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1. ELBO for S-AGM

ELBO for S-AGM is given as

L(q) = Eqllog p(A, W, o, m|n, B)] — Eg[log (W, 7, a)]
= ) Byllog p(ai;|wi, wj, )]

ijri<g
+ Y Eyllog p(wiklaw)] + Y Eqgllog p(mklmmo, mia)] + > Eqllog plak|Bo, B1)]
ik k k
=Y ) " Egllog g(wikldiro, dix1)] — Y _ Eqllog q(mi|Aro, Me1)] — D Eqllog q(e|7ko, 741)]
ik k k

Here, the term
Eq[log p(aijlwi, w;, )] = aijEq[log pij] + (1 — aij)Eqllog(1 — pij)]

does not have an analytic form.

2. Computation of Gradients for SG-VI

In this section, the gradients i.e. §(¢;x0), 9(Pix1), 9(Mk0)s §(Ak1), 9(Tro) and §(7x1) given in
Algorithm 1 are computed.

2.1. Computation of §(¢,,) and §(¢;x1)

For m € {0, 1}, we have G(®ikm) Tepresenting the unbiased estimate of the gradient of the
ELBO wrt dy,,,

1
1+ eXp(_$ikm)

§(@itm) = V3, Loy (@) = §(Bikm) X

ikm
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Algorithm 1 VI for the S-AGM using SGD-VTI at iteration t

1: Sample a mini-batch £ of node pairs.
2: for Each node i in £ do

3: Sample a mini-batch of nodes VY.

4: for k=1: K do > utilizing the sampled V!
i(t

5: Piro = ¢zko ( )% 3(io)

>

— t —
Fir = P + PS) X §(Pix1)
7. for k=1: K do > utilizing the sampled &
. () (-1 ) (t)
8 ko = Ako x §(Ako)
) ~(t—1
9. )\( ) _ = ) Y) §0%1)

10: for k=1: K do > utilizing the sampled &£
T AR

O _ (=) <t>

Tol =Tw o X G(Tk1)

where §(dikm ) is gradient of ELBO corresponding to ¢k, i.e. corresponding gradient wrt ¢
with preconditioning matrix G(¢) = diag(¢)~" where ¢ = {@iro, Gik1 Yi=1,.. N:k=1,... K, and
Ly, (q) is an expression which is proportional to £(g) and dependent on ¢;50 and ¢;1. We
have

g(d)lk’m) = (G_1(¢)v¢£(q))lkm = ¢ikmv¢ikm£¢ik (Q)

where,

E(ﬁm Z E Ing(azy |w27 wy, T )] + Eq [log p(wlk’|ak‘)] - El] [log q(wlk|¢lk07 d)’bkl)]
i#j

= Eqg(wix|o) Z E ~wi [log p(aij|wi, wj, ™)] + Eg(ay)r) [logp(wik|ak)]]

- i#£]

— Eqlog g(wik|diro, Pik1)]

= Eq(wi|6) Zqu“’““ log p(aij|w;, wj, )] + V(1) — log(Tx1) + (:_ko — 1) log wik]
Ry 51

— Eylog g(wik|diro, Pik1)]

We can rewrite it as

L (0) = Equng o) [f (wie)] = <log L'(¢iro + ¢ix1) — log I'(diro) — log I'(dik1)

+ (diko — 1) (¥ (diro) — Y(@iko + Gik1)) + (Pirk1 — 1)(V(Pik1) — Y(iko + ¢ik1))>
For a noisy gradient considering mini-batch of data i.e. considering only j € V;, we have

N T
Flw) = 2y 3 Byl pla s g, )] + W) — log(ria) + (72 1) og ui
VESRZ{ =y Tk1
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2.1.1. PARTIAL DERIVATIVE OF ELBO WRT ¢,

v¢ikm£¢ik (q) - v¢ikmEq(wik|¢) [f(wzk)]

— (Pikm — 1)V (dirm) + (dixo + dir1 — 2) V' (dino + dik1) (1)
Computation of Vy,,  Eq«,, 14) [f(wlk)] :  For a random variable w;; ~ Beta(diko, dik1),
we could rewrite w;, = % where w;ro ~ Gamma(p;ko, 1) and w1 ~ Gamma(pki, 1).

And setting wiro = exp(€iror/ V' (Piro) + ¥ (Piro)) and wixr = exp(€ir1/ ¥ (dir1) + ¥ (dir1)),
we can write
corr

v¢zkmEq (wir|P) [f(wlk)] = v¢>ikmEQ(wiko7wik1\¢) [f (wiko, wir1)] = g;;jfm * Yoirm

where

g;ffm = EQ(wikOawik1§¢) [vwi’“m f(wik’oa wikl) X v¢ikm exp (Eikm V \Iﬂ(@k’m) + \P(@km))

= EQ(wikmwikl;fb) |:V1Uik f(wzk‘) X (_1)mwik(1 - wik) <(10g(wikm) - \I"(szkm)) X m + q//(¢zkm)>:|

and
95" = By(uwiowsso) | f (Wiko, Wik1) {Vwikm log q(Wikm; Pikm) <V¢>ikm exp (€irm /Y (Digm) + ‘I’(qbikm)))
+ Vi, l0g Q(wi;cm; Dikm) + V pipm 108 J (€ikims Pikm)
= Eywnowsso) | £ (Wiko, wik1){(¢ikm — Wikm) ((log(wikm) — U (dikm)) X

v (¢zkm)
2\I’l(¢zkm)

G )

+ log(wikm) — ¥ (Pikm) +

where

J(eikm; ¢zkm) = |detveikm exp (eikm V \Iﬂ(qﬁzkm) + \I’(¢zkm))|
= exp (€ikm V'V (Pikm) + ¥ (Pikm)) V V' (Dikm)

To compute g;ff _, the term Vy,, f(wg) is derived as

— Tho _

£ J Tk

vwikf(wik? = i e Vil Z Wik |: ij :| + &
\ 1 — Tprwipwjg Wik,

where s
hij = (~1)' (o = 1)
Putting the values of Vi, Eqqu,,|¢) [f(wzk)] in Equation (1), we get Vg, Ly (q) which is

used to compute §(P;p,)-
Here, I', ¥, ¢/ and ¥” are gamma function, digamma function, polygamma of order 1
and polygamma of order 2 respectively.
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2.2. Computation of §(\yo) and §(Ax1)

For m € {0,1}, we have §(Apn,) representing the unbiased estimate of the gradient of the
ELBO wrt Ag,, which is given by

_ 1

0 )\ = vf ﬁ = Q0 )\ X —
g( km) N )\k(Q) g( km) 1+ eXp(—)\km)

where §(Agp,) is gradient of ELBO corresponding to A, i.e. corresponding gradient wrt A
with preconditioning matrix G(\) = diag(\) ™! where A = {\ko, Mi1 }r=1....x, and Ly, (q) is
an expression which is proportional to £(q) and dependent on Ay and Ag;. We have

I Xkm) = (GTHN)VAL(Q) km = Mem Vg, £ (@)

where
Lr(q) =Y Byllogp(aijlwi,w;, )] + Eqllog p(mk|mo, mi1)] — Eqlog q(me| Ao, A1)
ijii<;
= Eq(mpArohe1) Z E - [log p(aij|wi, wj, )] + log p(mk|nko, 7k1)
L i<
— Eq[log q(m| ko, Ak1)]

= EQ(Wkp\ko,)\m) Z Eq_”k [1ng(aij|wiuwja77)]
Lijri<j

+log T'(nko + mk1) — log T'(nko) — log T(mga) + (ko — 1) log i, + (ng1 — 1) log(1 — my,)

— Eq[log (7% | Ako, k)]

We can be rewrite it as

£3,(2) = Eqtmy o) L (70)] — <10g L(Ako + Ak1) — log T'(Ago) — log T'(Ag1)

+ (o = D(FO) = B0+ 3e2) + o = D) = W0 + ) )
For a noisy gradient considering mini-batch of data i.e. considering only (i, ) € £, we have

Fre) =5(E) Y Bym [logplaij|wi, w;, )]
(3,5)€€t
+log I'(mko + 1k1) — log (ko) — log T'(mk1) + (ko — 1) log mp, + (k1 — 1) log(1 — )

Here, s(€Y) is scale value for stratified sampling.

2.2.1. PARTIAL DERIVATIVE OF ELBO WRT Ay,

Ve £xe (@) = Vi Eg(r i L (71)]
— ()\km — 1)\111()\km) + ()\kg + Ap1 — 2)‘1”()\14) + )\kl) (2)
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SCALABLE INFERENCE ON THE S-AGM

Computation of v)\kmEq(Wk|>\k07/\k1)[f(ﬂ—k)] :  For a random variable 7 ~ Beta(Axo, Ax1),

we could rewrite 7, = ﬂkﬁgm where mo ~ Gamma(Agg, 1) and 7 ~ Gamma(Agy, 1). And
setting mro = exp(ero/ ¥/ (Ako) + ¥(Ako)) and mr1 = exp(ep1/ V' (Ak1) + U(Ag1)), we can
write

v)‘km q(mg|N) [f( )] v/\kmEq (Tr0,Tr1|N) [f<7rk0’ﬂ.k1)] = g;?,: + gg‘?c::
where

gz\?:n - Eqﬂkm(ﬂko,ml;/\) |:v7rkmf(7rk07 TE1) X VAem exp(rm V'V (Mem) + ¥ (Arm))

= By, (rroman) [vmﬂm) < (1)1~ ) <<log<wkm> — V0w g w’<Akm>)]

and

gg\(:;: = Eqﬁkm (k0 TE13A) fA(ﬂ—kﬂa Wkl){vﬂkm IOg q(ﬂ-krrﬁ )\km) (v)\km exp(ekm V ‘Ij,(Akm) + \Il()\km))>

+ v/\km IOg Q(ﬂ'km; )‘km) + v)\km log J(€km§ )\km)

M. \I/// )\ m ,
= E‘]’fkm (Tr0sTR1;N) _f(ﬂ-k()a Wkl){()‘km - ka) ((log(ﬂ-km) - \I]()‘km)) X 2\If/((>\];n)) +Vv (Akm)>

+ log(km) — ¥(Akm) + m”

where

J(ekm; Akm) = |detvekm eXp(ﬁkm V \I[/()\k:m) + \Il()\km)”

= exp(etm V' Mem) + ¥ M)V ANern)

To compute g}'” , the term V, f(m1) is derived as

F Wik W,k -1 1
Vo f () = s(EY) Z E, = | hij ikWj UL M
(if)eet 1 = mpwikwjy, T 1— 7

Putting the values of Vi, Eq . 30.001) [f(m3)] in Equation (2), we get Vi, £, (q) which
is used to compute §(Agm)-

2.3. Computation of §(7x0) and §(7x1)

For m € {0,1}, we have §(7g,) representing the unbiased estimate of natural gradient of
the ELBO wrt 7y,, which is given by

Q(Tkm) = (Gil(TkO? Tkl)vmﬁm (Q))m
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which is natural gradient corresponding to 7, i.e. corresponding gradient of the ELBO
wrt 7, with Fisher Information matrix as preconditioning matrix G(7x0, 7%1), and L, (q) is

proportional to £(¢) and dependent on 71y and 7y1.

Lr,(q) =) Eqllog p(wik|ox)] + Eqlog p(a|Bo, B1)] — Eqllog q(ak|ho, 7i1)]

o< (N + Bo — 70) (Y (ko) — log(7x1))
— (B1 = > _((diro) — U(diko + Pir1)) — Ti) 22 4 <1Og I'(7ko) — 7o 1Og(7'k1)>

Tk1

K3
2.3.1. PARTIAL DERIVATIVE OF ELBO WRT 79 AND Tg,,

For a noisy gradient considering mini-batch of data i.e. considering only i € £, we have

_ e -1 N + Bo — Tko
Vrko»cm (Q) = |:\I] (TkO) T]C1:| [51 — % Zie&t(\y((piko) - \I](szko + (Zﬁua)) — Tkl]

7ol e N + Bo = Tko
Vo Ln () = {T’“ 7131] [& — e Lice (Y (dino) — Udiro + Pin1)) — Tkl]

Now,
_ Vo Lr(a)
VTkLTk (q) B |:ka1ch (Q)
V(o) ot N+ Bo — 7o
N % ::T(l) pr— % Y icet (¥(Diro) — V(Piro + dir1)) — Th1

2.3.2. NOISY NATURAL GRADIENTS, §(7Tk0) AND §(Tx1)

—1 TELO
Tk1 T

W' (7o) T,i]

Using the Fisher information matrix for Gamma(7ig, 7¢1), i-e. G(Tko, k1) =

the natural gradients are given as

~

9(To) | _ -
|:g(7_k1):| =G 1(Tk0>7—k1)v‘rk£7'k (Q)

_ N + Bo — ko
T B = e Yicet (¥ (dino) — V(diko + dik1)) — T

[ie&t|

e
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