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1. ELBO for S-AGM

ELBO for S-AGM is given as

L(q) = Eq[log p(A,W, α, π|η, β)]− Eq[log q(W, π, α)]

=
∑
ij:i<j

Eq[log p(aij |wi, wj , π)]

+
∑
i

∑
k

Eq[log p(wik|αk)] +
∑
k

Eq[log p(πk|ηk0, ηk1)] +
∑
k

Eq[log p(αk|β0, β1)]

−
∑
i

∑
k

Eq[log q(wik|φik0, φik1)]−
∑
k

Eq[log q(πk|λk0, λk1)]−
∑
k

Eq[log q(αk|τk0, τk1)]

Here, the term

Eq[log p(aij |wi, wj , π)] = aijEq[log pij ] + (1− aij)Eq[log(1− pij)] ,

does not have an analytic form.

2. Computation of Gradients for SG-VI

In this section, the gradients i.e. ĝ(φik0), ĝ(φik1), ĝ(λk0), ĝ(λk1), ĝ(τk0) and ĝ(τk1) given in
Algorithm 1 are computed.

2.1. Computation of ĝ(φik0) and ĝ(φik1)

For m ∈ {0, 1}, we have ĝ(φikm) representing the unbiased estimate of the gradient of the
ELBO wrt φikm,

ĝ(φikm) = ∇φikmLφik(q) = ĝ(φikm)× 1

1 + exp(−φikm)

c© 2020 N. Laitonjam, W. Huáng & N.J. Hurley.
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Algorithm 1 VI for the S-AGM using SGD-VI at iteration t

1: Sample a mini-batch E t of node pairs.
2: for Each node i in E t do
3: Sample a mini-batch of nodes Vti .
4: for k = 1 : K do . utilizing the sampled Vti
5: φ

(t)
ik0 = φ

(t−1)
ik0 + ρ

(t)
φ × ĝ(φik0)

6: φ
(t)
ik1 = φ

(t−1)
ik1 + ρ

(t)
φ × ĝ(φik1)

7: for k = 1 : K do . utilizing the sampled E t

8: λ
(t)
k0 = λ

(t−1)
k0 + ρ

(t)
λ × ĝ(λk0)

9: λ
(t)
k1 = λ

(t−1)
k1 + ρ

(t)
λ × ĝ(λk1)

10: for k = 1 : K do . utilizing the sampled E t

11: τ
(t)
k0 = τ

(t−1)
k0 + ρ

(t)
τ × ĝ(τk0)

12: τ
(t)
k1 = τ

(t−1)
k1 + ρ

(t)
τ × ĝ(τk1)

where ĝ(φikm) is gradient of ELBO corresponding to φikm i.e. corresponding gradient wrt φ
with preconditioning matrix G(φ) = diag(φ)−1 where φ = {φik0, φik1}i=1,...,N ;k=1,...,K , and
Lφik(q) is an expression which is proportional to L(q) and dependent on φik0 and φik1. We
have

ĝ(φikm) = (G−1(φ)∇φL(q))ikm = φikm∇φikmLφik(q)

where,

Lφik(q) =
∑
i 6=j

Eq[log p(aij |wi, wj , π)] + Eq[log p(wik|αk)]− Eq[log q(wik|φik0, φik1)]

= Eq(wik|φ)

[∑
i 6=j

Eq−wik [log p(aij |wi, wj , π)] + Eq(αk|τ)[log p(wik|αk)]
]

− Eq[log q(wik|φik0, φik1)]

= Eq(wik|φ)

[∑
i 6=j

Eq−wik [log p(aij |wi, wj , π)] + Ψ(τk0)− log(τk1) +

(
τk0

τk1
− 1

)
logwik

]
− Eq[log q(wik|φik0, φik1)]

We can rewrite it as

Lφik(q) = Eq(wik|φ)[f̂(wik)]−
(

log Γ(φik0 + φik1)− log Γ(φik0)− log Γ(φik1)

+ (φik0 − 1)(Ψ(φik0)−Ψ(φik0 + φik1)) + (φik1 − 1)(Ψ(φik1)−Ψ(φik0 + φik1))

)
For a noisy gradient considering mini-batch of data i.e. considering only j ∈ Vi, we have

f̂(wik) =
N

|j ∈ Vti |
∑
j∈Vi

Eq−wik [log p(aij |wi, wj , π)] + Ψ(τk0)− log(τk1) +

(
τk0

τk1
− 1

)
logwik
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2.1.1. Partial derivative of ELBO wrt φikm

∇φikmLφik(q) = ∇φikmEq(wik|φ)[f̂(wik)]

− (φikm − 1)Ψ′(φikm) + (φik0 + φik1 − 2)Ψ′(φik0 + φik1) (1)

Computation of ∇φikmEq(wik|φ)[f̂(wik)] : For a random variable wik ∼ Beta(φik0, φik1),
we could rewrite wik = wik0

wik0+wik1
where wik0 ∼ Gamma(φik0, 1) and wik1 ∼ Gamma(φik1, 1).

And setting wik0 = exp(εik0

√
Ψ′(φik0) + Ψ(φik0)) and wik1 = exp(εik1

√
Ψ′(φik1) + Ψ(φik1)),

we can write

∇φikmEq(wik|φ)[f̂(wik)] = ∇φikmEq(wik0,wik1|φ)[f̂(wik0, wik1)] = grepφikm
+ gcorrφikm

where

grepφikm
= Eq(wik0,wik1;φ)

[
∇wikm f̂(wik0, wik1)×∇φikm exp

(
εikm

√
Ψ′(φikm) + Ψ(φikm)

)]
= Eq(wik0,wik1;φ)

[
∇wik f̂(wik)× (−1)mwik(1− wik)

(
(log(wikm)−Ψ(φikm))× Ψ′′(φikm)

2Ψ′(φikm)
+ Ψ′(φikm)

)]

and

gcorrφikm
= Eq(wik0,wik1;φ)

[
f̂(wik0, wik1)

{
∇wikm log q(wikm;φikm)

(
∇φikm exp

(
εikm

√
Ψ′(φikm) + Ψ(φikm)

))
+∇φikm log q(wikm;φikm) +∇φikm log J(εikm;φikm)

= Eq(wik0,wik1;φ)

[
f̂(wik0, wik1)

{
(φikm − wikm)

(
(log(wikm)−Ψ(φikm))× Ψ′′(φikm)

2Ψ′(φikm)
+ Ψ′(φikm)

)
+ log(wikm)−Ψ(φikm) +

Ψ′′(φikm)

2Ψ′(φikm)

}]

where

J(εikm;φikm) = |det∇εikm exp
(
εikm

√
Ψ′(φikm) + Ψ(φikm)

)
|

= exp
(
εikm

√
Ψ′(φikm) + Ψ(φikm)

)√
Ψ′(φikm)

To compute grepφikm
, the term ∇wik f̂(wik) is derived as

∇wik f̂(wik) =
N

|j ∈ Vti |
∑
j∈Vti

Eq−wik

[
hij

πkwjk
1− πkwikwjk

]
+

τk0
τk1
− 1

wik

where
hij = (−1)1−aij

(
p−1
ij − 1

)aij
.

Putting the values of ∇φikmEq(wik|φ)[f̂(wik)] in Equation (1), we get ∇φikmLφik(q) which is

used to compute ĝ(φikm).
Here, Γ, Ψ, ψ′ and Ψ′′ are gamma function, digamma function, polygamma of order 1

and polygamma of order 2 respectively.
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2.2. Computation of ĝ(λk0) and ĝ(λk1)

For m ∈ {0, 1}, we have ĝ(λkm) representing the unbiased estimate of the gradient of the
ELBO wrt λkm which is given by

ĝ(λkm) = ∇λkmLλk(q) = ĝ(λkm)× 1

1 + exp(−λkm)

where ĝ(λkm) is gradient of ELBO corresponding to λkm i.e. corresponding gradient wrt λ
with preconditioning matrix G(λ) = diag(λ)−1 where λ = {λk0, λk1}k=1,...,K , and Lλk(q) is
an expression which is proportional to L(q) and dependent on λk0 and λk1. We have

ĝ(λkm) = (G−1(λ)∇λL(q))km = λkm∇λkmLλk(q)

where

Lλk(q) =
∑
ij:i<j

Eq[log p(aij |wi, wj , π)] + Eq[log p(πk|ηk0, ηk1)]− Eq[log q(πk|λk0, λk1)]

= Eq(πk|λk0,λk1)

[ ∑
ij:i<j

Eq−πk [log p(aij |wi, wj , π)] + log p(πk|ηk0, ηk1)

]
− Eq[log q(πk|λk0, λk1)]

= Eq(πk|λk0,λk1)

[ ∑
ij:i<j

Eq−πk [log p(aij |wi, wj , π)]

+ log Γ(ηk0 + ηk1)− log Γ(ηk0)− log Γ(ηk1) + (ηk0 − 1) log πk + (ηk1 − 1) log(1− πk)
]

− Eq[log q(πk|λk0, λk1)]

We can be rewrite it as

Lλk(q) = Eq(πk|λk0,λk1)[f̂(πk)]−
(

log Γ(λk0 + λk1)− log Γ(λk0)− log Γ(λk1)

+ (λk0 − 1)(Ψ(λk0)−Ψ(λk0 + λk1)) + (λk1 − 1)(Ψ(λk1)−Ψ(λk0 + λk1))

)
For a noisy gradient considering mini-batch of data i.e. considering only (i, j) ∈ E t, we have

f̂(πk) = s(E t)
∑

(i,j)∈Et
Eq−πk [log p(aij |wi, wj , π)]

+ log Γ(ηk0 + ηk1)− log Γ(ηk0)− log Γ(ηk1) + (ηk0 − 1) log πk + (ηk1 − 1) log(1− πk)

Here, s(E t) is scale value for stratified sampling.

2.2.1. Partial derivative of ELBO wrt λkm

∇λkmLλk(q) = ∇λkmEq(πk|λ)[f̂(πk)]

− (λkm − 1)Ψ′(λkm) + (λk0 + λk1 − 2)Ψ′(λk0 + λk1) (2)
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Computation of ∇λkmEq(πk|λk0,λk1)[f̂(πk)] : For a random variable πk ∼ Beta(λk0, λk1),
we could rewrite πk = πk0

πk0+πk1
where πk0 ∼ Gamma(λk0, 1) and πk1 ∼ Gamma(λk1, 1). And

setting πk0 = exp(εk0

√
Ψ′(λk0) + Ψ(λk0)) and πk1 = exp(εk1

√
Ψ′(λk1) + Ψ(λk1)), we can

write

∇λkmEq(πk|λ)[f̂(πk)] = ∇λkmEq(πk0,πk1|λ)[f̂(πk0, πk1)] = grepλkm
+ gcorrλkm

where

grepλkm
= Eqπkm (πk0,πk1;λ)

[
∇πkm f̂(πk0, πk1)×∇λkm exp(εkm

√
Ψ′(λkm) + Ψ(λkm))

]
= Eqπkm (πk0,πk1;λ)

[
∇πk f̂(πk)× (−1)mπk(1− πk)

(
(log(πkm)−Ψ(λkm))× Ψ′′(λkm)

2Ψ′(λkm)
+ Ψ′(λkm)

)]

and

gcorrλkm
= Eqπkm (πk0,πk1;λ)

[
f̂(πk0, πk1)

{
∇πkm log q(πkm;λkm)

(
∇λkm exp(εkm

√
Ψ′(λkm) + Ψ(λkm))

)
+∇λkm log q(πkm;λkm) +∇λkm log J(εkm;λkm)

= Eqπkm (πk0,πk1;λ)

[
f̂(πk0, πk1)

{
(λkm − πkm)

(
(log(πkm)−Ψ(λkm))× Ψ′′(λkm)

2Ψ′(λkm)
+ Ψ′(λkm)

)
+ log(πkm)−Ψ(λkm) +

Ψ′′(λkm)

2Ψ′(λkm)

}]

where

J(εkm;λkm) = |det∇εkm exp(εkm
√

Ψ′(λkm) + Ψ(λkm))|

= exp(εkm
√

Ψ′(λkm) + Ψ(λkm))
√

Ψ′(λkm)

To compute grepλkm
, the term ∇πk f̂(πk) is derived as

∇πk f̂(πk) = s(E t)
∑

(i,j)∈Et
Eq−πk

[
hij

wikwjk
1− πkwikwjk

]
+
ηk0 − 1

πk
− ηk1 − 1

1− πk

Putting the values of∇λkmEq(πk|λk0,λk1)[f̂(πk)] in Equation (2), we get∇λkmLλk(q) which

is used to compute ĝ(λkm).

2.3. Computation of ĝ(τk0) and ĝ(τk1)

For m ∈ {0, 1}, we have ĝ(τkm) representing the unbiased estimate of natural gradient of
the ELBO wrt τkm which is given by

ĝ(τkm) = (G−1(τk0, τk1)∇τkLτk(q))m
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which is natural gradient corresponding to τkm i.e. corresponding gradient of the ELBO
wrt τk with Fisher Information matrix as preconditioning matrix G(τk0, τk1), and Lτk(q) is
proportional to L(q) and dependent on τk0 and τk1.

Lτk(q) =
∑
i

Eq[log p(wik|αk)] + Eq[log p(αk|β0, β1)]− Eq[log q(αk|τk0, τk1)]

∝ (N + β0 − τk0)(Ψ(τk0)− log(τk1))

− (β1 −
∑
i

(Ψ(φik0)−Ψ(φik0 + φik1))− τk1)
τk0

τk1
+

(
log Γ(τk0)− τk0 log(τk1)

)

2.3.1. Partial derivative of ELBO wrt τk0 and τkm

For a noisy gradient considering mini-batch of data i.e. considering only i ∈ E t, we have

∇τk0Lτk(q) =
[
Ψ′(τk0) −1

τk1

] [ N + β0 − τk0

β1 − N
|i∈Et|

∑
i∈Et(Ψ(φik0)−Ψ(φik0 + φik1))− τk1

]

∇τk1Lτk(q) =
[
−1
τk1

τk0
τ2k1

] [ N + β0 − τk0

β1 − N
|i∈Et|

∑
i∈Et(Ψ(φik0)−Ψ(φik0 + φik1))− τk1

]

Now,

∇τkLτk(q) =

[
∇τk0Lτk(q)
∇τk1Lτk(q)

]
=

[
Ψ′(τk0) −1

τk1−1
τk1

τk0
τ2k1

][
N + β0 − τk0

β1 − N
|i∈Et|

∑
i∈Et(Ψ(φik0)−Ψ(φik0 + φik1))− τk1

]

2.3.2. Noisy natural gradients, ĝ(τk0) and ĝ(τk1)

Using the Fisher information matrix for Gamma(τk0, τk1), i.e. G(τk0, τk1) =

[
Ψ′(τk0) −1

τk1−1
τk1

τk0
τ2k1

]
,

the natural gradients are given as[
ĝ(τk0)
ĝ(τk1)

]
= G−1(τk0, τk1)∇τkLτk(q)

=

[
N + β0 − τk0

β1 − N
|i∈Et|

∑
i∈Et(Ψ(φik0)−Ψ(φik0 + φik1))− τk1

]
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