involve the residual matrix Z;+ can be simpli-
fied as follows. For the first term, we write that

lug Zisve| = [u) UzSzV ve|  (see (170))
lud Uzllz - 1Szl - V7 vell2

sza2llu/ Uzllz - V7 vell

=sz0¢\/1—aZ\/1—b?

= sz00/1 - af — B + a2}

S Sz.21/ 1-— 2atbt + a%b%

= 5z.2(1 — asby),

IN

(see (178))

(185)

where ||Sz|| denotes the spectral norm of the matrix Sz.
The second line above uses the fact that sz 5 is the sec-
ond largest singular value of Z and thus the largest singu-
lar value of the residual matrix Z;+, see (170,171). The
last line above uses the observation that a;b; < 1 since
Uug, V¢, Uz, vz all have unit norm by construction, see (178).

Likewise, another term in (184) can be bounded as
luf Z1sVillz = |luf UzS2zV, Villa  (see (170))

< lw, Uzllz - 11Sz] - V7 Vil
szollul Uzllz - V7 Vil

uf Uzll2 - [Vl - | Vell

IN

57,2

<szoy/l—a2,  (see (178)) (186)

where the last line above uses the fact that both V; and V;
have orthonormal columns.

For the last term involving Z;+ in (184), we similarly write
that

||UtT21+’Ut||2 < SZ)Q”VZ—rUtHQ = S5z,24/ 1— b% (187)
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Plugging back (179,180,185,186,187) into (184), we reach

(Wi — Z, Aw, (Z1+))]
22
< Nsj st,2|st—utTZlvt\(1—atbt)
_2
+sf NSzSZ72(at+bt)\/17&%\/171)?
2—% T
< Ns; Vszalse —uy Zrvg(1 — agby)

+250 N sysz0(1— aiby), (188)

where the last line above follows from the chain of inequali-
ties

(a; +b)y/1 —a?y/1 — b?

32\/1—a§—b§+a§b§

< 24/1 = 2a:b + a?b?

=2(1—ahy).  (see (178))

(see (178))

(189)

Above, in the second and last lines, we used the fact that
a; < 1and b; < 1, see their definition in (178).

By combining (182,188), we can upper bound the evolution
of the loss function as

dLq 1 (Wy)
dt

2
< —mst N (s — ’U/;FZ11125)2
2-% 2
—2ms, Yszab (1 — aiby)
2
+ mst Nszolst — uf Zyv| (1 — aghy)
2
+ Qme Nszsz2(1l— aby)
2
= mesf N (s —u) Z1vy)?
2
- Qme N(u) Zyv)(sz — uf Zyv)
2-% T T
+mNsy Vyzlse —uy Ziv|(sz — ug Zivy)

2-% T
+2ms; Nszo(sz —uy Zivy), (190)

where the identity above uses the fact that szaby =
u] Zivs, see (170,178). The inverse spectral gap vz =
$z.2/sz was introduced in (26). This completes the proof
of Lemma 4.2.

N.1. Proof of Lemma N.1

Let W XL 7Sy T denote the SVD of W, where U,V are
orthonormal bases, and S contains the singular values of W.

Using the definition of Ay, we write that

N
S W) AW W)

Aw(A)

(see (16))

N i

=N (USSTUT) T AWVSTSVT)
N~~~ Ne—i ~ ~ e~ i1~

=Y USS) ™ UTAV(STS) VT

(191)

which proves the first claim in Lemma N.1.

For every j € N, it also holds that

(A, Aw,;(A))

= (A TSSH)Y T UTAV(STS)' ™ V) (see (191))

N—j

=@y ITAvETS) |

(192)

where the last line uses the fact that 17, V are orthonormal
bases. The proof of Lemma N.1 is complete after summing
up the above identity over j.

O. Proof of Lemma 4.3

The proof is similar to that of Lemma J.1.
Letus fix @ € [yz,1) and 8 > 1. If

tSVD

Wo =" ugsovy € Na.g(Z1), (193)
then ug Zyvy > asz by definition of N, 5(Z;) in (36).
Lemma J.2 then implies that

u:Zlvt > asyg, Vvt > 0. (194)

To prove Lemma 4.3, by the way of contradiction, let 7 >
0 be the first time that induced flow (17) leaves the set
Na.p(Z1). 1t thus holds that

S; = sz — Sz, (195)

or

sr = fsz, (196)

where both of the identities above use the continuity of s;
as a function of ¢. Indeed, we know s; to be an analytic
function of time ¢, see (32).

The case where (195) happens is handled identically to the
proof of Lemma J.1. We therefore focus on when the second
case happens, i.e., (196).
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Recalling the second identity in (127), we bound the evolu-
tion of the singular value of induced flow (17) as

. 2—2 T
S =—mNs: N - (s; —u, Zv;) (see (127))
— —mNsZ N (Bsy —ul Zv,)  (see (196))
< —mNsZ ¥ (Bsy —sz)  (see (170))
<0, (197)

which pushes the singular value down and thus pushes the
induced flow back into NV, g(Z1). That is, the induced flow
cannot escape from N, 5(Z1).

In the third line of (197), we used the fact that s is the lead-
ing singular value of Z, and w., v, are unit-norm vectors,
see (170,128), thus uIZvT < sz. The last line in (197)
holds because Lemma 4.3 assumes that 5 > 1. This com-
pletes the proof of Lemma 4.3.

P. Proof of Theorem 4.4

Let us fix o € [yz,1) and 5 > 1. In view of Lemma 4.3,
we assume henceforth that induced flow (17) is initialized
within NV, 5(Z1) and thus remains there forever, i.e.,

W, € Nag(Z1), ¥t >0. (198)

Using the definition of NV, 3(Z1) in (36) and (198), we can
update (35) as
dL; 1 (Wy)
dt
< —-mN((a— 'yz)sz)z*%(st — u:Zlvt)Q
—2amsz((a — 72)32)27%(52 — ) Zyvy)
+ mN(ﬁsz)Q_%’yZ\st —u Zyvi| (57 — u) Zyvy)

+ Qm(BSZ)Q_%SZ’Q(SZ — u;—Zlvt). (199)

Recalling the upper bound on the loss function in (33), we
can distinguish two regimes in the dynamics of (199), de-
pending on the dominant term on the right-hand side of (33),
as detailed next.

(Fast convergence) When

1

i(St — utTZlvt)Q > sy(sz — utTZlvt), (200)

the loss function can be bounded as

Lia (W) < (st —uf Ziwp)?, (see (33,200) (201)
and the evolution of loss in (199) thus simplifies to

dLl,l(Wt) < 2—2

" —mNs, V- (202)

((a - ’YZ)Z_% - 2’)’252_%) - Ly 1 (W),

see Appendix P.1 for the detailed derivation of (202).

(Slow convergence) On the other hand, when

%(st — u;ervt)2 < sz(sz — u;ervt), (203)
the loss function can be bounded as
Li1(W) <2sz(sz — u:Zlvt), (see (33,203)) (204)
and the evolution of loss in (199) simplifies to
411 (W) Léiwt) < —msy (205)

(ala=72)* % 292N % ) - Ly (W),

see Appendix P.1 again for the detailed derivation of (205).

In view of (200,203), the key transition between fast and
slow convergence rates happens when

T, = Tl,t - SZT2,t
1

= —(s — utTZlvt)z —sz(sz — utTZlvt)

5 (206)

changes sign. Above, we used the definition of T} ; and 15 ;
in (33).

Instead of the first time such a sign change happens, it is
convenient to consider the more conservative choice of time
7 > 0 when

5, < V6sy (207)

for the first time. Indeed, if (207) does not hold, then 7% > 0
and thus the fast convergence is in force. This claim is
verified in Appendix P.2 for completeness.

With the definition of 7 at hand from (207), we can com-
bine (202) and (205) to obtain that

dLq1 1 (Wy) <
dt -

N((a—7z)2_% —27Zﬁ2_%) t<r
(a(a —yz)2 R — ZVZN,BQ_%> t>T

—mszf%LLl (Wt)

(208)

Suppose that inverse spectral gap vz is small enough such
that the right-hand side of (208) is negative, see (26). Using
this observation that L; ; (W) is decreasing in ¢ and by
applying the Gronwall’s inequality to (208), we arrive at
Theorem 4.4.
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P.1. Derivation of (202,205)

We begin with the detailed derivation of (202). Let us re-
peat (199) for convenience:

dLq 1 (Wy)
dt
< —mN((«a — 72)82)2_%(515 —u Zyvg)?
—2amsz((a — 72)32)2_%(52 — ] Zyvy)
+ mN(ﬂsz)Q*%yz\st —u] Zywy|(sz —u) Zivy)

+2m(Bsz)? N sza(sz —uy Zyvg). (see (199))

Recall also that (200) is in force. By ignoring the nonposi-
tive term in the third line above, we arrive at

dL; 1 (W)
dt
< —-mN((a— 72)52)2*%(&5 - u:Zlvt)z

2
+mN(Bsz)> Nyzls — utTZlvt|

. \/sz(sz —u Zyvy)

_2
+ 2m(ﬁ52)2 Nyzsz(Sz — utTZlvt).

(209)

To obtain the first inequality in (209), note that W; €
Na.5(Z1) by (198) and, in particular,

ug Zyvg >0, vt > 0, (210)

by definition of N, 3(Z1) in (36). In turn, (210) implies
that s — u:Zlvt < sz.

We continue to bound the right-hand side of (209) as

dLy (W)
dt
< —-mN((a— 72)53)27%(& - u;Zlvt)Z

mN 2-2 T 2
+ —(PBs N St — U, L0
\/5(5 )" Nyz(se —uy Zivy)

2 22
+m(Bsz)* Nyz(s; — utTZlvt)2 =-—ms, ~-

<(a —7z)* NN = 28N <\]/\% + 1)>

2
(se —u) Zywy)? < —msQZ N

<(a — 72> NN =z % (\]/g + 1)> Ly 1 (W),

The first inequality above uses (200) and the last inequality
above uses (201).

We next derive (205). Let us repeat (199) for convenience:
dLy (W)
dt
< —mN((«a — 72)32)2_%(& —u Zyvg)?
—2amsz((a — 72)52)2_%(32 — ] Zyvy)
+ mN(ﬁsZ)2_%'yZ\st —u] Zyw|(sz —u) Zivy)
+ Zm(ﬂsz)2f%szvg(sz - utTZlvt).
Recall that now (203) is in force. By ignoring the nonpos-

itive term in the second line above, we then simplify the
above bound as

dLy (W)
dt
< —am((a— 72)52)27% 287(57 —u; Z1vy)
mN 92 T
+ —(Ds N -287(s7 —u, Z1v
/2 (Bsz)™ Nz -2sz(s7 —uy Zyivy)
+ m(ﬁsz)Q*%WZ . QSz(SZ - u:le}t)
2

= —ms2Z_W (a(a —yz)P R = g2 Ryy, (\]/VQ + 1))

-257(sz — utTZlvt)

i (st t b (2 41)

IA

V2
<Ly 1 (Wy). (211)
To obtain the first inequality above, note that
1
i(st —u) Z1v)? < sz(sz —ul Zyv,)  (see (203))
< s (see (210)),
which, after rearranging, reads as
s —ul Zyv] < V2sz. (212)

The last inequality in (211) uses (204).

P.2. Derivation of (207)

In the slow convergence regime in (203), it holds that

1
§(st — u;ervt)z <sz(sz — u:Zlvt) (see (203))

<s%.  (see (210)) (213)

On the other hand, we can also lower bound the first term
in (213) as

1
52227

2(st —u) Zyvy) (see (213))
s2 1

> Zf - §(utTZlUt)

S5 5%

(214)
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where the penultimate line above uses the inequality (a —
b)? > %2 — b2 for scalars a,b. The last inequality above
holds because u, v; are both unit-norm vectors and sz is
the only nonzero singular value of 77, see (128,170), and
thus |u, Z1vs| < sz.

By rearranging (214), we find that s, > /65 implies the
fast convergence regime in (200).



