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Abstract tent variable model (Anandkumar et al., 2014), data restora-

Tensor network (TN) decomposition is a promis-
ing framework to represent extremely high-
dimensional problems with few parameters. How-
ever, it is challenging to search the (near-)optimal 
topological structures for TN decomposition, 
since the number of candidate solutions exponen-
tially grows with increasing the order of a tensor. 
In this paper, we claim that the issue can be prac-
tically tackled by evolutionary algorithms in an 
affordable manner. We encode the complex topo-
logical structures into binary strings, and develop 
a simple genetic meta-algorithm to search the op-
timal topology on Hamming space. The experi-
mental results by both synthetic and real-world 
data demonstrate that our method can effectively 
discover the ground-truth topology or even bet-
ter structures with a small number of generations, 
and significantly boost the representational power 
of TN decomposition compared with well-known 
tensor-train (TT) or tensor-ring (TR) models. Our 
code is available at https://github.com/ 
minogame/icml2020-TNGA. 

1. Introduction 

How to use fewer parameters to represent data and mod-
els is a crucial issue in both machine learning and scien-
tific computing (Bellman, 1966; Bishop, 2006; Cichocki, 
2014). To tackle the problem, tensor decomposition (TD), 
including CANDECOMP/PARAFAC decomposition (Bro, 
1997), Tucker decomposition (Tucker, 1966) and their vari-
ants (De Lathauwer, 2008), becomes a promising frame-
work, which decomposes high-order tensors into low-
dimensional forms (Kolda & Bader, 2009). In real-world 
applications, TD has been successfully applied to model 
compression (Bahadori et al., 2014), multi-modality and 
multi-task learning (Zadeh et al., 2017; Liu et al., 2018), la-
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tion (Zhang et al., 2019) to name a few. 

More recently, some studies brought the idea from physics 
to extend TD into a more sophisticated form, i.e., tensor net-
work (TN) (Cichocki, 2014; Cichocki et al., 2016; Khorom-
skij, 2018), which derives various models such as tensor 
train (TT) (Oseledets, 2011), tensor ring (TR) (Zhao et al., 
2016), hierarchical Tucker (HT, or tensor tree) (Grasedyck, 
2010) and their variants (Phan et al., 2018; Huang et al., 
2019). More interestingly, lots of studies in machine learn-
ing reported the overwhelming performance of the TN-
based methods compared to the conventional TD’s (Novikov 
et al., 2015; Stoudenmire & Schwab, 2016; Wang et al., 
2017; Levine et al., 2017; Wang et al., 2018; Cheng et al., 
2019; Hayashi et al., 2019). While on the other hand, we 
notice that the existing TN-based methods are mainly de-
veloped by specifying the topology of the model, such as 
line, cycle, tree and grid (a.k.a., multiple cycles). Such a 
fact raises the question whether there exist “better or even 
optimal” topological structures of TN decomposition for 
a given tensor, and how to efficiently search them? It is 
naturally expected that the optimal topology of TN would 
be out of the box of the manucrafted structures yet with 
more promising representational power. 

However, it is an open problem to search the optimal topol-
ogy and the challenges are mainly twofold: Theoretically, 
this problem seems NP-hard1 in the optimization context; 
Practically, the solution space is unacceptably huge even for 
a small-scale problem. For instance, there are more than 
68 billion candidate solutions for only an order-9 tensor 
(known by Proposition 2). As related works, although there 
are some studies focusing on rank (a.k.a. bound dimension 
in physics) estimation (Grasedyck, 2010; Oseledets, 2011; 
Zhao et al., 2016; Yokota et al., 2018; Mickelin & Karaman, 
2018), they generally assume to fix the topology. To our best 
knowledge, there is few discussion on the topology search 
issue so far. 

In this paper, we address the topology search issue prac-
tically. The core idea is to formulate the problem as a 

1The rigorous proof of this claim still seems to be unsolved. 
The authors infer this conjecture based on the empirical knowledge 
and the fact “Most tensor problems are NP-hard (Hillar & Lim, 
2013).”. 
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Figure 1. An illustrative example to approximate a tensorized “lena” image (order-9 tensor) by TN decomposition. In the experiment, 
we apply GA to searching the topological structures from the data without careful “rank” tuning. For comparison, we also decompose 
the data by TT-SVD (Oseledets, 2011) and TR-SVD (Zhao et al., 2016), by which the rank of the model are automatically determined. 
Plot (a) illustrates the compression ratio achieved by different structures under various relative square errors (RSE), and plot (b) shows the 
topological structures used in the experiment. 

combinatorial optimization on Hamming space, and to ap-
ply the well-developed genetic algorithm (GA) to searching 
the solution. Concretely, we first reforge the existing graph-
ical representation (GR) of TN (Cichocki et al., 2016; Ye 
& Lim, 2019), such that there exists a bijection between 
the TNs’ topology and a simple graph. Subsequently, we 
encode each graph into a fixed-length binary string by its 
adjacency matrix. Taking the encoded binary strings as 
chromosomes, we can apply various GAs to searching the 
topological structures from the tensor. Figure 1 shows a 
demo experiment, in which we employ TT-SVD (Oseledets, 
2011), TR-SVD (Zhao et al., 2016) and our method to ap-
proximate a tensorized “lena” image (an order-9 tensor) 
under a series of relative square errors (RSE) conditions. 
It is clear that the new discovered structure (b.3) results in 
significantly less number of parameters to represent the data 
than TT and TR under all RSE conditions. The details about 
the experimental settings are given in Section 4.3. 

1.1. Related Works 

Tensor network (TN). The studies on TN have long his-
tory in physics (Fannes et al., 1992; Hübener et al., 2010; 
Calabrese et al., 2011; Orús, 2014), in which the topolog-
ical structures of TN models are generally assumed to be 
known in advance. On the other side, in the communities of 
scientific computing and machine learning, TN is applied 
as a non-linear approximation of high-dimensional prob-
lems (Kolda & Bader, 2009; Sidiropoulos et al., 2017), and 
up until now only simple topological structures are stud-
ied such as line (TT (Oseledets, 2011)), cycle (TR (Zhao 
et al., 2016)), tree, (HT (Grasedyck, 2010)) and their com-
binations (Phan et al., 2018; Huang et al., 2019). As to the 
model selection issue in TN, the existing studies mainly fo-
cus on “TN rank determination” (Grasedyck, 2010; Yokota 
et al., 2018; Mickelin & Karaman, 2018). In contrast, the 
focus of our work is on providing an approach to search 

better topological structures of TN models. 

Genetic algorithm (GA). As a population-based evolution-
ary method, GA has been paid much attention since the 
last century (Whitley, 1994; Harik et al., 1999; Maulik & 
Bandyopadhyay, 2000) to new a few. The recent boost on 
studies of GA is due to the interest on neural network archi-
tecture search (NAS) (Irani & Nasimi, 2011; Elsken et al., 
2018; Lu et al., 2019; Liang et al., 2018; Elsken et al., 2019; 
Real et al., 2019). Inspired by the recent studies, we also 
consider GA as a promising algorithm in this paper, yet 
the focus of our work is mainly on building a bridge from 
topology search problem of TN decomposition to GA, which 
is entirely different problem from NAS or designing new 
approaches for GA. 

2. Graphical Representation of TN 

To establish a bijective mapping from TN’s topology to 
the simple graph (in sense of graph theory), we reforge the 
existing definition of TN graphical representation. After 
that, we propose a formal statement on the topology search 
issue of TN decomposition. 

2.1. Tensor Network (TN) 

First, we briefly recall the definitions and notations about 
tensor and tensor network (TN) for the self-contained con-
sideration. Specific details about TN and its extension are 
given in (Ye & Lim, 2019) and the references therein. 

Throughout the paper, we define a tensor as a multi-
dimensional array of real numbers (Kolda & Bader, 2009). 
The order of a tensor is defined as the number of indices. 
Thus, an order-0 tensor is a scalar denoted by italic lower-
case letters, e.g. x ∈ R, an order-1 tensor is a vector denoted 
by boldface lowercase letter, e.g. a, b ∈ RI , and an order-2 
tensor is a matrix denoted by boldface capital letter, e.g. 
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X ∈ RI1×I2 . For higher-order tensors, we denote them by 
calligraphic letters, e.g. A, B ∈ RI1×I2×···×Id . Sometimes 
we also use the calligraphic letters to represent vectors or 
matrices without ambiguity. 

As an extension of matrix product, an index contraction 
(also called contracted product of tensors in (Cichocki et al., 
2016)) is defined as the summation over all the possible 
values of the repeated indices (a.k.a., modes (Kolda & Bader, 
2009)) of a set of core tensors (Orús, 2014). For example, 
we can use the index contraction to respectively represent 
the matrix product and the mode-2 product of an order-3 
tensor and a matrix: 

R RX X 
C = A(:, r)B(:, r) and Z = X (:, r, :)Y(:, r), 

r=1 r=1 
(1) 

where we use the Matlabr syntax A(:, r) and X(:, r, :) to 
denote a piece of a tensor. 

Based on above notations, a tensor network is roughly 
defined as a set of low-order tensors (i.e., core tensors) 
where some, or all, of its indices/modes are contacted ac-
cording to some patterns (Orús, 2014). For instance, the 
well-known tensor train (TT) (Oseledets, 2011) and tensor 
ring (TR) (Zhao et al., 2016) over the given core tensors 
Vi, i ∈ {1, 2, 3} can be respectively represented by 

RX 
X = V1(:, r1)V2(r1, :, r2)V3(r2, :) and 

r1,r2=1 

RX 
Y = V1(r0, :, r1)V2(r1, :, r2)V3(r2, :, r0), 

r0,r1,r2=1 

(2) 

where for simplicity we assume that the contracted in-
dices/modes take the unified R value, and in practice we 
can choose different values for the summation. 

2.2. Graphical Representation of TN 

As shown in aforementioned examples, it is not difficult to 
introduce a graphical representation to describe the contrac-
tion operations among indices. Given an undirected graph 
G = (V, E) we can construct a tensor network, where the 
vertices are labeled by different symbols (in order to cor-
respond different core tensors) and each edge is assigned 
with a non-negative integer weight. Figure 2 shows the 
correspondence of terminology between the graph and TN, 
and illustrates the corresponding diagram of the mentioned 
models in Eq. (2). 

Similar to (Ye & Lim, 2019), we also assume that G is 
always a simple graph. It implies that there exists no self-
loop or multiple edges. Furthermore, we impose additional 
rules into the model to guarantee the bijection relationship: 

Graph Tensor network
vertices cores/core tensors/factors
edges contracted  indices

degree of vertex number of indices in each core

weight of edge upper limit of summation

number of edges number of indices contracted

(a) matrix product

(b) tensor train (TT)

(c) tensor ring (TR)

Figure 2. How a graph determines a TN topology (Ye & Lim, 
2019). The left table shows the correspondence between graph and 
TN. Three diagrams on the right illustrate three examples of TNs 
given in Eq. 2, which includes (a) matrix product, (b) tensor train 
(TT) and (c)tensor ring (TR), respectively. 

Rule 1 Weight-one edges are not allowed. 

Since dropping the weight-one edges does not change the 
expression of TN (Ye & Lim, 2019), Rule 1 eliminates the 
possibility that two different graphs correspond to the same 
TN structure. Hence, under Rule 1, the correspondence 
between the TN structure and the graph G becomes one-to-
one, which we formalize as 

Proposition 1 Given the number of vertices that are la-
beled distinctly, there is a bijection from an arbitrary simple 
graph to the TN structure. 

The proof is straightforward since the non-one weights will 
change both the order and dimension of the core tensors. 

It is implied from Proposition 1 that, with Rule 1, the TN 
structure can be bijectively embedded into a topological 
space. Additionally, due to the property of the simple graph, 
we can uniquely represent the TN structure by its adjacency 
matrix (Godsil & Royle, 2013), in which the value of each 
non-diagonal entry equals the weight of the edge or 0 if 
disconnected. For instance, the TNs w.r.t. Eq. (2) can be 
described by the adjacency matrices, ⎛ ⎞ ⎛ ⎞ 

0 R 0 0 R R 
AT T = ⎝R 0 R⎠ and AT R = ⎝R 0 R⎠ , 

0 R 0 R R 0 
(3) 

respectively. Besides Proposition 1, under Rule 1, we can 
also know the number of all possible structures. Once the 
number of vertices and weights of edges are fixed, we have 

Proposition 2 Assume that the number of labeled vertices 
equals N , and the weights of all edges are identical to each 

N (N −1) 
2other, then there are at least 2 different graphical 

structures for TN. 

Proposition 2 reveals the difficulty of the topology search 
problem of TN: The rapidly growing number of possible 
structures makes it unachievable to seek the optimal solution 
by enumeration even for a small-scale tensor. 
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Due to the fact that the connectivity of the graph is not 
restricted in the model, we should further define how to 
calculate TN from multiple isolated subgraphs. 

Rule 2 The isolated subgraphs are “connected” by tensor 
outer product. 

Rule 2 implies that, if there are multiple isolated subgraphs 
in the TN structure, we first calculate the sub-TN defined by 
each isolated subgraph using index contraction, then merge 
all sub-TNs by trivial tensor outer product. 

Last, the work in (Ye & Lim, 2019) does not consider the 
existence of internal cores (i.e., the core tensors whose all 
indices are connected to other cores), such as the ones in 
Tucker decomposition and multi-scale entanglement renor-
malization ansatz (MERA) (Cincio et al., 2008). Hence, 
below we further allow the existence of the internal cores 
(vertices), that is, 

Rule 3 The vertices can be internal. 

Remark: The internal vertices are unlabeled in contrast to 
the “external” ones. The existence of multiple internal ver-
tices would theoretically break the aforementioned bijection 
relationship (Proposition 1), resulting in a surjection from 
graph to the topological structures of TN. Hence in the rest 
of the paper, we assume that there exist no more than one 
internal vertex in the model. While on the practical side, 
too many internal vertices would lead to the repetitive com-
putation on the same topological structures in our search 
method. Therefore, we suggest to assume a small number 
of internal vertices when implementing the method in the 
paper. 

2.3. TN Decomposition and Topology Search 

Based on the above definitions about TN and its graphical 
representation, below we give a general formulation of TN 
decomposition. Specifically, TN decomposition is defined 
to represent a tensor X by a series of index contraction op-
erations on a collection of core tensors V := {Vi, i ∈ [N ]}
under a structure w.r.t. graph G = (V, E), and it can be 
generally formulated as (Li et al., 2019) 

X = TN(V; A), (4) 

where TN( · ; A) denotes the index contraction operations 
under the adjacency matrix A ∈ RN×N . Note that the 
general model (4) can be degenerated into the conventional 
decomposition like Tucker, TT, TR decomposition when 
we choose the specific A’s. Hence it is not difficult to see 
that there exist many TN decomposition models, which 
might efficiently represent a tensor yet do not belong to 
any existing TN decomposition model. Such situation gives 
rise to the following question: To represent a tensor, does 

there exist more efficient TN decomposition models than the 
existing ones like TT and TR, and how to quickly find them? 
In this paper, we call the procedure of solving such problem 
as the topology search of TN, where the notion “topology” 
represents the graphical structure of a TN decomposition 
model. Below, we give a formal statement of topology 
search for TN decomposition. 

Problem 1 Given a tensor X , the topology search of TN 
is to find the optimal adjacency matrix A0, such that there 
exist a set of core tensors Vb that satisfies Eq. (4). 

In different contexts, we can endow the notion “optimal” 
with different meanings, such as the sparsity of graph or the 
minimum of the largest degree of vertex. In this paper, we 
consider to seek a graphical structure of TN, which can use 
the fewest parameters to represent a given tensor. In both 
machine learning and scientific computing, fewer parame-
ters implies not only lower storage and computational cost 
but also more promising generalization capacity. 

3. GA-based Topology Search Method 

3.1. Optimization Model 

From Eq. (4) and Problem 1 we see that the topology search 
is equivalent to seeking the optimal adjacency matrix A 
under some criteria. Problem 1 can be therefore formulated 
as an optimization model: 

21 
min , s.t. X − TN(Vb ; A) ≤ δ, for some Vb , 
A∈A � (A) F 

(5) 
where A denotes the set that contains all possible adjacency 
matrices of a given size, k · kF is the Frobenius norm of a 
tensor, and �(A) denotes the compression ratio of the TN 
decomposition under the given A. It is defined as 

Uncompressed size of X 
�(A) = . (6)

Parameter size of V under A 
As shown in Eq. (5), we maximize the compression ratio, 
under which the tensor X can be decomposed into a collec-
tion of cores Vi, ∀i. Compared to Problem 1, we further 
impose a tuning parameter δ to provide a tolerance of the 
noise. It is because in machine learning problems, we often 
demand a good TN approximation rather than the exact de-
composition, and the latter can be accomplished by setting 
δ = 0. 

We can also see that Eq. (5) is a combinatorial optimization 
model when the weights of the edges are fixed. However, 
as shown in Proposition 2, the exhaustive search for such 
problem is unacceptable even for a small-scale problem. 
To tackle it, we concern a practical alternative, where we 
are looking for near-optimal solutions that practically well-
perform, instead of considering the worst-case behavior of 
the problem. 
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Figure 3. An example to illustrate how to encode an order-4 tensor with TT-format into a binary string a.k.a chromosome. First, the 
adjacency matrix is converted into a binary form; Subsequently, the upper triangle aspect of the matrix is encoded as a binary string. In 
the context of GA, we generally consider the binary strings as chromosomes or population and their entries as genes. 

Algorithm 1 Genetic meta-algorithm for topology search 
of TN 

Input: Tensor X ∈ RI1×···×Id ; Number of of the vertices 
N ≥ d and labeled vertices by the physical modes of X 
or internal. 

1. Parents Initialization. //Each individual corre-
sponds to different TN structures (i.e., graphs). 

Iteration until convergence: 
2. Fitness evaluation //Use compression ratio and 

approximation error of the model to evaluate the graphs. 
3. Elimination //Remove the graphs with bad fit-

ness. 
4. Recombination //Transmit the structures of the 

superior graphs into the next generation. 
5. Mutation //Slightly change each graph for the 

diversity of the solutions. 

There are mainly two potential classes of algorithms in the 
existing studies to solve Eq. (5), i.e., heuristic solvers and 
approximation algorithms. For the latter, they generally 
provide theoretical guarantees, but their scalability may be 
limited and algorithms with satisfactory bounds may not 
exist (Arora & Barak, 2009). Therefore, in this work we 
focus on a heuristic genetic algorithm (GA) to solve the 
topology search problem for practical concerns. 

3.2. Topology Encoding and Meta-algorithm 

To do so, we first encode TN’s topology into a fixed-length 
binary string, and then develop a genetic meta-algorithm 
for the search problem. For simplicity, in the rest of the 
paper, we assume that the number of vertices is fixed, and 
the weights on edges are known and identical to each other. 
Proposition 2 shows that even in this simplified case, the 
topology search problem is still challenging. 

As known in Eq. (4), the TN topology is uniquely deter-
mined by its adjacency matrix, and the further assumption 
of identical weighting on each edge results in an equiva-
lent binary form of the adjacency matrix. We can therefore 
encode the TN topology by the upper triangle part (the di-

agonal entries are omitted) of adjacency matrices due to its 
symmetry property. Figure 3 shows an example to encode 
an order-4 TT into a binary string. On the other side, Propo-
sition 1 ensures the existence of different TN structures by 
modifying arbitrary bit from the binary string. For instance, 
Figure 3 also shows that the modification of the third bit 
turns TT into a TR format. 

Our GA for topology search is developed based on the 
encoded adjacency matrix as chromosomes. Alg. 1 shows 
the proposed genetic meta-algorithm. In the algorithm, we 
use the encoded binary strings to be the individuals, and all 
the genetic operators are directly employed on them. As 
shown in Alg. 1, the steps 2-3 simulate the procedures of 
“natural selection”, while steps 4-5 guarantee the generation 
of new individuals. From the view of optimization, steps 2-3 
accelerate the convergence to a local optimal value, while 
steps 4-5 push the approach to explore new solutions to 
achieve the global optimal values. 

3.3. Heuristic Genetic Operators 

Below, we present a group of simple genetic operators used 
in our experiments, and the experimental results demon-
strate the operators’ effectiveness. Note that, as a meta-
algorithm, we expect that various well-developed GA’s can 
be applied to solving this problem. Redundant discussion 
on detailed tricks in GA is out of the scope in this paper. 

Parent initialization. Given the number of vertices N , we 
initialize a set of randomized individuals (binary strings). 
For each individual, we first randomly generate a parameter 
p at uniform distribution on [0, 1], and then each bit of the 
individual is independently sampled from a Bernoulli distri-
bution B(p). The randomly generated probability p for the 
Bernoulli distribution can make the individuals uniformly 
spread in the solution space. 

Fitness evaluation. We evaluate the fitness for each indi-
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vidual by the following function: 

1 
F (Ab ) = + 

�(Ab )| {z } 
compression ratio (CR) 

, (7)
2 

λ · min X − TN(Vb ; Ab ) / kX k2 
F | V

b {z 
F } 

relative square error (RSE2) 

where Ab denotes the adjacency matrix w.r.t. the individual. 
Compared to Eq. (5), we put the constraint into the function. 

2Since kX k is generally a non-zero constant in practice, F 
there always exists a λ, such that minimizing Eq. (7) has 
the same solution to Eq. (5). Furthermore, we can see 
that Eq. (7) can be split into two interpretable terms, i.e. 
compression ratio (CR) and relative square error (RSE). It 
hence implies that our method seeks a simple TN model yet 
with good representation on X , and the tuning parameter λ 
reflects the trade-off between the two properties. 

Elimination. To speed up the convergence, we hope that the 
individuals in the new generation only inherit the structures 
from the superior parents in the elder generation. Therefore, 
in the operator, we eliminate m% individuals that have the 
worst fitness in the population. 

Recombination and mutation. For recombination, we per-
form a Russian roulette process to determine which indi-
viduals to be the parents. Each parent is determined by a 
non-uniformly sampling over the set of survival individuals, 
and the probability for each individual is heuristically given 

eps + β · rank 

by2 � � �� 

P r = max 0.01, ln 
α 

, (8) 

where ln(·) denotes the natural logarithm, rank denotes the 
rank of the individuals by fitness evaluation, eps denotes a 
small value for numerical stability, and tuning parameters 
α, β > 0. In Eq. (8), the constant 0.01 is to avoid the 
domination of elite individuals. Parameters α, β control the 
concentration of the probability, which balances the trade-
off between the convergence rate and the solutions’ variety. 
After determining the parents, we randomly exchange half 
of their bits for recombination (a.k.a., crossover). 

After recombination, the mutation process of an individ-
ual involves flopping each bit independently with a small 
probability (like 0.05). 

4. Experimental Results 

In the experimental analysis section, we employ both syn-
thetic and real-world data to demonstrate the effectiveness 

2In the formula, we omit the normalization for brevity. 

and efficiency of the method. 

4.1. Implementation 

In the experiments, we implement our GA on graphics pro-
cessing unit (GPU, Nvidiar V100) clusters following a 
central processing unit (CPU, Intelr Xeonr E5-2690) node. 
Concretely, we exploit the CPU node for receiving the data, 
employing all genetic operators and assigning the individ-
uals into different GPUs, which calculate the TN decom-
position under given topology and output the fitness value. 
After the calculation for each generation, the CPU node will 
collect the fitness values and generates new individuals for 
the next generation. 

4.2. Synthetic Data 

Below, we employ the synthesized data to examine whether 
the proposed GA can acquire sufficiently good topological 
structures. 

Setup. We first generate batches of tensors with random-
ized topological structures. The order of the tensors are 
selected from {4, 5, 6, 7, 8}, and for each order we generate 
5 different samples for evaluation (25 in total). We control 
the edges of the graph by flipping a coin with a random-
ized probability p ∈ [0.15, 0.85] to be the head (connected). 
Then we initialize the core tensors, of which the entries obey 
Gaussian distribution with zero mean and 0.1 standard de-
viation, and calculate the value of their represented tensors. 
Using the generated tensors, we employ the proposed GA 
to search the (near-)optimal topology. 

We specify the maximum number of the generations for 
all runs to be 30. The population in each generation are 
set to be 50 for the ground-truth with order {4, 5, 6, 7, 8}, 
respectively. To balance the scale between the compression 
ratio and RSE, we adjust the trade-off parameter λ in com-
puting the fitness score to be 50. During each generation 
in GA, 20% of the individuals with the worst fitness scores 
are eliminated. Meanwhile, to calculate the selection proba-
bility described in Eq. (8), we choose the hyper-parameter 
α = 200, β = 5. Moreover, we deploy a chance of 5% 
for each connection to mutate to the opposite state after 
the recombination is finished. We follow the differentiable 
programming approach (Liao et al., 2019) for computation 
of the RSE in Eq. (7). Concretely, for each individual, we 
initialize the core tensors with Gaussian distribution of zero 
mean and 0.1 standard deviation, and apply the Adam op-
timizer (Kingma & Ba, 2014) with a learning rate of 0.001 
to carry out the gradient descent steps. In order to avoid 
the local minima during the TN decomposition, we repeat 
the decomposition 4 times for each individual under dif-
ferent initialization, and select the smallest RSE for fitness 
evaluation. 
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Table 1. Experimental results of representation of synthetic data. The optimal individuals are selected as the first individuals that have an 
RSE smaller than 10−3 with fewest parameters among all the generations. Gen. denotes the generation of the optimal individuals. Eff. 
denotes the parameter ratio between the ground-truth TNs and optimal individuals, 1.000 stands for the number of parameters of the two 
structures are the same, and a larger Eff. indicates fewer parameters of TN obtained by our method. 

Order 

4 5 6 7 8Trial 
Gen. Eff. Gen. Eff. Gen. Eff. Gen. Eff. Gen. Eff. 

A 001 1.333 003 1.084 005 1.052 003 1.052 001 1.396 
B 001 1.500 003 1.690 006 1.062 018 1.000 005 1.000 
C 001 1.500 002 1.000 004 1.000 003 1.000 001 1.320 
D 001 1.000 001 1.445 003 1.000 001 1.000 020 1.000 
E 001 1.000 002 1.000 005 1.052 003 1.000 005 1.000 
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Figure 4. Convergence of our GA. The plots illustrate the distributions of the fitness w.r.t. the individuals during the first 10 generations in 
Trial A. A smaller fitness score suggests the individual has fewer parameters or smaller RSE. 

Table 2. Comparison of the number of the required calculated can-
didates between the trivial enumeration and our GA, where the 
results in GA is obtained by averaging the number of evaluated 
individuals in the experiment. 

Order Enumeration GA 

4 64 18 
5 1024 110 
6 32768 156 
7 2097152 510 
8 268435456 1400 

Results. The experimental results are reported in Table 1. 
Under each order configuration, we denote the 5 samples 
as Trial A∼E, and report when the optimal individuals are 
found and how good their structures3 are. Specifically, the 
Gen. columns indicate the generations in which the optimal 
individuals appear, and the Eff. columns indicate the ratio 
of number of parameters between the ground-truth TNs and 
discovered optimal individuals, where 1.000 stands for the 

3The detailed structures of the TNs are provided in the supple-
mentary material. 

number of parameters of the two structures are the same, 
and the larger Eff. values indicate the individuals own fewer 
parameters than its ground-truth TN. It can be seen that, our 
proposed GA achieves to acquire tensor network structures 
that are identical or equivalent or even more compact form 
to the structures of ground-truth structures. 

Figure 4 illustrates the convergence of our method. We 
depict the distributions of the fitness w.r.t. the individuals 
in the first 10 generations under Trial A. Although it ap-
pears that there always exist outliers due to the mutation, the 
median of the fitness drops rapidly in the first several gen-
erations. As shown in the Gen. columns of Table 1, most 
of the solutions can be obtained within 5 generations when 
the tensor order is small (≤ 6), and the required number of 
generations increases when the order is large. Furthermore, 
we compare the numbers of the evaluated individual with 
a trivial enumeration as shown in Table 2. Apparently, the 
proposed GA efficiently find the good solution from a huge 
number of candidates. 

4.3. Natural Images 

Below, we exploit the real-world data (natural images) to 
evaluate the representational power of TN decomposition 
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Table 3. Experimental results of approximation of real world data. We compare the log compression ratio of GA (ours), TT-SVD, TR-SVD 
under close RSE value. In GA, the RSE between the original and reconstructed images are obtained from the optimal individuals with 
their weights setting to 6 and 7. A larger log compression ratio indicates fewer parameters of the model while a smaller RSE indicates 
better approximation quality. 

Log compression ratio (CR)↑ + RSE↓ – CR(RSE)Images 
GA(weights=6) TT TR GA(weights=7) TT TR 

0 0.901(0.137) 0.582(0.142) 0.469(0.141) 0.660(0.115) 0.325(0.115) 0.457(0.127) 
1 1.352(0.158) 1.210(0.170) 1.216(0.187) 1.159(0.155) 1.137(0.166) 0.824(0.155) 
2 1.452(0.176) 1.148(0.187) 1.231(0.206) 1.268(0.171) 0.898(0.179) 1.022(0.182) 
3 1.649(0.193) 1.140(0.191) 1.416(0.211) 1.476(0.189) 1.265(0.206) 1.074(0.191) 
4 0.859(0.152) 0.527(0.156) 0.403(0.153) 0.621(0.121) 0.408(0.143) 0.372(0.141) 
5 1.726(0.087) 1.471(0.087) 1.471(0.088) 1.548(0.083) 1.531(0.083) 1.388(0.085) 
6 1.332(0.110) 1.471(0.113) 1.212(0.124) 1.141(0.104) 1.088(0.101) 1.052(0.102) 
7 1.573(0.126) 1.030(0.139) 1.112(0.145) 1.406(0.120) 1.179(0.142) 0.970(0.125) 
8 1.679(0.085) 1.493(0.082) 1.387(0.085) 1.505(0.081) 1.493(0.082) 1.357(0.084) 
9 1.164(0.194) 0.994(0.227) 0.836(0.200) 0.966(0.185) 0.774(0.190) 0.916(0.226) 

Figure 5. Example to illustrate the employed images and their corresponding TN topological structures obtained by GA. 

with the discovered topology by GA. 

Setup. In the experiment, we randomly select 10 natural 
images from the LIVE dataset (Sheikh et al., 2006) and ap-
ply TN decomposition to the data approximation task. The 
images have original sizes of 256×256 and are tensorized 
to order-8 of the size 48 . For topology search, we spawn a 
group of individuals with population 200 in each generation, 
and set the maximum number of generations to be 15. In 
addition, the weight of each edge is equal to 4, and we set 
λ = 1 and β = 1. Other parameters in GA are same to the 
ones given in Sec. 4.2. 

Also we implement TT-SVD (Oseledets, 2011) and TR-
SVD (Zhao et al., 2016) in the experiment for comparison. 
In their methods, we manually adjust the tolerance value 
to meet RSE obtained by our methods. In ours, we change 
the weights to be {6, 7} after topology search to simulate 
different approximation errors. 

Results. The experimental results of compression ratio (CR) 
(in log form) with the corresponding RSE are given in Table 

3. As shown in Table 3, our methods result in less number of 
parameters (higher compression ratio) compared to TT-SVD 
and TR-SVD in over all data and settings. It implies that 
the discovered topological structures by GA can provide 
stronger representational power to TN decomposition than 
the simple line (TT) and cycle (TR) structures. Figure 5 
gives some examples of the topological structures obtained 
by GA. We can see that the obtained topology shows com-
plex structures, which are generally a combination of lines, 
cycles and isolated points. Such results are expected because 
the natural images reflect complicated object relationship 
and abundant information. 

Toy experiment shown in Figure 1. The experimental 
results shown in Figure 1 are obtained with the similar 
settings as above, where we use the colorful “lena” of the 
size 256×256×3 as the data and reshape it as an order-9 
tensor. The results in Figure 1 also show the significant 
advantage of “new” topological structures compared to its 
simple counterparts. 
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5. Discussion and Concluding Remarks 

Computational complexity. Although we have preferred 
applying the plain GA to the topology search and the con-
vergence is quite fast, the computational requirement is still 
dramatically larger than TT-SVD and TR-SVD. The bot-
tleneck is mainly from the gradient-based decomposition 
algorithm and repeated calculation of the decomposition for 
each individual. 

Optimal solution? There is no guarantee in our GA to 
obtain the optimal solution. Yet the experimental results 
demonstrate the effectiveness of the proposed work even 
though the structures we obtain are near-optimal. 

Potential applications. TN has been widely used in the 
deep learning community (Wang et al., 2018; Yu et al., 
2017; Kuznetsov et al., 2019; Hou et al., 2019; Huang et al., 
2020; Yang et al., 2017; Pan et al., 2019), but the topological 
structures used in their methods are assumed to be known 
and fixed. Hence, we expect that searching more promising 
structures for TN may further improve the performance in 
those tasks. 

Summary. One aim of this paper is to highlight the impor-
tance of the topology search for TN decomposition. We 
argue based on the empirical results that choosing a suitable 
topological structure could significantly boost the repre-
sentational power of TN decomposition, and near-optimal 
solutions are sufficient to show their advantages compared 
to simple structures. 
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