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A. Proofs for Section 3

Proof of Lemma 1.
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A.1. Proofs for Section 3.1
Proof of Theorem 1. In the following proof, we assume that ¢, ~ N (0, 0?), where 0, = t“o. Given 0, the log density of
history Hy is
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Then the Fisher Information Matrix is
azf(va ) : S’Y/Us s 57p o2 27 —2a
Le=""%gm = 2_; sTps/os [E } - Z . s [t p)-

Let A be an absolutely continuous density on O, taking positive values on the interior of © and zero on its boundary. Then
the multivariate van Trees inequality (see, e.g., Gill et al., 1995; Keskin & Zeevi, 2014) implies that
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where E(/\) is the Fisher information for the density A, E, is the expectation operator with respect to A\, and we let
C(0) = [~#(f) 1]. Therefore,
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Part I: Fixed-time regret lower bound

Note that
P R Rt L
min § « — = ¢ — .
23y —2a +2 AU, ifae (3,7+),

and we will prove the desired the result in four cases.

Case 1: If o € [0, 7], then applying the following inequality into (2) yields the desired result:

T
sup Bg [ 12772 (p, — ¢(6))] < T7>* sup Ej | Zt” pe — 6(9))7].
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Case2: Mo € (3,7 + 1), letn = m < land ¢ > 0 be a constant such that ¢ < § and ¢I" € Z... Then, using the

notation that A; = (p; — ¢(0))?, we have
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where in the second inequality we utilize (1) and 1" < %, and in the last equality we let
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Obviously, z < (u— )2 3257 20720 Iy > (u — 1)2 350 127722 we have
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Case 3:lf o = v+ %, then 2y — 2o = —1. Thus,
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Then from (2), we can directly yield the result.

Case4:Mfa > v+ %, then 2y — 2a < —1. Thus,

T

T
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Then from (2), we can directly yield the result.
Part II: Any-time regret lower bound

Case 1:1f o € [0, 3], the result holds directly from Case 1 in Part I of our proof.

Case2:If o € (3,7 + %), suppose that the conclusion does not hold. Let 5 = o 4 % Then for any € > 0, there exists an

any-time pricing policy 7, a constant C, € (0, ¢), and T, = 2*< such that for any 7 > T, we have

sup Eg[ Z Ay TP,

ve0 i

where ¢, = C./ infgece b. The critical step lies in estimating B3¢ Y7, #2772%(p, — ¢(0))2]. In fact, we have, V6 € ©,
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From our assumption, 5 = a + % > 2a — 7, then we have
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Thus we have
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by T7*! and taking T to +o0 yields
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However, when € — 0, the left hand side turns into 0. A contradiction! Therefore, there must exists some constant C' > 0
such that for any any-time pricing policy 7,

lim sup {sup{Rg(T)}/T”‘+é} > C.
T loco

O
A.2. Proofs for Section 3.2
Proof of Lemma 3. Lety = (y1,y2) such that ||y|| = 1. We have
t ¢
y Ty = 87 (g +yaps)’ = Y57+ vpi)” + 05 Z s (ps — p1)’?
s=1 s=1
(1 +v2p1)* | 2
> | — Jp 2
( w02 V)N A
O

Proof of Lemma 4. 1t’s easy to obtain that 8, — 0 = Tt M, where
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Under our assumption, we have
™ = 1 2.2
Ef [exp(z€:)] < exp(§o' z%),Vz € R.
Now we define a series of martingales {ZY }:
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where ( =1V ¢ and ||y|| = J. Then ZY is integrable with respect to y for all s. Let 5, = o(dy, ..., ds), then we get
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Thus (ZY, F,) is a super-martingale for any 3 € R? with ||y| = 0.

Now we consider Z, = Z** such that w, = 67, "M, /||J; " M]| for all s. Fix m > 0 and let £ > & be a positive real
number to be determined later. Let A = {||M;|| < {S2y—24,t} € F. Then we have
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For the first term, we have
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Thus, Zt < exp (%ﬁ) Z? holds for any y that is within the (1/ S9+—2a,t)-neighbourhood of w;. Therefore, considering
a set of [m852,_24.¢] points evenly spaced on the circle {y € R? : ||y|| = §} yields
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where we use Markov Inequality for the super-martingale (77, F3).
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For the second term, we have
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where in the last inequality we utilize Lemma 1. Now we let £ = 1V §, we can obtain in (6) and (7) that
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Proof of Theorem 2. Since p; # po, we have J; > 0 for all t > 2. From Lemma 3, 7; is invertible for all ¢ > 2, and thus
U, exists. Therefore, for any ¢ > 2,
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Therefore, for all ¢t > 2,

Ej[(6(0) — 6(9:))?]
o max{2y — 2a + 1,1} K

B
PRo vV S2772a,t

< Coto‘*W*% logt,

(logt +

where Cj is independent of ¢, but possibly dependent on «

no

T
Ry(T) < S OEFI(6(0) = p)?] + bnae S OEF[(6(6)
t=3

t=1
v T

oo
ket 28 /
Pko 2R3N/ S2y—2a,t

and ~. Therefore,

= ¢(V¢-1)

3
< Cl + bmaxCO <2> Zta7% IOgT + bmaxﬂlsa—%,T

t=1
=0 (T‘”% logT) .

x? exp(—x)dz)

max Z t’yEﬂ— 1915 1

Proof of Corollary 1. We only need to verify the two conditions in Theorem 2. First,
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Second,

A.3. Proofs for Section 3.3
Proof of Theorem 3. We have
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Now we fix a and b, and let p* = ¢(f) = 5 be the optimal price. Assume that § € C;_ happens for all ¢ € (Tp, 77, then
we have

7p*(a = bp*) — t'pi(a — bpe) < bmaxt”[|9(0) — ¢(0:)[15 = £7O((|0 — V4[3)-
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We have
To T T )
bmax _l t’y
1) < b~ P30+ KT Y 0l 3o GO
=t t=To+1 =T 2os=197

< O(T"(V“)) + O(w%_lTvan(?vﬂaH)) +0(1)

1?2
= O(TB»'(yjéiu)H logT).

A.4. Proofs for Section 3.4

Nl

det(J:)
To prove the theorem we need the following crucial lemma that characterizes the lower bound of the determinant of the

information matrix.

Proof of Theorem 4. Let J; ; denote the adjoint matrix of the ith diagonal element of 7;. Then ||e;|| g = (det(jt'i))

Lemma. Given o« > 0 and vy > 0, there exists some constant C such that for all T and corresponding Ty, we have

2

To To
det (J1,) = C (Z 5_20‘> <Z 327_2a> ) 9)
s=1

s=1

Proof of Lemma. In the following proof, for simplicity of notation, we will ignore the T} in subscripts. Also, without loss
of generality, we write [ and v instead of /g and ug. For any x > —1, S, ; — +o0c. Thus

. . l+u
Px’t:lZs +UZ$ :Sm,t<2+0(]—));

s odd s even
l2 2
=t et ¥ = (U5 o).
s odd s even

Case 1: When a < % 2y — 2a > v — 2a > —2a > —1. Therefore, as Ty — +00, we have

det(jTg) 2 572(1(32'\/7204622'}/7204 - P22»y_2a) - SQ’y*QOzP—?—Qa - Q2'y72a53/_2a + 257720413772041)2772(1
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—2aP2y—2«
Ty 2ot g —2a)?
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= Q(S*QQSSA/an)'



Learning and Earning in a Growing Environment — Supplementary Material

2
Case 2: When o > 1, 55,4 < 400, so we only need to prove that det (J7,) > C (ZSTL 527*2“) . In fact, we have

det(Tr,) = det(Try,0) det(A + S_26 — [Sy—2a Pfy—Za]jjjO}O[S"/72a Py_a]")
> det (ij ))‘
> A (S27-20Q27—20 — P22“/7204)

2 +u l+u 2
= )‘Sg'\/f?a <2 + 0(1) - < 9 + 0(1)> = 9(5377201)‘

Let§ = 1/S, 7, by utilizing (8), we have

det(7;)2 det(M)~2

5 )2 (1+ Say—201)-

2220003 det(Jp0/N)E <

S_ 2a,t 1 S—2at
< 1 i 1
Say,T( + h\ h\

2S'y,T(1 —+

In the following, we consider the case where 6 € C, for all ¢, which holds w.p. at least 1 — 6.

From (9), for any t > T}, we have

16(6) = 6. (D) < [leal%, -1 O(log t) < ||6¢||2T—010(10gt)

det (J1,.4) det(JIr, i) logt
= det (Jz,) (ZSTil s,ga) (ans% 2a>2

Also, we have

2
det(J1,0) < O (ZSQV 2’1) ,

ol {frs) (£
det(Jn,2) <O ((i 2a> (Z . m)).

This implies that

U ¥ bmax(u — Z)Qt’y
Ro (T) X max Zt + bmaxT Z ||¢ ﬁt)HQ + Z T v
t=To+1 t=To+1 D518
3 2
oloCA ) .
O 4 bt 3 > s ( ) 9,((2,))) 166) — 04(i) 2

t=Tp+1 =1

T
(v+1)2 t=27logt logt logt
= O(TSWIZQJ&) + 1 2 : 0 < To g2 ) + @ ( To g2 2 ) + 0 ( To g2 2 )
t=To+1 Doary 8T D oemy 8212 Dony 82T

(v+1)? r 1
<O(T5 %) + T7 Z 0 ST logT

t=To+1 s=1

2
— O(T™ %7 log T).
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B. Proofs for Section 4

Proof of Theorem 5. In the following proof, we assume that the reward of each arm in the first period is a Gaussian variable
with variance o2. We consider §; = (6,0, ...,0) and 63 = (4,0, ..., 0, 25,0, ...,0) with § > 0 to be determined later, where

0a(j) = 20, ifj= argmings {31, (1720Pg (A, = i)} £ 4,
01(5), otherwise

We have Rj, (T)) = EJ, [5 ST (A, £ 1}} and RY, (T) > Ej, {5 ST {4, = 1}] Denoting D(P, Q) as the KL
divergence of two probability measures P and QQ, we thus have

T
5. (T) + R, (T) = 6> " (Pf (A # 1) + Pj, (A = 1))

t=1

T
1 T T
55;:?7 exp(—D(Pg,,Pg,))

WV

T T
1 s
=50 > 17 exp(—Ef [> D(Py, (a,): Poy(a.)])
s=1

t=1

1 d 452 &
_ 556Xp(—§ :Pgl (At — i*)t2w—2a — ) § Y
t=1
2 2 2a

27
5 Pk f102

where for the first equality we utilize a divergence decomposition for general action spaces (see Exercise 15.8 in Lattimore
& Szepesvari, 2019), and for the second equality we apply a known result on the KL divergence between two Gaussian
distributions with same variance. Now we let § = %/j m, then we can obtain that the regret is no less than

t=1

6_1 ZT t 1
/ZtT=1 $27—2a

O

oc«l»l
Proof of Theorem 6. Let 3 = 1+ =00+ > 3 Fix the total time periods as 7. Set Ty, = 77+ < T. We split [1, 7
2
as [1, 7o) and (Tp, T). For [1, Tp], the regret is at most

To
S0 13 oty

Now we focus on what happened after Tj. From Lemma 1, we know that for any time period ¢, if A; = ¢, then r(¢) ¢ C(i)
w.p. at most 2 exp(—flogt) = 2t—5. Thus (i) € C(4) holds for all time periods ¢ > Ty and all i € [K] such that A, =i
w.p. at least

+oo

d 2
ST afza —/ 2t~ Fdt =1 - ﬁTgW*”.

t=To+1 t=To
If this does not hold, the expected regret is at most

1

TP UN ¢ — 0 y1-EeED) L

§ s7=0(T ) =0(T%).

B ) =0(T)
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Now we assume that (i) € C(i) always holds for all time periods ¢t > Ty and ¢ € [K] such that A; = i. Since for any
activated arm, we construct a new confidence interval once after we pull it, thus by assumption all reward parameters lie in
all the confidence intervals we construct. Therefore, the optimal arm ¢* is forever activated. Suppose that in some period
max{Ty, 2K} <t < T, we pull an arm 4 that is not optimal. Then within the round that contains ¢, the gap between r (i)
and the reward of the optimal arm r(i*) is bounded by the sum of the lengths of confidence intervals in the last round. Here,
a “round” means pulling all arms in the activation set once. If not, then arm 7 or ¢* must be eliminated before time period ¢.
Suppose when the last round ends, the time period is t — K < £ < t. Thus

1 1
< 024/28 — + — logT
\/ZsstiAs:i seyT \/ngt”,AS:i* i

Next, we seek to bound > 7 4 _; s¥772%and ) ; Au=it s2772«_Consider the activation set .A before the deactivation
procedure in the last round. For any arm 4; € A and j; ¢ A, since we pull each arm in a fixed order, and in the last round
we pull ¢; but do not pull j;, we have

Z 5277204 < Z 8277204'
s<t,As=51 s<t,As=i1

For any two arms i1, i € A, since in all rounds ; is pulled either before or after i3, we have

E 8277211 _ E 5277204

s<i,As=i1 s<i, As=is
_ maX 827—204 + 2 82'7—204 _ max 827—20 _ E 827—204
s<t,As=1i £ s<t,As=i z
e s<t,A.=i1 °S ' s<E,Au=ia

2y -2« 272
< max  sTTE LT

s<t,As=11

Thus,

Z 827—2(1 > ﬁ Z 82'y—2a _ (|./4| )?7 2« ZSQ')/ 200 ~2'y Qa

s<t,As=i s<t,s€A s<t

The inequality above is also valid when we replace ¢ with ¢*. Since ¢ and ¢* are still activated after the last round, then we
must have i, 7* € A. Therefore,

\/>10gT
\/Zs<t s27—2a _ Kf2v—2a

VKlogT Dt 8T
=0 =
2

27—2a _ 272«
Z <t $27—2a s<i 87T Kt*v

Ay

N —2a
Zf,<s<t 527

]- + Zg<f §27—2a
72y —2a
1—- K<t

_g27— 2«
ngts v

< \/EO(L‘O‘JY*% logT)

1 + K tz'\/iz; —2a
< \/EO(ta 73 . KZ%;;/K_MW log T’

2y —2a
= 0, there exists 7 such that for all Ty > T4, we have % < 55 As aresult,

s<Ty—K S

$27—2a

Since lim;—, 4 oo S =
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-

y+
forall T > T,""

[

, we have

To T
RET) <D 0 +0(T*) + > VKOt 77%)logT
t=1 t=To+1

< O(VKT*t210gT).
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