Proceedings of Machine Learning Research vol 125:1-51, 2020 33rd Annual Conference on Learning Theory

On Linear Stochastic Approximation: Fine-grained Polyak-Ruppert
and Non-Asymptotic Concentration

Wenlong Mou WMOU @BERKELEY.EDU
Chris Junchi Li JUNCHILI@BERKELEY.EDU
Martin J. Wainwright WAINWRIG @EECS.BERKELEY.EDU
Peter L. Bartlett BARTLETT @ CS.BERKELEY.EDU
Michael 1. Jordan JORDAN @ CS.BERKELEY.EDU

Department of EECS and Department of Statistics, UC Berkeley

Editors: Jacob Abernethy and Shivani Agarwal

Abstract

We undertake a precise study of the asymptotic and non-asymptotic properties of stochastic ap-
proximation procedures with Polyak-Ruppert averaging for solving a linear system A = b. When
the matrix A is Hurwitz, we prove a central limit theorem (CLT) for the averaged iterates with fixed
step size and number of iterations going to infinity. The CLT characterizes the exact asymptotic
covariance matrix, which is the sum of the classical Polyak-Ruppert covariance and a correction
term that scales with the step size. Under assumptions on the tail of the noise distribution, we
prove a non-asymptotic concentration inequality whose main term matches the covariance in CLT
in any direction, up to universal constants. When the matrix A is not Hurwitz but only has non-
negative real parts in its eigenvalues, we prove that the averaged LSA procedure actually achieves
an O(1/T) rate in mean-squared error. Our results provide a more refined understanding of linear
stochastic approximation in both the asymptotic and non-asymptotic settings. We also show var-
ious applications of the main results, including the study of momentum-based stochastic gradient
methods as well as temporal difference algorithms in reinforcement learning.

Keywords: Linear stochastic approximation, Polyak-Ruppert iteration averaging, TD learning,
Momentum SGD, constant step size.

1. Introduction

Fixed-point algorithms based on stochastic approximation (SA) play a central role in a wide vari-
ety of disciplines (Robbins and Monro, 1951; Bertsekas and Tsitsiklis, 1989; Bottou et al., 2016;
Lai, 2003). In general, given the goal of solving an underlying deterministic equation, SA methods
perform updates based on randomized approximations to the current residual. An important special
case is provided by stochastic gradient methods for optimization, which play an increasingly im-
portant role in large-scale machine learning and statistics (Nemirovski et al., 2009; Moulines and
Bach, 2011).

Moving beyond the setting of optimization, there are many other kinds of problems in which
stochastic approximation is a workhorse. For example, many problems in reinforcement learn-
ing involve the solution of fixed-point equations, and algorithms like TD (Sutton, 1988) and Q-
learning (Watkins and Dayan, 1992) solve them via stochastic approximation. Moreover, even for
stochastic optimization, accelerated methods that include momentum terms in their updates involve
non-symmetric operators, and so require more general SA techniques for their analysis.

(© 2020 W. Mou, C.J. Li, M.J. Wainwright, P.L. Bartlett & M.I. Jordan.



FINE-GRAINED ANALYSIS OF LINEAR STOCHASTIC APPROXIMATION

The celebrated Polyak-Ruppert averaging procedure (Polyak and Juditsky, 1992; Ruppert, 1988)
stabilizes and accelerates stochastic approximation algorithms by taking an average over iterates. It
is known that for suitably decaying step sizes, a central limit theorem (CLT) can be established
for the averaged iterates. Moreover, Polyak-Ruppert averaging can achieve an optimal covariance,
in the sense of local asymptotic minimaxity. Asymptotic results of this kind have provided the
underpinnings for the development of online statistical inference methods. Recently, numerous
non-asymptotic results have also been established in the settings of stochastic optimization (see
Section 1.1). Notably, the work of Nemirovski et al. (2009); Moulines and Bach (2011) and Jain
et al. (2017) gives non-asymptotic bounds for stochastic gradient methods as applied to (strongly)
convex objectives; here the main term depends on the trace of the optimal covariance matrix.

There remains, however, a major mismatch between the classical CLTs and the non-asymptotic
rates. Although the non-asymptotic results are valid for a finite number of iterations and are more
reliable, they do lose some of the quantitative aspects of the CLT results. In particular, bounds on
mean square error give much less information than the optimal covariance matrix, and the lack of
high-probability bounds make them inapplicable in important applications such as policy evaluation.
On the other hand, many important effects can vanish when the asymptotic limit is taken. In general,
the trade-off between asymptotic limits and the rate of approach to asymptotic limits can be crucial.
Such trade-offs should reflect the effect of the step size, and provide guidance for step-size selection.

In this paper, we consider the problem of linear stochastic approximation, where the goal is to
solve a system, Af = b, of linear equations from noisy observations (A;, b;)?°;. This problem is
not only of intrinsic interest, within areas such as linear regression and TD learning, but it provides
leverage on nonlinear SA problems, where analysis generally proceeds via local linearization.

In this paper, we make three primary contributions. First, we characterize the asymptotic covari-
ance for the averaged iterates in the Polyak-Ruppert procedure for constant step size linear stochas-
tic approximation. In addition to the classical A~'3(A~1)T term, we find a correction term that
depends on the step size. A central limit theorem is shown for the averaged constant step-size proce-
dure. Second, under stronger tail assumptions, we show a non-asymptotic concentration inequality
for the averaged iterates in any direction, the leading term of which is the asymptotic covariance in
this direction, while other terms keep the optimal rates. Thus, we achieve the best of both worlds.
Finally, we show that even if the matrix A is not Hurwitz, as long as the real part of eigenvalues are
non-negative, a non-asymptotic second moment bound is still valid for the Polyak-Ruppert proce-
dure, again yielding a 1/ VT rate. This goes beyond the regime of stable dynamical systems, and
completes the picture of possibilities and impossibilities for linear stochastic approximation. When
applied to momentum-based stochastic gradient descent (SGD) and temporal difference (TD) learn-
ing for value function estimation, our results capture many interesting phenomena, including the
acceleration effect of momentum-based SGD, instance-dependent ¢.,-bounds for policy evaluation
with near-optimal rates, and gap-independent results for the average-reward TD algorithm.

Technical overview: Similar to past work (Polyak and Juditsky, 1992; Ruppert, 1988), our analy-
sis is based on representing the term A (07 — 0*) using a martingale to account for the noise at each
step, where 07 denotes the averaged iterates. Our setting involves additional noise terms, due to the
stochasticity in our observations of the matrix A. As a consequence, the conditional covariance of
the martingale difference terms at each step are dependent on the current iterate 6;. Handling this
issue requires the ergodicity of {6; };>0 as a Markov chain. Having established ergodicity, we can
then prove an asymptotic result by combining Lindeberg-type CLTs with ergodic theorems.
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In order to move from the asymptotic to the non-asymptotic setting, we study the projection
of the iterate 6, for each time 7', in some fixed but arbitrary direction. We can then apply the
Burkholder-Davis-Gundy inequality to the higher moments of the supremum of a martingale, which
separates the leading variance term and other terms that vanish at faster rates in 7". Similar to the
asymptotic case, the concentration results require a non-asymptotic bound on the deviation of the
empirical averages of a function along a Markov chain, when compared to an expectation under the
stationary distribution. In order to obtain such a bound, we exploit metric ergodic concentration
inequalities (Joulin and Ollivier, 2010) combined with a coupling estimate.

In the case when the matrix A is not Hurwitz but has non-negative real parts in its eigenvalues,
the process {6: }+>0 does not generally approach 6*. In the critical case, the dynamics is governed
by a pure rotation with stochastic terms diffusing in all directions. However, when averaging is
applied, both the effect of rotation and the random noise can be controlled. The step size is chosen
to decay at the faster rate 1/ VT in order to prevent an exponenential blowup.

Notation: For a matrix W € C%*?, we use {\;(W)}%_; to denote its eigenvalues. The spec-
tral radius is given by p(W) := max;cq |[\i(W)|. For an invertible matrix W, we define the
condition number k(W) = |[W|., - |[W~!|l,,» Where the operator norm is given by ||W||,, :=
SUP||z(p=1 [|Wzly. We use ap < by to denote V1" > 1, ar < Cbr for a universal constant C' > 0.
And we use ap 2 by to denote ap < by - log®(T'/¢) for a universal constant ¢ > 0.

1.1. Related work

In the past decade, the growth of interest in stochastic gradient descent (SGD) has revived both
theoretical and applied interest in stochastic approximation. There is a long line of work on the
asymptotic regime of stochastic approximation algorithms (Ruppert, 1988; Polyak and Juditsky,
1992; Kushner and Yin, 2003; Borkar, 2008; Benveniste et al., 2012; Li et al., 2018). One core
idea is that of averaging iterates along the path, which can be shown to have favorable statistical
properties in the asymptotic setting (Ruppert, 1988; Polyak and Juditsky, 1992). (See, for instance,
Theorem 1 in Ruppert (1988).) More recent papers (Chen et al., 2020; Su and Zhu, 2018; Liang and
Su, 2019; Li et al., 2018) have developed iterative algorithms for constructing asymptotically valid
confidence intervals for statistical problems.

In addition to asymptotic results, there are also a wide range of non-asymptotic results for
stochastic approximation algorithms (see, e.g., Nemirovski et al. (2009); Rakhlin et al. (2012);
Wang and Bertsekas (2016); Dieuleveut et al. (2017a,b); Jain et al. (2017, 2018, 2019); Laksh-
minarayanan and Szepesvari (2018)). Perhaps most closely related to our work is the analysis
of Lakshminarayanan and Szepesvari (2018), who study linear stochastic approximation with con-
stant step sizes combined with Polyak-Ruppert averaging. Relative to the analysis given here, their
bound has a dependency on the Hurwitz parameter and condition number for eigenvector matrix in
the leading term, which are sub-optimal. Moreover, the effect of the step size choice on the esti-
mation error is not fully captured by the MSE bound. For more discussion about related works in
stochastic optimization and reinforcement learning, see Appendix A.

2. Background and problem formulation

We begin by introducing the stochastic approximation algorithm to be analyzed in this paper, along
with discussion of some of its applications.



FINE-GRAINED ANALYSIS OF LINEAR STOCHASTIC APPROXIMATION

2.1. Linear stochastic approximation

In this paper, we study stochastic approximation procedures for solving a linear system of the form
Af = b, where the deterministic quantities A € R?*¢ and b € R? are parameters of the problem.
Throughout the paper, we assume that the matrix A is invertible, so that the solution §* to the
equation exists and is unique. Suppose that we can observe a sequence of random variables of the
form {(A¢, bt) }+>1, assumed to be independent and identically distributed (i.i.d.), and exhibiting an
unbiasedness property:

E(As | Fio1) = A, and E(b | Fr_1) = b, (1)

where F;_1 denotes the o-field generated by {(Ay, by)}_}. Given observations of this form, our

goal is to form an estimate 6 of the solution vector #*. For some given initial vector 8y, we consider
the following linear stochastic approximation (LSA) procedure:

0t+1 = Qt - U(AH_let - bt—‘,—l), fort = 0, ]., 2, ceey (2)

where 17 > 0 is a pre-specified step size. Our focus will be the Polyak-Ruppert averaged sequence
{01}1>1 given by

B 1 T—1
Op = T ; 0,. 3)

In particular, our goals are to establish guarantees for the renormalized error sequence /7' (6 —0*),
both in an asymptotic (i.e., 7' — c0) and non-asymptotic (i.e., finite ") setting.

2.2. Some motivating examples

Let us consider some applications that motivate the analysis of this paper. We begin with the simple
example of stochastic gradient methods for linear regression:

Example 1 (Stochastic gradient methods for linear regression) Let X € R? be a vector of fea-
tures, and let Y € R be a scalar response. A linear predictor of Y based on X takes the form
(X, 0) = Z;-lzl X;0; for some weight vector § € RY. If we view the pair (X,Y’) as random, we
can consider a vector * that is optimal in the sense of minimizing the mean-squared error of the
prediction—that is,

0" € arg minE[(Y— (X, 9))2}, 4)
HeR

where E denotes an expectation over the joint distribution of (X, Y). A straightforward computation
yields that §* must be a solution of the linear system Af = b, where A := E[XX '] € R%*? and
b:=E[XY] € R Note that §* exists and is unique whenever A is strictly positive definite.

In practice, we do not know the joint distribution of (X, Y"), but might have access to a sequence
of paired observations, say {(X¢, Y)}+>1, i.i.d. across different time instances ¢. The standard SGD
algorithm computes an estimate of 6* via the recursive update

Ory1 = 0 — ’I7Xt+1(<Xt+1, ‘9t> — }/;IJrl) fort=0,1,2.... 5

Note that this update is a special case of Eq (2), with the choices A; = XtXtT and by = X;Y:. &
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As a continuation of the previous example, let us consider a more sophisticated algorithm for
online linear regression, one based on the introduction of an additional momentum component.

Example 2 (Stochastic gradient with momentum) For this particular example, let us adopt the
shorthand A; = XtXtT and b, = X;Y;. Given a step size n > 0 and a momentum term « > 0,
consider a recursion over a pair (6, v;) € R? x R?, of the following form:

(6)

011 = 0 — oy
Vi1 = vy — nawvy + n(Agr1001 — bey).

Let us reformulate these updates in the form (2), where we lift the problem to dimension 2d and use
a tilde to denote lifted quantities. We find that the algorithm can be formulated as an update of the

. ) ~ T i )
2d-dimensional vector 6, := [6; v;]" € R?? according to the recursion (2), where

~ 10 I; s 10
At = |:—At Oé[d—FT]At:| y and bt = |:—bt:| .

The underlying deterministic problem is to solve the 2d-dimensional linear system Af = b, where
A = E[A;] and b = E[b;]. It can be seen that §* € R? is a solution to the original problem if and

only if the vector g% = [9* O] "' is a solution to the lifted problem. In the sequel, we will use our
general theoretical results to show why the addition of the momentum term can be beneficial. &

The area of stochastic control and reinforcement learning is another fertile source of stochastic
approximation algorithms, and we devote our next two examples to the problems of exact and
approximate policy evaluation.

Example 3 (TD algorithms in reinforcement learning) We now describe how the TD(0)-algorithm
in reinforcement learning can be seen as an instance of the update (2). In this example, we discuss
the TD algorithm for exact policy evaluation; in Example 4 to follow, we discuss the extension to
TD with linear function approximation.

We begin by reviewing the background on Markov reward processes necessary to describe the
problem; see Bertsekas (1995); Puterman (2005); Sutton and Barto (2018) for more details. We
focus on a discrete Markov reward process (MRP) with D states; any such MRP is specified by
a pair (P,r) € RP*P x RP. The matrix P € RP*P is row-stochastic, with entry P;; € [0, 1]
representing the probability of transitioning to state j from state . The vector 7 € R is the reward
vector, with 7; denoting the reward received when in state 3.

Discounted case: If future rewards are discounted with a factor v € (0, 1), then the value function
of the Markov reward process is a vector 8* that solves the Bellman equation 8* = r + v P6@*. This
linear equation can be seen as a special case of our general set-up with

A:=Ip—~P, and b= T,

where Ip denotes the D-dimensional identity matrix.
There are various observation models in reinforcement learning, with one of the simpler ones
being the generative model. In this setting, at each time ¢, we observe the following quantities:
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e for each state i € [D], arandom reward R, ; satisfying E[R; ;] = r;. For simplicity, from now
on, we assume that R, ; € [—1, 1] almost surely, for any i € [D] and ¢t > 0.

e for each state i € [D], a next state J is drawn randomly according to the transition vector P; ..

We place this model in our general LSA framework by setting b, = R, for each time ¢, and defining
a random matrix A; € {0, 1}P>*? with a single one in each row; in particular, row i contains a one
in position J, where .J is the randomly drawn next state for <.

Average-reward case: Average-reward TD algorithm solves the fixed-point equation 8* = r +
P6* via stochastic approximation. We assume the same generative model as in the discounted case.
However, the matrix A = I — P is not invertible, with A; (P) = 1. In such case, the algorithm can
be seen as LSA within the quotient space R® /Ker(A) (assuming the Markov chain is irreducible

and consequently no multiplicity of eigenvalue 1, and dim(Ker(A)) = 1), by subtracting the mean.
See Tsitsiklis and Van Roy (2002) for more details. &

Our framework can also be applied to TD with linear function approximation and stochastic quadratic
minimax optimization. See Appendix B for detailed discussion with these examples.

3. Main results and their consequences

We now turn to the statements of our main results. We begin with the easier case when the matrix A
is Hurwitz (meaning that all its eigenvalues have a positive real part), and provide both asymptotic
and non-asymptotic guarantees for the Polyak-Ruppert sequence. Targeting Example 3, we also
extend the non-asymptotic guarantees to the /., case with mild dimension dependency. We then turn
to the more challenging critical case, in which the Hurwitz condition is violated (or the eigengap
is too small to be quantitatively useful), and prove bounds on the mean-squared error. For all our
results, we impose an i.i.d. condition:

Assumption 1 The sequences { Ai}+>1 and {b; }1>1 have i.i.d. entries.

3.1. Asymptotic and Non-asymptotic Guarantees for Hurwitz Matrices

This section is devoted to guarantees that hold for a Hurwitz matrix.

Assumption 2 The matrix A € R¥4 is Hurwitz, meaning that

A= né%l Re (Xi(4)) > 0. (7

Our non-asymptotic statement involves various factors that pertain to properties that are implied
by the Hurwitz condition. In particular, it is known (Perko, 2013) that any Hurwitz matrix is similar
to a complex matrix D such that D + D" is positive definite. Formally, we have:

Lemma 1 For any Hurwitz matrix A, there exists a non-degenerate matrix U € (?dXd such that
A = UDU™! for some matrix D € C™*? that satisfies D + D" = min, (g Re(Ai(A)) g

For completeness, we provide a proof of this known result in Appendix K.1. From now on, we will
use this decomposition for the Hurwitz matrix A.
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3.1.1. AN ASYMPTOTIC GUARANTEE

We begin with the asymptotic guarantee. In addition to Hurwitz condition on A and the i.i.d.
assumption stated previously, this result requires second-moment control on the noise sequences
Z, = Ay — Aand & = b, — b. (We denote by =4 and &, a generic random variable following the
same distributions as =; and &;.)

Assumption 3 There exist finite scalars v124 and vg such that
= .12 2 T, 12 2
E|Zaullz < vy, and E[§ ul” < vy,
for any fixed vector w in the sphere SY~1. Moreover, the random elements =, and &; are uncorrelated.

With these assumptions in place, we are now ready to state our first result, which is an asymp-
totic guarantee. We let =4 denote a random matrix following the same distribution as each =
variable, and similarly, let &, denote a random vector following the distribution of each &; vector.
Given these quantities, we define the following covariance matrix:

Y i=cov(&y +E40) = cov(&p) + cov(Z407). 3)

Note that >* is the sum of the covariances of the two kinds of noise involved in the stochastic
approximation scheme. Given >%.* and A, we define a linear equation in a matrix variable A:

AN+ AAT — pAAAT — nE(ZAAE)) = nE*. )

As shown in the sequel (cf. Lemma 11), this matrix equation always has a unique PSD solution,
which we denote by A} . In fact, the matrix A}, corresponds to the covariance matrix of the stationary
distribution of the Markov process (6;)¢>0.

Theorem 2 Suppose that the matrix A is Hurwitz (Assumption 2), the i.i.d. condition (Assump-
tion 1) and the second-moment condition (Assumption 3) hold, and the random elements A; and b,
both have finite (2 + §)-order moments for some § > 0. Then there exists a constant 1y > 0 such
that for any n € (0, 770), we have

n x\ 4, N — — * = * A—
V(0 — 0%) % N (o, AN EEAALE] +27) (4 1>T) ,
where the d-dimensional matrix A} is the unique solution to equation (9).

See Appendix E for the proof of this theorem.

Note that when  — 0, then equation (9) becomes a rescaled version of the classical Lyapunov
equation AA + AAT = n¥, the solution of which specifies the stationary covariance matrix of a
stochastic linear system. For suitably decaying step sizes, a minor extension' of arguments due
to Polyak and Juditsky (1992) give an asymptotic statement involving the solution to the classic
Lyapunov equation. On the other hand, for the constant step-size setting studied here, our result
includes an additional correction term corresponding to the lingering effect of the non-zero step
size. Theorem 2 specifies the asymptotic covariance matrix in this more general setting.

1. Such an extension is required to handle the randomness in A, in addition to that in b;.
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When 7 is small, the matrix A} scales linearly with 7. The main term A1 (AT corre-
sponds to the asymptotic limit of the classical Polyak-Ruppert averaging procedure. However, the
effect of step size is not fully captured by the classical CLT. This additional term precisely charac-
terizes the effect of step size on the asymptotic behavior of the averaged iterates.

As an important application of the general result in Theorem 2, we study SGD with momentum
in Example 2. The momentum does not change the leading term in the asymptotic covariance
matrix. On the other hand, compared to vanilla SGD, the momentum improves both the mixing
time of the process and the correction term in the asymptotic covariance, by a factor of \/Ain (A).
See Section C.1 for more discussions.

3.1.2. NON-ASYMPTOTIC CONCENTRATION

As highlighted in classical Le Cam theory (cf. Van der Vaart (2000)), the asymptotic guarantee in
Theorem 2 leads to asymptotic risk bounds in any fixed direction, and under any bowl-shaped loss
function. It is natural to expect non-asymptotic concentration bounds that relate the error of f7 with
that of a Gaussian random variable, up to some high-order terms, in any direction and under any
gauge norm. This section gives an affirmative answer to the question.

For non-asymptotic concentration results, additional tail conditions need to be imposed on the
noise distribution. In particular, we replace the second-moment bounds in Assumption 3 with the
following stronger conditions:

Assumption 3’ For some p > 2, there exist positive scalars o 4, 0p, o, 3 > 0 such that for any u
in the Euclidean sphere S%1 e have

1 (1) py 5 (i1)
EIEaul)> < p%0a, (E|&/u])" < pon. (10)

Moreover, the noise components (Z; and &) are uncorrelated.

The p-moment condition (10) with the parameters («, §) provides a natural generalization of the
notions of sub-Gaussian and sub-exponential tails (cf. Chap. 2, Wainwright (2019a)). Focusing on
the inequality (ii) in the condition (10), the setting 3 = % corresponds to a vector with sub-Gaussian
tails, whereas the case = 1 corresponds to the sub-exponential case. Generally, if we take the p-th
power of a sub-Gaussian random variable, then it satisfies the condition (10) with exponent p/2.
Under these conditions, we can prove a result that gives a concentration guarantee at a given
(finite) iteration 7'. The guarantee depends on the matrix U from Assumption 2 and Lemma 1 via
its condition number, k(U) = ||U||s - U }||,- For a given iteration 7" and tolerance parameter

d € (0,1), we require a positive step size 7 that satisfies the bound

A
P2(A) + R2(U)0% 10g™ T (T/5)

n < (11a)

where A = min,¢ g Re(Xi(A)) > 0 is the Hurwitz constant of A, and p(A) is its spectral radius.
Our result also involves the asymptotic covariance matrix from Theorem 2, namely the quantity

() = A~ (2* + E(EAA;;E})) (AYHT. (11b)
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We bound the deviations of the rescaled process VT (Q_T — 6*) in terms of the error term
14+ 4/ T

A(T, ) == V(0*) | 22 ;;fb LI VOAIAY 2 man(a 542 ( ) . where
T T )

V(07) == minge g (A {H@ —Oolly + 1107l + 1/ F(oa l107]l, + Ub\/g)} :

min,e(g) |A;

(11c)

Given these definitions, we have the following non-asymptotic bound:

Theorem 3 Fix an iteration number T and a tolerance § € (0,1/T), and suppose that the i.i.d.
condition (Assumption 1), higher-order moment condition (Assumption 3'), and Hurwitz condition
all hold (Assumption 2). Then there exists a constant ¢ > 0 such that for any step size n > 0
satisfying the bound (11a) and for any v € S, we have

P \/ﬂUT(éT —09)| < c\/log 1) {\/UTF*(n)v + A(T, 5)}] >1-—9, (12)

where the matrix I'*(n) and deviation term A(T, 0) are defined in Eq (11b), (11c¢), respectively.
See Appendix F for the proof of this theorem.

Remarks: A few comments are in order: first, we note that the leading term of \/vIT*(n)v of
this non-asymptotic bound matches the term arising from the asymptotic covariance in Theorem 2,
up to universal constants and the /log(1/4) term. This matches the behavior of a Gaussian ran-
dom vector following the asymptotic distribution in Theorem 2 up to universal constants. Second,
although the step size is required to belong to an interval depending on 7" and 4, the dependence
is only logarithmic. In fact, our step-size condition (11a) differs only by these logarithmic factors

from the stability threshold %, assuming o 4 and v 4 are of the same order.
2(A)+r2(U)vy

Second, in the definition of A(7',4), observe that the % term is accompanied by a % depen-
dence, while the T~ term does not diverge as 7 — 0. This behavior is natural, because the former
comes from the ergodicity of the process {6;}7°,, while the latter comes from the concentration.

Finally, let us consider the issue of how to set the step size 7 as a function of 7" so as to achieve
an optimal bound for this pre-specfied T". Note that the step-size-dependent term from the matrix
I'™*(n) scales linearly in 7. Collecting the terms from V' (6*) and A(T,0) that depend on the pair
(T',n), we arrive at a bound that scales as

Z +W{T1/4 \1/7}

From I'*(n
) From A(T, )

In order to minimize this bound, the optimal choice is to set 7 = T~ 1/3, which leads to the overall
error scaling as T-1/3. Thus, with this scaling, we can conclude that Theorem 3 guarantees a
high-probability bound of the form

ﬁ]vT(éT - 9*)‘ = \/UTAA(E*)(AA)TU +0 (T—1/3> ’

where the notation X denotes inequality up to constants and logarithmic factors in (7', J).
In addition, we note that Theorem 3 is useful for TD learning with linear function approxima-
tion. See Example 4 and Appendix C.2 for more details.
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Constructing non-asymptotic confidence sets: The classical Polyak-Ruppert procedure gives
a locally asymptotically-optimal covariance matrix, which can also be used for the construction of
asymptotic confidence sets. Theorem 3 has analogous consequences for purposes of non-asymptotic
inference. When going from asymptotically valid inference methods to the non-asymptotic coun-
terparts, Berry-Esseen-type estimates are often used. But the sizes of confidence sets constructed in
this way have polynomial dependence on the confidence level §, even if the data themselves are not
heavy-tailed. When a large number of confidence sets or tests are needed to be constructed, the size
of each confidence set can expand in a rapid way. In contrast to this undesirable behavior, we now
show how Theorem 3 yields a confidence set with better dependence on the confidence level.
Using the notation of Theorem 3, we define the positive definite matrix

B(T,6) :=T*(n)log(4) + A(T, §)1a, (13)

and the associated weighted Euclidean norm ||v||g(r,s) = /v " B(T,d)v. Using this weighted
norm, we then define an ellipse that yields a confidence set that has coverage 1 — §.

Corollary 4 Under the conditions of Theorem 3, there is a universal known constant ¢ > 0 such
that the ellipse (T, 6) = {0 eR| 60— 07l pir.s < c \/d/T}, centered at the averaged iterate
Or, has the coverage guarantee P [£(T,8) > 0] > 1 — 6.

From the definition (13) of the ellipse parameters (recalling the definition of A(T', ¢) from equa-
tion (11c), it can be seen that the size of our confidence set depends only logarithmically (as opposed
to polynomially) on 1/§. In terms of computing the confidence ellipse £(T', d), an obstacle is the
fact that the the matrix I'*(n) is unknown (depending on both the unknown A, and other aspects
of the noise distribution). However, we believe that it should be possible to estimate I'*(n) based
on the sample path of the algorithm itself. Notably, in their study of stochastic gradient methods,
Chen et al. (2020) construct an online estimator for the asymptotic covariance. An interesting di-
rection for future work is to extend estimators of this type to the class of stochastic approximation
procedures considered here.

3.2. Some extensions beyond the basic setting

We now turn to some extensions that move beyond the basic setting of /5-bounds when the matrix
A is Hurwitz. We begin in Section 3.2.1 by deriving some ¢,-bounds that are useful in the analysis
of the TD algorithm. In Section 3.2.2 to follow, we develop a relaxation of the Hurwitz condition.

3.2.1. BOUNDS IN THE {o,-NORM

In this section, we extend the analysis framework of Theorem 3 to the £..-setting. Under somewhat
stronger assumption on the linear operator and the noise distribution, we establish an /,-bound in
which leading term matches the £.-norm of the asymptotic distribution in Theorem 2. Notably, the
correction term and concentration error bounds has only logarithmic dependence on the dimension-
ality of the problem, as opposed to the polynomial dependence in Theorem 3. This much milder
dimension dependence is important in applications, such as TD algorithms in reinforcement learn-
ing, where the dimension may be very large. See Appendix C.2 for the implication of this general
theorem to TD learning with Example 3.

In order to obtain the tight dimension dependence, we impose the following stronger condition:
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Assumption 4 The stochastic oracles satisfy ||be|| . < 1and Vu € R, || Al < [Ju],, a.s.
In addition, we replace the Hurwitz condition with the following stronger contraction condition:

Assumption 5 There is a constant X > 0 such that the random matrix I — Ay is a (1—\)-contractive
with respect to the {,-norm, almost surely, meaning that

(I = Ao < (1 =N ]l forallv € RY

Under Assumption 4, we are able to establish an upper bound on each coordinate direction e;, lead-
ing to a high-probability upper bound on HHT — 0" HOO Naturally, this bound involves the maximal
coordinate-wise variance: 02, := max;_y, g e]TF*(n)ej.

Theorem 5 Fix an iteration number T and a tolerance 6 € (0,1/T), and suppose that the i.i.d.
condition (Assumption 1), the almost-sure £, bound condition (Assumption 4), and the almost-sure
L~ contraction condition (Assumption 5) all hold. Then there exists a constant ¢ > 0 such that for
any step size n > 0 satisfying the bound (11a), we have
. N+ a4 s
VT |00 — 0%||, < ev/02, 1og(d/d) + c# logg +c——=
n

P >1-4.

Ti VT

See Appendix G for the proof of this theorem.
We note that the theorem can actually be slightly refined by replacing the term o2, log(d/é)

max

with the quantity @ ((ejTF*(n)ej)?:l; 5), where for a vector v = (v1,va, - - - ,v4) € R?, we define
Q(v; (5) :— inf {q ‘ 6—11/111 4 e—Q/vz 4+ €_Q/Ud < 5}_ (14)

For example, if the maximal variance 02, is much larger than second largest term (o’)? in the

diagonal of T*(7), the quantity @ is upper bounded by o2, log(1/8) + (¢)?1log(d/§). For TD

learning, this slightly improves the instance-dependent bound of Pananjady and Wainwright (2019).

3.2.2. CRITICAL CASE

In many real-world situations, the Hurwitz assumption may be violated, or the eigengap can be too
small to be useful. At the population level, solving the deterministic equation Af = b is possible as
long as the eigenvalues of A are bounded away from zero. Thus, it is natural to wonder whether the
linear stochastic approximation scheme (2) still behaves well without this assumption. Furthermore,
when the Hurwitz constant )\ is positive but extremely small, does one necessarily obtain a slow
convergence rate? In this section, we show that the non-asymptotic rates for LSA remain valid even
in the critical case with no contraction at all.

In this section, we prove a non-asymptotic convergence rate for LSA in the critical case. We
replace the Hurwitz condition on A (stated as Assumption 2) with the following assumption:

Assumption 2’ The matrix A is diagonalizable with A = UDU ™}, and min;c(q Re (Ai(4)) = 0.

The reader might wonder why Assumption 2’ includes a diagonalizability condition, which was
not needed before. Unfortunately, unlike the Hurwitz case, the diagonalizability assumption is
unavoidable in the critical case. In particular, the Polyak-Ruppert procedure is not even consistent
when A has purely imaginary eigenvalues and is non-diagonalizable at the same time, even in the
noiseless case. We show this with an explicit construction in Appendix K.2.

11
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Theorem 6 Suppose that the i.i.d. condition (Assumption 1), the eigenvalue condition (Assump-
tion 2'), and the second-moment bounds (Assumption 3) all hold. Then, given a total number of

iterations T, for the step size n = o A)+3/€1U)’U VT there is a universal constant c such that
A

2(U)(*(A) + 5> (U)3)E |0 — 6%|I3 + vjd + v [16*]3

B[40 B2 < o ;

5)

See Appendix H for the proof of this theorem.

Theorem 6 is particularly useful in the asymmetric case, where the eigenvalues of A can be
complex though the matrix itself is real. Even if the matrix A has an eigenvalue whose real part is
exactly zero but with imaginary part being non-zero, which is beyond the classical regime of stable
dynamical systems, the 1/7" rate in mean-squared error is still guaranteed by averaging. More
precisely, we have

K2 (U) (0> (A) + K (U)0R)E |60 — 6%15 + vpd + v 16713

E HéT — H*HE S c /4’2(U) minie[d] |)\’L(A)’2T

Although Theorem 6 achieves the correct O(1/7") rate for mean-squared error, the problem-

2 * 12 2
. . . . vo 0% |15+vpd
dependent pre-factor is not optimal in general. Indeed, a superior problem-dependent rate —4——"~

can be achieved by a plug-in estimator solving Apf = b, where A,, and b,, are empirical averages.
In comparison, the initial distance E ||0* — 90]\3 appears in Theorem 6. Intuitively, one can view
this term as the counterpart of the correction term in Theorem 2 when the dynamics itself fails to
converge. It is also worth noticing that the step size choice O(1/+/T) is crucial in this case: a
larger step size makes the dynamical system exponentially blow up, and a smaller step size leads to
a suboptimal rate. It is an interesting open question how to achieve the optimal problem-dependent
constant using stochastic approximation.

That being said, Theorem 6 does exhibit the general effectiveness of LSA as it achieves the
optimal O(1/T) rate in the critical case, with completely online update and O(d) storage. This is
the first time that a stochastic approximation procedure has been shown to achieve the correct rate
without the Hurwitz assumption, and demonstrates the additional advantage of averaging in such
settings. Note that the quantity min;cq) |Xi(A)| can be much larger than the smallest real part of
eigenvalues in many applications. An important application of Theorem 6 is average-reward TD
learning in Example 3, which is further discussed in Appendix C.2.

4. Discussion

In this paper, we established several new results for constant step-size linear stochastic approxima-
tion combined with Polyak-Ruppert averaging. In the case where A is a Hurwitz matrix, we es-
tablish a central limit theorem, with asymptotic covariance characterizing the effect of the constant
step size. Non-asymptotically, we derive high-probability concentration bounds for the averaged
iterates in any direction, whose leading term matches the non-asymtotic behavior of a Gaussian
random variable with the limiting distribution, and has poly-logarithmic dependence on the failure
probability. We also study the critical case where the real part of eigenvalues are only guaranteed to
be non-negative, and establish a gap-independent O (1/7') rate in mean-squared error. We illustrate
the effectiveness of our abstract results by considering momentum SGD for linear regression and
TD learning, and uncover new aspects of the LSA approach to these problems.
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Appendix A. Additional Related Works

Several bounds have been established on function values in stochastic optimization. After process-
ing NV samples, the averaged iterate enjoys an O(1/N) and O(1/+/N) optimization error bounds
for strongly convex and convex objectives (Nemirovski et al., 2009; Rakhlin et al., 2012; Shamir and
Zhang, 2013). Such optimization error bounds are optimal in the sense that they match the statisti-
cal lower bounds under a stochastic first-order oracle (Agarwal et al., 2012; Nemirovskii and Yudin,
1983). Dieuleveut et al. (2017b) studied a momentum accelerated stochastic gradient scheme with
appropriate regularization, proving its optimality in the critical case. Nevertheless when applied to
(often high-dimensional) statistical models with specific distributional assumptions, the aforemen-
tioned sharp results often lose essential statistical information due to their coarse-grained nature.

Stochastic approximation methods have also been widely applied in reinforcement learning; in
particular, TD learning (Sutton, 1988) and Q-learning (Watkins and Dayan, 1992) are based on lin-
ear and nonlinear stochastic approximation updates for policy evaluation and ()-function learning,
respectively. It should be noted that the various Bellman-type operators arising in RL do not cor-
respond to gradients of functions, so that the analysis requires different techniques from stochastic
optimization. A recent line of work has focused on the non-asymptotic analysis of TD learning
and Q-learning algorithms. Prashanth et al. (2013) studies TD algorithms with linear function ap-
proximation using Polyak-Ruppert average, but their rate is slower than the optimal O(1/+/T') one.
Bhandari et al. (2018) studied TD with linear function approximation and established bounds with
the optimal rate on the mean-squared error. Wainwright (2019b,c) analyzed Q-learning as a spe-
cial case of a cone-contractive operator, and established sharp /,.-norm bounds, both for ordinary
Q-learning and a variance-reduced version thereof. Variance-reduced ()-learning under the gen-
erative model is also analyzed in Sidford et al. (2018). Concurrent to our work, Khamaru et al.
(2020) studies the local asymptotic minimax complexity of the value function estimation problem,
and obtain a non-asymptotic upper bound that matches the leading terms using variance reduced
TD algorithms. Karimi et al. (2019) studied general biased stochastic approximation procedures, in
particular proving convergence of online EM and policy gradient methods.

Additional perspectives and variations on stochastic approximation appear in the literature, with
improved non-asymptotic convergence properties in particular cases. Recent work also studies
tail averaging with parallelization (Jain et al., 2017), momentum-based schemes (Jain et al., 2018;
Dieuleveut et al., 2017b), Markov chain perspectives (Dieuleveut et al., 2017a), variational Bayesian
perspectives (Mandt et al., 2017) and diffusion approximation perspectives (Fan et al., 2018). Pepin
(2018) studies ergodict concentration inequalities of averaged Markov processes, with applications
to a special case of Polyak-Ruppert procedure. Berry-Esseen bounds are also obtained for the nor-
mal approximation in Polyak-Ruppert CLT (Anastasiou et al., 2019). There is also significant work
on last-iterate SGD (Jain et al., 2019) and variance-reduced estimators (see, e.g., Roux et al. (2012);
Johnson and Zhang (2013); Defazio et al. (2014)). Our discussion of these variants is limited in
this paper; it will be interesting to study whether these variants can be shown to have the desirable
statistical properties that we uncover here under a similar set of assumptions.

Appendix B. Additional Examples

In this section, we describe two more examples for the general LSA procedure (2) in addition to
Example 1, 2 and 3.
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We first consider a generalization of Example 3, which allows a linearly parametrized family to
represent the value function.

Example 4 (TD Algorithm with linear function approximation) In practice, the state space X’
can be extremely large or possibly infinite. In such settings, the exact approach to policy evaluation,
as described in the previous example, becomes both computationally infeasible and statistically in-
efficient. In practice, it is typical to combine TD algorithms with a linear function approximation
step. Suppose that we are given a feature map ¢ : X — R%. We consider the set of value functions
V 1 X — R that have a linear parameterization of the form Vy(z) = (0, ¢(z)) = Z?Zl 0ip;(x)
for some vector of weights § € R?. We use L to denote the collection of all such linearly parame-
terized value functions.

In this more general context, the TD(0) algorithm seeks to compute a particular approximation
to the original value function, as we now describe. Suppose that the Markov process (X¢):>o has
a unique stationary distribution y, and let IIz, , : X — L, denote the L?(y1)-projection onto
the linear space Ly—thatis Iz, (V) := argminy,ec, |V — Vollp2(,). We can then define the
projected Bellman equation as

V=T, (r+4PV), (16)

where r : X — R is the reward function of the Markov reward process. It can be shown that this
equation has a unique fixed point V'*, known as the TD approximation. Since V* must belong to
L, we can write V*(z) = (0%, ¢(z)) for some §* € RY.

With this set-up, we can now describe the more general instantiation of the TD(0) algorithm,
which uses linear stochastic approximation to solve the projected Bellman equation (16). Using
the optimality conditions for projection, it can be shown that the vector 8*, which characterizes the
projected Bellman fixed point V*, must satisfy the linear equation

E(¢(X)$(X)")8* = E(R(X)$(X)) + 7E(¢(X)p(X ) T)o".

Here the expectations are taken over the joint distribution of a pair (X, X ), where X is distributed
according to the stationary distribution g, and X+ is drawn from the transition kernel P (condi-
tioned on the previous state being X). Thus, we see that the fixed point 6* must satisfy an equation
of the form A6* = b, where

A=E@G(X)p(X)") —1E@(X)$(XT)"), and b= E(R(X)¢(X)).

The TD(0) algorithm corresponds to linear stochastic approximation for solving this equation.
At time ¢, if we are given a triplet (X, Xt+ , R¢), where X is distributed according to p; the next
state X;r is drawn from P conditioned on the previous state X;, and R; is a random reward. We
can then run linear stochastic approximation using the quantities

A = ¢(X)(X)" —vo(X)p(X,H)T and by = Ri(Xy). (17)
We return to analyze this algorithm in Section C.2.2. )

Finally, we turn to an example of a minimax saddle-point problem (Rockafellar, 1970), which has
broad application in computational game theory, machine learning and robust statistics (see Pala-
niappan and Bach (2016) and references therein).
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Example 5 (Minimax games) We consider a minimax saddle-point problem of the following form:
T

11® Py Pry ¢ x
min max — |\P) P, ¢l - . (18)
e NN
x Y

In a computational game theory setting, for example, the vectors x € R™ and y € R™ represent
the actions of the two players. The payoff matrix P € R(+7)x(n+m) gatisfies the PSD conditions
P, = 0and P,, =< 0, so that the game is of the convex-concave type. The matrix game (18) is a
type of saddle-point problem, and its solution reduces to solving the linear system

Prs Py T —Cy
: = . 19
[—PZL — P9 Y Ccy (19)
Thus, this problem fits into our general set-up with A = P and b = [—cw cy] T, so that d = n+m.

Note that the conditions P, >~ 0 and P, < 0imply that A = P is Hurwitz. The setting of P, = 0
and Py, = 0 corresponds to the so-called critical case. &

Appendix C. Applications

In this section, we illustrate the usefulness of our four main theorems by applying them to some
concrete problems, namely the momentum SGD algorithm discussed in Example 2 and the temporal
difference (TD) algorithm discussed in Example 3.

C.1. Stochastic gradient method with momentum

Recall the SGD with momentum algorithm for linear regression that was previously introduced in
Example 2. In this section, we use our general theory to analyze it. As defined in Example 2,
at the population level the algorithm involves a matrix A € R%*9 and vector b € R2?. For the
linear regression setting, we can assume without loss of generality that * = 0, by the translation
invariance. At each time ¢, the algorithm makes use of a pair (flt, i)t) that are unbiased estimates of
these population quantities. The momentum SGD update rule takes the form

Ori1 = 0; — n(Ap110; — bria). (20)

Consider the noise variables ét = flt — Aand g} = ISt — b. Tt can be seen that they satisfy the same
second moment or higher moment assumptions as =; and &; do, with the constants (/1 + 1?0 4, o3,)
or (\/14n?va,uvp).

The addition of momentum to SGD has two effects: it changes the mixing time of the process
(6:)¢>0, and it alters the structure of the asymptotic covariance matrix I'*(7). The spectrum of A
plays a central role in these effects; accordingly, let us investigate the structure of this spectrum.
Suppose that the matrix A is positive definite, and let {/\i}?zl denote its eigenvalues.

We claim that for any o € R\ {2¢v/A; — nA;}L, the matrix A € R??*2? s diagonalizable,
with paired (complex) eigenvalues

<<a+nxi>+¢<a+m>2—4& <a+nAi>+¢<a+nAi>2+4Ai> i1

2 2
@n
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See Appendix K.3 for the proof of this claim.

Let us now consider the consequences of the spectrum (21) for the mixing time of the process
(0¢)¢>0. We claim that when the parameter « is suitably chosen, the mixing rate of the momentum-
based method is faster by a factor of 1/1/Amin(A). Introduce the shorthand

(@ +1X) + /(e +1Ai)% — 4N

v = , fori=1,...,d.
2

For an index i such that & > 2v/\; —n)\;, we have v; € R, and for index i such that o < 2v/\; —n\;,

we have Re(v;) = a + n\;. Therefore, for A = Apin (A), we have:

. A—/ N2 -\ > -2 g >2V/ -\
min Re(\;(A)) = a1 (@ +7A) = atpr A= VA=
a+nA, a < 2V A —n\.

When we take o = \/Amin(A), we have min; Re(\;(A)) = v/ Amin(4).

Now Lemma 12 implies that for given step size > 0, the mixing time is upper bounded by

1 = 1
nminRe(Ai(A4)) v/ Amin(A)

Consequently, the use of momentum speeds up the mixing time by a factor of (1/v/Amin(A)),
which is significant in the regime Apin(A) < 1.

Furthermore, we study the effect of momentum on the asymptotic covariance. We make the
following claim:

)

Claim 1 For the momentum SGD update (6) with o =< %mm(A), the asymptotic covariance in
Theorem 2 restricted to O-components is of the form A~'S* A~1 + L, where the matrix L, satisfies
the following upper bound:
2.2 2
Tr(Ly) < UUAF& (U)vbd’
)\min(A)g/2

where the matrix is written as A = UDU ™" in the decomposition in Lemma 1.

A similar analysis can be carried out to show that SGD with averaging achieves a covariance at
stationarity that has a larger correction term O(nAmin(A)~3) than momentum with SGD. How-
ever, whether momentum SGD can exceed SGD in correction term involves computing x(U) and
choosing 1. We leave this as future work.

A straightforward calculation shows that the leading term A~! [8 2?*

is the same as A~1X*A~!. Now we consider the correction term A‘lE(éAA;(éA)T)(A_I)T.
Note that A} is the stationary covariance of (0¢)¢>0. Simple calculation leads to the upper bound:

Tr(ATE(Ea0,(E))(A™ ) < (min M (A)) (L + n*)viEr, 100 — 013

} (A=1T in the -component

As we will see in Lemma 11 in Appendix D.1.2, the stationary covariance satisfies the following
upper bound:

E,. [0 —6*2 < r2(U)——1 2.
0= 01 < RO d

Noting that we have min; Re(\;(A4)) =< \/Amin(A), plugging into the above upper bound proves
the trace bound in Claim 1.

20



FINE-GRAINED ANALYSIS OF LINEAR STOCHASTIC APPROXIMATION

C.2. Temporal difference learning

We discuss the applications of our main theorems in TD learning, in both exact (Example 3) and
linear function approximation (Example 4) settings. We consider both the discounted case (v < 1)
as well as the undiscounted case (v = 1). Theorem 3, 5 and 6 turn out to have nontrivial implications
to the TD algorithm in these cases.

C.2.1. ANALYSIS OF TD WITHOUT FUNCTION APPROXIMATION

We start with the case of exact TD(0). We follow the model definition and assumptions in Exam-
ple 3.

Non-asymptotic bounds in the Hurwitz case Recall that in the generative model, the one-step
observation P; satisfies ||Pv| ., < |lv||., for any vector v. For discount factor v € [0, 1), the
matrix P, is y-contractive under the ||-||  norm. Consequently, Assumption 5 is satisfied by the
observation model, and we can apply Theorem 5.

In order to state the result, we require a few additional pieces of notation. Define the D-
dimensional vector o* € R of standard deviations, with

o; = Vvar(R(4)) + var(Z(j,:)0%), forj=1,...,D.

Since the rows of Z; and entries of R; are independent, the matrix >, in the main term is actually
diag(c*(j)?);ep)- It is easy to see that the structure of the stochastic oracles (Ay, b;) satisfies
Assumption 4 and Assumption 5. Thus, we can apply Theorem 5. Doing so yields a result that
involves the matrix

I'*(n) == (I — vP)~"(diag(c*(§)*)je(p) + Aj)(I —vP )7, (22)

where the matrix A was defined in equation (9). The result also involves the function @ defined in
equation (14).

Corollary 7 Consider the i.i.d. observational model for Markov reward processes defined above.
Given a discount factor v € (0,1) and a failure probability § > 0, the averaged TD(0) algorithm
based on step size n € (0, 1) satisfies the bound

S VR + T () s+

with probability at least 1 — 9.

ﬁHéT _

When the step size is chosen to be of order n = O(T_%), the leading term of Corollary 7 is an
instance-dependent term that slightly improves upon that of the offline plug-in estimator in Panan-
jady and Wainwright (2019), which was shown to be minimax optimal.

Critical case: Application of Theorem 6. While most of existing results in policy evaluation
require the discount factor to be bounded away from one, our second result certifies that, even if
there is no discount at all (i.e., when v = 1, corresponding to the average reward RL setting), the
linear stochastic approximation achieves a O(1/ \/T) error decay, as long as the error is measured in
terms of Bellman error (i.e., the deficiency in the fixed point relation). Furthermore, for discounted
problems, the results show that the Bellman error can be bounded independently of the (1 — )
factor:
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Corollary 8 Suppose the transition matrix P is diagonalizable with P = UDpU™!, for n =
I S
T PNVT forany v € [0, 1], we have
R2(U)(1 + K2 (U)(P)*)E || — 67||3 + v(r)*D + v(P)* [|6*|13
T .

E |0 — (vPOr +7)|; S

In the setting of average reward TD learning, by subtracting the stationary average reward (see dis-
cussion in Example 3), we can still translate the bound in Bellman error to the parameter estimation
error. Corollary 8 implies that:

& 07— 62 = 0 (HQ(UW)?D +o(PY 0" 3 + RV + K2(U)u(PY)E 6o ~ e*u%) |

T- minz‘zg |1 — )\Z(P)‘Q

where the problem-dependent complexity term is min;>o |1 — A;(P)|, as opposed to the real-part of
the eigengap min;>2(1 — Re(\;(P))) in the Hurwitz case. In particular, suppose that the transition
matrix P has a complex eigenvalue of the form ¢’ for some o < 1.2 In this case, we have
min;>2 |1 — A;(P)| < a but min;>(1 — Re()\;(P))) =< a?. The dependency on « in the critical
case bound can even be better than the bound we get by treating the matrix as Hurwitz. Specifically,
Corollary 8 yields a bound of order O(1/ aVT ); on the other hand, although the leading term in
Theorem 3 is near-optimal, due to the presence of a term in the bound, it leads

1
nming>o [1-X;(P)|T
to an O(1/a3T) term, as the step size has to be chosen such that < 2. Corollary 8 leads to

a better O(ﬁ) sample complexity, compared with the O(ﬁ + ﬁ) complexity guaranteed by

the theorem in the Hurwitz case. This is mainly because the step size choice < o suggested
by Theorem 3 is too conservative, compared to the gap-independent O(1/ VT ) choice implied by
Theorem 6.

C.2.2. TD wWITH LINEAR FUNCTION APPROXIMATION

We now consider an application of Theorem 3 and Theorem 6 to the use of the TD algorithm
in conjunction with linear function approximation; recall Example 4. Note that for any vector
v € S, by the Cauchy-Schwartz inequality, we have

VTE($(X)o(XT))v < (0T E(¢(X)S(X))0)2 (0 E(@(XT)P(XT))0)? = v E((X)(X))v.

So we have min; Re(\;(A4)) > (1 — ) min; \;(E¢(X)é(X)T) > 0 and Theorem 3 is applicable
in this case. For the following results, we make two assumptions on the tail behavior:

e The feature vector ¢(X) is a centered and o4-sub-Gaussian random vector when X follows
the stationary distribution g, namely:

1
E,¢(X) =0, YveRYp>2 (E.[(v, p(X))[")» < 0pv/p.
e The random reward R; satisfies the following moment bound:

vp Z 21 (E|Rt|p)% S Jr\/ﬁ-

2. This can happen, for example, in an /N -state Markov chain where the transition from state 7 is deterministically to the

: 27k,
state (¢ + 1) mod N. In such case the eigenvalues are e N °.
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In stating the resulting corollary, we let 1 denote the stationary distribution of the Markov reward
process; define the covariance matrix M = E,¢(X)¢(X)T, and the quantity

V(0%) == w(U) (18" = bolly + 16"l + v/n(1 =)~ L(Vdos ||6%]l, + oV d)) log %

Corollary 9 Suppose that the model assumptions in Example 4 hold, we are given a discount

factor v € (0,1) and a failure probability 6 > 0, and we run the LSA algorithm using a step size
n e (O, 1+52(U§;§d10g3 T ) Then for any vector v € S, the quantity /T )’UT<9T —6%)
bounded, up to a universal pre-factor, by

UTF*(T])UIOgl + H(U)V(9*> (Uﬁb\/g—i_ 0—7’ 1 + V JT ) (23)

1_
g 1—v Ti nT

is upper

As a consequence of the bound (23), we are guaranteed that the rescaled error /T H@T — 0"

. L2 ()
is upper bounded as

\/Tl" (I“*(,,ﬁ . M) loggl K(U)V(e*) V |||M|||0pdlog4 % (Uqb\/a—f- Oy i 1+ \/W) 7

(5+ 1—7 Ti

with probability 1 — J.

The proof of this bound simply follows by applying Corollary 9 on all of the eigenvectors of M,
and using a union bound. Using a more refined e-net argument (cf. Wainwright (2019a), Chapter
5), it is possible to reduce the log factor in the leading term, and match the behavior of a Gaussian
random variable up to a constant factor and high-order terms. We omit the details.

Appendix D. Preliminary Steps in the Proofs

We now turn the proofs of our three main theorems, along with the various corollaries. Before pro-
ceeding to the arguments themselves, in this section, let us summarize some notation, and introduce
the common initial steps used in the proofs of all the theorems.

Summary of notation: For an L2-integrable quasi-martingale {X;};>1 adapted to the filtration
{Fi>0}, we define

T—

~
L

var (X;11|F;), and (X)p:= (X1 — E(Xi1|F))2
t=0 t

Il
o

For two matrices A, B, we use A ® B to denote their Kronecker product and A ® B to denote
their Kronecker sum. When it is clear from the context, we slightly overload the notation to let
A ® B denote the 4-th-order tensor produced by taking the tensor product of A and B. Note that
Kronecker product is just a flattened version of the tensor. For any matrix A, we use vec(A) to
denote the vector obtained by flattening A. For a k-th order tensor T', matrix M and vector v, we
use T'[M] to denote the (k — 2)-th order tensor obtained by applying 7" to matrix M, and similarly,
we use T'[v] to denote the (k — 1)-th order tensor obtained by applying 7" to vector v.

23



FINE-GRAINED ANALYSIS OF LINEAR STOCHASTIC APPROXIMATION

D.1. Preliminaries

We now state a few preliminary facts and auxiliary results that play an important role in the proof.

D.1.1. TELESCOPE IDENTITY

The proofs of all theorems make use of a basic telescope identity. In particular, we define the noise
term

er(0) == (A — A)0 — (b — b). (24)
Hﬁ,—/ 7—/
=t t
With this shorthand, some straightforward algebra shows that the Polyak-Ruppert averaged iterate
O satisfies the telescope relation

T-1

o o Bo—0 1

Afr — 0%) = OnT r_ T § :em(et), (25)
t=0

involving the non-averaged sequence {6; }+>1.

D.1.2. PROPERTIES OF THE PROCESS {6; };>0

We make repeated use of a number of basic properties of the Markov process {6; }+>0, which we
state here for future reference. All of these claims are proved in Appendix L.

Lemma 10 Under Assumptions 1, 3, and 2, for any step size n € (0, ﬁ) and any
p?(A)+r2(U)vy
t > 1, we have the moment bounds
*)|2 2 w2 . M2 g2 2
B0, — 07113 < w2(U) (B0 — 0713 + L3 1013 + od) ) (260)

If we assume furthermore that (2 + «)-moments of the noises =4 and &, are finite, there exists a
constant 1, such that for n < ng we have:

E|6; — %57 < M for some M < oc. (26b)

See Appendix 1.1 for the proof of this claim.

For future use, we also state a foundational lemma on the stationary distribution of the Markov

chain.

Lemma 11 Under Assumptions 1, 3, and 2, for any choice of step sizen € (O, %) the
p?(A)+r2 (U)o

Markov process (Gt);;og satisfies the following properties: (i) it has a unique stationary distribution

oy, and (ii) the stationary distribution has finite second moments, and concretely we have

Er, (0) = 0%, and covg, (0) = A7, (27a)
where A:; is the unique solution to equation (9). Finally, we have the moment bound

* 77 *
Ex, [16 =673 < 5°(U) (05 16713 + v3d)- (27b)
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See Appendix 1.2 for the proof of this claim.

In the following, we state a coupling result that allows us to prove existence of the stationary
distribution, and to control the rate of convergence to stationarity. We first observe that using stan-
dard properties of the Kronecker product, the matrix equation (9) can be re-written in the following
equivalent but vectorized form:

(A A—nARA—nE(E4®E4))vec(A) = nvec(E*). (28)

Moreover, since we have A@® A > 2\ under Assumption 2, the minimal requirement (up to constant
factors) on the step size 7 for equation (9) to have a PSD solution is:

APA-—NARA—nE(Es ®E4) = Myxa (29)
With this definition, we have

Lemma 12 Suppose that Assumptions 1, 3 and 2 all hold, and consider the Markov chain (0;)¢>0
with any step size 1 > 0 satisfying equation (29). Then for any two starting points 9(()1) and 0(()2), we
have:

WaL(0), £(68) < e 2n(u) |0 — 6| (30)

In particular, any n < m satisfies equation (29) and makes the above claim true.

See Appendix 1.3 for the proof of claim.

An elementary consequence of Lemma 12 is the following bound on the Wasserstein-2 distance:
Wy (L(07),my) < €3 K(U)Wa(pt, ). 31)

The proof of this claim is straightforward: we simply take the optimal coupling between the initial
laws (1o and 7, apply Lemma 12 conditionally on the starting points, and then take expectations.

Finally, we give control on the support size and coupling estimates on the process in the £,
setting, which is used in the proof of Theorem 5.

Lemma 13 Under Assumption 1, 4 and 5, for n < 1, given 0y € [-A"1, A\71%, we have ||0,]| , <
11

XL for any t > 0. Furthermore, for any two starting points 9((]1), 9((]2) € [-A"5 X719, we have:

Wi oo (£00), £(65)) < (1 =) 0" — 0P| .

See Appendix 1.4 for the proof of this lemma.

Appendix E. Proof of Theorem 2
We are now equipped to prove Theorem 2. First, by the telescope identity (25), we have

Or — 6o

=—-A
T

| Il 1 Il
ﬁ ;(gt -0 )] - ﬁ ; et+1(0t)-
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From its definition, it can be seen that the sequence {e;41(6:)}+>0 is a vector martingale difference
sequence with respect to the filtration {;}+>o (for notational consistency, we let F_; denote the
trivial o-field). Accordingly, we can apply a martingale CLT en route to establishing the claim. In
order to do so, we begin by computing the relevant conditional second moments.

We let r, := 6; — 0* denote the error in the non-averaged sequence at time ¢. Observe that we

have the relation e;1(0;) = €§1+)1 + egr)l, where

1) = (2) . = *
€yp1 i= Zppare,  and ey i= =&y + S0

Based on this decomposition, we can expand the conditional covariance of e;1(6;) as a sum of four
terms:

E [etr1()err1(0)" | Fi] =B [ef(ef)T +effh(eff) T +efhen) T + el ) | 7

We treat each of these four terms in turn. For the first term, we note that:

T-1 T 1

7 B[l I 7] = 5 S E[Eearel =l 7
=0 0
' t 1 T-1
=EEa®EZa) |5 ) rerf ] : (32a)
t=0

Here E(E4 ® Z4) is a fourth-order tensor. As noted in Section D, the square brackets denote the
tensor applying to a matrix % ZtT;()l r¢r) , resulting in a d x d matrix.
For the second term, by Assumption 1, the noises =; and &, are uncorrelated, so we have:

E €Ei)1( t+1)T | ]:t} = [(_ft+1 F Ep10%) (—Ei1 + Ee16%) " | ]:t}

—E(¢€") +E ((2467)(Ea07)7) . (32b)
For the third term, we note that:
T-1
ZE {61(5-131 DT J-'} ; Y E [Et+1Tt(Et+19*)T | ]:t]
o
=E(EA®E4) T;w ] (32¢)

Similarly, for the fourth term, we have
1 T
2 2 1
ZE [615-&-)1 €t+1 ) }-} T ZE {eg—i-)l(eg—&-)l)T | ft}

1 T-1
T A ] . (32d)

t=0

The second conditional expectation term is a deterministic quantity, while other three terms depend
on the random variable ;. When taking the quadratic variation of the martingale M;, we get the
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partial sum of functions of a Markov chain (6;);>0. Accordingly, we now use Lemma 11, which
guarantees the existence of a unique stationary measure 7, in order to study the limits of the first
three terms.

Note that for any vectors u, v € S, the functions (u, v) + (u'6)(v'0) andv +— (v ) (v 6%)
are L' integrable under the stationary measure m,. Consequently, by Birkhoff’s ergodic theorem
(cf. Kallenberg (2006), Theorem 9.6), we have:

T-1

1 * * *

T E w' ) v — uTEﬂn 0—6%)0—-0)Tv= uTAnv, a.s.
t=0

1 T-1

T Z uw'r* v — uT(EﬂnH —00*Tv =0, as.
t=0

Thus, the ergodic averages converge to the corresponding limits, which implies that

Z Ty ] —E <HAA* ) , a.s., and
1 %1
T Z r:0 — 0, a.s.

t=0

Z E [et-i-l(et—f—l)T ‘ ]'—} E(Za ®Ea)

T 1
1 _
E [6§+)1 €t+1 ) f} E(Z4 ®Za)
t:0

Combining the pieces yields
=
= S E [ern(@)era(6) | 7]+ B6g]) +E(Ea0)Ea60)T) +E (2a07E]) as
t 0
In order to prove the martingale CLT, it remains to verify that the process e;(6;—1) satisfies a
Lindeberg-type condition when projected in an arbitrary direction v € S?~!. (Doing so is sufficient
since Markov’s inequality allows us to translate it to a Lyapunov-type condition.) Accordingly,
we seek to bound a (2 + «)-moment of the martingale differences, which furthermore requires a
uniform bound on the (2 + «)-moment for the process (6¢):>0.
Using the (2 + «)-moment bound (26b) from Lemma 11, we have

1 24«
E]uTetH(@t)\z’La <E ’2uTe§+)1’

2+«
+E ’QuTeg)l ’

< 2B (|Zer1llo Imell2)* T + 22T E 246" — &5
< HOEJEAIZ - M + 47 (E|Z00° 157 + EJ&157) = Q < +oo.
Notably, the quantity () is independent of ¢.
Therefore, for a fixed € > 0, the quantity £ := 7 Z? 01 E [(u er1(0r) ) <’u €411 9,5)‘ > E\F)]

is upper bounded as

T-1

1 1 2+a
FE < T Z EO‘TT/QE |:‘UT€t+1(9t)‘ 1 (‘uTeHl(Qt)) > E\/T):|
24« 1
< eO‘TO‘/Q : ZE’U ery1(0t) ‘ < caTaf2 Q.
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Note that this bound converges to zero as 7" — c0.
Applying the one-dimensional martingale central limit theorem (cf. Corollary 3.1 in the book Hall
and Heyde (1980)), we have the convergence of — = Zt 0 Lo T er+1(0¢). Combined with the Cramér-

Wold device, we conclude that T ST et (Qt) converges in d1str1but10n to a zero-mean Gaussian

with covariance E(Z4A}E 1) +¥*. By Lemma 10, we have \F 7 (07 — 0%) — 0 almost surely.
Therefore, by the telescopmg equation (25), we have:

T-1
1 d T *
—= > (0 — 9*)] SN (0,IE(EAAEA) +3 ) .
VT =
Taking the inverse of A completes the proof.

Appendix F. Proof of Theorem 3

In this section, we provide a proof for Theorem 3, the non-asymptotic concentration result. In order
to prove this theorem, we require an auxiliary result that provides bounds on higher-order moments
of the process.

Lemma 14 Suppose that Assumptions 1, 3 and 2 all hold. Given some p > 2log T, consider any

. Then there is a universal constant c such that

. A
step size 1) € (0, P2 (A)+Cp2atik2(U)oy

hSEIN]

2
(E 10— 0%5)7 < e n2(U) (B 100 — 0715)> + 5 (% ofd + p™ 1% |0°3)) . (33)
See Appendix F.1 for the proof of this claim. Recall that the matrix U is defined in Lemma 1, which
guarantees that A = U DU 1. We will use this notation throughout the proof.

Equipped with this lemma, we now turn to the proof of the theorem. We consider the martingale
term M, := ZZ;%] es+1(0s). By the telescope equation (25), we need to bound in any direction the
variation of 17714_1_1(«90 — Or) and 1 ZtT;()l A~1e;1(6;), respectively. For any vector v € S9!,
define M Zt LAy e, 1(0,). Since Mt(v) is a martingale, we can apply the discrete-time
Burkholder—Daws Gundy (BDG) inequality (Burkholder et al., 1972): it guarantees the existence of
a finite constant C such that for any p > 4, we have

[SiS]

T-1
E sup [M"P < (Cp)PEM®™)2 = (Cp)bE (Z(UTet—H(et))Q)

0<t<T P

Moreover, we have

[MIS]

T—1 g T-1
E (Z(UT€t+1(9t))2> = <Z ((UTEtHHt)Q + (& v)? - 2(UTEt+19t)(UT§t+1))>

t=0

28



FINE-GRAINED ANALYSIS OF LINEAR STOCHASTIC APPROXIMATION

[N14S)

where 1 :=E (Zz:ol (vTEtHHt)Q) , along with
D
T-1 2

P
T-1 2
IQ =K (Z §t+1 > s and 13 =FE Z(UTEt+19t)(UT§t+1)
t=0

t=0

By the Cauchy-Schwartz inequality, we have:

T—1 T—1
I;<E (VT E410:)% - (vT&41)
=0 =0
D D
T-1 2 T-1 2
<, |E <Z TEi416) ) <Z (VT &41) ) =1 -Io < (I + I)/2.
t=0 t=0

So we only need to bound the terms I; and I5.
Denote the following quantity:

By := |0 = 0"l + 3 (0sV/d(plog T)** /> + 5. 0”1 (plog T)**/2). (34)

According to Lemma 14, intuitively, for large p, the quantity (U ) B, can be used as a uniform high-
probability upper bound on the distances ||6; — 6*||,, fort = 0,1, --- ,T. This quantity involves in
the upper bounds of I1. We also denote the matrix ¥¢ := E(&,&)).

We now state an auxiliary result that bounds each of these terms:

Lemma 15 We have the bounds

ya
2

I < (207 5e0T)% + Chof (1) + (plog T)E0F27)) | (352)

and

1204K%(U)
A7)

By (04(By + [0°]12)(plog T)° + 04V d(plog T)") /pT log T
CpTo%p**k*(U)By. (35b)

2 [} * * )k L] * * *
()7 < 3Tw E(Za(A] + 670" )= v+ (trace(A;) + 16°113 + 160 — 6*13)

K2 (U)

+ CIEEav EDI "

See Section F.2 for the proof of this claim.

Combining the results for Iy, I, I3, we obtain the main moment bound on the supremum of

martingale Mt(v). Denote the matrix 3 := E(Z4 nE4), and denote Z, := 04 [|07]|, (plog T)*
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opV/d(plog T')P. We obtain:

1
1 )" e p\1  (plogT)st1/2
ﬁ (IE sup |Mt( )|p> S/ poT (B + X)v + /poy <(T)4 T

+
0<t<T
v ) oan(U)
+plogT T8t (32, 4107 = oly) + o2 (1607 + 1ol + brace(A7)
+ BT 3p P aaay(U) (100 — 0% 1y + 1/ £ 2,),

A

for p > 2logT and 7 satisfying the assumption in the theorem.
For the bias term, we note that:

2
* = * 77
(Elor - 0°8)> < w2(U) (100 = 0"l + 3 Z5)

Finally, putting together the previous results and merging the terms, we obtain the upper bound

VT <E]vTA(§T - 9*);?)’1’ <\/puT (5 + D)

max(o oA+ o0 1+ +/oa/\ . . .
L R(U)(plog T2mexted > (Tat v 1H Vo (ne Iy + 1160 — 0 ||2+\ﬁ<m 19 |2+ab¢&>).
Ti T A

Applying Markov’s inequality yields the claimed high-probability bound.

F.1. Proof of Lemma 14

We decompose A in the form A = UDU ! that is guaranteed by Lemma 1. We study the dynamics
of HU‘l(Gt — 9*)”2. Defining the residual term r; := 6, — 0, we observe that

[Legureney &

= (re = (A + 1) (re + %) = &) (UHNU ™ (ry = (A + Sp1) (re + %) — 06i11)

= (U )T = (D + D) + 9 D"D)(U'r;) — 2nRe ((Et+1(7“t +0%) + &))" (UHMI - WD)Uflrt)
+ 77 U Ergare + a0 + £t+1)H;

< (1= A+ 2% (A) [[U1r|[; — 20Re ((Et+1(7‘t +0%) + &) N(UTHA(T - nD)U‘%)

_ —_ 2 —_ *(12 2
4 3P0 (IZearel3 + IS0 + e ).
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Telescoping this expression, for n € <0, pQ? 0 ), we have:

T—1
T[T ||y < (U o320 D € Re (Eeaa (e +0%) + &) (OO = gD)U )

t=0
:=51(T)
T-1
_ — 2 —_ 2 2
32 S MU (IZearld 128+ I€n)l3)
t=0
:=S5o(T)

Note that the process {S1(7") } is a martingale and the process {S2(7") } is non-decreasing.

D
Let us adopt E sup (e)‘”t HU 47}“2) “asa Lyapunov function. By Young’s inequality we
0<t<T
obtain:

2

E sup (emt HU_lrtHi) * < 35E HU_17”0H§ +6%n2E sup |S1(t)]2 + 92nPE(Sy(T))%.
0<t<T 1<t<T

We upper bound the two terms respectively.

Upper bound for |S1|: Note that:

(S (ry + 0°) + & )N OHHRI — nDYU
< (U Bpare) + (U 1) + U 10|, - I — Doy - |U 1|,
< 2U Moy (IZe17ellg + N€es1lls + 1Ze1rella) U e[, -

Applying the Burkholder-Davis-Gundy inequality to the martingale S} (), we have:

E sup |S1(0)]5 < (Cp)f E(S)E
1<t<T
T—1 %

— (Cp)1E (Z 2

(Beg1(re +6%) + &) (U HN I - TID)Ulrtr)
=0

NS

» T-1
< (Cp)f U AR (Z P (IZear Bl + (€ lE + [1Ze26°)1) HUM?)) -
t=0

By Holder’s inequality, we have:

]

T—1
- 2 2 = 2 - .
(Z 2t ((H:Hlﬁ”z + 1§41 l5 + [[Ee267]]2) HU 1”H2>>

t=0
T—-1 9
p
< epjnkt
t=0

]

-1

! _ 2 2 _ w2 1 2

3 (IEearells + €all3 + 1Ze6%113) U ]| ) -
t=0
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. . At
For the geometric series, we have < ?:01 er— i ) < —L—_enT,

By Assumption 3/, we have:
P _ 4 2 2
El§ill < P72 (0sVD)"?,  El|Zeollf < pr/2l olly?.
Putting together the pieces, we obtain:

C nz\pT/Q
E sup |5y} < P
1<t<T

Z( B (op/d)E UL IR ||[U~ 1|2
t=

+pE s U)ER Ut + pE oAU HISE 6°]5 ).

Upper bounds on S;: By Young’s inequality, we have:

NS

T-1
L - - = *
(Sa(T)¥ = (Z U (el + 6l + [Enat r%))

t=0
D r p
T—1 2 T—1 2 T—1 2
2 —_ 2 —_ 2
< lU~, (3 N !€t+1llz> + <3Z Mt H:t+1rtllg> + (326"” ||~:'t+10*H2>
t=0 t=0 t=0
By Holder’s inequality, we obtain:
p p_1q
T-1 2 T-1 5 2 T-1
2 N
S e gnly ] < er—2" 1&+1115 ) 5
t=0 t=0 t=0
p p_1q
T-1 2 T-1 - 2 T-1
Yo MEmO5 ] < Do Y NEenotls )
t=0 t=0 t=0
P r_q
T—1 2 T—1 2 T—1
- A
(Z e H5t+17“t|!g) < ( er—2" t) ( H~t+17“t’§) :
t=0 t=0 t=0
21
For the geometric series, it is easy to see that ( f Lew 2n>\t) < ( )\)1,,71 e pT/2
n 2

This yields:
p —
E(S2(T))2 < U ——7=

By Assumption 3’, we have:

E [ées1lly < 9" (0pVA)P,  E|Epavlly < pPooly [loll5.
Putting the pieces together, we have:
nApT/2

el

(1)?

E(S2(T))P < o=, (Tpp%w&)pwppa(m|e*|rz>p+pp% e, ZEHU an>
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2
. T St -1 12\ 2 ) 7
Defining Hy := e~ 2 | Esupo<;<p (e 7 HU T H2> , clearly we have the upper bound

ya
2

(E H U *1TTH§ )2 < Hp. By the decomposition of the Lyapunov function, we get:

Hy < (E||U " ro|[2)7 +6ne "5 (B sup |S1(£)]5)7 + 652 "3 (ESy(T)%)7.

1<t<T

Based on the upper bounds for S; and S2, we have

op

T-1 P
T 2 P
e [BS,(T)E)r < OF | JUAT Y (5P 0Rd + p*od 0°]3) + p* 2 (U)oh (Z Hf) ,

BN

T-1

T 2 * 4 * 2

ne” "z (E sup [Si(t)|2)r <C o E (PPopVd + pPoa 0¥l IU~ 1‘”0th>£ + (P"oar(U)Hy)?
1<t<T A\

Letting R := supy<,;<7 H¢, and noting that the upper bounds above are non-decreasing in 7', we
have:

2 _ 167 * (6%
Rr < Hy+ CYT5 (JU 137 03d + ™ 6°]5) + p**w* (U)o Br )

2 _ le% * (0%
+ O\ BT (107 (PP onVd + p0a |16°]1,) v/ Br + poan(U)Rr )

Take p > 2logT and n < we obtain that:

A
18C2e2p2atlg2(U)o?’

- a . Py a . 1
Ry < Hy+ Cex WU IR, (0P ouV/d + poa [19°])° + Cey [ EHIU (0 00/ + p*oa 167]) + 5 R

and therefore:

AN

— N a *
< IUMERr S KA(U) ((E 160 - 0°18)7 + 5 (0% ofd + p*+10% 10°)3))

E
mas (E )5 !

0<t<T

Thus, we have completed the proof of Lemma 14.

F.2. Proof of Lemma 15

The remainder of our effort is devoted to proving the bounds on the terms {I;, I3, Is} claimed in
Lemma 15.

F.2.1. UPPER BOUNDS ON [

We begin by observing that

~
-

T-1
E> (0TE410)° =E Y v E(Ee11 @ 54| F) (00, ,v] = E[Eavv 2], <Z 0,0, >

t t=0

Il
=)

33



FINE-GRAINED ANALYSIS OF LINEAR STOCHASTIC APPROXIMATION

In order to deal with the concentration behavior of this term, we define the two processes:

-1 !
Uy = Z E <(9:Et+1v)2|ft> , and Trp:= Z<9:5t+1v)2 - ¥
— =0

By definition, it is easy to see that Y is a martingale. Applying the BDG inequality and Holder’s
inequality, we have:

E sup [T[2 < (Cp)
0<t<T—1

]

T—1
=<c&oﬁE< (67 Z0410)? — E((0 Er110) |Ja>)>
t=0
T-1 1
p —
< (Cp)1iE <Z(9;:t+1v)4>
t=0
T-1
< (Cp)iTi 'S El6, ZppqvfP
t=0

P p°P E||6
oo | max E|6r]f.

As for the process {Ur }7>1, a straightforward calculation yields:
Uy = Z E ( Zy10)? | ]-'t> = (E(E40)(Ea0)", S 0:6]).

The summation ZtT:_Ol 0,0, involves terms that are functions of an ergodic Markov chain. Thus,
metric ergodicity concentration inequalities based on Ricci curvature techniques can show its con-
centration around its expectation. We first study the expectation of this process. Let (@)tzg be
a stationary chain which starts from 7, couple the processes (6;);>0 and (6775),;20 in the manner
defined by Lemma 12. By definition, there is E@éj =Eg, 60" . For any matrix L, we have

T—1
1
7 (Zwtej , L>> —E,, (007, L)
T

< % 3 (E ((et —0)TL, — 5)‘ + R ‘(et - @)TL@D

T—1
1 ~
< = > E|6] L6~ 0] LA

1 ~ 12 ~ 112 ~ 112
<7 @wmﬁwam+%wm MM@L-%%@&)

t=0

By Lemma 12, for this coupling, we have:

|0 - aﬁ”i < K2(U)e MW (L(B0), 7y)-
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2
By definition, we have E HOtHQ = trace(A;)) + 16*||3, and it is easy to see that W3 (L(6p), T,) <

E |6 — 0*[|5 + Er, [|0 — 0 13 < [160 — 6% + trace(A;). Plugging into the above inequality, we
obtain:

T—

,_.

ST T | o 2R ©) o 2 . e
E( D200/, L) | ~Ex, 007, L] < S (trace(An)—l— 167112 + (|60 — 67 ) e
t=0 t=0
4L ] 2 (V) . .
< S (twace(A) + 16°15 + 1160 — 6713)

In particular, for the matrix L = E((Z4v)(E4v) "), we have:

47}2’“'32(U) * x (|2 *1(2
VT (trace(A;) + 16°113 + 160 — 6*]3) .

To obtain a high-probability upper bound for the deviation U7 — EW 7, we use the following
ergodic concentration inequality:

IN

1
‘TIE\I/T —v'E(E A(A5 + 0*0* " )E ) v

Lemma 16 Under Assumption 1, Assumption 2 and Assumption 3, for a given initial point 0y, for
a matrix L and given § > 0,T > log 6!, if the step size 0 satisfies Eq (11a), with probability 1 — 6,
we have:

T
1
T > (6, Lo, —E6/ Loy)| <

5 T> logd—1
t=1

,{Z(U) * OZT
X B<UA(B+||9 ) log g+ab\/élog 5 >

where B := |0 — 0, + % (opVdlog? ™/ L 4 54 16%||,log® /2 L),
The proof of this lemma is postponed to Appendix J.1.
By Lemma 16, forany § > 0, for B = |6y — 6*||,+ (Ub\flogBH/Z T+0A 161, logo‘+1/2 T)

forn < (A TCn2 (U)/\Ui g2 775 with probability 1 — J, we have:

[~ B0r] < CIB(Ea0)Ea0) g™ LB (5B + 167 108" + ou/log? 5 ) v/Togd 1 i= Q.

Note that this bound holds true only for a fixed failure probability . In order to obtain the moment
bounds on W, we also use a coarse estimate: |Up—E¥p| < T|E(E4v)(Eav) )|l maxo<i<r—1 - [|0c]l5-
Putting them together, we have:

P
E|Ur — EUr|> <QZ +E (I‘IJT - E‘I’T|g1\wT—E\PT|>Q5)

ya
s@§+\/6Tpu|E<<EAv><EAv> WEE max . 661

0<t<T-1

D=

By Lemma 14, we have (E maxo<¢<7—1 - H0t||p)

< CR2(U)([l60 = 6" [l 110" [|o+ 5 (opV/dp™ /2
o4 ||0* ||, p*+Y/2). Choosing some § € (0, (CT)7P), w

e obtain that:

N

(E\\IJT—MT15>

I€2
< CIE(E)(@at) Nl DB, (04(B, + 10" |,) (plosT)" + 0yVd(plosT)?) /T Tog T,
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where B, = [|0p — 0% ||y + 2 (0pVd(plog T)P+Y2 404 ||0% ||, (plog T)*1/2) is defined in Eq (34).
Recall that we can decompose I; into three parts:

ya
2

I <E(Tr+¥r)t <35 <E’TT\% + (E¥7)z + E[¥r —E\I/T\g) :

Using the bounds for three terms derived above, we obtain:

1204K%(U)

()7 < 3Tw B(Za(A + 670" )= v+ v

(trace(A;;) (16712 + 1160 — 0*!!3)

/{2
+ OUE(E0) Ea0) D 2B, (0a(B, +10°1)(plog T + 0u/d(plogT)”) v/pTTog T

+ /CpT ol p**K? (U)Bg .

F.2.2. UPPER BOUNDS ON Is:

Define & = ZtT:_Dl(UT&H)Q, we have E&p = vTEgvT. It is easy to see that & — E&; is a
martingale difference sequence, and thus by standard sub-exponential martingale concentration in-
equalities and Assumption 3’, for p > 2, we have:

E ((,UT&)2 _ E(UTft)2>p < E(UTft)ZP < p25PO-§P‘

By the martingale concentration inequality in Lemma 20, for any § > 0, we have:

1 o [ [logéo—1  logtt?PT/s
P<T|§T Eér| > Cgop, ( T + T < 0.

Integrating the expression, we obtain the upper bound:

[N4S]

“+00
B<@TSaT)E+2 [ P Berl 2 o) b e
0

Y
2

< @uTzeT)E + Chop ((0T)F + (plog T)5029)

Appendix G. Proof of Theorem 5

We prove a stronger version of the theorem that involves the quantity QQ(v; ¢) defined in Eq (14). It
is easy to see that 02, log %l is an upper bound on Q((ejTF*(n)ej);lZI; 0). So the version stated in
Theorem 5 is implied by the stronger version.

In order to prove the theorem, we require an auxiliary lemma that provides an almost-sure bound
for the ¢, norm of the process.

Let (e1, e, - - ,e4) denote the standard orthonormal basis of R?. We consider the projection
of error terms onto the set of vectors v; := (A_I)Te,- fori = 1,2,--- ,d. We first note that by
Assumption 5, we have:

vi — ATl = sup v;—(Id —Au<(1- 5\) luilly

Joilly =1 < lloi —eilly < | 1
flull o<1

and consequently, [|v;]|, < A7L.
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We consider the martingales Mt(vi) foreach: =1,2,--- ,d. Similar to the proof of Theorem 3,
we use the BDG inequality and decompose the deviation into three terms:
(vi) [P (vi)\ 5 £
E sup |M, < E(M; )7 < (6Cp)2 (Iy + I + 1I3)
0<t<T

[N4S)

where I1 .= E (ZtT;Ol (viTEtHHt)Q) , along with
P
2

T—1
I:=E (Z(&leif) , and I3:=FE
=0

Similar to the proof of Theorem 3, by Cauchy-Schwartz, we know that I3 < /I1 15 < (I; + I3)/2.
We now give upper bounds on the terms I; and I, respectively.

M|

T—1
Z v Z51100 ) (0] €s41)
s=0

Upper bound for I5:  For the term Iy, note that the terms (&) v;) are i.i.d. random variables. And
Fv| < &l - llvilly < A1 A simple application of Hoeffding’s inequality

Ve > 0, (

which can be easily converted into a moment bound:

leads to:

> €> < 2exp (—T625\4) ,

Ifgc(T. E(& vi)2 + pVTA™ )

Upper bound for I;: As in the proof of Lemma 15, we decompose the sequence into a mar-
tingale term and a predictable sequence. Let U := ZtT:l E ((vzT Et+19t)2]]-}), and let Y =
Z?zl(v; E¢410:)? — Up. By definition, it is easy to see that Y is a martingale. Note that for each
term in Y, by Lemma 13 and Assumption 4, we have:

(v Ze4101)* — E((v; Ze100)%| F)

< 2|0/ 201007 < 2 il - IZesa0al% < 2 will - 0% < 227
By the Azuma-Hoeffding inequality, we obtain:
1 -
Ve>0, P <T | Tr| > 5> < 2exp(—T€2)\_8/4),
which can easily be converted to a moment bound:
p 2 <
(Ewm)” < CpVTA™,

Now we turn to an upper bound for the term Wr. Define ¥(0) := E(v, £40). Note that U7 is
the partial sum of function ¢ applied to the Markov process (6;);>0. We seek to use the ergodic
concentration inequalities based on Ricci curvature techniques (Joulin and Ollivier, 2010).
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First, we note that for 61,05 € [-A~1, A71]%, we have:

P(01) — ¥(0) = E(v; E461)? — E(v] E462)?
—F ((v Z401) (0] Ea (61 — 92))) +E (<UJ5A92)(UJEA(91 — 92)))

<l TE(IZ401 [l - [24(01 = 02) o) + [[0ill; E(IEA02] . - IEa(01 — 6)l].)
<A 61 — 6ol

So v is A~3-Lipschitz under the ||-|| ., norm, within the region [-A~1, A71]<.

Denote by 7 the transition kernel of the Markov chain (6;):>0. By Assumption 5, when we take
the synchronous coupling by using the same oracle for the process starting at two different points,
there is:

W1 (T 0,5 Tg,) <EN —nA:) (61 — 02)| o < (1 —nA) |61 — b2l

So the Markov chain (6;);>¢ is a W, contraction with parameter (1 — nA) under /o, norm. Finally,
by Assumption 4, we note that:

diamyp._ (supp(7Tdg)) < n (1 +0]l,.) -
So the support size of the one-step transition kernel within the region [=A~5, X~ is uniformly
bounded by 2n\~1.
We apply the ergodic concentration inequality from Theorem 4 in Joulin and Ollivier (2010)
(which is restated in Proposition 19 for completeness), and obtain the following concentration in-
equality:

T _ 2 exp —EQTV> e < S\L
Ve >0, ( > (@(0:) — E(8))] > )\35> < Bady -
=0 2exp —52477), €> 3\
This tail probability bound can be easily translated into a moment bound:
2
(Elwrl?)” < 2807 + A (VTP +p),
for a universal constant C' > 0.
For the term EU 7, the W, contraction implies that:
IE¢(6;) — Er, 0(0)| < X721 = nN)E |6 — 0] o <A °(1—nA)".
So we obtain E¥7 < TE, ¢(0) + ZtT:o A1 =N < T((e] %)% + eZTAT*Yei) + n—}\5

Putting these results together, we have:

2
IP < CT((e] 6*)? —i—eTA*eZ)—i-C)\ YonV'T + CX 7oL
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Obtaining the final bound: Combining the upper bounds for I; and I5, we obtain:

2
(E sup ‘Mt(”” p) < OpTe{ T e; + C(A'n+A"2)pVT + CA~>n .
0<t<T

A" (60—0%)
nT
more, we note that for any v € R%, we have:

For the term , we note that by Lemma 13, we have [|6p — 67|, < 227!, and further-

[ 470l = 17 = A + ol < ol + (1= ) A7

which leads to the fact that HA_lvHoo < A7 1jv||, for any v, and consequently, we have the bound
HA‘l(Oo — QT)HOO < % almost surely.
Putting these results together, we obtain:

1
PN o — — _
)" < Clpel T (mes + COV 2+ A7) BT + OX By

Converting this bound into a high-probability bound and taking a union bound over the d coordi-
nates, for any ) > 0, we obtain:

(E ‘\/Tej (07 — 0)

32 y—1 33 d
(Tl 0l > ov@s P g O <0 S (- 8
1 -

Take @ = Q ((e;/ T'*(n)e;)L,; §/2) to obtain the result.

Appendix H. Proof of Theorem 6

The proof is also based on the telescope identity (25). The key ingredient in the proof is an upper
bound on the second moment of ||§; — 6*||,, as stated in the following:

. / , - 1
Lemma 17 Under Assumptions 2', 3 and 1, given a step size n < ) 3o VT for any

integer t € [0, T, we have
E 60— 0713 < ex*(U) (E 00 — 0" + nt(eid + o4 16°13))

where the matrix U has columns composed of the eigenvectors of A.

See Appendix H.1 for the proof of this claim.
Taking Lemma 17 as given, we now prove Theorem 6. By equation (25), we have:

1/0 %3 (2 4 *12 %2 2 2

E | A@r — 63 <~ (El160 — 615 + Ellor — 6"13) + S | Mx3
n=T T

By Lemma 17, we have:

E 67 — %3 < ex*(U) (E 90 — 6|3 + 3r°T (w3 + 0% 6°113))
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For the martingale term, note that:

T-1
E|Mzrl3=E llecr1(6:)]

H
Il
=)

!
_

<3E Y (Bllbesr = bl3 | F) + B([|(Ar1 = A)(8 — 0[5 | Fo) + (| (Aesr — D65 | 7))

~+
o

N
-

<SEY (vfd -+ 0% 16— 05 + 03 16°]3)

~
o

< 3TwRd + 3T} [|0°|13 + 3Twex?(U) (E 16 — 0°)3 + T (v + % |6°13))

- 1 )
Since ) € (O, \/T(p(A)+3n(U)vA)>’ we have:
E | Myl < 3Tvher?(U)E |00 — 0% |15 + (3 + e)T(vid + v [|6%]3)-

Putting together the pieces yields

- “ U . v2d+v2 |07 viR2(U N
E[[40r - )|} < 0( gy — o3+ LAl | a2

Setting the step size as n = yields the claim.

1
(p(A)+36(U)va)VT

H.1. Proof of Lemma 17

By Assumption 2/, the matrix A is diagonalizable. Accordingly, we can write A = UDU !, and
the remaining part of Assumption 2/ implies that D + DH = 0.

We use the function f(0) = HU (06— 0" H; as a Lyapunov function. From the process dy-
namics (2), we can write

U (01— 07) = U (Ia = nA) (0 — 07) + nU ' Epy1(0: — 0%) + U &1 — nU ' Epy10.
Using this decomposition, we can write

E[|U(0rs1 — 609)||2] = T1 + *To + 20T,

where
T =E{[U™ (1 = nA) (0 - 0%)]; (362)
Ty :=E HU (Zt41(0r — 0%) + &y — Et+19*)H; (3¢b)
Ty =E (U —nA) (0 = 07), U E41(0r — 07) + 41 — Eppa67))) . (360)

We upper bound each these three terms in succession.
Bounding 77: Using Assumption 2/, we have:
T = EU(6, — 0%)) ( 0 277< U—LAU + (U 121U)H) +n2(U—1AU)H(U—1AU)) U6, — 0"

<E|U" (6 — +n*p*(A)E ||U(

o)\l ),
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Bounding 75: By Young’s inequality and Assumption 3, we find that
Ty =E U Es1 (0 — 0) + &1 — Ee67)5
<3V 2E (|20 (60, - e*>u§ gl + 1Z016713)
< 3N (WU IZAE U0 = 0%)||5 + vdd + o 0711
Bounding 75: In this case, we have
T3 =E (U (Is—nA) (0 — 0%), U E (Ee1 (0 — 0%) + &1 — Ee10™ | F1))) = 0.
This yields:
E U (01 — 07)l5 < (1 + 0202 (A) + 322U WA )E U (0 — 07)]||5 + 3IU 2 (vd + 3 107]3).

Solving the recursion, for n < we obtain:

1
(p(A)+35(U)wa)VT’
E|U-t0r - 69|,

_ o w112
< exp (T (p*(A) + 3x*(U)v)) E[|[U (60 — 6 )H2
T-1
+ 307 U5, (vid + 04 16713) Y exp (n*t(p*(A) + 3x%(U)v3))
=0

< e (E[[U (60— 0")|f5 + 30°TIU 2. (03 + o3 167]3) )

Noting that |07 — 6*||, < [|U]., - HU (61 — 07)||,, we obtain the final result.

Appendix 1. Properties of the process {0, };>¢

In this appendix, we prove a number of claims about the basic properties of the process {6; }+>o.

I.1. Proof of Lemma 10

Recall that we use 7 = 0; — 0* to denote the error in the process at time t. We make use of
the function f(r) = E H U *11”‘}; for a Lyapunov-type analysis. Observe that the error satisfies the
recursion

ey = 1o — 9(App10; — b)) = (Ig — nA)re — nE410; + 0y
Turning to the squared Euclidean norm, we have
2
E [0 el = B U (s = n)rell; + 7B U Ersar + &)

where we have expanded the quadratic term and used the i.i.d. condition (Assumption 1). Examining
the first term, we have

|U(La = nA)rd|s = ||(1a — nU ™ AUYU |2
= |[U 5 = 0@ r)R(D + DUy + | DMD], U
< {12 22D} U5

2
TtHQ
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For the second term, by Assumption 3 and Assumption 1, we have:

E U™ (Et416: + &i41) H2 <NUTNZE (Ze41 (6% + 1) + &l
— U2 (EZesa(07 + )13 + E e l3) < UU2 (vR16°1y + Elirel3) + 0id) -

Putting the pieces together and using the fact that € (0, m), we find that

_ 2 - _ 2 _ "
E U a5 < (1= 202+ 0 (0*(A) + s2(U)0R))E |[U e[ + 0?0 A 03 10715 + vid)
_ 2 _ "
< @@= pNE U 5 + N0 2 0% 107]13 + vid).
By induction, it is easy to show that for any ¢ > 0,

E U ey <EU 0 — 693 + 11U 1L WA 16°]15 + vid),

and consequently, we have the bound

E[Irll3 < 2(0) (Ell6o — 0713+ 1% 16713 + 3))

Proof of the bound (26b): In establishing this bound, we use the fact that for scalars A > 0,
€ (—A,+o0) and o € (0, 1), we have

(A+Z)1+a S A1+a + (1 —|—oz)Aaz+ ‘Z’1+a.
The proof of this inequality is straightforward: by homogeneity, we only need to prove for the case
of A =1.Let f(2) := 1+ (1 + )z + |[2|'T% — (1 + 2)1% for 2 € (—1,+00). Itis easy to see

that f/(z) > 0 for z > 0 and f/(2) < 0 for z < 0.
By Assumption 2, we have

HU ’f‘t+1H2 1—277A HU 7“,5H2+277Re((U*1(1—77A)7“t, Uﬁlet+1(0t)>)+772“U716t+1|‘§-

Taking the (1 + «/2)-order moment, by the scalar inequality, we obtain:

e < +E ‘277Re (U1 = nA)r, U er1(00)) + 02 ||U e HQ‘

24«

E|U- rtHH <(1-2pNE||U™ rtH

HE{(“—W JU=r4]12) ¥ (20Re(U (1 = nA)re, U0 (B) + I|U‘1€t+lH§)]

Note that E(e;+1(60;)|F:) = 0. The last term equals E [((1 —2n)) HU*lrt”;> 2 HUletHH;}

By the existence of (2 4 «)-order moment, there exists constant M7, Ma > 0 such that:
_ 1+
E )2nRe(<U_1(1 —nA)ry, U er1(61)) +n° HU_1€t+1H;‘ : ntte <M1 + MyE||U~ 7‘tH2+a>
[ (=20 o) HU-lemuz} * (30 07,

Thus we obtain:

B0 e 277 <

H2+a

(1— 29\ E ||[U (e 4 %) <M1+M2]EHU rtH”“).

2+a 24«

Forn < ny = (/\/Mg)a we have: IEHU fr’t+1H
, “<E HU ol

(1—-nME HU TtH +nlteM;. An

induction proof argument leads to [E H U-lr, H e 5 M, for any t > 0.
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1.2. Proof of Lemma 11

In proving this lemma, we make use of Lemma 12; for z; := U ~!r, there exists a pathwise coupling

2 2
such that for any starting points z(()l), 262), we have E Hzgr)l - zﬁ)l“z < e VE szgl) - ZzEQ)HZ-

(Note that the proof of Lemma 12 does not use any results from this proof.)

We first show the existence and uniqueness of the stationary distribution, as well as the exis-
tence of the second moment. Then we calculate the first and second moment under the stationary
distribution.

1.2.1. PROOF OF EXISTENCE

Since R¢ is separable and complete, the Wasserstein space WW? is complete (Villani, 2008). There-
fore, it suffices to show that {£(6;)},5 is a Cauchy sequence in this space.

Given p € W? and taking 0y ~ p, take any positive integer N > 0, for any & > N and m > 0,
and we seek to upper bound W (L(6x), L(0k+m)). Consider the process with two different initial
points (9(()1) ~ p and 9(()2) ~ L(0,,), coupled in an arbitrary way. By Lemma 12, we have:

2
Wi (6), £6)) < e-*z”’“mw)ﬁ o6 —o?||, < e—”fmw)f supEE 6 — 0°

Moreover, by Lemma 10, we have sup; >, E [|6; — 0*||3 < K2(U) (E 160 — 6*||3 + T (vi 16*]13 + vfd))

is a finite constant independent of N. Therefore, (£(6;)):>0 is a Cauchy sequence in the space W2.
The limit exists in W2,

1.2.2. PROOF OF UNIQUENESS

Suppose that there were two stationary measures (1) and 7(2), let 0,@ ~ 70 for i = 1,2, with an
optimal coupling such that:

E H@gl) — HEQ)HZ = W22(7T(1),7T(2)).

By stationarity, we have 9,5(21 ~ 7, and consequently:

1 2
sz(ﬂ(l)7 W(Q)) <E Hgt(+)1 - 9§+)1

2 2
|, <emE||of? -0 = e Wi, 22,
which implies Wy (7D, 7(2)) = 0 and therefore 7(1) = 7(2).

1.2.3. FIRST MOMENT UNDER THE STATIONARY DISTRIBUTION

Let 6; ~ m,. Consider a stationary chain (6;);>0 starting at §y. By stationarity, we have L(0; 1) =
L(0:) = m,. Note that 6.1 = 0 — n(As1160; — bey1), taking expectations, we have:

E(0:) = E(0r41) = E (0 — n(At110; — b)) = E (0 — nE(Ar110; — bi11|F2)) = E (6 — n(A0: — b))

Therefore, we have AEM (6) — b = 0, which implies § = 6* since A is non-degenerate.
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1.2.4. SECOND MOMENT UNDER THE STATIONARY DISTRIBUTION

Let 0; ~ m,. Consider a stationary chain (6;);>0 starting at fy. By stationarity, we have £(0;11) =
L(0;) = m,. Note that §; 1 = 0 — n(As1160; — bey1), and consequently, we have:

(1 — 0%) = (I —nA) (0 — %) — nZ1(0; — 07) + a1 — NEr16".

As we have shown, E, 6 = 0*. Letr; := 0; — 6", taking conditional second moments of both sides
of the equation, we obtain:

E (Tt+1?”tT+1 \ ]:t) = (Is —nA)rer) (1o —nA) T + 0*E(E 1) EL1|F)
+n°E <5t+1rt(ft+1 + 10" T+ (&1 + Ee10)r) 2L | ft)
+ PE((&41 + Ze10%) (31 + Er0) T | F).

Let A :=E,, (rtrt ) Taking the expectation of both sides, note that by Assumption 1:

E <~t+17“t§t+1 \ ft) E((&+1 + Ze4107) (Eep1 + Ee107) T | F) = B¢ + E(Ea0°0" ' 2)),
E (Zt4171(51410%) ) = (24 ®E4)  vec(E(r)0* ) = E (4 ®Z4) - vec(0-0* ) = 0.
Simplifying this equation yields
A= (I;—nA)A(I; —nA)T + P E(EAAZ)) + 1722 + P E(Za0%6* ' 2)),
which means:
AN + AAT = nAANAT 4 E(ZAAE)) + nE*.
By flattening the tensors, we can write the equation in a matrix-vector form:
(Id QA+ATQI;—nA® A—nE(E4® EA)) vec(A) = nvec(X"),

where @ denotes the Kronecker sum and & denotes the Kronecker product.

To provide an upper bound on the trace of the solution to this matrix equation, which is the
covariance under the stationary distribution, we note that in the proof of Lemma 10, we use a
contraction inequality:

E||U Y ) < (1= M)E [|U re|; + 2 U2 (02 116%]3 + v3d).
If 0; ~ m,, we have 6,1 ~ m,, and hence

_ (12 — *
Er, U0 =) + UM% (04 116113 + vpd),

U=t — 0% ||2 (1—An)Eg,

which implies the claimed bound:

n

Ex, 6 —6"|13 < T#*(U) (4 116713 + v d).

>/
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1.3. Proof of Lemma 12

Given two different starting points @ e R4 for i = 1,2, let {Ggi)}tzo be the process starting at

2, and let the two processes to be driven by the same sequences of noise variables & and Z 4, so
that Agl) = AEQ) and bgl) = b§2) almost surely.

By Lemma 1, we can write A = UD " U™, such that D+ DY = \I;. Introducing the shorthand

ry = Ht(l) — 9§2), some algebra leads to the recursive relation

ren =00 —00 = 01— <A9§1) —b+Epab) - €t+1) ~01 47 (Aet@) — b+ Eb” — €t+1>
= (la — 771‘_1 — NZ¢41)7e-

Define the Lyapunov function f(r) = E ||U _17“H§. By Assumptions 2 and 3, note that p(A) =
|DH Dl and 5(U) = [[U |, )T

o We have:

E[|U v

= E ("= nA = nZe) (OO0 (Ia = nA = nZ0)r: )

= E (U )" (Ta = nD = U E10)(Ta = 0D = iU EpaU) (U '10))

=E||(Ia — nD)U vy s + n?E |US 173

<E|U~tr|ls — nEU ) (D + DU 1) + 2| DU DYE U 7|5 + P IUIRE [|Ees 172
<E|U r|3 = 200E || U 7|3 + 12 p(AE U |3 + R2UWAE U ;-

For n € (0, W), we have EHU‘erlHZ < (1- nA)EHU‘lrtH; for any ¢t > 0.

Consequently, we have the coupling estimate:

2 _ 2 _ _ 2 — 2
Ellrrly < UIL U rrlly < WUNZe ™ [U ||y < e &2 U)E||roll5

which completes the proof of the lemma.

I.4. Proof of Lemma 13

We first prove the almost-sure upper bounds on the iterates. Note that for ; € [-A~!, A~1]%, we
have the following sequence of inequalities almost surely:

10211l = 18 = 1(Ars10: — bee))llog < 10 = m8elloe + 1 | (L — Ae )60l e + 1 b
< (=) [10cll o + (1 = X 10c]l o +7 < (1= nA)A + 7= A7
The result then follows by induction.

We then prove the ¢, contraction bound. We take a synchronous coupling where the two
processes use the same sequence of stochastic oracles. We have:

o2 = 08| = [ = naveny 6 - 6]

<m0l — o+l o) <o ol o]

oo o0

which proves the coupling bound.
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Appendix J. Proof of Concentration Inequalities

In this section, we present the concentration inequalities used in the proof of our main theorems.
We first state and prove a concentration inequality for time averages of functions of a Markov
chain, following the general results from Joulin and Ollivier (2010). Then, we state and prove a
concentration inequality for heavy-tailed martingales.

J.1. Concentration inequalities involving metric ergodocity

In this section, we prove Lemma 16, the metric ergodic concentration inequality for the LSA pro-
cess, which plays an important role in our analysis. To prove it, we need the following general
result, which asserts the concentration inequalities under uniform upper bounds on the tail of the
iterates and stochastic oracles.

Lemma 18 Under Assumption 1, Assumption 2 and Assumption 3, for given T' > 0, if for any
d > 0, there exists R(9),r(5) > 0 such that:

o P (maXOStST HU_let > R((;)) < 0.

I,
o P(maxoci<r ||UH (Beg16; — &4, > 7(5)) <6,

then, for any matrix L € R¥™? and any § € (O, (T?||L]|2 max;<7 E ||9t|’;1)_1), we have:

R(0)r(o logd=1  logo—!
P( > CILL I “{“(w gt logs ))<35.

Lemma 16 is actually an instantiation of Lemma 18, which provides concrete upper bounds on the
quantities R(4) and r (&) based on the tail assumption 3’. In the following, we first prove Lemma 18,
and then prove Lemma 16 by verifying the conditions in the general lemma.

1 T
72

t=1

0, Lo, — K6, L6,)

J.1.1. PROOF OF LEMMA 18

In order to prove this lemma, we make use of the following known result due to Joulin and Ol-
livier Joulin and Ollivier (2010):

Proposition 19 (Theorem 4 Joulin and Ollivier (2010), special case) Let (X;):>1 be a discrete-
time Markov chain with transition kernel P, defined on a space X equipped with the metric d(-,-).
Assume thatVx,y € X, Wy 4(Py, Py) < (1 — k)d(z,y) for some k > 0. Assume furthermore that
Oco i= SUP,cy diam(supp(Py)). For any function f that is 1-Lipschitz on X with respect to d(-, -),
given a trajectory (Xi)1<i<T of the Markov chain, we have:

T r2T k2 4o
1 2€Xp —T3 T) r << 3700
IR B B S W A
t=1 2exp _120'oo> T2

Proposition 19 requires bounded noise and global Lipschitzness, neither of which is satisfied by the
process 6y with a quadratic function f. In order to circumvent this limitation, we use a standard
truncation argument.
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Under the assumptions of Lemma 18, for any § > 0, define a stopping time

7'(5) = inf {t >1: HU_let > R((S) or HU_l(Etet — gt)HQ > 7“(5)} .

I

Let A = UDU ~! be its eigendecomposition. By the proof of Lemma 12, when ) < W,
A

the Markov process (U ~16;);> satisfies:
Wi (Py, P)) < Wa(Po, Py) < (1=nA/2) |lz —ylly, Va,y € R%

We define a killed Markov process ¥; := U~ 16, for t < (), which gets killed at time 7(5). The
one-step transition of the process ¥; is defined as ¥; +— ¥y — nU (AU, —b) — U~ E,UV; — &),
whose support has a diameter bounded by 27r(J) before being killed. Note that the Wasserstein
contraction property remains true for the killed process. The assumptions in Lemma 18 guarantee
that P(7(0) < T') < 26. By definition, we have |||, < R(6). Finally, for the function f :
B(0, R(6)) — R with f(+¥) := 9 TUT LUY, we have:

IVF)ly < 20 LI N, 19112 < 20012 I L1 R(9).

Applying Proposition 19, for any € > 0, we obtain:

T
1
P ( T > W UTLUG A r(s) — B[ UTLUG,)| > 2| L]y - WUEPR@))
=1
27 )2 167(5)
< 2exp (—53 16((r()6))2> » €< 3§
= eAT 167(3)
2exp _48r(6)> ; €2 T3

On the event {T" < 7(8)}, we have ¥, = U6, fort = 1,2,--- ,T. It remains to bound the
difference between ]E?&’tT UTLUY, and EGtT L6;. Note that:

[0y UT LU, — E6; L8| = [B(0, LO1r<r) — BO LO;| < | LI E(|6:]]5 1<)
< H\L\Hcp\/E(!!9t!!§)E(13<t) < WLl SE [6]]2-

Putting together the pieces yields the claimed result.

J.1.2. PROOF OF LEMMA 16

The proof involves verifying the assumptions in Lemma 18. For the high-probability bound on
5> We note that by the proof of Lemma 14, for p > 2logT" we have:

maxg<i<T ” U_lgt

T
oz, lo="0l; < ;E [eamals
<TI0 (100~ 071 + Lo AP 4 o 19,

Taking p = C'log % for a universal constant C' > 0 and applying Markov inequality, we have:

P ( max U746, > B) <5

0<t<T
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In order to verify the second condition, we note that by Assumption 3’, conditionally on F;, the
Markov inequality yields:

P ([Zer16:lly > 04 [16:]y10g® 671 F) <6, P (||§t+1||2 > opVdlog” 5_1|ft> < 6.
Combined with high probability bounds on #; and take union bound over t € {1,2,--- ,T}, we
obtain the final result.

J.2. A concentration inequality for heavy-tailed martingales
In this appendix, we state and prove a useful concentration inequality for heavy-tailed martingales.

Lemma 20 For a (scalar) martingale difference sequence (X, : t > 1) adapted to filtration
1
(Ft)e=0, if we have Vp > 2, E(|X¢|P|Fi—1)? < pYo almost surely for some v,0 > 0, for any

0 > 0, we have
T
1 [logd=1  log*7 T/
P(Tt:EIXt>C»yO-< T + T <6

Proof For a constant M > 0 which will be determined later, define X, := Xtl|x,<m be the
truncated version of the process. By the Bernstein inequality for martingales (Freedman, 1975), for
any K > 0, we have:

T
Y X, —E(X; | Fion)
t=1

V5>0,}P’<

1 2
~ 9
S var (X r,) K| <2 SR —
- t:1var< thFie1) < > exp( 2K+2M€/3>

On the other hand, note that for z > (2¢)70, we have

. . pPloP Y2\
< = (= i
P(|X¢ > 2) 11)r>1f2 exp - < )

P

Furthermore, we note that

(E (Xt|ft_1>( <E(1X - Xil|Fi) < 2/M+oo exp (—Z (;)i> dz < C, (f)li exp (—Z <

For the conditional second moment, we have:
var(Xy| Fi_1) < B(XZ|Fi1) < E(X2|Fio1) <2262, as.

Choosing K = 227¢2T, we have:

T
> X - E(X|Fin)

Ve > 0, P(
t=1

52
<2exp (-
~ 5) = 2P < C,o2T + 2M5/3>

Putting together the pieces, we find that

T _ 1—1
1 logd=1  Mlogd—! M
P ( T E Xi| > Cho o8 + o8 + () e )IM> <0+ Texp (—Z (
t=1

T T
Setting M = Cyo logv(%) yields the claim. [ |

alg
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Appendix K. Proof of Deterministic Properties of Matrices

In this section, we prove some auxiliary deterministic facts about square matrices. We first prove
Lemma 1, which guarantees the existence of a good similarity transformation for Huriwtz matrices.
Then, we state and prove Proposition 21, which asserts that such nice property does not hold in the
critical case without the diagonalizability condition. In particular, the Polyak-Ruppert procedure
fails for certain non-diagonalizable matrices with pure imaginary eigenvalues. Finally, we compute
the eigen-values for the asymmetric stochastic approximation matrix used in momentum SGD, as
discussed in Section C.1.

K.1. Proof of Lemma 1

In this appendix, we prove Lemma 1. This lemma is a standard fact in linear algebra; for instance,
see Section 1.8 in Perko (2013). We include the proof for completeness and so as to extract the
behavior of A.

When the matrix A is diagonalizable, we can write A = UDU ~!, which implies the stronger
lower bound D + D" = 2 min;¢ (g Re(A;i(A)). For a non-diagonalizable matrix A, we instead write
A =UJUL, where the matrix J = diag()\;I4, + Ja;)¥_, contains the Jordan decomposition. For
each Jordan block, we note that for Q; := diag(1, Re(\;/2),--- ,Re()\;/2)%~1), we have

Qi_l(AZJdi + Jdl)Qz = )\iIdi + Re()\i/Q)Jdi = B;.

We note that A is similar to diag(Bj, Ba, - - , Br). We only need to study the eigenvalues of
B; + BH. A straightforward calculation yields:

1 0 0
) 1 4 1 -0

B; + B' = S Re(X) o = Re(\)Ty,.
0 -~ 1 4 1
0 - 0 1 4

Note that the matrix 7}, is a symmetric tridiagonal Toeplitz matrix, whose eigenvalues are given by

the formula \;(T,) = 4 + 2 cos ((df—il)) > 2. Therefore, we have B; + B! = Re()\;), which

completes the proof.

K.2. Necessity of diagonalizable A in the critical case

In this appendix, we demonstrate that the diagonalizability condition in Assumption 2" cannot be
removed. More precisely, we show that even in the case of deterministic observations (i.e., A; = A
and b, = b for all iterations t), there is a choice of matrix A and initial vector # for which the
Polyak-Ruppert iterates behave badly.

Proposition 21 For any dimension d > 2 and given initial vector 6y = [0,0,--- 0, 1]T, there
exists a matrix A € C™? with min, (g Re(Ai(A)) > 0 and min; |\;(A)| > 1 such that for any
positive step size 1 and any iteration T' > 4, the Polyak-Ruppert averaged iterate satisfies the lower
bound

|67 — 6*]|, > 37)

1
>
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The proof is based on an explicit construction. Consider the d-dimensional matrix

o1 0o --- 0
oo 1 --- 0
Jg =

0 0 0 1

0 0 0 0
Define the matrix A = —iI; — J,;. In this deterministic setting, we have:

min(d,T) T
O — 0" = (I; — nA) " (g — 0%) = (1 + ni) g + nJy)T (6 — 6%) = Z n'(1+ m‘)”@) J4(00 — 6%).
(=0

Take #* = 0. Given our initialization fy = [0,0,---,0,1]T. for all T > d — 1, we have 67 =

Z? 3 0 (14 ni)T—* (5) eq—¢» and consequently, we have:

* 1 —1 , d—2 T
(GT—Q TZ n()ed_g:ZGd_gn Zl—l-?]l <>
=/

t=1 =0

QL

T
o

Consider the coefficient in the (d — 1)-th coordinate, which corresponds to the case with ¢ = 1, we
have:

T
_eg—l(éT —07) %Z (1

t=1

1 1—1
)1 . AT

t=—1+=)(1
+ i) <z+ >(+m) + T

Therefore, for T' > 4, we have:

> (1+7°)

el
wm
*ﬂ\&

DN | =

_ _ 1
6 =)l > e 6 = 00 = (i 1) 147 -

which completes the proof.

K.3. Eigenvalue computation for momentum SGD

Since A is real symmetric and positive definite, it is guaranteed to have a spectral decomposition of
the form A = UDU ™!, where U is a orthonormal matrix and D = diag{\;(A4)}%,. Using this
fact, we can write

i [o 0] o I v o]
“ 10 U] |-D al;+qD] |0 U

=[5 el mams ([ o) (5 21m)

where P is a permutation matrix which turns the order (1,2, - - - ,2d) into (1,d+1,2,d+2,--- ,d, 2d).
It can be seen that P is orthonormal.
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For a € Ry \ {2/ A; — n\i}L,, each 2 x 2 block has distinct eigenvalues, which makes it
diagonalizable. In particular, we have:

0 1 _)\,-—Vj_y;“().)\i—yjfl
=i a+n\ N 0 v N —U ’

7
Aot/ (ot 2—4x;
where v — (@F71A) (;+" ) L.

i
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