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Appendix

A. Useful Definitions and Inequalities

Definition A.1 (o-sub-Gaussian). A random variable X € R is said to be sub-Gaussian with variance proxy o2 if E[X]| = p
and satisfies,

2.2
5 ),VSE]R

E fexp(s(X — 1))] < exp (

Note the distribution defined on [0, 1] is a special case of 1/2-sub-Gaussian.
Fact A.2. Let X1, Xo, -+ , Xy, i.i.d drawn from a o-sub-Gaussian, X = % i, X, and E[X] be the mean, then

P (X —E[X] >a) <e"/*" andP(X —E[X] < —a) < e "/

Fact A.3 (Harmonic Sequence Bound). Forty > t1 > 2, we have

Fact A.4. For a Gaussian distributed random variable Z with mean p and variance o2, for any z,
1
P(|Z — pu| > z0) < 56_22/2
Lemma A.5 (Theorem 3 in (Auer et al., 2002a)). In e-Greedy, for any arm k € [K],t > K,n € N4, we have

R A 2 2,2
P (Mk(t —1) < pyo — k) <ap-e /g T L AR /20% g
n A7

A 2 2p2 2 2,2
P <ﬁi*(t —1) > pir + k) <apeem /4 L;le*A’“mJ/z" ",
n A7

— _1 t
where = 51 > (g1 Es

B. Ommited Proofs in Section 3

B.1. Proof of Lemma 3.2

Proof. Let C;(T) = max {81"2#, 351' } By Fact A.2, we have for any s > 1 and ¢ > C;(T)

N InT 1
vk, P (,uk pr(t—1) > 30 = 1)’nk(t 1) s) < Tor2
A )
N i _ 1
P(Mi(t_l)_ﬂi > 3 ni(t_l)—€> < T9/2
We first decompose E[n;(T)] as follows,
T T
En(T)] <1+E| Y KL=in(t-1)<C(D} +E| Y KL =ini(t—1)>Ci(T)}
t=K+1 t=K+1
T
<1+ G(T)+E | Y KL =ini(t—1)>Ci(T)} (8)
t=K+1
T t(z)l
<14+ Ci(T P | UCB;(t) + ————= > UCB;«(t),n;(t — 1) > C;(T
S1+GM+ Y O sy (1), milt ~ 1) > C(T)
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We then bound the probability P (UCBZ-(t) ﬁ(* L~ > UCB;-(t),ni(t — 1) > CZ-(T)> by union bound, and decompose

this probability term as follows,

( )
P <UCBZ<t) fl) > UCB ( ) m(t — 1) Z Cl(T)>

(i) €))

t—1 t—1
< > ]P’(UCB t) + n(t_1)>UCB -(t)
) 2

s=1¢>C;(T

ni(t—1)=£4,n;=(t — 1) :s>.

What remains is to upper bound the summand in the above term. Consider for 1 < s <t —1land C;(T) < ¢ <t—1,we
have

(1)
P(UCBi(t) ﬂ>UCB ()ni(t—l)ZZ,ni*(t—1)=s>
<P(ﬁi(t—1)+3a %-ﬁ-é wi=(t—1) 4+ 30 ni*l(llTl)m(t—l):&ni*(t—l):s>

Az‘ Az ) InT

e (t—1) ni(t—1) = ,ng(t —1) _s>

B‘ L and second inequality holds because ¢ > C;(T) >

The first inequality relies on the fact that ¢ > C;(T') > 33 P>
781"2%" T By union bound and Equation (7), we can further upper bound the last term in the above inequality by

ni=(t—1) = s)

InT
1) =) +P | e — i (t—1) > B0y | ——t
mit-1)=¢)+ (u (= 1) 2 30T

1 1
S T9/2 + T9/2 S T9/2

Combining Equations (8) and the fact that

d 2 L2
Z tT/2 = Z T2 <2
t=K+1s=1¢>C;(T) t=K+1
we complete the proof. O

B.2. Proof of Theorem 3.3

We begin with a few notations. Let I denote the arm being pulled at time ¢ for any investment strategy S, and Z7 =
{IZ,--- I} denote the sequence of arms being pulled up to time t. Note that Z; = {I{,--- , I} can be viewed as a
stochastlc process for any t. Let S(~%) denote the investment strategies of all arms excluding arm 4. In addition, we denote
by (LSI, S(—9) the strategy that arm i uses LSI strategy and the other arms adopt S(~*). For each arm j # 4, SU) only
depends on its own history, which means given fixed strategies S(~%), at any time t, each of the arms j # i will invest the
same budget if it has been pulled the same times and the true rewards are the same up to time ¢.

Our proof of Theorem 3.3 relies on a carefully chosen coupling of the two stochastic processes Z;l , Z?Q induced by
different investment strategies S1, Sz, respectively.

Definition B.1 (Arm Coupling). Given any two investment strategies S1, Sa, the Arm Coupling of ZTSJ and Z?z isa
coupling of these two stochastic processes such that the reward of any arm k € [K] when pulled for the same times is the
same in these two random processes. In this case, we also say Z?l = (- ,I;l} and Z;"’ = {I7?,--- 7];12} are
Arm-Coupled.
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Our goal is to compare (LSI, S(*i)) and any other strategy S = (S, S(=9) for arm i, using Arm Coupling. In the
remainder of this proof we will always fix all other arms’ manipulation strategy S(~%). Thus for convenience we simply omit
S(=% in the superscript and use Z-5* and Z;° “ to denote the two stochastic sequences of our interests. Let ZST denote the
stochastic process from time ¢ to time ¢’ under (LSL S (_i)) manipulation, and similarly for Ztst(, ’. Similar notations and
simplifications are used for n;. We first show LSI is the dominant strategy for the arm when principal runs UCB algorithm,
given any history h;_;. Hence LST is a dominant-strategy SPE.

The following lemma shows an interesting property about the two arm sequences Zr° and any ZtS @ pulled under these two
different investment strategies. That is, under Arm Coupling, all the arms — except for the special arm ¢ — will be pulled
according to the same order after time ¢, given any history h;_.

Lemma B.2. Suppose t > K and the principal runs UCB algorithm. Let Z15}(—i) [resp. Zg?é?(—i)] denote the

subsequence of ZL5T [resp. Ztst(,l ) ] after deleting all i’s in the sequence. Then given any history h;_1 and time t, under Arm

. . . W, . ;
Coupling, either Z-51(—i) is a subsequence of Z3,, (—i) or vice versa.

(Ls1,5(—9)

Proof. We prove by induction on t'. When ¢’ = ¢, if I, or [ tS is 7, the conclusion holds trivially. If Its =k #£1,

then k is the largest UCB term. Since the history h;_; is fixed, UCB terms of each arm must be the same, thus, if ItS =k,
then ITS? = k, as desired.

Now, assume the lemma holds for some t'(> ¢), and we now consider the case ¢’ + 1. This follows a case analysis.

If nkST(t : ¢) = nS" (¢ : t/), then we know that Z:5(—i) and ZZ,,’ (—i) have the same length. Since one of them is a
)

subsequence of the other by induction hypothesis, this implies that they are the same sequence. If one of ItL,Sth I 511 equals

i, say, e.g., I;°) =i, then Z}57 | (—1) = Zy3(—i) = 78, (—i) which is a subsequence of Ztst(,:_l(fz) as desired. If
both I g“,s_&l, Its,i)l are not equal to ¢, then we claim that they must be the same arm. This is because they are the arm with
the highest UCB index after round ¢. Since Z37 (—i) and th(f ) (—1) are the same sequence of arms, each arms are pulled
by exactly the same time in both stochastic processes from 0 to ¢/, given the fixed history h;_;. Moreover, due to Arm
Coupling, their rewards are also the same. Given the fixed strategies of the other arms S (=9 their manipulations will
also be the same. Therefore, the arm with the highest modified UCB terms must also be the same. Therefore, we have

Zy (=) = Zf;lrl(fz) as desired.

If nSI(¢: /) > S (& : '), then we know that Z5T(—i) is a strict subsequence of Z5,, (—i). Let | = | ZE}(—i)| denote
the length of ZX¥(—i), and % denote the (I + 1)th element in Z5,," (—i). We claim that IEST, must be either i or k, which
implies Z;57, | (—1) is a subsequence of Ztsé,t;l (—1) as desired. In particular, if I5ST, +# 4, then the fact that k is the (I + 1)th
element in Ztst(f ) (—i) implies that k has the highest modified UCB term among all arms in [K] \ {i} when these arms are
pulled according to sequence Z; @, Following the same argument above and Arm Coupling, we know that I;5],, the arm

with the highest modified UCB term, must equal k if it does not equal 7.

The case of ntS(¢ : ') < n? (i) (t : t') can be argued similarly. This concludes the proof of the lemma. O

The following lemma shows that under Arm Coupling, the number of times that arm ¢ is pulled up to time 7" under strategy
LST is always at least that under any other investment strategy S*).

Lemma B.3. When the principal runs UCB algorithm, under Arm Coupling, given any history h,_1 and time t, we have
nBStE:T) > nis(l) (t : T') with probability 1 for any investment strategy S and T >t > K.

Proof. We still prove through induction. Given any fixed ¢ > K and history h¢—1, for T' = ¢, it holds trivially since if
Its(l) = i then I}T must be i. We assume this lemma is true for ' =7 — 1 > t. For t’ = T, we consider the following two
cases.

D) STt T — 1) >nd”(t: T — 1), thenntS1(t: T) > b1t T — 1) >nS (¢ : T = 1)+ 1>nd"(t: T), as
desired.
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Q) ISt : T —1) = nd" (¢t : T — 1), then Lemma B.2 implies that Z:I | and Z5; , are the same sequence.
Therefore, the UCB term for each arm &k € [K|] (excluding arm ¢) for LSI and S (9) are the same at time T'. For arm 7,

we have
_— (181,5(= %) (Ls1,S (=) B; S B;
(1) = UCBES Dy 4 L — UCBS(T) + —g o
nSESC (P ) n (T —1)
> UCBS(T) + —ZL=L__ — UCB, (T),
) )
This implies that if 75 = 4, then we must also have I{"*"%" ") = i Then n{"**" ") (T") > nS(T) still holds.
To sum up, nELSI’S(ii))(t : T) > n?(t : T) holds with probability 1, concluding the proof. O

B.3. Proof of Theorem 3.4

We show the lower bound of the regret by deriving the upper bound of the expected number of times that arm ¢* being
pulled, which is summarized in Lemma B.4. Given Lemma B.4 and Eq. (3), it is straightforward to conclude Theorem 3.4
for UCB principal.

Lemma B.4. Suppose each strategic arm i(i # i*) uses LSI and A = min;x;~ A;, the expected number of times that
optimal arm ©* being pulled up to time T' is bounded by,

Bi InT
Efn(T) <T— Y sAn T O <A2 )
i£i* v =

Proof. Let A = min, 4+ A;, C(T) = 36"2#, D; = 5. First, by Fact A.2, we have for any ¢ > C(T'), s > 1 and any i,

InT 1
=t —1) > — nit—1)=s| < —=
P (Mz i(t —1) > 30 ni(t — 1) n;(t ) S) = 79/2
(10)
_ A 1A? C(T)A2 1
P <M*(t— 1) — pi= > 5 ng(t—1) —E> < exp <_802) < exp (— S50 ) < Tor2
First, we decompose E [n;«(T")] as follows,
T T
Elni-(T)] <1+E| Y HL=i"n:(t—1) <CO}H +E| Y KL =i n-(t—1)>C(T)}
t=K+1 t=K+1
T
S1+E| > I =i ni(t—1) < C(T)}
t=K+1
r (1n
+E| Y WL =it e (t—1) > O(T), Vi # i, ni(t — 1) > D,;}]
t=K+1
T
+E| Y I(L =i ne(t—1) > C(T),3i # ", ni(t — 1) < Di)]
t=K+1

For the first term in the above decomposition, it can be trivially bounded by C(T'). For the second term, since 7+ (t) <
T- Zi;éi* n;(t), vt, we have

T
t=K+1
T B,
SE| Y HLi=i"n:-(t-1)<T—-Y Di}| <T—»

t=K+1 i£i* i£i* 24
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What remains is to bound the third term in Equations (11). By union bound, we have

T
E| Y I(L =i n-(t—1) > C(T),3i #i*,ni(t — 1) < Dy) ]
t=K+1

D;

T
=Y Y Pl =i n(t—1) > C(T),ni(t — 1) < D)

i£i* t=K+1

Note I; = i* implies UCB;«(t) > UCB;(t), combining the facts that 30 —InT - < A/2and

~-D) > 2A; and

(t 1)
standard union bound, we have

P([t = i*,ni* (t — 1) > C’(T),nl(t — 1) S Dl)

DiAt—1 -1 T B,
< g E P - (t—1) —F— > UCB; ————np(t—1) =Lni(t—1) =
< < (t + 30 ni*(t—l)_UC (t)-l—ni(t_l)n t=1)=4ni(t—1) S>

s=1 0>C(T)

DiAt—1  t—1

: _ A InT (12)
< 3 Y Plact-n+3t —1 B oA et = 1) = na(t — 1) =
i £>C(T) (M ‘ o 2 it S mi(t = 1) ! et )= ) S)

DiAt—1 t—1 A nT
< P« (t—1)— ¢*>J s (t—1) =/ P i —i(t—1)>3 ——Ini(t—1) =
<X > (7= 0 = = -1 =) + (u fit=1) 2 30y e - 1) )

The last inequality is based on union bound, if both fi;« (t — 1) — s+ < A/2and p; — f1;(t — 1) < 30 l(ntTl) hold when
ng(t—1) = £,n;(t — 1) = s, then

. AV A A
Mi*(t—l)—‘r?<Mi*+§+7§ﬂzi+Ai+Ai

InT

fi(t — 1)+ 30y ———
<Rt —1) 430 =1

+2A;

Given Equation (10), we have

2 2
P (I; = i*,ng-(t — 1) > C(T),ns(t — 1) < D;) SZZW <75

s=1¢=1
Combining Equation (11), we get

B; 2
En-(T) <1+ C(T)+T — Z e +Z > 72

1F£L* £ t=K+1

3602 InT B; 2(K —1)

= T —_— _—

A 2 2A; T

=2 iti*

Combining Lemma B.4 and Eq/ 3, we complete the proof for Theorem 3.4.

B.4. Proof of Theorem 3.5

To prove Theorem 3.5, we first show the following Lemma.

Lemma B.5. Suppose all the strategic arms use LSIBR, and let time step n be the last time that a strategic arm spend
budget for some n < T'. Then for the three algorithms we consider (UCB, e-Greedy and TS), the expected number of plays
of the optimal arm i* from time n + 1 to T is bounded by,

E[i ]I{It_z}]<E[LSI > (125)

t=n+1
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Proof. The proof follows a simple reduction to the setting with arms using LSI. By using LSIBR, any strategic arm ¢ has no
budget to manipulate after (includes) time step n + 1, which is analogous to the case that arm ¢ has no budget to manipulate

after time K + 1 using LST in unbounded reward setting. Then after time n + 1, the f;(t — 1) = f;(¢ — 1) + %, Ve
[K], which shares the same formula with it in LSI setting. Finally, we notice that the proofs of the upper bounds of
E ZtT: w1 e = z*}] in LST settings (Lemma B.4, C.6 and Theorem C.7) don’t depend on the starting time step in the

summand. Therefore, the proofs in these previous results can be directly applied here. O
Next, we prove Theorem 3.5 using the above Lemma.

Proof of Theorem 3.5. Let n be the last time step that any arm can spend the budget. First we show the upper bound of
E [nk$B%(T')]. Note, from time 1 to n — 1, any strategic arm i always promote its reward to 1, which makes arm i the
"optimal arm" from time 1 to n (the arm selection at time n only depends on previous feedback). Then following the

standard analysis in stochastic MAB alogrithms (UCB, e-Greedy and Thompson Sampling), E [n:$18®(n)] < O ((17127")2)
Thus, E [n:5IBR(T')] can be bounded by,

E [nS™T)] < E [nlY(T)] + O (m) .

(1= pi»)?
Consequently, we can show the lower bound of regret when all strategic arms use LSIBR, as follows
AlnT
E [RLSIBR(T)] Z E [RLSI(T)] -0 <(1n)2> .
— i

C. Omitted Proofs in Section 4

C.1. Proof of Theorem 4.1

To prove this theorem, we instead prove the following Lemma C.1 to bound E[n;(T")] for each arm ¢ # i*. Given this
Lemma, it is then easy to show Theorem 4.1.

Lemma C.1. Suppose the principal runs the e-Greedy algorithm with ¢, = min{1, % when t > K, where the constant

¢ = max {20, 32‘7; } Then for any strategic manipulation strategy S, the expected number of times of arm i being pulled

up to time T can be bounded by

3B; InT

Proof. Let C; = 3?3?', Ty = ﬁ ZZ:KJA €s and for t > |c¢K| 4 1, Given Fact A.3, we have

leK | t t
€s €s c 1 c t
> >|cK|-K+ - ->|cK|-K+-In———— 13
mz D gt ) gpzlKl-Kt+g 3 T[] TR+ (13
s=K+1 t=|cK|+1 s=|cK|+1
We do the decomposition for E[n;(T)] as follows,
T T
En(T)<1+E| Y HL=in(t-1)<C} +E| > HL=ini(t—1)>Ci}
t=K+1 t=K+1
T, T
<1+Ci+ Y Rt—HE > (1—Et)-ﬂ{ﬁi(t—1)Zﬁi*,tfbni(t_l)Zci} (14)
t=K+1 t=K+1
T ¢ T ﬁ
<1+C; haa P(7;(t— 1)+ —=L > Gt — 1), ni(t — 1) >
SLHG+ D0 pd 3 B(l - D o 2 e Dol — 1) 2 G

t=K+1 t=|cK|+1
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The last inequality holds because e, = 1 when ¢ < |¢K | and 1 — ¢; < 1,V¢. What remains is to bound the last term above.
Since n;(t — 1) > C;, Bi—1 < B;,Vt < T, this term is always upper bounded by

P(ﬁi(t—l)-i-ni(tl) > fipe (t — 1), na(t — 1) 2@) gP(uZ(t—l)—i—? zﬁi*(t—1)>

By union bound, we have P(ﬁi(t -1+ 4
Based on Lemma A.5, we have

A;

Pt — 1)+~

We observe the fact that 2; > [cK | —K+5 In
we have

> i (t=1)) < 2wy e n/0 4 158 O Lo /180° (16)

LcKHl > 5. Givenze %/ < ye ¥/° Vx >y >5ande * < e ¥,V >y,

t

t c/10
e (k] i) 8 (k] i) (4552)

3 2
5 2 ¢ 2 5 cA7 /360
Uze_Ai lze—1]/1802 < Zze_Aicm LcKj+1/36U — ﬁ (%)

i i i

Combining the above inequalities and Fact A.3, we can bound

T
Z 27, - e~ Tt/5 + %B—Af lz¢] /1802
t=|cK |+1 i
T 2
t [cK]+1 1802 |cK | +1
< - [ T IR e L ikl B
5 e ) (22
t=[cK]|+1 (17)
2([cK | +1)272 1802 d cK|+1
< (Lo - gy ERLET (050 5o L

t=[cK]|+1
C 271'2 02
< 1) ML ey ) (e 5w

The first inequality in the above holds because ¢ > max{20, % 36“

- }, and the second inequality is based on the fact that

Inz < z,Vz > 1and Zt 13 § ™ The last inequality is the 1mphcat10n of Fact A.3. Moreover, utilizing Fact A.3, we
bound Zt: K41 7 in the followmg way,

T LK) T
€ 1 e _ |cK|-K T
— = — — < 1 18
2 g 2wt K= K MR (18)
t=K+1 t=K+1 t=[cK |+1
Combining Equations (14), (15), (16) and (18), we complete the proof. O
C.2. Proof of Lemma 4.3
We bound the terms in the decomposition of E[n;(T")] in Eq. (6) using Lemma C.2 — Lemma C.5.
Lemma C.2 (Lemma 2.16 in (Agrawal & Goyal, 2017)). Let x; = u; = i — %
& —— | _ 18T
E| Y IL=iE')E()}| < —5—+1
t=K+1 i

Lemma C.3 (Eq. (4) in (Agrawal & Goyal, 2017)). ZtT:KJrl P (I, =14, E!'t),El(t)) < Z; Kl [1 - 1}

Pirox o1
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Lemma C.4 (Extension of Lemma 2.13 in (Agrawal & Goyal, 2017)). Let y; = p;+ — %

11/462 | =
E |:1 — 1] < e 4 * 3 . 72 1n(§§2)~max{1 %}
Piyrie (41 TAT ifs = AT

Proof. This lemma extends Lemma 2.13 in (Agrawal & Goyal, 2017) to our setting, and we mainly emphasize the required
changes to the proof. Using the same notation as in (Agrawal & Goyal, 2017), let ©; denote the Gaussian random variable
follows N (fi;+ (1 + 1), %), given F.,. Let G; be the geometric random variable denoting the number of consecutive

independent trials until a sample of ©; becomes greater than ;. Let v > 1 be an integer and z = 20+/In~y. Then we

have E [ l_ _ 1} = E[G,]. Following the same argument proposed in (Agrawal & Goyal, 2017), we have for any

Pi,rj+1

N> ell/40®

1 z
P(G; < >|1—-—=|P Ai*Jr.Zi)
(G5 <) ( 72> (u N

For n-(t — 1) = j, Fr,, we have

z z
P <//~L\i*(7' +1)+—=2> y) > P (ﬁi*(r +1)+—= > u)
! Vi ! Vi
z2
> 1—¢ 3.2
1\2
— 1 _ 6—40'2 1n’y/2<72 — 1 _ ()
Y
Then P (Gj <) > 1— -5 — =5 = 1 — . Therefore,
l 2 2 2 7'('2
1 } 11/40 k2 11/40%2 | T~
E[GJ]—;)P(GJZ’Y)SG +,YZ>:1t2 <e +3

By the proof of Lemma 2.13 in (Agrawal & Goyal, 2017), we have for any D;(T") > 0,

E L 1| < 1
Dir 11 I (1 _ %efDi(T)Af/n) (1 _ efDi(T)Af/ma?)

Since D;(T) = 2 ID(TA?Z\;?“X{LUZ)}, we have both 1 — Le=Pi(TIAL/T2 apd | — ¢~ Pi(T)AT/720% are arger than or equal to

i

1— TLA? Thus, E { L 1} can be bounded by TiA? when j > D; 7. O

Pi,mj+1

Lemma C.5.

T
— 6B; 1440%2InT
El S L =i, BN} Smax{fj,zi?n}le (19)
t=K+1
Proof. Let C;(T) = max { Gfi"' , 144‘2# } We first decompose the left hand side in Equation (19) as below,
T - T o

E l S KL=, Bl )} <E| Y I{L=i,Ert),ni(t—1) < Ci(T)}
t=K+1 t:;{+1 (20)

+E| Y KL =i, EF(t),ni(t — 1) > Ci(T)}

t=K+1
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The first term in the above decomposition is trivially bounded by ¢;(7"). What remains is to bound second term

T
E [ S L =i, Bl ni(t—1) > ci(T)}

t=K+1
= P (Bl nilt—1) = C(T))
t=K+1
Bi—
ZP Hit—1+ ——— > x;|ni(t — 1) > Cy(T)
(tfl)
t=K+1
- B
< Z P(Mzt 1+@7_1)>$z”z(t_1)>c( ))
t=K+1
By union bound, we have
P fi— 1+L>xznl(t—1)>0i(T)
i(t—1)
t—1 ~ B,
< P Mz‘t1+7>xlnl(t—l)—s
i(t—1)
s=c;(T)
t—1 5(1*%*%)2 t—1 1
< - < —
<Y STE <Y g
s=c;(T) s=1

The last inequality above uses Fact (A.2) and the fact s > ¢;(T") > @ and s > 1442#. Then the second term of the

right hand side in Equations 20 can be bounded by ZtT: K1 P 11 le S 1. [

C.3. Proof of Proposition 4.4

We complete the proofs for e-Greedy principal and Thompson Sampling separately. Similar to UCB principal, we derive
the upper bound of E[n;~ (T")] when all strategic arms use LSI manipulation strategy, shown in Lemma C.6 (for e-Greedy
principal) and Theorem C.7 (for Thompson Sampling). Then Proposition 4.4 is straightforward.

e-Greedy principal.

7A27

Lemma C.6. V¢ > K, let ¢, = min{1, %} where a constant ¢ = max {20 160 k€ K] } B; be the total budget for
strategic arm. The expected number of plays of arm i* up to time T, if all strategic arms use LSI, is bounded by

B <7- 3 2 2 (1nT>

iF£T*

Proof. Let C; = 2%"1.7% e St K41 €s and fort > |cK | + 1, by Equation (13) 7; > [cK| — K + §1n LcKJ+1'
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We first bound the probability of P (ﬁi* t—1)>mt—1Dn(t—1) < C’i> fort > K +1,

P(Bi-(t = 1) > fialt — omit — 1) < C)

= P(ﬁi* (t—1)>mt-1)+ %Wi(t -1)< Ci)
< P(ﬁi*(t—l)zﬁi(t—1)+2Ai) @1)
< P(ﬁi*(t—l)zui*+%)+P(ﬁi(t—l>§m—%)

IN

= 802 ,
2wy - e~ /% 4 %e‘A? Lwe] /80" (By Lemma A.5)

We can decompose the expected number of plays of the optimal arm ¢, E[n;« 7], as follows,

T

> I =it Vi £ i'ni(t - 1) > Ci}
t=K+1

T

> I =i 3i # i ni(t — 1) < Ci}

t=K+1

En(T)]=1+E

(22)
+E

The first term in the above decomposition can be bounded by 7" — . i+ Ci. This is because

T
E Z I{I, = i*, Vi # i*,ni(t — 1) > C;}
t=K+1
T
<E Z ]I{It:i*,ni*(t—l)gT—ZOi} gT—ZCi.
t=K+1 i i

By union bound, the second term is bounded by >, ;. E [ZtT:KH W =i n(t—1) < CZ}] Then, we bound the
above summand using Equations (21) and the fact that 1 — ¢, = 0 when ¢ < |[c¢K |,

T
El Y ]I{It:i*,ni(t—l)<cz‘}]

t=K+1

T ¢ T
< ot — ) Pl (t —1) > 0:(t — (+_1) < (-
<Y et Y (-a }P’(MZ (t—1) > falt — 1), na(t 1)_01) (23)
t=K+1 t=K+1

T 2
E €t § —x¢/5 8o —A?|z,]/802
S — + th & / + T?B ilwel/
=k B t=|cK|+1

What remains is to bound the last term in the above equations. Following the same arguments and proof procedure in
Equations (17), we can bound

T

2
S 2w e 4 oAt
t=|cK|+1 i (24)
2(lcK | +1)*n? 8o T
<(|lcK|-K) —————— K 1 — | In ——
< (i) = 1) - LD o (ler) 1) (o4 57 o
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By Eq. (18), we have

E[n(T)] < T — ,#2 K K]
+;(QcKJ_K)_?(LcKJ;lW+(LCKJ+1)<c+ZU§>1 Lcjf;J)
o ;m <1nT)

O

Thompson Sampling principal. Here we slightly abuse notations, and use E'. (¢) to denote the event that fi; (t — 1) < v;
whereas Ef* (t) to denote the event that 6;« (t) < w;, where p;» < v; < w;.

Theorem C.7.

Eln-(T)] < T — Z A (IHT>

i#£L*

Proof. We decompose the expected number of plays of the optimal arm ¢* as follows,

B @) <1+ 3 P(r=iBE0) + Y B(1 =i BL0), B ()
t=K+1 t=K+1
T
+ > P(L =i" EL(t), EL(1))

t=K+1
Then we bound each of the above terms. Lemma C.8, C.9 and C.12 show the upper bound of each term and complete the
proof. O

Lemma C.8. Let v; = i« + %,

T

Sop (It = i*, B (t)) < 12‘;2

t=K+1

Proof. Following the proof of Lemma 2.11 in (Agrawal & Goyal, 2017), we have

T T-1 T-1
> P(Lh=i"BE®) < Y P (Bl (rewr)) = Y Pl (rie 1) > v1)
t=K+1 s=1 s=1
T-1 2 2
s(v; — i) 20
< - <
- ;exp( 20° ) T (vi = pe)?

The first inequality holds because each summand on the right hand side in this inequality is a fixed number since the
distribution of i;« (7, s+1) only depends on s. The second inequality is based on Fact A.4 and the third inequality goes
through because ;7 e % < 1 vz > 0. O

Notice that Lemma C.3 holds independently with the identity of the arm. Then the following Lemma can be directly implied.

Lemma C.9. Let v; = p;= + Ad

and w; = i+ + %

T

3 P(It:i*,Ef*(t),Ei‘i(t))g o+ 1

t=K+1 i
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Proof. The proof of Lemma 2.16 in (Agrawal & Goyal, 2017) can be directly applied here by regarding arm ¢* as a standard
sub-optimal arm <. O

What remains is to bound ZtT: k41 P (I =%, EL(t), ElL(t)). To this end, we show some auxiliary lemmas in the
following. Lemma C.10 mimics Lemma 2.8 in (Agrawal & Goyal, 2017), which bridges the probability that arm ¢* will be

pulled and the probability that arm ¢ will be pulled at time ¢t. Lemma C.11 bounds the term E [ — 1] by a reduction

qi, 7y o+1
to the case shown in Lemma C.3.

Lemma C.10. For any instantiation Fy_1 of Fy_1, let ¢; 1 == P (91-(1?) > w;

Ft_1>, we have

— it

P (It = i*, E0.(t), B! (t)‘Ft_l) <
qit

P (It =i, BY.(t), BV (t)‘Ft_1>

Proof. Since E. (t) is only determined by the instantiation F}_; of F;_1, we can assume event E’, (¢) is true without loss
of generality. Then, it is sufficient to show that for any F}_; we have

— Qi

P (I —
qit

E°. (), Fy 1)_ IP’(It—z

ELL(t), Fie 1)

Note, given EY. (t), I; = i* implies 0, () < w;, Vj, meanwhile, 6;(¢) is independent with 6;(t), j # 4, given F;_1 = F;_1.
Therefore, we have

IP(I —

E()FH) P(@()<wZ,Vj‘E FH)

:P(Qz()<wi Ft_1)~IF’(9()<w1,

BLL(t), Fi1)
On the other side,
P(It:i’Ef*(t),Ft,l) zp(ei(t)>wizoj( A ’E ), Fy_ 1)

=P (6:(t) > wi| P ) - P (05(6) < wi,¥j 1| BL (), Foo)

Thus, the above two inequalities implies the correctness of the Lemma. O

Lemma C.11. Let w; = pi + 2?". Forany s > 1, given n;(1; 5) < 2% , we have

1 B; 11/4¢62 | =2
E [ —1ini(7is) < ] <l tE vs
i, s+1 27, TA, if s > Ll(T)

721In(TA?) max{1, 02}
A2

where L;(T) =

Proof. We prove this Lemma by a reduction to Lemma C.4. First, we observe 6;(7; s + 1) ~ N (ﬁz (Ti,s)s m) where
RiTis) = fi(Tis) + (T 5 Given n; (7 5) < f ,we have [1;(7; ) > 1;(Ti,s) + 2A;. Let {;(7;,s + 1) denote the random
variable of Gaussian distribution A/ (ui(n,s), ﬁ) By the fact that a Gaussian random variable a ~ N (m, 0?) is

stochastically dominated by any b ~ A/ (m’, o) when m < m/, we have for any F;_; of F;_1

FH) > P (g(n,s F1) 4 2A; > w;

Giyrs 41 =T <9i(Ti,s +1) > w; th)

A;
=P (Ci(Ti,s +1) > ps — 3’Ft—1> = Mir e+l

Therefore, E [ - 1} <E { 1] Denote u; := p; — %. Recall

A
— | F_
3 t1>7

Qi,m; o +1 Mi, 75 s +1

Piri o4+1 = P (91'*(71'*,5 +1) > pr —
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we observe 7); -, .41 is analogous to p; r, .41 in formula, when we replace p; and 71;(7;, s + 1) by g and i« (7= s + 1)
respectively (i.e. change arm ¢ by ¢*). Recall the proof in Lemma C.3, it only depends on the relationship between
Yi = i — AS and fi;~, which is the same as u; and f4; in 7; -, , +1. Thus, the proof of Lemma C.3 can be directly applied

here to bound E [ 1 — 1]. O
7]1,,7',;’5-}—1
Lemma C.12.
T
> P(I =i, EL(t), EL(t))
t=K+1
B; 2 w2, 72In(TA?) max{1,0?} 4
< T_ “ 11/40 Ty % ) o
< ;2Ai+§<(e +3) A2 t 3

Proof. We first decompose the target term by thresholding n;(t — 1) as follows,

T
> P (I =i EL(t), EL(1))
t=K+1
T B
< E| Y i{n=it BLO.BLO.Y A - 1) 2 51 ] 25)
t=K+1
T B
+ P (1, =i* E%(t), BL(t),3i #i*,ni(t — 1) < Z)
> (1= 0" B OB 0,30 2 i 1) < 5

B;
2A;

For the first term in above decomposition, it can be trivially upper bounded by 7' — >, Lir . By union bound and

Lemma C.10, we can bound the second term as follows,

T

B;
P (It =" EL(t), L (t), i #i*,ni(t — 1) < )

24
t=K+1

T
ok 7 . - BZ
<> > ]P’(It:z,Ef*(t),Eé*(t),Elz;éz,ni(t—l)g )

i#i* t=K+1

T -
B;
=Y > E P(It:i*,Ef*(t),Eﬁi(t),ni(t—1) <A ]-'tlﬂ
it t=K+1 - g
T (1 — qa. B:
=Y > E TGt p (It =40, B (t), B (1), ni(t — 1) < = ]-"tlﬂ
izirt=kp1 L it 24
a [1—g¢q B
— Y.t . 0 o ot A
S Z Z ]E T N IP) (It - Z’E’i* (t)7E7,* (t) nl(t 1) S 2Ai,ft_1>:|
iFi t=K+1 - ’
T 1 — g, B:
-y Y E ﬂ-ﬂ{ft:i,Ef*(t),Eg(t)} ni(t — 1) < -
— it 24,
i#i* t=K+1 - ’

Observe that ¢; , = P (Hi(t) > w;

]-"t_l) changes only at the time step after each pull of arm 7. Therefore we can bound
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the above term by,

T-1 Ti,s4+1

1= G +1 g " ‘ Bi
E : {1 =i, B (1), B (t) } |ni(Tis) <
ezz:l Qi,ri s+1 t:-,—Z:-H { »=hEe ). B ()} (i) 24
T-1
— Qi s+ Bi
< E ‘nz Tis) < }
; [ Qi ri s +1 (72) 24,

Combining Lemma C.11 and Equation (25), we complete the proof.

D. Additional Simulations

We report our simulation results for bounded rewards in this section. Similarly, we also consider a stochastic bandit
setting with three arms. The reward of each arm lies within the interval [0,1]. The distributions of rewards of each
arm are Beta(1,1), Beta(2, 1) and Beta(3, 1) respectively. In e-Greedy algorithm, we use a different ¢; parameter, i.e.
%}. We run simulations for the same settings as those in Section 5 and report the results in Figure 3 and 4.

g+ = min{1,
These figures illustrate similar performances for bounded rewards as for unbounded rewards.
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Figure 3: [0, 1] bounded rewards: plots of regret with In ¢ for UCB principal (left), e-Greedy principal (middle), and Thompson Sampling

principal (right), as B; and Ba vary. We set B3 = 0 for the three algorithms.
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Figure 4: [0, 1] bounded rewards: plots of regret with total budget B of strategic arms (arm 1 and 2) for UCB principal (left), e-Greedy

principal (middle), and Thompson Sampling principal (right), as B; varies.




