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Abstract
We introduce and analyze a class of algorithms,
called Mirror Ascent against an Improved Opponent (MAIO), for computing Nash equilibria in
two-player zero-sum games, both in normal form
and in sequential form with imperfect information. These algorithms update the policy of each
player with a mirror-ascent step to maximize the
value of playing against an improved opponent.
An improved opponent can be a best response, a
greedy policy, a policy improved by policy gradient, or by any other reinforcement learning or
search techniques. We establish a convergence result of the last iterate to the set of Nash equilibria
and show that the speed of convergence depends
on the amount of improvement offered by these
improved policies. In addition, we show that under some condition, if we use a best response as
improved policy, then an exponential convergence
rate is achieved.

1. Introduction
This paper considers the problem of computing a Nash
equilibrium for two-player zero-sum games in two types
of games: normal-form games and imperfect information
games (IIGs) in extensive form. We introduce and analyze a
class of algorithms, called Mirror Ascent against an Improved Opponent (MAIO), which updates the policy of
each player by following a step of mirror-ascent for maximizing its expected reward against an improved policy for
the opponent. The actual implementation of the algorithm
depends on how we choose to define the ‘improved policy’.
If we use the best response (BR) (the opponent’s best policy
against the current player) as improved policy we show that,
under some condition, the algorithm (MAIO-BR) produces
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a sequence of policies that converges to the set of Nash
equilibria at an exponential rate. By that we mean that
some weighted `2 distance between the policies produced
by the algorithm and the set of Nash equilibria decreases as
O(exp(−βt)), for some problem-dependent constant β >
0, where t is the number of iterations of the algorithm.
However, in large IIGs it may be computationally prohibitive to compute a full best response at every iteration
(since this is equivalent to solving an optimal control problem). Our analysis shows that the speed of convergence to
the set of Nash equilibria depends on a measure (called the
improvement) of how much each player is able to improve
its own policy against a fixed opponent. In principle, the best
response provides the best possible improvement, but due
to its high computational cost other less-computationally
expensive strategies can provide an improved policy as well
at a lower computational cost. Examples of improved polices are the greedy policy (one-step policy improvement),
a multi-step improved policy, such as in Monte Carlo Tree
Search (MCTS), a policy improved by policy gradient, or
by any other reinforcement learning or search algorithm.
Our analysis shows convergence for all such cases, which
opens new avenues for designing algorithms with convergence guarantees, while offering a trade-off in terms of
computational cost versus convergence speed toward the
Nash equilibrium.
Literature context: This work sits in the context of computing Nash equilibria for sequential games. One can distinguish several approaches to find a Nash equilibrium: (i)
Linear programming has been the first approach applied
to compute minimax equilibrium in imperfect information
games (Von Stengel, 1996; Koller et al., 1994; Koller and Pfeffer, 1997) using sequence-form reductions methods. But
these methods remain quite inefficient as the size of the
action space grows even if linear programming methods
(Khachiyan, 1980; Karmarkar, 1984; Nesterov and Todd,
1998) achieve exponential convergence to Nash equilibria
in value, with a rate independent of game-dependent quantities. (ii) Fictitious play (FP) has been considered in the
tabular case in (Heinrich et al., 2015) and with function
approximation (Heinrich and Silver, 2016). In the normal
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form case, FP has a proven convergence speed to the Nash
−1
equilibrium of O(t m+n−2 ), where m and n are the number of actions of each players. (iii) Non-smooth convex
optimization has been one of the techniques providing the
fastest rates of convergence (Nesterov, 2005; Hoda et al.,
2010). In imperfect information games, one can achieve
a rate of convergence of O( 1t ) (Gilpin et al., 2007; Kroer
et al., 2018) with an appropriate smoothing and an exponential convergence O(exp(−κt)) with a problem dependent
constant κ (Gilpin et al., 2012) similar to ours. In terms
of computational complexity, (Gilpin et al., 2012) requires
processing a `2 -projection onto the global space of strategies (sets of realization plans, also called treeplex). They
propose an iterated algorithm to perform this projection,
but this step is computationally much more involved than
simple projections onto the simplex. On the contrary, our
algorithm updates the policy at each state individually (e.g.
for `2 regularization, we do a simple `2 -projection onto
the simplex at each state), which has a much lower computational complexity per iteration than projecting onto the
treeplex. (iv) Extragradient or optimistic mirror descent
methods have been proven to converge to a Nash equilibrium (Korpelevich, 1976) with possibly an exponential rate
in unconstrained spaces (Mokhtari et al., 2020) but is not (to
the best of our knowledge) applied in sequential form games.
Furthermore, the analysis of extragradient methods is mostly
done in unconstrained domains whereas the constrained domain considered here (where the constraints are the space of
stochastic policies) remain more involved. The most closely
related extragradient method in this domain is Optimistic
Multiplicative-Weights-Update (OMWU) (Daskalakis and
Panageas, 2018) which provides convergence guarantees
to the Nash equilibrium of the last iterate (whilst most of
the literature shows convergence of the average strategy
(Daskalakis et al., 2011; Rakhlin and Sridharan, 2013; Kangarshahi et al., 2018) at a rate of O(1/t)). In Daskalakis
and Panageas (2018), the authors conjecture that this technique can be useful to prove the convergence of the last
iterate of many algorithms. Our analysis generalizes this
approach beyond OMWU and beyond normal-form games.
A related approach uses the Frank-Wolfe method to compute Nash equilibria in normal-form games (Gidel et al.,
2016), although convergence is attained at the same rate as
for fictitious play. (v) Regret minimization has been extensively considered in games since the average strategy of
self-playing no-regret algorithms converges to a Nash equilibrium (Rakhlin and Sridharan, 2013; Kangarshahi et al.,
2018) and provides a fast rate of O( 1t ) (Syrgkanis et al.,
2015). This technique is usually studied in the discrete time
setting but has also been looked at in continuous time (Mertikopoulos et al., 2018). Finally, the main state-of-the-art
methods in IIGs remain counterfactual regret minimization (CFR) (Zinkevich et al., 2008) and has been studied
extensively in zero-sum imperfect information games. In

its most simple form all players learn in self-play to update
their strategy at each information state according to a regret
minimizing algorithm on the counterfactual value of the
joint policy. In that setting the average policy played by√all
players converges to a Nash equilibrium with a O(1/ t)
rate. The standard method has seen many improvements (for
example the CFR+ algorithm of (Tammelin et al., 2015)).
The convergence of an iterate (not necessarily the last) can
be achieved if players use a regret minimization strategy
against a best responding opponent (Johanson
et al., 2012;
√
Lockhart et al., 2019) in time O(1/(p t)).
Our contribution: This work sits at the intersection of
counterfactual regret-minimization and extragradient approaches. We prove that the last iterate of MAIO converges
to the set of Nash equilibria at a rate which depends on how
much we are able to compute an improved policy at each
step. When the improved policy is the best response, we
achieve an exponential convergence (under some condition).
We also show convergence when the improved policy is
the result of an extra-gradient step, or simply a greedy policy (much cheaper to compute than a best response) or a
multi-step improvement such as implemented by a MCTS
algorithm. This sheds a new light on the relation between
seemingly different approaches (e.g., CFR-BR and extragradient methods) and proposes a whole spectrum of methods
based on improvements.
Outline: We start by introducing MAIO in the normalform game setting, then derive several variants depending
on the type of regularization that is used (entropy or `2 ). An
exponential convergence rate is achieved when using the
best response as improved opponent (MAIO-BR). Subsequently, we consider the IIG setting, reporting convergence
results and discussing the trade-off between (i) the computational complexity of finding an improved opponent and
(ii) the speed of convergence toward the Nash equilibria.
Finally, Section 4 reports numerical experiments on matrix games. The appendix contains all proofs as well as
additional numerical experiments on IIGs.

2. Normal form games
In this section we consider the setting of games in normal
form. The two players are indexed by i ∈ {1, 2}. A policy
profile π refers to the set of policies used by each player
π = {π1 , π2 }, where each policy πi ∈ ∆(Ai ) is a distribution over actions Ai available to player i. For simplicity
we will omit the player index when it is obvious from the
subscript, and use parentheses instead of braces, writing
π = (π1 , π2 ) = (π2 , π1 ). We will denote by A a generic
action space when the reference to a specific player is not
important.
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def

The value of a policy profile π = (π1 , π2 ) is V π =
π1> Rπ2 , where R is the payoff matrix of the game. Player 1
is trying to maximize the value whereas player 2 intends to
minimize it. From the minimax theorem (Neumann, 1928),
the (minimax) value of the game is
def

V ∗ = max min V (π1 ,π2 ) = min max V (π1 ,π2 )
π1

π2

π2

π1

trust region view of mirror-descent (MD). Alternatively, an
equivalent definition is given in terms of the mirror map
∇ϕ : Ω → R|Ai | (see e.g., (Bubeck, 2015)):
πi,t+1 = arg min Dϕ (πi , yi,t+1 ),
πi ∈∆(Ai )

where yi,t+1 is the (unique) point of R|Ai | such that
π̄

and is achieved for any π ∈ Π∗ , where Π∗ is the set of Nash
equilibria of the game.
Additional notations: We write V1π = V π and V2π =
−V π , so each player i ∈ {1, 2} is trying to maximize (over
π
πi ) the value Viπ . We write Qi −i for the payoff vector
of player i against the opponent’s policy π−i (where −i
denotes player i’s opponent). Thus Qπ1 2 = Rπ2 and Qπ2 1 =
−R> π1 . Notice that this notation will be further extended
to a state-action Q-value function in the section on IIG.
The MAIO algorithm (defined below) will make use of the
notion of an ‘improved’ policy defined below.
Definition 1 (Improved policy). For any two policy profiles
π and π̄, we write I(π̄, π) for the ‘improvement’ of π̄ over
π, defined as
X
X
def
(π̄ ,π )
(π ,π )
(π̄ ,π )
I(π̄, π) =
Vi i −i − Vi i −i =
Vi i −i .
i∈{1,2}

i∈{1,2}

We say that a policy π̄ improves over π if I(π̄, π) ≥ 0.
2.1. Mirror Ascent against an Improved Opponent
We now introduce Mirror Ascent against an Improved Opponent (MAIO). Consider a strongly convex and continuouslydifferentiable function ϕ : Ω → R, called the regularizer, where the domain Ω ⊂ R|A| contains the simplex
∆(A), and write Dϕ the associated Bregman divergence:
for y, y 0 ∈ Ω,
def

Dϕ (y, y 0 ) = ϕ(y) − ϕ(y 0 ) − ∇ϕ(y 0 ) · (y − y 0 ).
The MAIO algorithm defines a sequence of policies
(πi,t )t≥0 as follows: for all i ∈ {1, 2}, πi,0 is the uniform
policy, and for all t ≥ 0,
h
i
π̄
πi,t+1 ∈ arg max ηt πi · Qi −i,t − Dϕ (πi , πi,t ) ,
(1)
πi ∈∆(Ai )

where ηt > 0 is a learning rate. For each player i, this is a
mirror-ascent step (Nemirovski and Yudin, 1983; Bubeck,
2015; Lattimore and Szepesvári, 2020) on the value πi 7→
π̄
(π ,π̄
)
πi · Qi −i,t = Vi i −i,t of the policy πi playing against
the improved opponent π̄−i,t regularized by Dϕ (πi , πi,t ),
which penalize policies away from the previous policy πi,t .
This definition corresponds to the so-called proximal or

∇ϕ(yi,t+1 ) = ∇ϕ(πi,t ) + ηt Qi −i,t .
Specifically, a gradient descent step is performed in the
mirror space (by application of the mirror map ∇ϕ). Under some assumptions (see e.g. Lattimore and Szepesvári
(2020)), MD is equivalent to Follow the Regularized Leader
(FTRL). Intuitively, here FTRL would accumulate the Qvalues of the improved opponent and derive the policy as a
regularized projection step:
πi,t+1

∈

t
h
i
X
π̄
arg max πi ·
ηs Qi −i,s − ϕ(πi ) .

πi ∈∆(Ai )

s=0

We now consider two natural choices of regularizers, the
entropy regularizer (for which MD is equivalent to FTRL)
and the `2 -regularizer (for which it is not).
2.2. Entropy regularization
def

For
=
P the negative entropy regularization ϕ(π)
a π(a) log π(a) the domain Ω is the interior of ∆(A)
and the Bregman divergence is the KL divergence:
P
π(a)
Dϕ (π, π 0 ) = KL(π, π 0 ) =
a π(a) log π 0 (a) . Thus
MAIO produces the sequence of policies πi,t+1 (a) ∝

π̄
πi,t (a) exp ηt Qi −i,t (a) . In this case, MD coincides with
FTRL, and the policy is the
of the accumulated
Pt softmaxπ̄−i,s
values: πi,t+1 (a) ∝ exp
(a) .
s=0 ηs Qi
2.3. `2 -regularization
P
def
For the `2 -regularization ϕ(π) = 12 kπk22 = 12 a π(a)2 ,
and the domain Ω = R|A| , the mirror map is the identity
(∇ϕ(π) = π) and the Bregman divergence is half the square
Euclidean norm Dϕ (π, π 0 ) = 12 kπ − π 0 k22 . MAIO produces
the policies:
πi,t+1

=
=



1
π̄
arg max ηt πi · Qi −i,t − kπi − πi,t k22
2
πi ∈∆(Ai )
 2
π̄
arg min πi − πi,t + ηt Qi −i,t 2
πi ∈∆(Ai )

which is the projected gradient descent algorithm:

π̄
πi,t+1 = P∆(Ai ) πi,t + ηt Qi −i,t ,
where P∆(Ai ) is the `2 -projection onto the simplex ∆(Ai )
(also called sparsemax operator, see e.g., (Martins and Astudillo, 2016), because it induces sparsity). Notice that this
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algorithm is different from a FTRL (with `2 regularization)
version of the algorithm, which would be defined as
πi,t+1

= P∆(Ai )

t
X


π̄
ηs Qi −i,s .

In the next sub-section we consider the best response as
improved policy.

s=0

The results we present in the next section apply to the MD
version; it is an open question to whether similar results
could be obtained with the FTRL version.
2.4. Convergence to the set of Nash Equilibria
First, we recall that ϕ is a strongly convex function with
respect to some norm k · k and with modulus σ, if for any
y, y 0 ∈ Ω,
ϕ(y) ≥ ϕ(y 0 ) + ∇ϕ(y 0 ) · (y − y 0 ) +

σ
ky − y 0 k2 .
2

(2)

In the two cases we have considered previously, we have
that the `2 -regularizer ϕ(π) = 21 kπk2 is strongly convex
w.r.t. `2 -normP
with modulus σ = 1, and the entropy regularizer ϕ(π) = a π(a) log π(a) is strongly convex w.r.t. `1 norm with modulus σ = 1 (from Pinsker’s inequality, see
e.g., Csiszar and Korner (1982)).
For a given regularizer ϕ, we write Jπ∗ the Bregman divergence between any policy π and a Nash equilibrium π ∗ :
def

Jπ∗ (π) =

X

Dϕ (πi∗ , πi ).

i∈{1,2}

The main property of MAIO is that at each iteration this
distance to any Nash eq. decreases as a function of how
much the policy π̄t improves over the current policy πt .
Theorem 1. Let π ∗ ∈ Π∗ be any Nash equilibrium. Let ϕ
be a strongly convex function w.r.t. the `p -norm with modulus σ, and let q = 1/(1 − 1/p). MAIO builds a sequence of
policies (πt ) defined by (1) such that
Jπ∗ (t + 1)

≤

Jπ∗ (t) − ηt I(π̄t , πt ) + cηt2 ,

def

def

where Jπ∗ (t) = Jπ∗ (πt ), c = σ4 |A|2/q Q2max and Qmax is
the maximum absolute entry of the reward matrix R.
In particular, with the choice ηt =
Jπ∗ (t + 1)

≤

I(π̄t ,πt )
,
2c

Jπ∗ (t) −

the improvement I), we deduce that the speed at which
MAIO converges to the set of Nash equilibria depends on
how much the policies π̄t improve over πt .

we have

I(π̄t , πt )2
.
4c

This result says that as long as we can find a policy π̄t
which improves over the current policy πt (in the sense of
I(π̄t , πt ) > 0), then MAIO produces a policy πt+1 which
is closer to any Nash equilibrium than the previous policy.
Since we know that the set of policies which cannot be
improved are the set of Nash equilibria (by definition of

2.5. MAIO with the best response
The policy π̄ which improves the most over π (in the sense
of maximizing π̄ 7→ I(π̄, π)) is the best response, i.e.

def
b(π) ∈ arg max I(π̄, π) = arg max V (π̄1 ,π2 ) −V (π1 ,π̄2 ) .
π̄

(π̄1 ,π̄2 )

We now show that the improvement of the best response over
any policy π is lower-bounded by the `2 -distance between
π and the set of Nash equilibria.
def

Define I ∗ (π) = I(b(π), π) = maxπ̄ I(π̄, π) to be the improvement of the best response over policy π, also called
exploitability, see (Ponsen et al., 2011).
Lemma 1. There exists a constant κ > 0 (which depends
on the matrix R only) such that for any policy π we have
I ∗ (π) ≥ κ min
kπ − π ∗ k2 ,
∗
∗
π ∈Π

def

where the norm between policy profiles is kπ − π 0 k2 =

P
0 2 1/2
i∈{1,2} kπi − πi k2

This result, combined with Theorem 1 with the `2 regularizer, implies that MAIO using the best response as improved
opponent (MAIO-BR) converges to the set of Nash equilibria with an exponential rate:
Theorem 2. Consider the MAIO-BR algorithm (MAIO with
best response as improved opponent) with `2 -regularizer.
t ,πt )
. Then
Choose the learning rate ηt = I(π̄2c
min kπ ∗ − πt k2

π ∗ ∈Π∗

kπ ∗ − π0 k2 ,
≤ e−βt min
∗
∗
π ∈Π

def

with β = κ2 /(16|A|Q2max ).
Proof. From Theorem 1 (with p = q = 2 and choosing ϕ to
be the `2 regularizer) we have, for any π ∗ ∈ Π∗ , Jπ∗ (t) =
1
2
∗
2
2 kπ − πt k2 , thus, with c = 4|A|Qmax ,
I ∗ (πt )2
2c
2
κ
min kπ ∗ − πt k22 ,
≤ kπ ∗ − πt k22 −
2c π∗ ∈Π∗
where the last inequality comes from Lemma 1. Taking the
minimum over Π∗ ,

κ2 
∗
2
∗
2
min
kπ
−
π
k
≤
min
kπ
−
π
k
1
−
.
t+1
t
2
2
π ∗ ∈Π∗
π ∗ ∈Π∗
2c
kπ ∗ − πt+1 k22

≤

kπ ∗ − πt k22 −

Thus minπ∗ ∈Π∗ kπ ∗ −πt k2 decreases exponentially fast and
the result holds with β = κ2 /(4c) = κ2 /(16|A|Q2max ).
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2.6. Interpretation of κ
Lemma 1 yields the existence of a constant κ > 0 that
controls the exponential rate of convergence of the MAIOBR to the set of Nash equilibria. Intuitively, κ measures the
flatness of exploitability function π 7→ I ∗ (π) near the set
of Nash equilibria. More precisely κ is a lower bound on
directional derivatives of I ∗ (π) for π ∈
/ Π∗ . This quantity
also appears in the analysis of the first-order smoothing
method due to Gilpin et al. (2008; 2012), with detailed
analysis of the quantity itself appearing in Mordukhovich
et al. (2010). We also provide an interpretable lower bound
on κ in Appendix D.
Example 1. To get some intuition about κ, let us consider the simple
game defined by the reward matrix R =


0 1−ε
. The Nash eq. is π1∗ = (0, 1) and π2∗ = (0, 1)
2
1
and the game has a minimax value of 1. We can prove that
the derivative of π1 7→ I ∗ ((π1 , π2 )) around π ∗ is lower
√
bounded by ε and that I ∗ (π) ≥ κkπ − π ∗ k2 for κ = ε/ 2
(see Appendix E). And indeed, numerical results show that
MAIO-BR’s exponential convergence to the Nash eq. depends on the value of ε (see Section 4).
Remark 1. We achieve exponential convergence rate using
the `2 regularization. An interesting question is whether an
exponential convergence is achieved in the case of entropy
regularization as well. We conjecture that this is true if and
only if (at least) one Nash eq. is an interior point (strictly
stochastic policy). See some arguments for this conjecture
in Appendix O and the experiments in Section 4.
Remark 2. Our results concern the distance to the Nash
eq. in policy space, rather than in value space, which explains the dependence of the bounds on κ, which encodes
the flatness of the exploitability function close to the set
of Nash equilibria. In general, bounds on policy distance
can be straightforwardly translated to and from bounds on
value approximation via multiplication by game-dependent
constants, such as κ and the maximum spread of rewards
available in the game (see Lemma 2 for the IIG case).
We now present the extension of MAIO to IIGs.

sent an observation x(h) that corresponds to a set of possible
histories h ∈ x. For any h ∈ H, we denote by i(h) ∈ {1, 2}
the player whose turn it is to play in h, i.e. h ∈ Hi(h) .
We write p(h0 |h, a) for the (sub-)probability of transitioning
from h ∈ Hi to h0 when player i = i(h) selects action
a ∈ Ai in h. The initial history h0 is drawn from some
initial distribution ρ0 and we assume a terminal state ∅
from which there is no reward. At each transition, the
probability
of reaching this terminal state is p(∅|h, a) =
P
1 − h0 p(h0 |h, a). This setting covers stochastic shortest
path (for which it is assumed that for any policy the expected
time to reach ∅ is finite), finite-time horizon (probability to
reach ∅ is 1 when the time horizon is reached, otherwise
0), and discounted infinite horizon problems (probability
to reach ∅ is 1 − γ at every transition, where γ < 1 is the
discount factor). We assume the underlying process at the
history level H is Markovian with a tree structure (i.e., there
exists a unique path from h0 to any history h ∈ H) and that
the history and action spaces are finite.
Actions are drawn from the player’s policy πi : Xi →
∆(Ai ) and are a function of the observations. We write
π = {πi }i∈{1,2} = (πi , π−i ) the policy whose restriction
to Xi is πi .
Finally, the reward function for each player i is denoted by
ri (h, a) and is assumed to be a deterministic function of the
history and action. The game is zero-sum thus ri = −r−i .
3.2. Reach probabilities and value function
History reach probabilities: We define the probability
of reaching a history h under a policy profile π as
def

µπ (h) = Eh0 ∼ρ0

hX

i
I{hk = h} ,

k≥0

where (hk )k≥0 is the Markov chain on H induced by the
policy π. These reach probabilities satisfy the balance equation:
X
X
µπ (h0 ) = ρ0 (h0 ) +
µπ (h)
π(a|h)p(h0 |h, a), (3)
h∈H

a

3. Sequential Imperfect Information Games
def

3.1. Notations
In the setting of imperfect information games (IIGs) in sequential form, we assume the players {1, 2} play sequentially. The case of simultaneous actions could be handled via non-observability of the opponent’s actions. Let
H = ∪i∈{1,2} Hi be the set of possible histories, with Hi
being the histories from which player i ∈ {1, 2} may play.
Similarly let X = ∪i∈{1,2} Xi be the set of observations
(also called states or information nodes). We assume a deterministic observation process and use set notation to repre-

where π(a|h) = πi(h) (a|x(h)).
Observation reach probabilities: We define the probadef P
bility of an observation x as µπ (x) = h∈x µπ (h).
History-based value functions: We define the historybased Q-function, for h ∈ Hi , a ∈ Ai ,
hX
i
Qπi (h, a) = E
ri (hk , ak )|h0 = h, a0 = a ,
k≥0

(4)
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and the state value function:
hX
i X
Viπ (h) = E
π(a|h)Qπi (h, a).
ri (hk , ak )|h0 = h =
a∈Ai

k≥0

We define the initial value function Viπ as the value of the
game for player i:
def

Viπ = Eh0 ∼ρ0 [Viπ (h0 )].

(5)

Using the reach probabilities, we have
X
X
Viπ =
µπ (h)
π(a|h)ri (h, a).

µπ (h) of any observation x ∈ Xi can be factorized
as the product of µπi (x) (Player i’s contribution to reach x)
and µπ6=i (x) (the opponent’s and chance’s contributions to
reach x):
X
µπ (x) =
µ0 (h)µπi (h)µπ−i (h) = µπi (x)µπ6=i (x),
P

h∈x

h∈x

where µπ6=i (x)
µ0 (h)µπ−i (h).

=

P

h∈x

µπ6=i (h) and µπ6=i (h)

def

=

We deduce that for any two policy profiles π and π 0 , x ∈ Xi ,
(6)

0

0

µ(πi ,π−i ) (x) = µπi (x)µπ6=i (x).

a

h∈H

def

(8)

π

Value function on observations: For any state x such
that µπ (x) > 0, we define its Q-value as the convex
combination of the Q-value of the corresponding histories
def
h ∈ x weighted by their conditional probability µπ (h|x) =
µπ (h)
µπ (x) :
X
def
Qπi (x, a) =
µπ (h|x)Qπi (h, a).
(7)
h∈x

Qπi (x, a)

Thus
depends on the policy π both in terms of the
future reward collected when following π from x on, but
also in terms of the probabilities µπ (h) of reaching specific
histories h ∈ x when following π.
3.3. Perfect recall
The reach probability of any history µπ (h) is the product
along the path (h0 , a0 , h1 , a1 , . . . , hn−1 , an−1 , hn = h),
for some n ≥ 0 (n is the depth of the history h), of the
action probabilities π(ak |hk ) and the transition probabilities
p(hk+1 |hk , ak ), for k ≤ n. Factorizing the probabilities per
player, we write
Y
µπ (h) = µ0 (h)
µπi (h),
i∈{1,2}

where i ∈ {1, 2} corresponds to player’s i policy:
Q
def
µπi (h) =
k=0...n−1:i(hk )=i π(ak |hk ), and µ0 corresponds
Q to the transition probabilities:
ρ0 (h0 ) k=0...n−1 p(hk+1 |hk , ak ).

µ0 (h)

The MDP Mi −i : In general, the observation process
(xt = x(hk ))k≥0 is a POMDP. However, under the perfect
recall assumption, if we fix the policy πi of the opponent,
then the observation process (xk )k≥0:i(hk )=i (at successive
times k when it is Player i’s turn to play) forms an MDP,
π
which we write as Mi −i . In particular, the probability to
transit from x ∈ Xi to another x0 ∈ Xi does not depend
on the player’s own policy. See Proposition 1 and Section I
in the Appendix for the precise definition and properties of
this MDP.
3.4. MAIO for Imperfect Information Games
MAIO requires being able to compute an improved policy
π̄t over πt at each iteration. The improvement I(π̄t , πt ) is
defined exactly as in Definition 1 where the value functions
Viπ are considered from the initial state (5).
Algorithm [MAIO for IIG]: For each player i ∈ {1, 2},
we start with a uniform policy πi,0 (x) from all x ∈ Xi . At
every iteration t ≥ 0, we compute an improved policy π̄t (x)
over πt (several possible choices are described later). For
(π ,π̄
)
each player i, we evaluate the Q-values Qi i,t −i,t (h, a)
π̄t
and reach probabilities µ6=i (h) and we define a new policy
πt+1 , for each x ∈ Xi , as
h
πi,t+1 (x) ∈ arg max − Dϕ (πi , πi,t (x))
(9)
πi ∈∆(Ai )

def

=

+ηt

X

πi (a)

a∈Ai

We now make the so-called perfect recall assumption that
for each player i, any information node x ∈ Xi contains all
information about previous information nodes for player i
as well as its past actions:
Assumption 1 (Perfect recall). For each player i ∈ {1, 2},
all x ∈ Xi , all h, h0 ∈ x, any policy π, we assume that
µπi (h) = µπi (h0 ).
def

Under this assumption we can define µπi (x) = µπi (h), for
x = x(h). As a consequence, the reach probability µπ (x) =

(π

,π̄

X

(πi,t ,π̄−i,t )

µπ̄6=ti (h)Qi

i
(h, a) .

h∈x
)

Notice that if µi i,t −i,t (x) 6= 0 then (see (15) for a proof),
X
(π ,π̄
)
(π ,π̄
)
µπ̄6=ti (h)Qi i,t −i,t (h, a) = µπ̄6=ti (x)Qi i,t −i,t (x, a).
h∈x

We notice that this MAIO algorithm for IIGs makes use of
the counterfactual reach probabilities µπ̄6=ti (h) introduced in
counterfactual regret minimization algorithms (Zinkevich
et al., 2008).
Now we analyze the theoretical properties of this algorithm.
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3.5. Theoretical analysis of MAIO-IIG
Letting π ∗ ∈ Π∗ be any Nash eq. of the game, we introduce
the energy function of the IIG:
X X
∗
def
Jπ∗ (π) =
µπi (x)Dϕ (πi∗ (x), πi (x)),
i∈{1,2} x∈Xi

and we write Jπ∗ (t) = Jπ∗ (πt ). Our main result is the
following:
Theorem 3. The MAIO algorithm for IIG produces a sequence of policies such that for any Nash eq. π ∗ ∈ Π∗ ,
Jπ∗ (t + 1)

Jπ∗ (t) − ηt I(π̄t , πt ) + cηt2 ,

≤

def

4
2/q 2
where c
=
Qmax Lmax , Qmax
σ |A|
and
Lmax
maxπ maxh∈H,a∈A |Qπ (h, a)|,
P π
I(π̄t ,πt )
maxπ x µ (x). Thus, with ηt = 2c we have

Jπ∗ (t + 1)

≤

Jπ∗ (t) −

=
=

I(π̄t , πt )2
.
4c

Remark 3. The coefficient Lmax is a bound on the effective time horizon (in the case of finite horizon, Lmax is a
lower bound on the time horizon, in the discounted setting
Lmax = 1/(1 − γ) and in the case of stochastic shortest
path problems it is the largest expected time before reaching
the terminal state).
This result is similar to Theorem 1 in the sense that it states
that the current policy gets closer to the Nash eq. as long as
π̄t improves over πt . The distance to the Nash eq. is measured in terms of Jπ∗ (π) which is a distance in policy space.
More precisely, Jπ∗ (π) measures the Bregman divergence
between the policy πt (x) and π ∗ (x) weighted by the player
∗
i’s own probability µπi (x) to reach x ∈ Xi when following
a Nash eq. policy.
Now in the IIG setting, there are several ways to compute
an improved policy π̄t which will be discussed later. First
we consider as improved policy, the best response, which
provides the largest improvement.
3.6. MAIO-BR for IIG
Now, let us consider as improved policy the best response,
i.e., bi,t ∈ arg maxπ I(π, πt ). First we show that the exploitability I ∗ (π) of any policy π is upper bounded by its
`2 -energy distance J to Π∗ . Thus minimizing the J-distance
to the set of Nash eq. implies minimizing exploitability as
well.
Lemma 2. For any policy π, we have
∗

2

I (π)

≤

L2max |A|Q2max

min J (π).

π ∗ ∈Π∗

π∗

Now we state a convergence result to the set of Nash eq.

Theorem 4 (Convergence of MAIO-BR). The sequence
of policies produced by MAIO-BR algorithm with ηt =
I ∗ (πt )/(2c) converges to the set of Nash equilibria, in the
sense that limt→∞ minπ∗ ∈Π∗ Jπ∗ (πt ) = 0. Notice that
from Lemma 2 we also deduce the result in exploitability:
limt→∞ I ∗ (πt ) = 0.
In the normal form games we could deduce an exponential
convergence speed to the set of Nash eq. thanks to Lemma 1.
Unfortunately, in the case of IIGs, we do not have a similar
result. Indeed we have the following counter-example:
Lemma 3. There exists a two-player zero-sum imperfect
information game such that there
pexists no κ > 0 such that
for all π, I ∗ (π) ≥ κ minπ∗ ∈Π∗ Jπ∗ (π), where Jπ∗ is the
energy distance (i.e. ϕ is the `2 norm).
The reason why the situation in IIGs is different from that
(π ,π )
in normal form games is that the mapping πi 7→ Vi i −i
is not globally linear in πi .
However, under the perfect recall assumption, the value
function is linear w.r.t. the individual reach probability of
each player (the so-called sequence form, see e.g. (Von Stengel, 1996)). Thus by defining the `2 distance in reach probabilities:
X
X 
2
0
def
d(π, π 0 ) =
µπi (x, a) − µπi (x, a) ,
i∈{1,2} x∈Xi ,a∈A
def

where we write µπi (x, a) = µπi (x)πi (a|x), we can deduce
the following result:
Lemma 4. There exists a constant κ > 0 (which depends
on the game), such that for any policy π we have
p
I ∗ (π) ≥ κ min
d(π ∗ , π)
∗
∗
π ∈Π

We can also show that the distance Jπ∗ (π) = O(d(π ∗ , π)):
Lemma 5. For any π ∗ there exists two constant δ, c > 0
such for any π such that d(π ∗ , π) ≤ δ, we have
Jπ∗ (π) ≤ c d(π ∗ , π).
Notice that Lemmas 5 and 4 do not contradict Lemma 3
because the constants δ and c in Lemmas 5 depend on the
specific choice of the policy π ∗ ∈ Π∗ .
Now, under some assumption of the set of Nash eq., we
can combine Lemmas 5 and 4 together with Theorem 3 to
deduce an exponential rate of convergence.
Theorem 5. Consider MAIO-BR with a `2 -regularizer, and
∗
(πt )
a learning rate ηt = I 2c
. Define
ε=

inf
π ∗ ∈Π∗ ,i∈{1,2},x∈X

π∗
i ,a∈A:µi (x,a)>0

∗

µπi (x, a).

If ε > 0 then MAIO-BR converges to the set of Nash equilibria at an exponential rate.
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Notice that a sufficient condition for ε > 0 (thus in order
that MAIO-BR enjoys an exponential rate) is that the Nash
eq. is unique.

and several solutions to circumvent this problem. Computing a greedy policy has a smaller computational complexity
than computing the best response since it requires evaluating
a fixed policy instead of finding the optimal one.

3.7. Improved policies
MAIO for IIG requires computing an improved policy π̄
over the current one π. In the case of IIGs there are several
possible choices for computing such improved policies with
different trade-off between computational complexity versus
amount of improvement, thus speed of convergence to the
Nash eq. Here are a few examples. First we introduce
the notion of local improvement and derive a sufficient
condition for a policy π̄ to improve over π.
Define the local improvement: for any x ∈ Xi ,
def

Ii (π̄, π)(x) =

X

(πi ,π−i )

(π̄i (a|x) − πi (a|x))Qi

(x, a).

Optimistic mirror descent and extra-gradient method:
(see e.g., (Mertikopoulos et al., 2019)) one could follow a
step of mirror descent against the current opponent which,
in the IIG setting here, would correspond to defining the
improved policy as
h
i
π̄i,t (x) ∈ arg max ρt µπ6=i (x) πi ·Qπi (x)−Dϕ (πi , πi,t (x)) ,
πi ∈∆(Ai )

for some step ρt > 0. It is possible to prove that this
policy π̄t improves locally over the current policy πt :
I(π̄t , πt )(x) = Dϕ (π̄t (x), πt (x)) thus improves globally
as well, from Lemma 6.

a∈Ai

Lemma 6. Given two policy profiles π and π̄. If, for any
Player i, any x ∈ Xi , the local improvement Ii (π̄, π)(x) ≥
0, then π̄ improves over π, i.e., I(π̄, π) ≥ 0. In addition, if
Ii (π̄, π)(x) > 0 for some x ∈ Xi such that µ(π̄i ,π−i ) (x) >
0, then I(π̄, π) > 0.
Proof. Applying Lemma 9 (in the Appendix) to the policies
πi , π̄i , and π−i , the improvement is
X X
I(π̄, π) =
µ(π̄i ,π−i ) (x)Ii (π̄, π)(x),
i

x∈Xi

from which we deduce our claim.
This result tells us that in order to find an improved policy
π̄ it is sufficient that from each state x ∈ Xi , the expected
Qπi (x, ·)-values under policy π̄i (·|a) are larger than under
the current policy πi (·|a). Here are a few examples of
improved policies.

Mixture policy: Any mixture between an improved policy π̄ and the current policy π improves over the current
def
policy. For example one could use the mixture π̄ α =
(1 − α)π + απ̄ between the current and improved policies,
defined for every x ∈ Xi as
π̄iα (a|x) ∝ (1 − α)µπi (x)πi (a|x) + αµπ̄i (x)π̄i (a|x), (10)
(see e.g. Heinrich et al. (2015) Lemma 6, or Zinkevich et al.
(2008) Eq. (4)). The value function of this mixture is the
(π̄ α ,π )
convex combinations of the value functions: Vi i −i =
(π ,π )
(π̄ ,π )
(1 − α)Vi i −i + αVi i −i . Thus the improvement of
α
this mixture is I(π̄ , π) = αI(π̄, π). A possible benefit of
using this mixture for small α is that this policy is close
to the current policy, so we can think of using off-policy
techniques in sampling-based policy evaluation algorithms,
while guaranteeing convergence to the Nash eq.

Best response: for each i, bi = arg maxπi0 V (πi ,π−i ) .
This is the policy which improves the most. In this case
I(b, π) represents the exploitability of the current policy,
and we have seen in Theorem 5 that an exponential rate of
convergence can be achieved. However computing the best
response at each iteration is computationally expensive as
it requires solving an optimal control problem, so we may
prefer cheaper alternatives.

MCTS improved policy: An improved policy could be
obtained by Monte Carlo Tree Search (or any other planning algorithm). This would return an improved policy
whose improvement depends on the depth of the search,
from the greedy policy (corresponding to 1-step look-ahead
search) to the full best response (full tree search). Thus the
MAIO setting allows one to use MTCS for computing Nash
eq. in IIGs. The trade-off is computational complexity (as
a function of the depth of the search) versus the amount of
improvement (thus how fast the algorithm converges to the
Nash eq.) of the policy returned by the search.

Greedy policy: The greedy policy is easy to deduce once
the Q-values of the current policy have been computed:

4. Numerical experiments on matrix games

0

def

gi (x) ∈ arg maxa Qπi (x, a). From Lemma 6 this policy
provides an improvement over π, thus I(g, π) ≥ 0. However it is possible that I(g, π) = 0 while π is not a Nash
eq. yet, see Appendix P for an illustration of this situation

Here we evaluate MAIO-BR on 2 matrix games with both
`2 and entropy regularization. In the Appendix, Section P
we report experiments of MAIO for IIG and compare to
other approaches (CFR, CFR-BR, CFR+).
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5. Conclusion
We introduced a new class of algorithms for computing
a Nash equilibrium in zero-sum normal form games and
sequential IIGs and provided an analysis of the speed of
convergence in terms of the notion of improvement. We
show a new tradeoff between computational complexity of
computing improved policies and speed of convergence to
the set of Nash eq. Under some condition (including when
the Nash eq. is unique) exponential convergence is achieved
when we use the best response as improved policy. Maybe
the main contribution of MAIO is that it offers a principled
approach to use any reinforcement learning policy improvement technique (one-step greedy policy, MCTS-improved
policy, or even a policy improved by policy gradient) to
generate a sequence of policies with convergence guarantee
to the set of Nash equilibria.
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A. General property of mirror descent
We first state a property of mirror descent which will be useful to prove Theorem 1.
Lemma 7. Let p ≥ 1 and q ≥ 1 such that 1/p + 1/q = 1. Let ϕ be a strongly convex function with respect to the `p -norm
k · kp with some modulus σ. Define πt+1 as
πt+1 = arg max [π · δt − Dϕ (π, πt )] ,

(11)

π∈∆

Then we have, for any π ∈ ∆,
Dϕ (π, πt+1 ) ≤ Dϕ (π, πt ) + (πt − π) · δt + (2/σ)kδt k2q .
def

Proof of Lemma 7. Let J(π) = −π · δt + Dϕ (π, πt ). J is differentiable and since πt+1 minimizes J over ∆, the gradient
∇J(πt+1 ) = −δt + ∇ϕ(πt+1 ) − ∇ϕ(πt ) forms an acute angle with (π − πt+1 ), for all π ∈ ∆. Thus
h
i
− δt + ∇ϕ(πt+1 ) − ∇ϕ(πt ) · (π − πt+1 ) ≥ 0.
From this inequality and from the definition of πt+1 we deduce
Dϕ (π, πt+1 )

≤

ϕ(π) − ϕ(πt+1 ) − ∇ϕ(πt+1 ) · (π − πt+1 )


ϕ(π) − ϕ(πt+1 ) − δt + ∇ϕ(πt ) · (π − πt+1 )

=

Dϕ (π, πt ) + ϕ(πt ) − ϕ(πt+1 ) − δt · (π − πt+1 ) − ∇ϕ(πt ) · (πt − πt+1 )

=

= Dϕ (π, πt ) − Dϕ (πt+1 , πt ) − δt · (π − πt+1 )
= Dϕ (π, πt ) + δt · (πt − π) + δt · (πt+1 − πt ) − Dϕ (πt+1 , πt ).

Now, noticing that J(πt+1 ) ≤ J(πt ), we have
−πt+1 · δt + Dϕ (πt+1 , πt ) ≤ −πt · δt ,
thus we deduce:
kπt+1 − πt kp kδt kq

≥ (πt+1 − πt ) · δt
≥ Dϕ (πt+1 , πt )
≥ (σ/2)kπt+1 − πt k2p ,

(12)

where the first inequality is Hölder’s inequality and the last inequality follows from the strong convexity of h. We deduce
that kπt+1 − πt kp ≤ (2/σ)kδt kq , thus
Dϕ (π, πt+1 ) ≤ Dϕ (π, πt ) + δt · (πt − π) + (2/σ)kδt k2q − Dϕ (πt+1 , πt )
≤ Dϕ (π, πt ) + δt · (πt − π) + (2/σ)kδt k2q .

B. Proof of Theorem 1
π̄

Proof of Theorem 1. Let us use Lemma 7 for each player i with the choice δt = ηt Qi −i,t and the policy πi∗ . We have
X
Jπ∗ (t + 1) =
Dϕ (πi∗ , πi,t+1 )
i∈{1,2}

≤

X h

π̄

π̄

Dϕ (πi∗ , πi,t ) + ηt (πi,t − πi∗ ) · Qi −i,t + 2/σηt2 kQi −i,t k2q

i∈{1,2}

≤ Jπ∗ (t) + ηt

X
i∈{1,2}

π̄

(πi,t − πi∗ ) · Qi −i,t + cηt2 ,

i
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with c = 4|A|1/q Q2max /σ. Now we have
X

π̄

(πi,t − πi∗ ) · Qi −i,t

=

(πi,t ,π̄−i,t )

X

Vi

(πi∗ ,π̄−i,t )

− Vi

i∈{1,2}

i∈{1,2}
(i)

=

X

−

(π̄i,t ,π−i,t )

Vi

∗
(π̄i ,π−i,t
)

+ Vi

i∈{1,2}
(ii)

=

X

−

(π̄i,t ,π−i,t )

Vi

(πi,t ,π−i,t ) 

− Vi

+

Vi

i∈{1,2}

i∈{1,2}

{z

|
≤

∗
(π̄i ,π−i,t
)

X

}

=I(π̄t ,πt )

|

≤0

∗
(πi∗ ,π−i,t
)

− Vi
{z

from Nash

}

−I(π̄t , πt ),

π
where we used the property that the game is zero-sum (i.e., Viπ = −V−i
for any policy π) in (i) and (ii), as well as the
definition of the improvement I(π̄t , πt ) and the property of a Nash eq.

We deduce
Jπ∗ (t + 1)

≤

Jπ∗ (t) − ηt I(π̄t , πt ) + cηt2 .

C. Proof of Lemma 1
0

0

Proof of Lemma 1. We have I ∗ (π) = maxπ10 ,π20 V (π1 ,π2 ) − V (π1 ,π2 ) . Define
f1 (π2 )
f2 (π1 )

def

=

0

0

π1

def

=

0

max
V (π1 ,π2 ) − min
max
V (π1 ,π2 ) ,
0
0
0
π2

max
min
V
0
0
π1

(π10 ,π20 )

π2

0

π1

0

− min
V (π1 ,π2 ) .
0
π2

0

0

0

From the minimax theorem we have that minπ20 maxπ10 V (π1 ,π2 ) = maxπ10 minπ20 V (π1 ,π2 ) , thus I ∗ (π) = f1 (π2 ) + f2 (π1 ).
Since the following reasoning will apply for both f1 and f2 , let us define f to be either f1 or f2 . f is the maximum of
affine functions defined over the simplex, thus is convex. Now since each function is linear, the maximum is reached on (at
least) one vertex of the simplex. Thus f is the maximum –over a finite number of functions– of affine functions. Thus f is
piecewise affine defined on a partitioning of the simplex where each piece of this partition is an intersection of half spaces,
thus a convex polytope. A convex polytope also has the property of being defined as the convex hull of a finite number of
extreme points (called vertices).
f is non-negative, so let us denote by X0 the set of points x such that f (x) = 0 (X0 is the restriction to the set of a Player’s
policies of the set of Nash equilibria, Π∗ ). X0 is also a (closed) convex polytope.
Let V denote the (finite) set of vertices of all the polytopes. For any x in the simplex, write P (x) the `2 -projection of x onto
X0 . We define
κ=

f (v) − f (P (v))
.
v∈V,f (v)>0 kv − P (v)k2
min

Since V is a finite set, the minimum is reached for some value κ > 0.
Now consider any point x outside of X0 and
P its `2 -projection x0 = P (x) onto X0 . x belongs to some convex polytope
with corresponding vertices vi , thus x = i λiP
vi , for some non-negative coefficients λi which sum to 1 (the so-called
barycentric coordinates). Let us introduce x00 = i λi P (vi ) the barycenter of the projections of the vertices. Since X0 is
convex, then x00 ∈ X0 .
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We have
f (x) − f (P (x))
kx − P (x)k2

(a)

≥
(b)

=

(c)

≥

f (x) − f (x0 )
kx − x0 k2

P 
i λi f (vi ) − f (P (vi ))
P
k i λi (vi − P (vi ))k2

P 
i λi f (vi ) − f (P (vi ))
P
i λi kvi − P (vi )k2

(d)

≥

κ,

where (a) results from kx − P (x)k2 ≤ kx − x0 k2 since P (x) is the projection of x onto X0 , (b) from the linearity of f in
i )−f (P (vi ))
the polytope, (c) from the convexity of the `2 -norm, (d) from the definition of κ thus that for each i, f (v
kvi −P (vi )k2 ≥ κ. We
deduce that
f (x) = f (x) − f (P (x)) ≥ κkx − P (x)k2 = min kx − yk2 .
y∈X0

This argument, applied successively to f1 and f2 , proves that there exists κ1 and κ2 such that
I ∗ (π)

=
≥

f1 (π2 ) + f2 (π1 )
κ1 kπ2 − π20 k2 + κ2 kπ1 − π10 k2
min
0
0
∗
(π1 ,π2 )∈Π

≥

κ min
kπ − π 0 k2 ,
0
∗
π ∈Π

with κ = min(κ1 , κ2 ).

D. Lower bound on κ
In this section, we give an interpretable lower bound on the value of the game-dependent parameter κ. This analysis contrasts
with the exact characterization in (Mordukhovich et al., 2010). While we do not believe the bound to be tight, it provides
some intuition as to what characteristics of the game affect κ.
Lemma 8. Let R be the payoff matrix specifying the zero-sum game, and let P be the orthogonal projection operator onto
the subspace of vectors with coordinates summing to zero. Then we have
!
>
>
> >
e>
e>
i RP P R w
i R P P Rw
κ ≥ min
min
max
, min max
.
A1
A2
i
i
kP R> wk2
kP Rwk2
w∈R≥0
w∈R≥0
w6∈Ker(P R> )

w6∈Ker(P R)

Proof of Lemma 8. Recalling the notation in the proof of Lemma 1, we have
κ1 = min

v6∈X0

f (v) − f (P (v))
,
kv − P (v)k

where X0 is the set of strategies for player 2 that feature in Nash equilibria, and f = f1 returns the exploitability of its
input policy. The numerator of the function on the right hand-side is convex and polyhedral (in v), and minimized on X0
with value 0, so the minimum of this expression is attained by v arbitrarily close to X0 . Thus, we can restrict ourselves to
consider pairs of variables (v, P (v)), where v ∈ P (v) + NX0 (P (v)), where
(
)
X
NX0 (P (v)) = ν ∈ RA2
ν(a) = 0 , hP (v) + ν, xi ≤ 0 ∀x ∈ X0 \ {0} ,
a

P
is the normal cone to X0 at P (v), restricted to the linear subspace {x ∈ RA2 | i xi = 0}, and kv − P (v)k is arbitrarily
small. Now note that the linear constraints defining X0 have a straightforward form:
π2 ∈ X0 ⇐⇒ δ > Rπ2 ≤ Λ for all deterministic policies δ ,

(13)
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where Λ is the value of the game. We may now use results from convex analysis to write down the form of NX0 (P (v)); let
I be the set of row indices of R for which e>
i RP (v) = Λ ⇐⇒ i ∈ I. Then we have (see e.g. Theorem 2.4.9 of Schneider
(2014)):
(
)
X
>
NX0 (P (v)) =
λi P R ei λi ≥ 0 ∀i ∈ I \ {0} ,
i∈I

where P is orthogonal projection into P
{x ∈ RA2 | i xi = 0}. Further, for vectors n ∈ NX0 (P (v)) sufficiently small, we
have BR(P (v) + n) ⊆ BR(P (v)) = { i∈I αi ei |(αi )i∈I ∈ ∆I }. We can therefore calculate, for such a v = P (v) + n, as
follows:
P

>
f (v) − f (P (v)) maxi e>
i R[P (v) + n] − maxi ei RP (v)
=
kv − P (v)k
knk
Rn
maxi e>
i
=
knk
n
= max e>
.
i R
i
knk

(14)

1
Recall that each normal vector n must take the form P R> w, for some non-zero w ∈ RA
≥0 . We can further restrict to
w 6∈ Ker(P R> ), since we consider only non-zero normal vectors n. There are additional restrictions we can make as to
which components of w are non-zero, since they must arise from hyperplanes defining X0 that have a common intersection
point on the boundary of the polytope. Pursuing this direction would complicate the analysis, but result in a tighter bound on
κ. We do not make these additional restrictions here, and note that minimizing Expression (14) over a larger class of vectors
n still yields a valid lower bound on κ. Using this parametrisation, we have

κ1 ≥

min

max
i

A

1
w∈R≥0

>
e>
i RP R w
.
kP R> wk

w6∈Ker(P R> )

Using the fact that P > = P and P 2 = P , we can write
κ1 ≥

max

min

i

A

1
w∈R≥0

>
>
e>
i RP P R w
.
kP R> wk

w6∈Ker(P R> )

Repeating the same analysis with the roles of the players reversed, and overloading P to also represent the equivalent
orthogonal projection in RA1 yields
κ2 ≥

min

A

2
w∈R≥0
w6∈Ker(P R)

max
i

> >
e>
i R P P Rw
.
kP Rwk

So, we obtain the result


κ ≥ min 



min

A1
w∈R≥0

w6∈Ker(P R> )

max
i

>
>
e>
i RP P R w
,
>
kP R wk

min

A2
w∈R≥0

max
i

> >

e>
i R P P Rw 

kP Rwk

w6∈Ker(P R)

E. A simple matrix game



0 1−ε
Consider the game in normal form defined by the reward matrix R =
, for some ε ∈ (0, 1). The Nash eq. is
2
1
∗
∗
π1 = (0, 1), π2 = (0, 1) and the value of the game is 1. Let us write a policy profile π = (p, q) with p, q ∈ [0, 1], where
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π1 = (p, 1 − p) and π2 = (q, 1 − q). The value of any policy π = (p, q) is
V π = V (p,q) = (1 − ε)p(1 − q) + 2(1 − p)q + (1 − p)(1 − q) = −εp(1 − q) + q − 2pq + 1.
We have
max V p,q = V p=0,q = q + 1, and min V p,q = V p,q=0 = −εp + 1.
p

q

We deduce that the exploitability of the policy π = (p, q) is
I ∗ (π)

=

max V p,q − min V p,q

=

=

q + εp
p
ε p2 + q 2
q
κ kπ1 − π1∗ k22 + kπ2 − π2∗ k22

=

κkπ − π ∗ k2 ,

≥

p

q

√
for κ = ε/ 2.

F. Proof of Theorem 3
(πi ,π̄−i )

Proof. A first property is that if µi
X

(x) 6= 0 then we have:

(πi ,π̄−i )

µπ̄6=i (h)Qi

(h, a)

=

h∈x

X µ(πi ,π̄−i ) (h)
h∈x

=
=

1

(π ,π̄

)

Qi i −i (h, a)
µπi (h)
X
(π ,π̄ )
µ(πi ,π̄−i ) (h)Qi i −i (h, a)

µπi (x)
h∈x

µ(πi ,π̄−i ) (x) (πi ,π̄−i )
Qi
(x, a)
µπi (x)
(πi ,π̄−i )

= µπ̄6=i (x)Qi

(x, a).

(15)

(πi ,π̄−i )

(x) 6= 0 the MAIO-IIG algorithm can rewrite:
h
i
X
(π ,π̄
)
πi,t+1 (x) ∈ arg min Dϕ (πi , πi,t (x)) − ηt
πi (a)µπ̄6=ti (x)Qi i,t −i,t (x, a) .

Thus in the case µi

πi ∈∆(Ai )

a∈Ai

For simplicity of the notation, let us drop the time index for the policies, writing πi , π̄ and π−i instead πi,t , π̄t and π−i,t ,
respectively. Defining
X
def
(π ,π̄ )
δi,t (x, a) = ηt
µπ̄6=i (h)Qi i −i (h, a),
h∈x

from Lemma 7, we have
Jπ∗ (t + 1)

=

X

X

∗

µπi (x)Dϕ (πi∗ (x), πi,t+1 (x))

i∈{1,2} x∈Xi

≤

X

X



∗
µπi (x) Dϕ (πi∗ (x), πi,t+1 (x)) + (πi,t (x) − πi∗ (x)) · δi,t + 2/σkδi,t (x, a)k2q

i∈{1,2} x∈Xi

= Jπ∗ (t) +

X

X



∗
µπi (x) (πi,t (x) − πi∗ (x)) · δi,t (x, a) + 2/σkδi,t (x, a)k2q

i∈{1,2} x∈Xi

X

≤ Jπ∗ (t) + ηt

X

i∈{1,2} x∈Xi

|

∗

µπi (x)

X
h∈x

µπ̄6=i (h)

X
(π ,π̄ )
(πi,t (a|x) − πi∗ (a|x))Qi i −i (h, a) +cηt2 , (16)
a

{z

(a)

}
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def 4
2/q 2
Qmax Lmax
σ |A|

with c =

and Qmax = maxπ maxh∈H,a∈A |Qπ (h, a)| and Lmax = maxπ

P

x

µπ (x).

Now using Property (8), and the fact that µπi (h) = µπi (x) for any h ∈ x ∈ Xi , we have
X ∗
X
∗
(π ,π̄ )
(π ,π̄ )
µπi (h)µπ̄6=i (h)Qi i −i (h, a)
µπi (x)
µπ̄6=i (h)Qi i −i (h, a) =
h∈x

h∈x

=

X

∗

(πi ,π̄−i )

µ(πi ,π̄−i ) (h)Qi

(h, a).

h∈x

Thus
(a)

=

X

∗

X X

µ(πi ,π̄−i ) (h)

X

(πi ,π̄−i )

(πi,t (a|x) − πi∗ (a|x))Qi

(h, a).

a

i∈{1,2} x∈Xi h∈x

Finally using Lemma 9 below with the policies π, π ∗ and π̄, and summing over i ∈ {1, 2}, we deduce that
X
(π ∗ ,π̄ ) 
(π ,π̄ )
(a) =
Vi i −i − Vi i −i
i∈{1,2}

Now from the definion of the improvement, we deduce
X
(π ∗ ,π̄ ) 
(π ,π̄ )
(a) =
Vi i −i − Vi i −i
i∈{1,2}

X

= −

∗
(π̄i ,π−i
)

(π̄i ,π−i )

− Vi

(π̄i ,π−i )

− Vi

Vi

i∈{1,2}

X

= −

Vi

(πi ,π−i ) 

X
i∈{1,2}

i∈{1,2}

{z

|
≤

+

}

=I(π̄,π)

∗
(π̄i ,π−i
)

Vi
|

≤0

∗
(πi∗ ,π−i
)

− Vi
{z

from Nash



}

−I(π̄, π).

Using this in (16) we deduce
≤

Jπ∗ (t + 1)

Jπ∗ (t) − ηt I(π̄t , πt ) + cηt2 .

G. Auxiliary results
Lemma 9. For any triplet of policies π, π 0 and π̄ and any Player i, we have
X
X
0
(π 0 ,π̄ )
(π ,π̄ )
(π ,π̄ )
Vi i −i − Vi i −i =
µ(πi ,π̄−i ) (x)
(πi (a|x) − πi0 (a|x))Qi i −i (x, a).
a

x∈Xi

Proof. For any Player i, let us define the policies π̃i and π̃i0 :

 0
πi (a|x(h)) if h ∈ Hi
πi (a|x(h)) if h ∈ Hi
def
def
0
π̃i (a|h) =
and π̃i (a|h) =
,
π̄i (a|x(h)) otherwise
π̄i (a|x(h)) otherwise
Since π̃i and π̃i0 coincide outside of Hi , we have
X
X
0
def
(π ,π̄ )
(a) =
µ(πi ,π̄−i ) (x)
(πi (a|x) − πi0 (a|x))Qi i −i (x, a)
a

x∈Xi

=

X X

(πi0 ,π̄−i )

µ

X
h∈H

0

µπ̃i (h)

X

X
a

(πi ,π̄−i )

(πi (a|x) − πi0 (a|x))Qi

a

x∈Xi h∈x

=

(h)

(π̃i (a|h) − π̃i0 (a|h))Qπ̃i i (h, a).

(h, a)
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From the definition of the value function Viπ̃i (h) =
level is:

P

a

π̃i (a|h)Qπ̃i i (h, a), and the Bellman equation for Q at the history

Qπ̃i i (h, a) = ri (h, a) +

X

p(h0 |h, a)Viπ̃i (h0 ).

h0

Thus
(a)

X

=


X
X


0
µπ̃i (h) Viπ̃i (h) −
π̃i0 (a|h) ri (h, a) +
p(h0 |h, a)Viπ̃i (h0 ) .
h0 ∈H

a

h∈H

Now, from the balance equation (3) we have
X

0

µπ̃i (h)

X

0

π̃i0 (a|h)p(h0 |h, a) = µπ̃i (h0 ) − ρ0 (h0 ).

a

h∈H

Thus
(a)

=

X
X

0

ρ0 (h

)Viπ̃i (h0 )

−

h0 ∈H

=

Viπ̃i


X 0
X
0
µπ̃i (h0 ) − ρ0 (h0 ) Viπ̃i (h0 ) −
µπ̃i (h)
π̃i0 (a|h)ri (h, a)

h0 ∈H

h∈H

=

X 

0

µπ̃i (h)Viπ̃i (h) −

X

π̃i0 (a|h)ri (h, a)

a

h∈H

−

a

h∈H
0
µπ̃i (h)

X

π̃ 0
Vi i ,

where we used (5) and (6) to derive the last equality.

H. Exploitability and Jπ∗ -distance
Lemma 2. For any policy π, the exploitability of π is upper bounded by the `2 -energy distance (as defined by
minπ∗ ∈Π∗ Jπ∗ (π)) between π and Π∗ :
I ∗ (π)2
def

where Lmax = maxπ
πi∗ (x)k22 .

≤ L2max |A|Q2max min
Jπ∗ (π),
∗
∗
π ∈Π

def

P

x∈X

def

µπ (x), Qmax = maxπ maxh,a |Qπ (h, a)|, and Jπ∗ (π) =

∗

P P
i

x∈Xi

µπi (x)kπi (x) −

Proof. For any Nash eq. π ∗ ∈ Π∗ , from the definition of the exploitability, and since I ∗ (π ∗ ) = 0, we have
I ∗ (π) = max
0
π

X

(πi0 ,π−i )

Vi

− max
0
πi

i

X

∗
(πi0 ,π−i
)

Vi

≤ max
0
π

i

X

(πi0 ,π−i )

Vi

∗
(πi0 ,π−i
)

− Vi



.

i

Since the game is zero-sum two-player,
X

(πi0 ,π−i )

Vi

∗
(πi0 ,π−i
)

− Vi



=−

i

X

0
(πi ,π−i
)

Vi

0
(πi∗ ,π−i
)

− Vi



.

i

Thus
I ∗ (π) ≤ max
0
π

X
i

0
(πi∗ ,π−i
)

Vi

0
(πi ,π−i
)

− Vi


.

(17)
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Now, using Lemma 9, we have
X

0
(πi∗ ,π−i
)

Vi


0
(πi ,π−i
) 2

− Vi

=

X X

i

i
(a)

≤

×

0

X

0

2

h X X
∗
0
∗
0
µ(πi ,π−i ) (x)
µ(πi ,π−i ) (x)
i

x∈Xi

X

∗

(πi∗ (a|x) − πi (a|x))Q(πi ,π−i ) (x, a)

a

x∈Xi

X X
i

∗

µ(πi ,π−i ) (x)

x∈Xi
∗

0

(πi∗ (a|x) − πi (a|x))Q(πi ,π−i ) (x, a)

2 i

a
(b)

X X

≤

L2max |A|Q2max

=

L2max |A|Q2max Jπ∗ (π),

i

∗

µπi (x)kπi∗ (x) − πi (x)k22

x∈Xi

1/2 P
1/2
P
P
2
where we used Cauchy-Schwarz inequality for (a), i.e. x f (x)g(x) ≤
, and in (b) we
x f (x)
x f (x)g (x)
0
(π ∗ ,π−i
)
π∗
π0
π∗
used the definition of Lmax , Qmax and the property that µ
(x) = µi (x)µ6=i (x) ≤ µi (x). Since this inequality is
true for all π ∗ , we deduce from (17) that
I ∗ (π)2 ≤ L2max |A|Q2max min
Jπ∗ (π).
∗
∗
π ∈Π

An immediate consequence of this result is that convergence in policy (i.e., minπ∗ ∈Π∗ Jπ∗ (πt ) → 0) implies convergence in
value (i.e., I(π ∗ , πt ) → 0) since I(π ∗ , πt ) ≤ I ∗ (πt ).
π

I. The MDP Mi −i
For any Player i, fix the opponent’s policy πi and consider the observation process (xk = x(hk ))k≥0:i(hk )=i at successive
times when it it Player i’s turn to play.
In a IIG, this process is in general a Partiable Observation Markov Decision Process (POMDP). Indeed the probability of the
next observation xk+1 depends not only on the current observation xk , action ak chosen by Player i, but also on what Player
i played to reach information node xk .
However, under the perfect recall assumption, we have the remarkable property that this observation process is actually a
π
Markov Decision Process (MDP), which we write as Mi −i .
Proposition 1. Consider a fixed opponent π−i . Under perfect recall (Assumption 1), the transitions and rewards between
π
observations for player i form a MDP, writen Mi −i .
Proof. Consider two consecutive observations x, x0 ∈ Xi for Player i. This means that for histories h ∈ x and h0 ∈ x0
such that h is an ancestor of h0 , there exists a path (h0 = h, a0 = a, h1 , a1 , . . . , hn−1 , an−1 , hn = h0 ) from h to h0 , for
some n > 0 (if the Players play alternatively then n = 2), such that hj ∈ H−i for all j = 1 . . . n − 1. Thus the transition
probability from h to h0 conditioned on a depends on π−i only:
def

pπ−i (h0 |h, a) = p(h1 |h, a)

n−1
Y

π(aj |hj )p(hj+1 |hj , aj ).

j=1

Thus the probability of transitioning from x to x0 given a is
P
P
π
π−i
(h0 |h, a)
def
π
h0 ∈x0
h∈x µ (h)p
P
pi −i (x0 |x, a) =
µπ (h)
P
P h∈xπ
π−i
(h0 |h, a)
h0 ∈x0
h∈x µ6=i (h)p
P
=
,
π
h∈x µ6=i (h)
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where the last equality comes from the fact that µπ (h) = µπi (h)µπ6=i (h) and that µπi (h) does not depend on the specific
π
h ∈ x but on x only. Thus pi −i (x0 |x, a) does not depend on πi .
We can define similarly the reward obtained by player i along the path from x, a to x0 as
π

ri −i (x, a)

def

=

n−1
X
X
µπ (h)
π−i
0
p
(h
|h,
a)
ri (hj , aj ),
π
h∈x µ (h) 0
j=0

X

P

h ∈Hi

h∈x

=

X
X
µπ (h)
P 6=i π
h∈x µ6=i (h) h0 ∈Hi
h∈x

pπ−i (h0 |h, a)

n−1
X

ri (hj , aj ),

j=0

π

π

π

which does not depend on πi . The MDP Mi −i is defined by the transition probabilities pi −i (x0 |x, a) and rewards ri −i (x, a)
which do not depend on the Player i’s own policy.
Thus it is interesting to notice that under the perfect recall Assumption 1, from the point of view of any Player i (and fixing
the opponent’s policy π−i ), the transitions between consecutive observations and corresponding rewards are Markovian, i.e.,
π
π
pi −i (x0 |x, a) and ri −i (x, a) do not depend on Player i’s own policy.
π

Also we can define the Bellman equations in Mi −i : The Q-values defined by (7) satisfy the Bellman equation for MDP
π
Mi −i : for any x ∈ Xi , a ∈ A,
X π
π
Qπi (x, a) = ri −i (x, a) +
pi −i (x0 |x, a)Viπ (x0 )
x0 ∈Xi

Viπ (x)

=

X

π(a|x)Qπi (x, a).

a

J. Proof of Lemma 3
two-player zero-sum imperfect information game such that there exists no κ > 0 such that for all
Lemma 3. There exists ap
π, I ∗ (π) ≥ κ minπ∗ ∈Π∗ Jπ∗ (π).
Proof. Consider the following game:
• There are 5 possible histories: h0 , . . . h4 . Root is h0 . Player 1 plays in h0 and h1 , player 2 plays in the other ones.
• There are 3 information nodes: x0 = {h0 }, x1 = {h1 } for player 1, and x2 = {h2 , h3 , h4 } for player 2.
• Each player has 2 actions a0 , a1 . Transitions are deterministic: (h0 , a0 → h1 ), (h0 , a1 → h4 ), (h1 , a0 → h2 ),
(h1 , a1 → h3 ). All other histories transition to a terminal state.
• Rewards are: r1 (h2 , a0 ) = 0, r1 (h2 , a1 ) = 0, r1 (h3 , a0 ) = 2, r1 (h3 , a1 ) = 1, r1 (h4 , a0 ) = 2, r1 (h4 , a1 ) = 1. All
other rewards are 0.
Write any policy as π = (p0 , p1 , q) where p0 = π(a0 |x0 ), p1 = π(a0 |x1 ), q = π(a0 |x2 ).
Notice that this problem is basically the same as the 2 × 2 matrix game defined above (with ε = 1) where the probability p
is now replaced by the product p0 p1 .
Thus the set of Nash equilibria (p∗0 , p∗1 , q ∗ ) is defined by p∗0 p∗1 = 0 and q ∗ = 0 and the value of the game is 1. Notice that
the set of Nash equilibria
Π∗ = {(p∗0 = 0, p∗1 , q ∗ = 0)} ∪ {(p0 , p∗1 = 0, q ∗ = 0)}
is a non-convex subset of the set of policies π, in contrary to the case of normal form games. This gives us a clue to why it is
not possible to generalize the result of Lemma 1 to imperfect information games.
Let us consider the value of player 1 and write V for V1 . The value of any policy is:
V p0 ,p1 ,q = −p0 p1 (1 − q) + q − 2p0 p1 q + 1.
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Thus we have maxp0 ,p1 V p0 ,p1 ,q = 1+q and minq V p0 ,p1 ,q = 1−p0 p1 . Thus the exploitability of any policy π = (p0 , p1 , q)
is
I ∗ (π) = max V p0 ,p1 ,q − min V p0 ,p1 ,q = q + p0 p1 .
p0 ,p1

q

Now the Jπ∗ (π) distance of π = (p0 , p1 , q) to a Nash π ∗ = (p∗0 , p∗1 , q ∗ ) is
Jπ∗ (π)

∗

∗

∗

=

µπ1 (x0 )kπ(x0 ) − π ∗ (x0 )k2 + µπ1 (x1 )kπ(x1 ) − π ∗ (x1 )k2 + µπ2 (x2 )kπ(x2 ) − π ∗ (x2 )k2

=

kπ(x0 ) − π ∗ (x0 )k2 + p∗0 kπ(x1 ) − π ∗ (x1 )k2 + kπ(x2 ) − π ∗ (x2 )k2


2 (p0 − p∗0 )2 + p∗0 (p1 − p∗1 )2 + (q − q ∗ )2 .

=
Thus

min
Jπ∗ (π)
∗
∗

=

π ∈Π

=

min



min∗
∗

π ∗ =(p0 =0,p1 ,q ∗ =0)



2 min p20 + q 2 ,

Jπ∗ (π),

min


∗ (π)
J
π
π ∗ =(p0 ,p1 =0,q ∗ =0)

(p0 − p∗0 )2 + p∗0 p21 + q 2 .
min
∗ ∗

∗
∗
π ∗ =(p∗
0 ,p1 =0,q =0)

The mimimum is reached for p∗0 = p0 − p21 /2 if p21 ≤ 2p0 , and the corresponding value is


2
2
4
2
2
∗ (π)
min
J
=
2
min
p
+
q
,
−p
/4
+
p
p
+
q
.
π
0
0
1
1
∗
∗
π ∈Π

It is clear that there is no constant κ > 0 such that for all p0 , p1 , q ∈ [0, 1] we have I ∗ (π) ≥ κ minπ∗ ∈Π∗
√
example choosing p0 = p1 = q, this would mean there exists κ > 0 such that

p

Jπ∗ (π). For

q

q + q ≥ 2κ min q + q 2 , −q 2 /4 + q 3/2 + q 2 ,
which is impossible for small enough q.

K. Proof of Lemma 5
Lemma 5. For any π ∗ there exists two constant δ, c > 0 such for any π such that d(π ∗ , π) ≤ δ, we have
Jπ∗ (π) ≤ c d(π ∗ , π).
Proof. Let
def

ε =

min
∗

{i,x,a:µπ
i (x)>0}
def

∗

µπi (x).

(18)

2

def

∗

−

µπi (x,a)
∗
µπi (x)

ε
From its definition, ε > 0. Now define δ = 4|A|
, and assume that d(π ∗ , π) ≤ δ. Define e(x, a) = |µπi (a|x) − µπi (a|x)|
for i = I(x). Thus we have
s
∗
X
X
p
ε
µπ (x)
∗
e(x, a) ≤ |A|
|µπi (a|x) − µπi (a|x)|2 ≤ |A|d(π ∗ , π) ≤ ≤ i
.
(19)
2
2
a
a
∗

Now, for x ∈ Xi such as µπi (x) > 0, we have
∗

µπ
i (x,a)
µπ
i (x)

−

∗
µiπ (x,a)−e(x,a)
P
∗
π
µi (x)+ a0 e(x,a0 )

−

µπi (x,a)
∗
µπi (x)

=

−2 e(x,a)
π∗
i
µ

(x)

=
(i)

µπ
i (x,a)
µπ
i (x)

∗

−

µπi (x,a)
∗
µπi (x)

≤

≤

∗
µπ
i (x,a)+e(x,a)
P
∗
π
µi (x)− a0 e(x,a0 )

≤

≤

2e(x,a)
P
∗
µπi (x)− a0 e(x,a0 )

∗

µπi (x,a)
∗
µπi (x)
2e(x,a)
− πi∗
P
µ (x)+ a0 e(x,a0 )

πi (a|x) − πi∗ (a|x)

(ii)

≤

≤

4 e(x,a)
,
π∗
i
µ

(x)

∗
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where we used (19) in (i) and (ii). We deduce that
X X
∗
Jπ∗ (π) =
µπi (x)kπi (x) − πi∗ (x)k2
i

x∈Xi
∗

X X

µπi (x)

X e(x, a)2
∗
µπi (x)2

≤

16

=

16 X X X π∗
µi (a|x) − µπi (a|x)
ε i

=

c d(π ∗ , π).

i

x∈Xi

a∈A

2

x∈Xi a∈A

def

with c = 16/ε.

L. Proof of Theorem 4
Theorem 4 (Convergence of MAIO-BR). The sequence of policies produced by MAIO-BR algorithm with ηt = I ∗ (πt )/(2c)
converges to the set of Nash equilibria, in the sense that limt→∞ minπ∗ ∈Π∗ Jπ∗ (πt ) = 0. Notice that from Lemma 2 we
also deduce the result in exploitability: limt→∞ I ∗ (πt ) = 0.
Proof. The sequence of policies (πt ) lies in the compact space of policies, thus from the Bolzano-Weierstrass theorem,
there exists (at least) one accumulation point to this sequence. Let us write π # a such point and (πτt )t a subsequence which
converges to π # . Now we can apply Bolzano-Weierstrass theorem again to the subsequence of best responses (π̄τt )t , so
there exists a sub-subsequence (τt0 )t of the subsequence (τt )t such that (π̄τt0 )t converges to some policy, which we write π̄ # .
First, let us prove that π̄ # is a best response to π # . From the definition of π̄τt0 being a best response to πτt0 , we have that, for
each player i,
(π̄i,τ 0 ,π−i,τ 0 )

Vi

t

t

(πi0 ,π−i,τ 0 )

≥ Vi

t

, for any π 0 .

Since the map π 7→ Viπ is continuous, we can take this inequality to the limit t → ∞ and deduce that
#
(π̄i# ,π−i
)

Vi

#
(πi0 ,π−i
)

≥ Vi

, for any π 0 ,

thus π̄ # is a best response to π # and we have I ∗ (π # ) = I ∗ (π̄ # , π # ).
Now, from Lemma 3 we have that for any π ∗ ∈ Π∗ ,
Jπ∗ (πt+1 ) ≤ Jπ∗ (πt ) −

I ∗ (πt )
.
4c

(20)

Thus the sequence (Jπ∗ (πt ))t is non-increasing and lower bounded by 0, thus converges to some value Jπ∗ ≥ 0.
The maps π1 , π2 7→ I(π1 , π2 ) and π 7→ Jπ# (π) being continuous, we can take the limit in the following inequality:
0
Jπ∗ (πτt+1
) ≤ Jπ∗ (πτt0 +1 ) ≤ Jπ∗ (πτt0 ) −

and deduce that Jπ∗ ≤ Jπ∗ −

I(π̄ # ,π # )
,
4c

I(π̄τt0 , πτt0 )
,
4c

thus I(π̄ # , π # ) = I ∗ (π # ) = 0. Thus π # is a Nash equilibrium.

Thus applying (20) with the Nash equilibrium π # , we have that the sequence (Jπ# (πt ))t in non-increasing, and possesses
a subsequence (Jπ# (πτt0 ))t which converges to Jπ# (π # ) = 0, thus the whole sequence (Jπ# (πt ))t converges to 0. This
proves that πt converges to the set of Nash equilibria in Jπ∗ -distance (as well as in exploitability using Lemma 2).

M. Proof of Theorem 5
Theorem 5 Consider MAIO-BR with a `2 -regularizer, and a learning rate ηt =
ε=

inf
π ∗ ∈Π∗ ,i∈{1,2},x∈X

π∗
i ,a∈A:µi (x,a)>0

I(bt ,πt )
.
2c

∗

µπi (x, a).

If ε > 0 then MAIO-BR converges to the set of Nash equilibria at an exponential rate.

Define
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Proof. Since ε > 0 we deduce from the proof of Lemma 5 that there exists constants c0 = 16/ε and δ =
soon as d(π ∗ , πt ) ≤ δ, we have
Jπ∗ (πt ) ≤ c0 d(π ∗ , πt ),

ε2
4|A|

such that as
(21)

for all Nash eq. π ∗ ∈ Π∗ .
Now, from Theorem 4, πt converges to Π∗ in Jπ∗ distance. Let us write πt∗ = arg minπ∗ ∈Π∗ Jπ∗ (πt ). Thus for every player
π∗
∗
i, and every state x ∈ Xi and action a ∈ A, we have that µi t (x)[πi,t
(a|x) − πi,t (a|x)]2 converges to 0. Now, for any
Qn
π
x ∈ Xi , we have that µi (x, a) is the product of policy probabilities j=0 πi (aj |xj ) along the path (x0 , a0 , x1 , a1 , . . . , xn =
x, an = a), where (xj )0≤j≤n ∈ Xi , thus
π∗

µi t (x, a) − µπi t (x, a)

=

n
Y

∗
πi,t
(aj |xj ) −

j=0

=

n
Y

πi,t (aj |xj )

j=0

n j−1
X
Y

∗
πi,t
(al |xl )

n
 ∗
 Y
πi,t (aj |xj ) − πi,t (aj |xj )
πi,t (al |xl )

j=0 l=0

=

n
X

l=j+1

n
 ∗
 Y
µi (xj ) πi,t
(aj |xj ) − πi,t (aj |xj )
πi,t (al |xl ).
πt∗

j=0

l=j+1

π∗

π∗

∗
Since each µi t (xj )[πi,t
(aj |xj ) − πi,t (aj |xj )] converges to 0, we deduce that µi t (x, a) − µπi t (x, a) converges to 0 as well.
∗
Thus πt converges to Π in d-distance as well. Let us write π̃t∗ = arg minπ∗ ∈Π∗ d(π ∗ , πt ).

We deduce there exists a time T such that for all t ≥ T , d(π̃t∗ , πt ) ≤ δ, thus from (21), we deduce that for t ≥ T ,
Jπ̃t∗ (πt ) ≤ c0 d(π̃t∗ , πt ). Since from Lemma 4 we have d(π̃t∗ , πt ) ≤ κ12 I ∗ (πt )2 , thus
Jπt∗ (πt ) ≤ Jπ̃t∗ (πt ) ≤

c0 ∗
I (πt )2 .
κ2

Thus from Theorem 3, we deduce that
∗
Jπt+1
(πt+1 ) ≤ Jπt∗ (πt+1 )

1
≤ Jπt∗ (πt ) − I ∗ (πt )2
4c

κ2 
≤ Jπt∗ (πt ) 1 −
.
4cc0
Thus πt converges to the set of Nash equilibria at an exponential rate.

N. Proof of Lemma 4
Lemma 4. There exists a constant κ > 0 (which depends on the game), such that for any policy π we have
p
I ∗ (π) ≥ κ min
d(π ∗ , π),
∗
∗
π ∈Π

where
d(π ∗ , π)

∗

def

=

X

=

X

X

i

x∈Xi ,a∈A

kµπi − µπi k2

i

 π∗
2
µi (x, a) − µπi (x, a) ,

def

and µπi (x, a) = µπi (x)πi (a|x).
We first state a result which will be useful for the proof of Lemma 4.
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Lemma 10 (Value function is multilinear). Under the perfect recall assumption, the value function Viπ is linear w.r.t. the
policy at each state. More precisely, for any x ∈ X, write πx→π0 the policy defined as being equal to π everywhere except
in x where it is π 0 , the mapping
π
π 0 7→ Vi x→π0
is linear. Thus π 7→ Viπ is a multilinear map.
Proof. Since at the history level the MDP has the structure of a tree (there is a unique path from the initial history to any
history h), the value function V π is a linear function of the policy π(x) at each state x. Indeed we have
XX
Viπ =
µπ (h, a)ri (h, a),
(22)
a

h∈H
def

where µπ (h, a) = µπ (h)π(a|x(h)) is the probability of reaching the history-action (h, a). Now from the tree structure of
the history MDP, the reach probability
µπ (h, a) =

n
Y

p(hj |hj−1 , aj−1 )π(aj |x(hj )),

j=0
def

(where we define p(h0 |h−1 , a−1 ) = ρ0 (h0 )) is the product of the transition probabilities p(hj |hj−1 , aj−1 ) and policy
π(aj |xj ) along the path (hj , aj )0≤j≤n , where hn = h and an = a for some n ≥ 0 (n is the length of the path). Since the
policy π(x) appears at most once in this product, the probability µπ (h, a) is a linear function of the policy at each state, thus
the mapping π 0 7→ µπx→π0 (h, a) is linear, and so is the value function Viπ as written in (22). Thus the mapping
πx→π0

π 0 7→ Vi
is linear.

Proof of Lemma 4. Our approach consists of extending the proof of Lemma 1, where now we consider player’s individual
reach probabilities µi instead of distribution over actions. We write ∆i ⊆ RXi ×A for the convex set of possible reach
probabilities for each player i = 1, 2: ∆i = {(µπi (x, a))(x,a)∈Xi ×A for any possible π}. Given a set of reach probabilities
µi ∈ ∆i , we also introduce the notation πi (µi ) for the behavioural policy that induces the reach probabilities µi . For any x
P
such that b∈A µi (x, b) > 0 we have that πi (µi )(a|x) = P µi (x,a)
. We then define, for any set of reach probabilities
b∈A µi (x,b)
(µi ∈ ∆i )i∈{1,2} ,
f1 (µ1 )

def

=

0

f2 (µ2 )

=

π2

0

π0

0

max
min
V (π1 ,π2 ) − min
J1 2 (µ1 ),
0
0
0
π1

def

0

π2

π1

=

0

max
min
V (π1 ,π2 ) − min
V (π1 (µ1 ),π2 )
0
0
0
π2

max
V
0

π2

(π10 ,π2 (µ2 ))

0

π1

=

π2

π10
max
J
(µ2 )
2
π10

0

− min
max
V (π1 ,π2 )
0
0
π1

0

0

− min
max
V (π1 ,π2 ) ,
0
0
π2

π1

π0

where we have introduced the linear maps: µi ∈ ∆i 7→ Ji −i (µi ) defined as
X
0
0
π0
π0
(πi (µi ),π−i
)
def
Ji −i (µi ) =
µi (x, a)µπ6=i (x)ri −i (x, a) = Vi
,
x∈Xi ,a∈A
0
π−i

π

where ri (x, a) are the rewards of the MDP Mi −i (see Appendix I). From the minimax theorem we have that
0
0
0
0
maxπ10 minπ20 V (π1 ,π2 ) = minπ20 maxπ10 V (π1 ,π2 ) , thus I ∗ ((π1 (µ1 ), π2 (µ2 ))) = f1 (µ2 ) + f2 (µ1 ).
0
For any i ∈ {1, 2}, we have that fi : ∆i → R is the game value, plus a maximum (over the set of policies π−i
) of linear
π0

functions: µi 7→ Ji −i (µi ), thus is a convex function. Now, from Lemma 10, for a given µi the mapping
π0

0
(πi (µi ),π−i
)

0
π−i
7→ Ji −i (µi ) = Vi
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π0

0
0
is multilinear in π−i
, thus the maximum of Ji −i (µi ) over π−i
is reached for (at least) a deterministic policy. Since the
number of deterministic policies is finite (since the state and action spaces are finite), we have that fi is the maximum –over
a finite number of policies– of linear functions.

Thus fi is a piecewise affine function defined on a partitioning of ∆i (which is a convex polytope of RXi ×A ) where each
piece of this partition is an intersection of half spaces, thus a convex polytope. A convex polytope also has the property of
being defined as the convex hull of a finite number of extreme points (called vertices). Let Mi denote the (finite) set of reach
probabilities µi which form the vertices of this polytope partitioning.
fi is non-negative, so let us denote Mi∗ the set of reach probabilities µi such that fi (µi ) = 0. The corresponding policies
π(µi ) for µi ∈ Mi∗ corresponds to the set of Nash equilibria for player i. Mi∗ is also a (closed) convex polytope of ∆i .
For any µi ∈ ∆i , write PMi∗ (µi ) the `2 -projection of µi onto Mi∗ :
def

PMi∗ (µi )

arg min kµi − µ∗i k

=

∗
µ∗
i ∈Mi

where kµi − µ∗i k2

X

=



2
µi (x, a) − µ∗i (x, a) .

x∈Xi ,a∈A

We define
κi =

fi (µi )
.
kµi − PMi∗ (µi )k

min

µi ∈Mi \Mi∗

Since Mi is a finite set, the minimum is reached for some value κi > 0.
Now consider any µi ∈ ∆i \ Mi∗ and its projection PMi∗ (µi ). µi belongs to some convex polytope with corresponding
P
vertices {µji }j ∈ Mi , thus µi = j λj µji , for some non-negative coefficients λi which sum to 1 (the so-called barycentric
P
coordinates). Let us introduce µ0i = j λj PMi∗ (µji ) the barycenter of the projections of those vertices. Since Mi∗ is convex,
then µ0i ∈ Mi∗ .
We have
f1 (µi )
kµi − PMi∗ (µi )k

(a)

f1 (µi )
kµi − µ0i k
P

≥
(b)

j

=

P

j

(c)

≥

P

j

λj fi (µji )


λj µji − PMi∗ (µji )
P
j
j λj fi (µi )

λj µji − PMi∗ (µji )

(d)

≥

κi ,

where (a) results from the fact that kµi − PMi∗ (µi )k ≤ kµi − µ0i k by definition of the projection PMi∗ , (b) from the linearity
of fi in the polytope containing µi , (c) from the triangle inequality, (d) from the definition of κi thus that for each j,
fi (µji )
j
µi −PM ∗ (µji )
i

≥ κi . We deduce that
fi (µi ) ≥
=

κi kµi − PMi∗ (µi )k
s X
κi ∗min ∗
µi ∈Mi

x∈Xi ,a∈A

s
=

κi min
∗
∗
πi ∈Πi

kµi (x, a) − µ∗i (x, a)k2

X
x∈Xi ,a∈A

∗

kµπi (µi ) (x, a) − µπi (x, a)k2 .

Fast Computation of Nash Equilibria in Imperfect Information Games

We deduce that
I ∗ (π)

=

X

fi (µi (πi ))

i∈{1,2}

≥

X
i∈{1,2}

s
κi min
∗
∗
πi ∈Πi

X

∗

kµπi (x, a) − µπi (x, a)k2

x∈Xi ,a∈A

v
u
u1 X
≥ κ min
t
π ∗ ∈Π∗
2

X

∗

kµπi (µi ) (x, a) − µπi (x, a)k2

i∈{1,2} x∈Xi ,a∈A

p
= κ min
d(π ∗ , π),
∗
∗
π ∈Π

for κ =

√

2 min(κ1 , κ2 ).

O. Conjecture about MAIO-BR with entropy regularizer
We conjecture that MAIO-BR with entropy regularizer can achieve an exponential convergence if and only if (at least) one
Nash eq. is an interior point (i.e. a strictly stochastic policy).
In order to give some argument to this claim, let us first derive a ‘reverse’ Pinsker’s inequality. For any p, q ∈ ∆(A), we
have
X
p(a)
KL(p, q) =
p(a) log
q(a)
a
X
p(a) − q(a) 
=
p(a) log 1 +
q(a)
a
X p(a)

p(a) − q(a)
≤
q(a)
a

X p(a) − q(a) 2
=
q(a)
a
2
P
a p(a) − q(a)
≤
.
mina q(a)
From this inequality we deduce that
KL(π ∗ , π) ≤

kπ − π ∗ k22
.
mina π(a)

Thus assuming all Nash eq. π ∗ are interior points, we could prove that all πt are bounded away from the boundary of the
simplex (i.e., mini∈{1,2} mina∈Ai mint πi,t (a) ≥ c for some constant c > 0 which depends on the initial policy π0 only)
thus Lemma 1 would imply that


I ∗ (πt ) ≥ κkπ ∗ − πt k2 ≥
min min πi,t (a) KL(π ∗ , πt ) ≥ κ cKL(π ∗ , πt ),
i∈{1,2} a∈Ai

which plugged into Theorem 1 will imply exponential convergence of MAIO-BR with entropy regularization.
However in the case when all Nash equilibria are on the boundary of the simplex, this property may not hold and we
conjecture the algorithm will suffer from a lower convergence rate. We leave this open question for future work.

P. More experiments
P.1. MAIO-BR-IIG versus CFR, CFR+, CFR-BR
We test MAIO-BR-IIG on four imperfect information games from the OpenSpiel library (Lanctot et al., 2019):
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• Kuhn poker is a simplified poker game with only 3 cards, first proposed in (Kuhn, 1950), with only 12 information
states.
• Leduc poker consists of two rounds of bets with a 6-card deck in two suits, e.g. JS,QS,KS, JH,QH,KH. It contains
936 information states.
• Liars Dice(1,1) is dice game where each player gets a single private die, rolled at the start of the game, and players
proceed to bid on the outcomes of all dice in the game. It contains 24576 information states.
• Goofspiel is a card game where players obtain point cards by bidding simultaneously. We use an imperfect information
variant containing 162 information states where bid cards are not revealed.
We compare MAIO-BR against the following algorithms:
• CFR (Counterfactual Regret Minimization) (Zinkevich et al., 2008): the uniform mixture
√ of all past policies (the
so-called average policy) converges in value to the value of the Nash eq. with a rate O(1/ t).
• CFR-BR (Johanson et al., 2012) performs CFR updates using a best-response agent as its opponent. In addition to
having the average policies converging,
the last policy also converges (in value) to the value of the Nash eq. with high
√
probability, also with a O(1/ t) rate. We reported CFR-BR with average policy since CFR-BR with the last policy
did not perform better (and was less stable) than the average policy in our runs.
• CFR+ (Tammelin et al., 2015) combines 3 improvements over CFR: (a) linear-time average of the strategy (i.e. the
most recent strategies are weighted more), (b) alternating-updates, (c) use regret-matching+ instead of√regret-matching
for the basic regret minimization algorithm. Although CFR+ has a theoretical guarantee of a O(1/ t) convergence
rate as well, it numerically performs much better than this rate and is usually considered the state-of-the-art method.
Figure 2 reports the exploitability I ∗ (πt ) maxπ I(π, πt ) for MAIO-BR using `2 and entropy regularization compared to
CFR, CFR-BR, and CFR+. We notice MAIO-BR-`2 greatly outperforms the other methods in Kuhn Poker and Goofspiel.
However CFR+ works better than MAIO-BR on Liar’s Dice and Leduc Poker. We believe
the combination of the 3
√
ingredients contained in CFR+ contribute to a better rate than theoretically reported (1/ t rate) for CFR+. Also we do
not observe the exponential rate for MAIO-BR within the 10−6 iterations of the algorithm. It could be that the constant
κ characterizing the exponential rate of MAIO-BR is too small or there may be several Nash equilibria (in which case
Theorem 5 would not apply).
The difference of the number of steps in Figure 2 between the different curves is due to both (a) the unequal run time given
to each methods (the baseline ran for much longer) and (b) the less efficient implementation for MAIO, which performs
several tree-traversal per update.
Experiment reproducibility: For CFR, CFR+ and CFR-BR, the exploitability is computed every 100 steps, while for the
MAIO curves, there is one data point per step up to 1000 iterations and then one data-point every 100 steps, which explains
the change in the curve smoothness. There is no window averaging or any post-processing of the raw data.
In all experiments we used the `2 -projection (Chen and Ye, 2011) for MAIO with the `2 -regularizer, available at https:
//github.com/swyoon/projsplx. We had to replace eq idx = np.searchsorted(t iter - y iter,
0, side="left") with eq idx = ((t iter - y iter) >= 0).nonzero()[0][0] because the first one
was giving incorrect results.
P.2. Best response versus greedy policy
In Figure 3 we report the exploitability maxπ0 I(π 0 , πt ) (left column) and the improvement I(π̄t , πt ) (right column) for
two choices of improved policies π̄t : the best response bt and the greedy policy gt . Note that for the best-response, the
improvement is the same as the exploitability.
For Kuhn Poker, the best-response and greedy policy are most of times the same (except around step 1159, hardly-visible on
the graphs) because of the very small and shallow size of the tree (there is a single action taken by the second player, only
the first player can plays 2 times when the first player passes and the second bets).
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Figure 2. MAIO-BR with `2 and entropy regularization in four IIGs compared to CFR, CFR-BR with current policy, CFR-BR with
average policy, and CFR+.

For the greedy policy, computing a single step of greedy policy does not necessarily produces a strictly positive improvement.
Indeed it could be that I(gt , πt ) = 0 while not being at a Nash eq. yet. The reason is that although the greedy policy
locally improves the current policy and generates a local improvement I(gt , πt )(x) > 0 at some x ∈ Xi , if the state x
has no probability to be reached under the policy (gi,t , π−i,t ) (i.e., µ(gi,t ,π−i,t ) (x) = 0), then this local improvement does
not impact the global improvement I(gt , πt ), see Lemma 6. So if we select our learning rate proportional to the global
improvement and this one is 0 then no learning occurs. This is actually what happens for Goofspiel (see the plateau in Fig. 3,
bottom left curve).
Thus, the plateau observed in Goofspiel is the result of (a) the fact that we are using `2 regularization which makes it possible
to have unreachable states (this is not the case when using the entropy regularizer as in that case the policy πt assigns strictly
positive mass to all actions), (b) the fact that the greedy policy may lead to zero improvement while not being at the Nash,
(c) the use of a learning rate ηt = cI(gt , πt ) proportional to the improvement.
To circumvent this problem, we can either choose a learning rate independent of the improvement, or use the entropy
regularizer instead of `2 . We also designed the following procedure to confirm our analysis: we iteratively compute a
sequence of greedy policies until the corresponding improvement is strictly positive (which will always happen in at most
n iterations, where n is the length of longest history). This version is called MAIO-Iterative-Greedy. These alternative
solutions are presented in Figure 4.
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Figure 3. Exploitability I ∗ (πt ) (left column) and improvement I(π̄t , πt ) (right column) of the improved policy π̄t for the best-response
bt ∈ arg maxπ I(π, πt ) and greedy policy gt (x) = arg maxa Qπt (x, a). The plateau in Goofspiel is explained in the main text.

P.3. Mixture best-response
Here we report the exploitability of MAIO when we use as improved policy a mixture between the best response and the
current policy (as defined in (10)). The reason we report these experiments is to illustrate the impact on the convergence
speed of using as improved policy a policy which is in between an improved policy (here the best response) and the current
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Figure 4. Exploitability I ∗ (πt ) (left column) and improvement I(π̄t , πt ) (right column) when using the Greedy improvement with entropy
regularization or when using the Greedy iterative improvement with `2 regularization.

policy. The benefit of using a such mixture would be to use off-policy policy evaluation methods to evaluate Q(πi,t ,π̄−i,t ) the
value function of each player against the improved opponent, while generating games according to the current policy πt . We
observe in Figure 5 that, as expected, the speed at which the exploitability goes to zero depends on the coefficient α of the
mixture. We notice that when α = 0 (we use for π̄t the current policy πt ) the algorithm does not converge, since there is no
improvement. It is interesting to notice that as soon as α > 0 then convergence occurs, even for very small values of α (for
example for α = 0.1).

Figure 5. Exploitability I ∗ (πt ) of MAIO-BR-mixture using as the improved policy π̄t = (1 − α)bt + απt a mixture between the current
policy πt and the best-response bt .

