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Abstract

Recently, invariant risk minimization (IRM)
[Arjovsky et al., 2019] was proposed as
a promising solution to address out-of-
distribution (OOD) generalization. In
[Ahuja et al., 2020], it was shown that
solving for the Nash equilibria of a new class
of “ensemble-games” is equivalent to solving
IRM. In this work, we extend the framework
in [Ahuja et al., 2020] for linear regressions
by projecting the ensemble-game on an /£
ball. We show that such projections help
achieve non-trivial OOD guarantees despite
not achieving perfect invariance. For linear
models with confounders, we prove that
Nash equilibria of these games are closer to
the ideal OOD solutions than the standard
empirical risk minimization (ERM) and
we also provide learning algorithms that
provably converge to these Nash Equilibria.
Empirical comparisons of the proposed
approach with the state-of-the-art show
consistent gains in achieving OOD solutions
in several settings involving anti-causal
variables and confounders.

1 Introduction

Recent years have witnessed a surge in examples
highlighting vulnerabilities of machine learning mod-
els [Geirhos et al., 2020]. In an alarming study
[DeGrave et al., 2020], it was shown how models
trained to detect COVID-19 from chest radiographs
used spurious factors such as the source of the data
rather than the lung pathology [DeGrave et al., 2020].
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In another commonly cited example [Beery et al., 2018]
trained a convolutional neural network (CNN) to clas-
sify camels from cows and found the model to rely
on the background color (green pastures for cows and
desert for camels) to carry out classification.

Recently, [Arjovsky et al., 2019] proposed a framework
called invariant risk minimization (IRM) to address
the problem of models inheriting spurious correlations.
They showed that when data is gathered from multi-
ple environments, one can learn to exploit invariant
causal relationships, rather than relying on varying
spurious relationships, thus learning robust predictors.
The authors used the invariance principle based on
causality [Pearl, 1995] to construct powerful objects
called “invariant predictors”. An invariant predictor
loosely speaking is a predictor that is simultaneously
optimal across all the training environments under a
shared representation. In [Arjovsky et al., 2019], it was
shown that for linear models with confounders and/or
anti-causal variables, learning ideal invariant predic-
tors translates to learning solutions with ideal out-of-
distribution (OOD) generalization behavior. However,
building efficient algorithms guaranteed to learn these
invariant predictors is still a challenge.

The algorithm in [Arjovsky et al., 2019] is based on
minimizing a risk function comprising of the standard
risk and a penalty term that tries to approximately en-
sure that predictors learned are invariant. The penalty
is non-convex even for linear models and thus the algo-
rithm is not guaranteed to arrive at invariant predictors.
Another recent work [Ahuja et al., 2020], proposed a
framework called invariant risk minimization games
(IRM-games) and showed that solving for the Nash
equilibria (NE) of a special class of “ensemble-games”
is equivalent to solving IRM for many settings. The
algorithm in [Ahuja et al., 2020] has no convergence
guarantees to the NE of the ensemble-game. To sum-
marize, building algorithms that are guaranteed to con-
verge to predictors with non-trivial OOD generalization
is unsolved even for linear models with confounders
and/or anti-causal variables.
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In this work, we take important steps towards this
highly sought after goal. As such, we formulate an
ensemble-game that is constrained to be in the £, ball.
Although this construction might seem to be surpris-
ing at first, we show that these constrained ensemble-
game based predictors have a good OOD behavior
even though that they may not be the exact invari-
ant predictors. We provide efficient algorithms that
are guaranteed to learn these predictors in many set-
tings. To the best of our knowledge, our algorithms are
the first for which we can guarantee both convergence
and better OOD behavior than standard empirical risk
minimization. We carry out empirical comparisons in
the settings proposed in [Arjovsky et al., 2019], where
the data is generated from models that include both
causal and anti-causal variables as well as confounders
in some cases. These comparisons of our approach
with the state-of-the-art depict its promise in achieving
OOD solutions in these setups. This demonstrates that
searching over the NE of constrained ensemble-games
is a principled alternative to searching over invariant
predictors as is done in IRM.

2 Related Work

IRM [Arjovsky et al., 2019] has its roots in the the-
ory of causality [Pearl, 1995]. A variable y is caused
by a set of non-spurious actual causal factors wpy(y)
if and only if in all environments where gy has
not been intervened on, the conditional probabil-
ity P(y|Tpacy)) remains invariant. This is called
the modularity condition [Bareinboim et al., 2012].
Related and similar notions are the independent
causal mechanism principle [Scholkopf et al., 2012
Janzing and Scholkopf, 2010, [Janzing et al., 2012] and
the dnvariant causal prediction principle (ICP)
[Peters et al., 2016|, [Heinze-Deml et al., 2018|]. These
principles imply that if all the environments (train and
test) are modeled by interventions that do not affect the
causal mechanism of target variable y, then a classifier
trained on the transformation that involves the causal
factors (®(x) = xpa(y)) to predict y is an invariant
predictor, which is robust to unseen interventions.

In general, for finite sets of environments, there
may be other invariant predictors. If one has
information about the causal Bayesian network
structure, one can find invariant predictors that
are maximally predictive using conditional inde-
pendence tests and other graph-theoretic tools
[Magliacane et al., 2018,  [Subbaswamy et al., 2019].
The above works select subsets of features, primarily
using conditional independence tests, that make the
optimal classifier trained on the selected features invari-
ant. In IRM [Arjovsky et al., 2019|, the authors give
an optimization-based reformulation of this invariance

that facilitates searching over transformations in a con-
tinuous space. Following the original work IRM from
[Arjovsky et al., 2019], there have been several interest-
ing works — [Teney et al., 2020, Krueger et al., 2020,
Chang et al., 2020, Koyama and Yamaguchi, 2020,
Mahajan et al., 2020] is an incomplete representative
list — that build new methods inspired from IRM to
address OOD generalization. In these works, similar
to IRM, the algorithms are not provably guaranteed to
converge to predictors with desirable OOD behavior.

3 Background

3.1 Nash Equilibrium and Concave Games

A standard normal form game is written as a tuple
Q= (N, {u; tien, {Si}tien), where N is a finite set of
players. Player i € N takes actions from a strategy
set S;. The utility of player i is u; : S — R, where
we write the joint set of actions of all the players as
S = I;enS;. The joint strategy of all the players is
given as s € S, the strategy of player ¢ is s; and the
strategy of the rest of players is s_; = (s;/) £i

Definition 1. A strategy st € S is said to be a pure
strateqy Nash equilibrium (NE) if it satisfies

ui(sh, s ) > wi(k,s',), vk € Si,Vie N

NE defines a state where each player is using the best
possible strategy in response to the rest of the players.
A natural question to ask is when does a pure strategy
NE exist. In the seminal work of [Debreu, 1952] it was
shown that for a special class of games called concave
games such a NE always exists.

Definition 2. A game Q is called a concave game if
for eachie S

e S; is a compact, conver subset of R™
o u;(8;,8_;) is continuous in S_;
o u;(8;,8_;) is continuous and concave in s; .

Theorem 1. [Debreu, 1959] For any concave game Q
a pure strategy Nash equilibrium st always exists.

In this work, we only study pure strategy NE and use
the terms pure strategy NE and NE interchangeably.

3.2 Invariant Risk Minimization & Invariant
Risk Minimization Games

We are given a collection of training datasets D =
{Dc}ece,, gathered from a set of environments &,
where D, = {x!,y!}!'c, is the dataset gathered from
environment ¢ € &, and n, is the number of points
in environment e. The feature value for data point

i is X € X and the corresponding label is y! € ),
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where X C R™ and ¥ C R. Each point (zi,%!) in
environment e is drawn i.i.d from a distribution P,.
Define a predictor f : X — R. The goal of IRM is to use
these collection of datasets D to construct a predictor
f that performs well across many unseen environments
Eall, where &y O &. Define the risk achieved by f in
environment e as Re(f) = E.[¢(f(X.),Ye)], where ¢
is the square loss when f(X.) is the predicted value
and Y, is the corresponding label, (X.,Y.) ~ P, and
the expectation E, is defined with respect to (w.r.t.)
the distribution of points in environment e.

Invariant predictor and IRM optimization: An
invariant predictor is composed of two parts a represen-
tation ® € RY*™ and a predictor w € R¥!. We say
that a data representation @ elicits an invariant predic-
tor w'® across the set of environments &, if there is a
predictor w that achieves the minimum risk for all the
environments w € argmingcpaxi Re (W' ®), Ve € &,.
IRM may be phrased as the following constrained opti-
mization problem:

min Re(w'®
PERIX" weRIXL Z e(w )

e€Ey (1)
s.t. w € argmin R, (@' ®), Ve € &,

‘lIJERdX 1

If w'® satisfies the constraints above, then it is
an invariant predictor across the training environ-
ments &,. Define the set of invariant predictors w'®
satisfying the constraints in as S"V. Informally
stated, the main idea behind the above optimiza-
tion is inspired from invariance principles in causal-
ity [Bareinboim et al., 2012][Pearl, 2009]. Each envi-
ronment can be understood as an intervention. By
learning an invariant predictor the learner hopes to
identify a representation ® that transforms the ob-
served features into the causal features and the optimal
model trained on causal representations are likely to
be same (invariant) across the environments provided
we do not intervene on the label itself. These invariant
models can be shown to have a good out-of-distribution
performance. Next, we briefly describe IRM-games.

Ensemble-game: Each environment e is endowed
with its own predictor w, € R?*!, Define an ensemble
predictor w € R¥*! given as w = qug” wy; for the
rest of this work a bar on top of vector represents an
ensemble predictor. We require all the environments
to use this ensemble w. We want to solve the following
new optimization problem.

min Y R (w%)
PeRIXn weRdx1

e€&yy

s.t. w, € argmin Re(

W, ERIXL

[we+ 3 wqf@), Ve € &
qegtr\{e}

For a fixed representation ®, the constraints in the
above optimization represent the NE of a game
with each environment e as a player with actions
w,.. Environment e selects w,. to maximize its utility

.
—R. < [ﬁ)e—l—z#e ’lIJq} <I>> . Define the set of ensemble-

game predictors w'®, i.e. the predictors that satisfy
the constraints in as SE6. In [Ahuja et al., 2020]
it was shown that the set of ensemble S¢ = SV, Hav-
ing briefly reviewed IRM and IRM-games (we presented
them with linear models but these works are more gen-
eral), we are now ready to build our framework.

4 Linear Regression Games

4.1 Unconstrained Linear Regression Games

The data is gathered from a set of two environments,
Er = {1,2}. E| Each data point (X, Y;) in envi-
ronment e is sampled from P.. Each environment
e € {1,2} is a player that wants to select a predictor
w, € R™™! such that it minimizes

Re (w1, ws) = E. [(Ye Wl X, — nge)z} 2)

where E. is expectation w.r.t P,. We write the
above as a two player game represented by a tuple
I = ({12}, {Re}ecqi,2), R"*!). We refer to I as a un-
constrained linear regression game (U-LRG). A Nash
equilibrium w! = (w!, w}) of U-LRG is a solution to
'wI € argmin [E; [(Yl — d)lTXl — w;’TXl)Q}
w1 RN X1
w) € argmin B | (Y2 — ] X, - 0] X5)”]
Wy RN X1
The above two-player U-LRG is a natural extension of
linear regressions and we start by analyzing the NE
of the above game. Before going further, the above
game can be understood as fixing ® to identity in the
ensemble-game defined in the previous section.

For each e € {1, 2}, define the mean of features p, =
E.[X.], Z. =E, [XEX;'-] and the correlation between
the feature X, and the label Y, as p. = E, [XeYe]

Assumption 1. Regularity condition. For each
e € {1,2}, pe = 0 and 3. is positive definite.

The above regularity conditions are fairly standard and
the mean zero condition can be relaxed by introducing
intercepts in the model. When p. = 0, 3. is the
covariance matrix. For each e € {1,2}, define w} =
S 1pe, where X! is the inverse of ¥.. w} is the
least squares optimal solution for environment e, i.e.,

it solves mingernx1 E. {(Ye — 'LI;TXE)Q}.

!Discussion on multiple environments is in the supple-
ment.
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Proposition 1. If Assumption[] holds and if the least
squares optimal solution in the two environments are

o cqual, i.c., w = w}, then the set {(w], wl) | wl+
wg = wi} describes all the pure strategy Nash
equilibrium of U-LRG, T.

e not equal, i.e., wi # w3, then U-LRG, T, has no
pure strategy Nash equilibrium.

We provide brief proof sketches here and all the detailed
proofs are in the Appendix.

Proof sketch: Consider the case when the least
squares optimal solution is different for the two en-
vironments. Also, assume that the NE of the U-LRG
exists. In the NE, the ensemble predictor used will
not be the least squares optimal predictor for at least
one of the environments. If this is the case, then such
an environment can always update its predictor to im-
prove its loss. This contradicts the fact that the two
environments are using predictors that form the NE.
Therefore, NE cannot exist. O

From the above proposition, it follows that agreement
between the environments on least squares optimal
solution is both necessary and sufficient for the exis-
tence of NE of U-LRG. Next, we describe the fam-
ily of linear structural equation models (SEMs) in
[Arjovsky et al., 2019] and show how the two cases,
w] = w;, and w] # w3 naturally arise.

4.1.1 Nash Equilibria for Linear SEMs

In this section, we consider linear SEMs from
[Arjovsky et al., 2019] and study the NE of U-LRG.

Assumption 2. Linear SEM with confounders
and anti-causal variables (Figure (1)) For each e €
{1,2}, (X.,Y.) is generated from the following SEM

Y, ~y'X} +n/H.+e.,

i (4)

Xe — aeYVe + GeHe + Ce
The feature vector is X, = (X}, X?). H, € R® is a
confounding random variable, where each component
of H, is an i.i.d draw from a distribution with zero
mean and unit variance. H,. affects both the labels
Y. through weights n. € R® and a subset of features
X2 € RY through weights ©, € RI*%. ¢, € R is
independent zero mean noise in the label generation.
Y. affects a subset of features X2 with weight a. € RY,
C. € R? is an independent zero mean noise vector
affecting X2. X! € R? are the causal features drawn
from a distribution with zero mean and affect the label
through a weight v € RP, which is invariant across the
environments.

The above model captures many different settings. If
a. = 0 and O, # 0, then features X? appear cor-

Figure 1: SEM from Assumption 2. We show the
link between Y, and X2 with a dotted line because in
our theoretical analysis (Proposition we assume
that the edge does not exist but in the experiments
we compare in the more general setting where such an
edge exists.

related with the label due to the confounder H.. If
ae # 0 and ©, = 0, then features X2 are correlated
with the label but they are effects or anti-causal. If
both a, # 0,0, # 0, then we are in a hybrid of the
above two settings. In all of the above settings it can
be shown that relying on X2 to make predictions can
lead to failures under distribution shifts (modeled by
interventions). From [Arjovsky et al., 2019], we know
that for the above family of models the ideal OOD
predictor is ('7, 0) as it performs well across many dis-
tribution shifts (modeled by interventions). Hence, the
goal is to learn (‘y, 0).

No confounders & mno anti-causal variables
(wy = w3): Consider the SEM in Assumption
For each environment e € {1,2}, assume e, = 0 and
©®, = 0, i.e. no confounding and no anti-causal vari-
ables. This setting captures the standard covariate
shifts [Gretton et al., 2009], where it is assumed that
P (Y| X, = @) is invariant across environments, here
we assume E.(Y.| X, = &) = v"z is invariant across
environments. The least squares optimal solution for
each environment is w} = (7, 0), which implies that
w] = wj. From Proposition [1| we know that a NE
exists (any two predictors adding to wj form an NE).
In this setting, different methods — empirical risk mini-
mization (ERM), IRM, IRM-games, and methods de-
signed for covariate shifts such as sample reweighting —
should perform well.

Confounders only (w] # wj): Consider the SEM
in Assumption For each environment e € {1,2},
assume a, = 0, O, # 0, i.e. confounders only setting.
Define 3., = E, [XelXelT} and define the variance

for the noise vector ¢ as 0 = E.[C. © (], where ©
represents element-wise product between two vectors.

Assumption 3. Regularity condition for linear
SEM in Assumption[d. For each environment e €
{1,2}, X1 is positive definite and each element of the
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vector age s positive.

Assumption [3]is equivalent to Assumption [I] for SEM
in Assumption [2] (it ensures X, is positive definite).

Proposition 2. If Assumption [ holds with o = 0
for each e € {1,2}, and Assumption@ holds, then the
least squares optimal solution for environment e is

w; = (Wi, w) = (v, (©.0] +disglo]) ©.n.)
)

Proof sketch: Recall that the least squares optimal
solution for environment e is w? = £_1p,.. We use the
structure of the SEM in Assumption [2] and Assump-
tion [3] to simplify X, and p. to arrive at the above
expression. O

inv
€

-1
(@e@z + diag[a%J) ®.nc. Observe that the first

half w!" is invariant, i.e., it does not depend on the
environment, while w}* may vary as it depends on the
parameters specific to the environment e.g., ., n.. In
general, wy*" # wy? (e.g., s = ¢, O, is identity I, 0'26
is one 1,4, n1 # n2) and as a result wi # w3. In such
a case, from Proposition [I} we know that NE does not
exist. ERM and other techniques such as domain adap-
tation [Ajakan et al., 2014 [Ben-David et al., 2007,
Glorot et al., 2011, |Ganin et al., 2016], robust op-
timization [Mohri et al., 2019, [Hoffman et al., 2018
Lee and Raginsky, 2018, [Duchi et al., 2016], would
tend to learn a model which tends to exploit infor-
mation from the spuriously correlated X2 thus placing
a non-zero weight on the second half corresponding to
the features X2 and not recovering (v, 0).

We divide w} into two halves w.V = v and w)* =

IRM based methods are designed to tackle these prob-
lems. These works try to learn representations that
filter out causal features, X!, with invariant coeffi-
cients, w", from spurious features, X2, with variant
coeflicients w!® and learn a classifier on top resulting
in the invariant predictor (v, 0). However, the current
algorithms that search for these representations in IRM
and IRM-games are based on gradient descent over non-
convex losses and non-trivial best response dynamics
respectively, both of which are not guaranteed to con-
verge to the ideal OOD predictor (v, 0). We formally
state the assumption underlying these methods, which
we also use later.

Assumption 4. Spurious features have varying
coefficents across environments. wy" # wy"

4.2 Constrained Linear Regression Games

In U-LRG, T, the utility of environment 1 (2) is
—Rl(wl,wg)(—Rg(wl,wz)). For each environment

e € {1,2}, —R. is continous and concave in w.. For
each e in the game I'; the set of actions it can take
is in R™*!, which is not a compact set. If the set of
actions for each environment were compact and con-
vex, then we can use Theorem [l to guarantee that
a NE always exists. Let us constraint the predictors
to be in the set W = {w, | [|we[o < w™P}, where
II - oo is the € norm and 0 < w™P < co. We de-
fine the constrained linear regression game (C-LRG) as
Fc = (gtra {7Re}e€5tra W)

Proposition 3. A pure strategy Nash equilibrium al-
ways exists for C-LRG, T'..

Proof sketch: W is a closed and bounded subset in
the Euclidean space, which implies it is also a compact
set. W is also a convex set as £, norm is convex. From
Definition [2|, C-LRG, T'., is concave. Therefore from
Theorem [1} it follows that a NE always exists for I'.. [J

Unlike the game I', a NE always exists for the game

.. Let wI,w; be an NE of I'. and let w' be the
wh = wl +
w; In the next theorem, we analyze the properties of

wi, 'w; but before that we state some assumptions.

corresponding ensemble predictor, i.e.

Assumption 5. Realizability. For each e € {1,2}
the least squares optimal solution w} € W.

We write the feature vector in environment e as X, =
(Xe1, ..., Xen) and the least squares optimal solution
in environment e as w} = (We1, ..., Wen). Divide the
features indexed {1,...,n} into two sets U and V. U
is defined as: ¢ € U if and only if the weight associated
with i*" component in the least squares solution is
equal in the two environments, i.e., wj;, = w3;. V is
defined as: ¢ € V if and only if the weight associated
with 7" component in the least squares solution is not
equal in the two environments, i.e., wj, # ws,. For
an example of these sets, consider the least squares
solution to the confounded only SEM in equation
under Assumption , wV =WV =y = U=
{1,...,p}, and Wy £ wy = V ={p+1,...,p+q}.

Assumption 6. Features with wvarying coeffi-
cients across environments are uncorrelated.
For each © € V the corresponding feature X; is un-
correlated with every other feature j € {1,... ,n}\{i},
i.e., E[XeiXej] = E[Xei]E[Xej].

The above assumption says that any feature component
whose least squares optimal solution coefficient varies
across environments is not correlated with the rest of
the features. We use the above assumption to derive
an analytical expression for the NE of I'. next.

For a vector a, |a| represents the vector of absolute
values of all the elements. Element-wise product of
two vectors a and b is written as @ ® b. Define an
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indicator function 14>p; it carries out an element-wise
comparison of @ and b and it outputs a vector of ones
and zeros, where a one at component 7 indicates that
it" component of a, a;, is greater than or equal to
the i*" component of b, b;. Recall that the ensemble

predictor constructed from NE is w! = w{ + w;

Theorem 2. If Assumptions [1], [3, [6 hold, then the
ensemble predictor, w!, constructed from the Nash equi-
librium, (w!,w}), of T is equal to

(w’f O Lz | >fawy| + Wy © 1|w;\>\w;|)1wf®w520 (6)

Proof sketch: In order to prove the above theorem,
we first establish an intermediate result in the form of a
lemma. In the lemma, we show that if the least squares
optimal solution in the two environments are different,
i.e., wi # w;, then the NE predictor for at least one
of the environments w] is at the boundary of the con-
straint set W. We use Karush-Kuhn-Tucker (KKT)
conditions [Boyd and Vandenberghe, 2004] for subdif-
ferentiable convex functions to arrive at this lemma.

Building on this lemma, we use the Assumption [f] and
the /s, norm constraint to arrive at a component-wise
separability for feature components in set V (defined in
Assumption @ This separability enables us to analyze
the NE independently in a component-wise fashion. We
discuss two main cases in which the component-wise
analysis of NE is divided. Say we are looking at one
of the components k € V. The least squares optimal
coefficient for the component % are wy, and w3, for the
two environments. Consider the case when 0 < w7, <
ws,. In this case, the wik = —w™ 4w, and w;k =
w'P form the NE. In this state, the first environment
has no incentive to deviate as the total weight for
component k is wj,, which is the optimal choice for
environment 1 for component k. Since the second
environment’s optimal weight is larger than the first
environment, it has an incentive to increase its weight
but it cannot as it is already using the largest weight
possible w*'P. Consider another case when wj, <0 <
wyy. In this case, the wJ{k = —w*™P and w;k = wP
corresponds to the NE. In this state, the total weight for
component k is 0, environment 1 will want to decrease
the weight further to push it closer to w}, but it cannot
as it is already using the smallest weight possible —w*P.
Similarly, environment 2 wants to increase the weight
but it cannot as it is already using the largest weight
possible w*P.

O
Casewise analysis of NE in equation @

e wi = w3: Similar to Proposition {('wi[, wl) | wl e
W, w) € W, w] +w] = w}} is the set of NE of C-LRG

o wi # wj: We analyze this case under two categories

O Opposite sign coefficients: If the i*” compo-
nent of wj and wj have opposite signs, then
the i** component of the ensemble predictor,
w', constructed from the NE of T, is zero, i.e.,
w:-r = I:].ru,f@w;zo]i = 0. In this case, the coeffi-
cient of the environments’ predictors in the NE,
wL and w;i, have exact opposite signs and both are
at the boundary one at w'P and other at —ws"P.
This case shows that when the features have a
large variation in their least squares coefficients
across environments, they can be spurious (see
Proposition [4]) and the ensemble predictor filters
them by assigning a zero weight to them.

0O Same sign coefficients: If the i** component of
w; and w} have same signs, then the i*" compo-
nent of ensemble predictor, w', constructed from
the NE of T, is set to the least squares coefficient
with a smaller absolute value, i.e., ’LIII = wy;, where
|wi;| < |ws;|. Suppose 0 < wj;, < w};, the coeffi-
cient of the environments’ predictors in the NE,

wL and w; have opposite signs, i.e., w; = wP

and wL- = w] — w™P. This shows that ensemble
predictor is conservative and selects the smaller
least squares coefficient. This property is useful to
identifying predictors that are robust (see Propo-
sition . Lastly, only when the least square coeffi-
cients are the same, i.e., wj;, = w;,, the coefficient
of the environments’ predictors in the NE can be
in the interior, i.e., |wl,| < w* and |wl,| < w*p.

4.2.1 Nash Equilibria for Linear SEMs

Suppose for each environment e € {1,2} the data is
generated from SEM in Assumption We study if
the NE of C-LRG, T'., achieves or gets close to the
ideal OOD predictor (v,0). We compare the ensemble
predictors @' constructed from the NE of T, to the
solutions of ERM (Theorem [2] enables this comparison).
In ERM, the data from both the environments is com-
bined and the overall least squares loss is minimized.
Define the probability that a point is from environment
e as T (my = 1 — ). The set of ERM solutions for all
distributions, {my,m2}, is SERM given as

moE (Y- X.)"] |
e€{1,2}

{'w |71 € [0,1], w € argmin

weRN X1

Proposition 4. If Assumption[d holds with ae = 0
and O, an orthogonal matriz for each e € {1,2}, and
Assumptions@@hold, then ||’ —(~,0)| < ||wERM—
(7,0)|| holds for all wERM € SERM 2| Moreover, if all

2Exception occurs over measure zero set over proba-
bilities 1. If least squares solution are strictly ordered,
ie., Vi € {1,...,n},0 < wl; < wy; and m1 = 1, then
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the components of two vectors O1mn; and Osmy have
opposite signs, then w! = (~,0).

Proof sketch: The assumptions in the above proposi-
tion imply that Assumptions [6] hold. Therefore,
we can use Theorem [2] to derive the expression for the
NE based ensemble predictor. From Proposition [2] we
can derive the expression for the ERM based predictor.
We use these expressions to compare the distance of
the NE based ensemble predictor and the ERM based
predictor from the ideal OOD predictor to arrive at
the above result O

From the first part of the above we learn that for many
confounder only models (e, = 0, ©, an orthogonal
matrix), the ensemble predictor constructed from the
NE is closer to the ideal OOD solution than ERM.
For the second part, set @, = I, where I, is identity
matrix. Suppose the signs of all the components of 7,
and 7)o disagree. As a result, the signs of latter half of
least squares solution w!?" (in equation ) disagree.
From Theorem [2], we know that if the signs of the
coefficients in least squares solution disagree, then the
corresponding coefficient in the ensemble predictor is
zero, which implies w! = (v, 0).

Remark. In Proposition [d] besides the regularity con-
ditions, the main assumption is ©, is orthogonal. This
assumption ensures that the the spurious features X?
are uncorrelated (Assumption @ For confounder only
models this seems reasonable. However, in the models
involving anti-causal variables, i.e., a, # 0, the spuri-
ous features can be correlated and one may wonder how
does the ensemble predictor behave in such setups? In
experiments, we show that ensemble predictors perform
well in these settings as well. Extending the theory to
anti-causal models is a part of future work.

Insights from Theorem [2, Proposition [4]

Suppose the data comes from the SEM in Assumption
For this SEM, [Arjovsky et al., 2019] showed that if
the number of environments grow linearly in the total
number of features, then the solution to non-convex
IRM optimization recovers the ideal OOD predictor.
We showed that for many confounder only SEMs (., =
0 and ©,, orthogonal) NE based ensemble predictor gets
closer to the OOD predictor than ERM and sometimes
recovers it exactly with just two environments, while
no such guarantees exist for IRM. Next, we show how
to learn these NE based ensemble predictor.

4.3 Learning NE of C-LRG

In this section, we show how we can use best response
dynamics (BRD) [Fudenberg et al., 1998] to learn the

wEM t = w}. In general, w}, w} are not ordered and

=w
m € (0,1), thus C-LRG improves over ERM.

Algorithm 1: Best response based learning

Initialize: w; =0, w3 =0,p=0
while w{f > 0 or w§® > 0 do
wiur — 11)1, ,lI)ELIT — ,11';2
W1 = Milgy, ey Ry (w1, W2)
wo = mlnw2ew R2 (wl, wo
diff _ H,Lbcur — W H diff _ H,Lbcur — W H
wy = 1 1}, wg ™ = |[[W3 2
end
Output: w' = w; + W,

NE. Each environment takes its turn and finds the best
possible model given the choice made by the other en-
vironment. This procedure (Algorithm [1]) is allowed to
run until the environments stop updating their models.
In the next theorem, we make the same set of As-
sumptions as in Theorem [2] and show that Algorithm
converges to the NE derived in Theorem

Theorem 3. If Assumption [1 [5, [f] hold, then the
output of Algorithm[1], w*, is

* *
(w1 O Ly |>|wy] + W2 © 1|w;|>|w;\)1w;@wgzo

Proof sketch. We illustrate the dynamic of one of the
cases to provide some insight into the convergence. Con-
sider the ¢ component of the predictors wy; and Ws;
from Algorithm[l] Suppose w}; > w}; and |wi;| > |w3;].
The two environments push the ensemble predictor,
wy; + Wo;, in opposite directions during their turns,
with the first environment increasing its weight, wy;,
and the second environment decreasing its weight, wo;.
Eventually, the environment with a higher absolute
value (e = 1 since |wj;| > |ws;|) reaches the bound-
ary (@1; = w*P) and cannot move any further due to
the constraint. The other environment (e = 2) best
responds. It either hits the other end of the boundary
(g; = —w®P), in which case the weight of the ensemble
for component 7 is zero, or gets close to the other bound-
ary while staying in the interior (wq; = w3; — w*P), in
which case the weight of the ensemble for component i
is w3;. O
BRD a sequence of convex minimizations. In
Algorithm [T} we assumed that at each time step each
environment can do an exact minimization operation.
The minimization for each environment is a simple
least squares regression, which is a convex quadratic
minimization problem. There can be several ways of
solving it — gradient descent for R. and solving for
gradient of R, equals zero directly, which is a linear
system of equations. We provide a simple bound for
the total number of convex minimizations (or turns for
each environment) in Algorithm [[|next. For each i € V
(defined in Section , compute the distance between
the least square coefficients in the two environments
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|wi; — w3;| and find the least distance over the set

V given as Amin = min;ey |wi; — w};| (following the

definition of V this distance is positive). The bound
2w™P

on number of minimizations is X—.
min

4.3.1 Learning NE of C-LRG: Linear SEMs

Suppose the data is generated from SEM in Assumption
Next, we show the final result that the NE based
predictor, which we proved in Proposition [ is closer
to the OOD solution, is achieved by Algorithm

Proposition 5. If Assumption [ holds with o = 0
and O, an orthogonal matriz for each e € {1,2}, and
Assumptions[3, [{} [3] hold, then the output of Algorithm
@ obeys [ @+ — (4,0)]| < [wEM — (,0)| for al
wERM ¢ SERM cacept over a set of measure zero (see
footnote 2). Moreover, if all the components of vectors
©17m1 and Oam2 have opposite signs, then wT = (v,0).

We use Theorem [Blto arive at the above result. We have
shown through Theorem [2] Proposition [d Theorem [3]
and Proposition[f|that the NE based ensemble predictor
of I'. has good OOD properties and it can be learned by
solving a sequence of convex quadratic minimizations.

Extensions: In the supplement, we extend the Theo-
rem [3] to other BRD that are commonly used. We also
discuss how to extend the theory to settings beyond
Assumption 6. The entire analysis is for linear SEMs.
In the experiments section, we show how the method
performs when we use non-linear models and analysis
for non-linear models is left to future work.

3
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Figure 2: a) C-LRG (w*® = 2), b) U-LRG, ¢) Reo-LRG ,
d) C-LRG (w™ = 5)
5 Experiments

5.1 Linear SEM experiments

In this section, we first run the regression experiments
described in [Arjovsky et al., 2019]. We use the SEM

H Method Solution  Error H
Oracle (1.0,0.0) 0.0
U-LRG (0.34,0.67)  0.88
C-LRG (w™ =2) (0.95,0.05) 0.005
C-LRG (w™P =5) (0.95,0.04) 0.005
Reo-LRG (0.33,0.65)  0.87
R2-LRG (0.33,0.63)  0.83
ERM (0.34,0.67)  0.88
IRM (0.63,0.44)  0.33
ICP (0.0,0.0) 1.0

Table 1: Comparing variants of LRG, IRM, ICP, and ERM.

in Assumption [2] with following configurations.

e v is a vector of ones with p dimensions, 1,, which
makes the ideal OOD model (1p, Oq). Each component
of the confounder H, is drawn i.i.d. from N(0,0%; ).
om, = 0.2, op, = 2.0. We consider two configurations
for ®, and n.. i) O, = 0,71, = 0, thus there is full
observability (F) as there are no confounding effects,
ii) each component of ®, and 7. is drawn i.i.d. from
N(0,1) thus there is partial observability (P) as there
are confounding effects.

e Each component of e is drawn i.i.d from N(0,1).
ge ~ N(0, U?p) and each component of the vector (.
is drawn from A/(0, 028). We consider two settings for
the noise variances — Homoskedastic (HOM) o, = 0.2
and o, = 2.0, o¢;, = 0¢, = 1.0 and Heteroskedastic
(HET) o¢, = 0.2 and o¢, = 2.0, 0., = 0, = 1.0.

From the above, we gather that there are four possible
combination of settings in which comparisons will be
carried out — F-HOM, P-HOM, F-HET, P-HET. We use
the following benchmarks in our comparison. IRM from
[Arjovsky et al., 2019], ICP from [Peters et al., 2015],
and standard ERM. Note in each of the cases we use
a linear model. The code for our experiments can
be found at https://github.com/IBM/00D. All other
implementation details can be found in the supplement.
The performance is measured in terms of the model
estimation error, i.e., the square of the distance from
the ideal model (1,,0q).

Before we discuss a comparison in all these settings, we
look at a two dimensional experiment where p=¢q =1
and the parameters are set to F-HOM. We carry out
this comparison to illustrate several points. Firstly,
we want to show why is /o, constraint very important.
Secondly, we want to show that the works when «. is
non-zero, i.e., X2 is anti-causal (in the theory we had
assumed o, = 0). We compare with following variants
of the linear regression game (LRG) i) no constraints,
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Figure 3: We compare across four settings: a) F-HET, b) P-HET, ¢) F-HOM and d) P-HOM.

H Method Test accuracy H
Oracle 75
ERM 17.1 +0.60
IRM [Arjovsky et al., 2019] 66.90 + 2.50
F-IRM game [Ahuja et al., 2020] 65.21 + 1.56
Ours 66.99 +1.37

Table 2: Comparing test accuracies on colored MNIST.

which is the game U-LRG (Section , ii) regularize
each R, with £ penalty (Roo-LRG), and iii) regularize
each R, with ¢5 penalty (R2-LRG). In Table we show
the estimated model against the respective method and
the estimation error. Observe that C-LRG was able to
outperform other variants of LRG. Moreover, C-LRG
performed better than the other existing methods as
well. wys (wes) are the coefficients that model 1 (2)
associates with feature 2, which is spuriously correlated.
We plot the trajectories of the coefficients wis (wa2) of
the models of each of the environments for the spurious
features as the best response dynamics based training
proceeds in Figure [2l Observe how the /., constrained
models saturate on opposite ends of the boundary and
as a result they cancel the spurious factors out. In
contrast for other models, we do not see such an effect.
Lastly, see if we choose a larger bound w™'P = 5 the
coefficients reach the boundary they just take more
steps than w®'P = 2.

Next, we move to a more elaborate comparison for
the 10 dimensional setting from [Arjovsky et al., 2019]

(we also show results for 100 dimensional setting in
supplement). In Figure , , we show the model
estimation error for F-HET and P-HET settings. In
Figure [3f, B, we show the model estimation error as
a function of the training samples for F-HOM and P-
HOM settings. Observe that in each of the settings
C-LRG performs better than the rest or is close to the
best when the number of samples is more than 400.

5.2 Colored MNIST experiments

The entire discussion so far has been focused on linear
SEMs. We now to move non-linear setups and carry
out the colored MNIST (CMNIST) classification ex-
periment from [Arjovsky et al., 2019]. In CMNIST the
task is to classify the digits while ensuring the model
does not rely on the background color. We use the
ensemble-model construction from [Ahuja et al., 2020].
Each environment uses its own neural network (NN)
and the ensemble model averages the logits from the
different NNs. We use an £, constraint on the weights
of the last layer of the NN. In Table [2] we show the
comparisons of the different methods in terms of the
test accuracy. We defer other details to the supplement.

6 Conclusion

In this work, we developed a new game-theoretic ap-
proach to learn OOD solutions for linear regressions.
To the best of our knowledge, we have provided the
first algorithms for which we can guarantee both con-
vergence and better OOD behavior than standard em-
pirical risk minimization. Experimentally too we see
the promise of our approach as it is either competitive
or outperforms the state-of-the-art by a margin.
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7 Appendix

In this section, we provide the proofs to the proposi-
tions and theorems, and also provide other details on
the experiments. We restate all the propositions and
theorems for reader’s convenience. In all our results,
we use the following notation a is a vector, a; is the i*"
component of vector a, A is a scalar random variable,
A is a vector random variable, A; is the i** component
of the random variable A, A is a set, bold capitalized
Greek letters e.g., 3 are used for matrices. I,,, is a m
dimensional identity matrix and 1,, is a m dimensional
vector of ones. A bar over a vector w, w, denotes
the ensemble predictor (sum of predictor from the two
environments).

7.1 Proposition 1

We restate Proposition 1| below.

Proposition 6. If Assumption[] holds and if the least
squares optimal solution in the two environments are

o equal, i.e., w} = w}, then the set {(w], w) | wi+
w; = wi} describes all the pure strategy Nash
equilibrium of U-LRG, T.

e not equal, i.e., wi # w3, then U-LRG, T, has no
pure strategy Nash equilibrium.

Proof. We start with latter part of the proposition.
Suppose there exists a pair wi,wg which is a NE of
U-LRG. Observe that R.(w1,ws) is jointly convex in
wy, wy (Re(wy, ws) = E.[(Y, —w] X, —wd X,)?]; loss
inside the expectation is convex and expectation is a
weighted sum over these losses). Let us compute the
gradient of R (w1, ws) W.I.t we.

Vo, Ri(wi, ws) = 235, (wy + ws) — 2p1

7
VW2R2(1U1, ’UJQ) = 222(1111 —+ 'lUQ) — 2p2 ( )

From the definition of pure strategy NE, it fol-
lows that w] (w)) minimizes Ry (-, w}) (Ra(wl,-)).
From the convexity of R1(~,w£) and Rg(wJ{,~)

it follows that V TRl(wl,wg) = 0 and

wi |wi=w;
Vw2‘w2:w; Rg(wLwQ) = 0. Therefore, we have
21(’11]1 +’U}$) —p1 = 0 —
w] +w} =57 p) = w; s)

Eo(w] +w)) —p =0 =

w] +wh = 5" p; = w;

In the above equation , we use Assumption and the
optimal solution defined in Section w=3"1p,.,

for each e € {1,2}. From equations it follows
that wj = wj. Therefore, the existence of NE implies
w] = wj or in other words if w; # w3 implies NE does
not exist. In the above we learned that wi = w3 is a
necessary condition for NE to exist. In the next part we
show that this condition is sufficient as well. Suppose
w] = wis = w”. Define any point w; and another
point Wy = w* —w;. Compute Vo, jw, —w, B1 (w1, W2)
and Vo, |w, —, B2 (W1, w2). Using the expression in
equation we get

Vawy Jun =y 1 (W1, W) = 231 (w1 + w2) — 2p1
=23 w" — 2p; = 0 (From the optimality of w™ for Ry)
V a0ty Rz (11, W) = 255 (1 + 1) — 25
= 2¥w™* — 2py = 0 (From the optimality of w* for Ry)

(9)

From the convexity of Ry and R, it follows that w,
wy simultaneously minimize R; and Ry. Therefore,
every such w; and ws that sum to w* form a NE. This
completes the proof. O

7.2 Proposition 2

We restate Proposition [2] below.

Proposition 7. If Assumption[d holds with ae = 0
for each e € {1,2}, and Assumption@ holds, then the
least squares optimal solution for environment e is

w! = (™, w) = (v.(©.0] + dizglo?]) ©.n.)
(10)

Proof. We derive the expression for the optimal pre-
dictor in the confounder only SEM in Assumption
Recall that the general expression for the least squares
optimal predictor (defined in Section is

w; = 5, 'p, (11)

We use the SEM in Assumption [2] to derive an expres-
sion for X.. First observe that from Assumption [2| we
have that E.[X!] = 0 and

B [X2] = uE Y] + ©.E.[H] + Ec[¢] =0

Therefore
E.[X.] =0,E[X?] =0 (12)

We divide X, into four smaller matrices X, =
E[X!X}T), S = EJ[XZX2T], Zay =
Ee[XelevT} and Y01 = Ee[XerlvT].
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From Assumption [2, we know (H.,¢.) L X! and
X2 <+ ©.H, + (., which implies X? | X}

Therefore, from X? L X! and equation it follows
that

S = B [X2XLT] = E[X2]E. [X1T] = 0,5,
(13)

¥, = E, [XSXS’T] = ©.E, {HGH;r ] e+
©.E [H.(I| +E[c.HI|Ol +E[¢.] (1)
= 0.0, + diag[o} |

In the above equation , we use E, [HEH;'-} = I

and E, {H CT] = 0,x4, which follow from Assumption

From Assumption I we know that 0',27 > 0 and we
use this observation in equation (14) to deduce that
3o is positive definite.

From equation we can simplify X, into a block di-

agonal matrix written as diag |31, 262:|, where X1 =
E. [X;, Xg’T] and S0 = E, [Xf, Xg»T]

From Assumption [3| X.; is positive definite and we
showed above that X., is positive definite as well.
Therefore, we can write the inverse of 3. as another
block diagonal matrix written as

! = diag [291 Do } (15)
Next let us simplify p, = [Ee [XelYe} E, [XQYH

E, [X;Ye} " {ngTxl tnlH, + ee} — Sy
(16)

E, [Xer} -
B [X2(vTX! +nl He +2,)] = Eo[X2n] H'|
E.|[X2nlH| =E.[®.H.n]H'| = ©.E. [H.H]|n
—0.n, (Since E, [HeHeT } —1I, )

(17)

Combining equations — ,

-1
w; = zglpe = ('77 (6661— + diag["%e]) ®ene>
This completes the derivation. O

7.3 Theorem [2]

We first state a lemma needed for proving Theorem

Lemma 1. Suppose Assumptions[1] and [ hold. Con-
sider the case when wi # wj. In this case, at least one
of the predictors in the NE of C-LRG wI or w; has
to be on the boundary of the set, i.e. for at least one
e € {1,2}, |w}|ls = w™P. Moreover, if |w||oc < w™P
(lwilloo < w™®) and |[wh]e = w™ (|w][lo = w™?)
then the ensemble predictor is optimal for environment
e, i.e., w = w} (Wl =wy).

Proof. We start with the first part of the above lemma.
In the first part, the only case that is excluded is when
both the points forming the NE are in the interior, i.e.,
[w!]lso < wP and ||wi| o < w™P. Denote w_, as the
predictor used by the environment ¢ € {1,2}\ {e}. We
interhangeably use Re(we,w_.) and Re(w;,ws). For
environment e, from the definition of NE, 1t follows that
w] satisfies wJr € argming, cyy Re(we, w' ). Note i)
R@(w@,wie) is a convex function in w,, and ii) the
set W has a non-empty relative interior (Since ws'P >
0). From these two conditions it follows that Slater’s
constraint qualification is satisfied, which implies strong
duality holds [Boyd and Vandenberghe, 2004]. From
strong duality, it follows that wl and Xc[, where Al
is the dual variable for the constraint ||we|o. < wP,
satisfy the KKT conditions given as follows

lw!|| < w

A >0

AL (Jlwl]l = w™P) =0

0 € V1 Re(wl, wl ) + AIO(||w] o)

(18)

In the above O(||lw]||o) represents the subdifferential
of || - [leo at wl. If wl]lee < w™P and |jw}|e < wP,
then A} and /\T are both zero. As a result, we have for
e€{l,2}, Vi R. ( w' ) = 0. From the expression
of the gradlents in (7)) we have for each e € {1,2}

V1 Be(w], wh )= 2 rulg2p=0
— wl +wl=31p" = w!

From equation it follows that w} = w3, which
contradicts the assumption wj # w3. This completes
the proof for the first part of the Lemma.
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Next, we move to the latter part of the proof, which
states that if |wi]ee < w and [|w' ||l = wP,
then the ensemble predictor is optimal for environment
e, i.e.,, wl = w?. Since ||w]|e < wP, from the
KKT conditions above in we have that A\l = 0,
which implies that VwIRe(wLwT,e) = (. Using the
expression for gradient in equation 7 we have that
w! +w' , = @' = w?. This completes the proof. [

We restate Theorem [2] for reader’s convenience.

Theorem 4. If Assumptions [1], [3, [ hold, then the
ensemble predictor, w', constructed from the Nash equi-
librium, (w{,w;), of T'. is equal to

(wi‘ © L |2 | + W2 © 1\w;|>|w;\)1w;®w;zo (20)

Proof. Recall in Section [I.2] we divided the features
{1,...,n} into two sets U and V. Without loss of gener-
ality assume that the first k& components in X, belong
to U and the next n — k components to be in V. There-
fore, U = {1,...,k} and V = {k+1,...,n}. Define
Xe+ = (Xeh N 7Xek) and Xe_ = (Xe(k-‘rl)’ ‘e ,Xen).
We divide the weights in w. = (We1, . .., Wen) into two
parts where the weights associated with the first k
components, X, are Wey = (We1, . .., W) and the
weights associated with the next n — k components,

X, are We— = (We(ht1), -+ - Wen). Similarly, we di-
vide the vector p. defined in Section [£.1]into p.y and
Pe-—

Define ¥., = E,. [X6+X6T+] and define X, =
E. [XE,X;]. As a consequence of the Assumption |§|,
we can simplify the expression for 3. as follows

3, = diag {26+, 26,} (21)

For each e € {1,2}, each feature component i €
{1,...,n} has a mean zero E. [Xei] = 0. Therefore,
the variance in each feature component i € {1,...,n}
is 02, = E.[X2]. We can further simplify 3._. Using
Assumption |§|, we have that 3._ is a diagonal matrix,
which we write as

S = diagl(0%, )i isu]] (22)

We use equations and and the notation intro-
duced above to simplify the risk as follows.

Re(wy, w) =
(w1 + wg)TEE(wl + ’wg) — pZ(wl + ’wg) + E. [Yf} =

(w1y +woy) Bey (wiy +way) — pli(wiy +wap)+
Z ((w1; +wa)?02; = 2(wi; + W) pe;) + Ee[V7]
i=ht1
(23)

Recall that w? = X1 p, (defined in Section. From

the above equations , and Assumption |1} we
get

* —1
Weyp = 2@—{- Pe+
wt = |:p;2

] (24)
T LoZ Jie{k+1,..n}

where w}, is the vector of the first k components in
w?, w)_ are the next n — k components in w}, pe;, is
the ¢t" component of p. and ng‘ is the variance in X,;.

Recall that the first £ components comprise the set U,
which is defined as the set where the features of the least
squares coefficients are the same across environments,
ie.,

wi = wy, (25)
Define

Rey(wiy,way) = (wig +way) ey (wig +way)—

pli(wiy +way) +E[Y7]
(26)

For each i € V={k+1,...,n} define

Rei(wi, wg) = ((w1; + w2i)* — 2(wy; + wa)w;) (27)

We use the above equations and to simplify
the risks as follows
i Re 9 = i RE b
Join Re(wi,wy) = min, Rei(wis, war)+
S . (28)
Z O¢i min Rei(wu, in)

[wei| Swse

In the above Wy = {w | w € RF, ||lw|, < w™P}.
From the above expression in equation 7 we see
that the the optimization for environment e can be de-
composed into separate smaller minimizations, which
we analyze separately next. f,, norm constraints al-
lows to make the problem in equation separable
and for other norms such separability is not possible.
Henceforth, we will look at each smaller minimization
as a separate game between the environments.

Let us consider the first minimization in equation

in R ; 29
weinel{}vH +(wiy, way) (29)

Let us minimize the objective in equation (29)) without
imposing the constraint that wy, € Wi

Bep(wiy +wai) = pet

(wiy +way) = B! pey = w), (From equation (24))
(30)
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Therefore, we have that if (w4 + way) = w},, then
environment e achieves the minimum risk possible and
cannot do any better. In fact, from equation
since wi, = ws ., if (w4 +way) = wi,, then both
environments are at the minimum and cannot do any
better. Therefore, we know that all the elements in
the set C = {w14,woy | w1y € WT, wiy + way =
wi, } form a NE of C-LRG. From Assumption [5, we
know that this set C is non-empty. Moreover, there
are no points outside this set C which form a NE.
If wiy +wyy # wi,, then the gradient will not be
zero for either of the environments and both would
prefer to move to a point where their gradients are
zero. Hence, in every NE, wi +woy = wi, . If we
use the expression in equation @ and compute first k
components it returns vector wi, (we use the condition
wi, = w;, to simplify the expression in equation @)
This shows that the expression in equation @ correctly
characterizes the NE for the first £ components that
make up the set /. We now move to the remaining
n — k components that make up the set V.

Consider a component i € V = {k+1,...,n}. Envi-
ronment e is interested in minimizing R.; defined in
equation ([26]). Let us consider the i'" component of the
expression in equation @ in Theorem [2[ and rewrite
the expression in terms of scalars.

* *
(wlilww;iizwwal+w%llwwlw;\)1wriw;izo (31)

We divide the analysis into two cases. In the first
case, the signs of wj; and w3, disagree, which implies
Lz wg, >0 is zero. In the the second case, the signs of
wy; and w3; agree, which implies 1,: 3 >0 is one. Let
us start with the first case. Without loss of generality
say wi; < 0 and wj; > 0. Suppose 117;r > 0, where wj
is the i*” component of the NE based predictor

w}>0 — w1i+w;i>0
= wL > _w;' (w; > —wL) (32)

wl; > —w™P (wl, > —w™?)
Observe that

OR1i(wii, w) _t
owy; (w

K2

—wy;) >0

—ap T
w1 =Wy,

Since wL > —wP (from equation ), wL can be
decreased and improve the utility for environment 1,
which contradicts that wL is NE. Suppose w;r < 0,
then from symmetry we can show that one of the
environments will be able to increase the weight and
improve its utility.

Therefore, the only option that remains u’)j =0 =

T 1
Wy = —Wy;-

ARy (w,w],
Observe that %
W14

+ =2(—wj;) >0 and

wii=wy,
if w], > —w*P environment 1 will want to decrease

wli.
ORs; (“’L JWa;)
Owa;

Observe that

+ =2(—w};) <0 and

Wai=wy,;
I

if w; < w*P environment 2 will want to increase ws,.

Hence, the only solution left is for environment 1 to be
at —w*'P and environment 2 to be at wP. Environment
1’s (2’s) risk decreases (increases) as it moves closer to
its optimal point w}; (w3;). When environment 2 uses
wP environment 1’s best response is to use —w*"P as
it brings the environment 1 the closest it can get to wy;.
Therefore, (w*P, —w*P) is a NE. This completes the
first case, i.e., when the coefficients have opposite signs
the coefficient of the NE based ensemble predictor for
that component is 0, which is what equation @ states.

Next, consider the case when the signs of wj; and
w;; agree. Let us consider the case when both have
positive signs and the negative sign case will follow
from symmetry. Suppose 0 < wj; < w3;. From Lemma
we know that there are three scenarios possible.

In the first scenario, both wL and w; are on the same
side of the boundary, say both are at w"P.

OR; (w1, w;)
Own;
ORy; (U)]lL wzi) su
) _ p_ %
8w;~ ‘Wi:w; =2(2w ws;)
From Assumption [f} 0 < wj; < w3, < w*P. Thus
for both e € {1, 2}, from equation it follows that
decreasing wll from the current state would improve
the utility thus contradicting that they form a NE. The

other possibility is that the two are on the other sides
OR1i(wii,wd;)
Ow1;

_ sup %
|w1,i=wL =2(2w™ — wy;)

(33)

of the boundary, which makes

—apT
W1i=Wy;

+ mnegative (from Assumption

W2 =Wy,

and aRziéva,wziw
w24

; thus prompting each player on the negative side of

the boundary to increase the weight and improve its

utility, which contradicts the fact that they form a NE.

The other possibility arising out of Lemma 2 is

wL = w*P and w,y;, = w;; — w*P. In this case, the
(wys wl

%ﬁ’%i) |w“:wL is positive implying environment

1 can decrease and improve its utility. Thus this state

is not a NE.
Therefore, the only remaining possibility is w; =

w*P and wL

ORa; (Wl wa; . . .

M| i+ 1S negative, environment 2 can-
Owa; wai=w; ’

not increase the weight further as it is already at the

= wj; — w*. In this case, the
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boundary (playing w*'P is a best response of environ-
ment 2 brings it closest to the desired w3;). Hence, this
state is a NE and the ensemble predictor is at wy;.

If we suppose, ws; < wj; < 0. In this case, we can
follow the exact same line of reasoning and arrive at
the conclusion that the only NE is @ = wj;.

We have analyzed all the possible cases when |w};| <
|ws;| and both wj, and w}; have the same sign. This
completes the proof for the first term in the expression
in equation @

Wiiljwg, > g, |

The second term is same as the first term in equation
@ with the roles of environments swapped. Therefore,
due to symmetry we do not need to work out the second
term separately. This completes the analysis for all the
cases in the equation @ in Theorem

O

7.4 Proposition

We restate Proposition [] below.

Proposition 8. If Assumption[d holds with ae = 0
and ©. an orthogonal matriz for each e € {1,2}, and
Assumptions@@hold, then ||w’—(v,0)| < ||wErRM—
(v,0)|| holds for all wERM € SERM_B| Moreover, if all
the components of two vectors ®1n; and Osmy have
opposite signs, then w' = (,0).

Proof. We first show that the Assumptions made in the
above proposition imply that the Assumptions needed
for Theorem B to be true hold.

We show that Assumptions — Assumption
holds. X7 is zero mean (from Assumption [2)) and

E[Ye] =7 Ee[X]] +n]Ec[H.] + Ec[e] =0

E. [XC?] =K, [Ye] + ee]Ee [He} + Ee [Ce] =0
Thus E.[X.] = E.[(X!, X2)] =0

In the proof of Proposition [2} we had shown that when
the data is generated from SEM in Assumption

¥, = diag[zel, 0] = diag {261, .07 + diag[age”

Since © is an orthogonal matrix we have

3, — diag[Zel, diaglo?. + 1q]} (34)

3Exception occurs over measure zero set over proba-
bilities 1. If least squares solution are strictly ordered,
ie, Vi € {1,...,n},0 < wl; < wy and m1 = 1, then
wFM = @' = w}. In general, w}, w} are not ordered and
m € (0,1), thus C-LRG improves over ERM.

Both 3., and diag[og +1,] are positive definite as a re-
sult X, is also positive definite. Therefore, Assumption
[ holds.

The expression for the solution to the least squares
optimal solution derived in equation has two parts
w™ and w'®. Recall the definition of sets & and V
from Section[d.2} The first p components corresponding
to w" = {1,...,p} CU. The next ¢ components
corresponding to w* = {p+1,....p+¢q} 2O V.
We showed above that ¥, is a block diagonal matrix
and the block corresponding to the feature components
{p+1,...,p+ ¢} also equalling a diagonal matrix
diagloZ +1,]. Therefore, we can see that each feature
component in {p+1,...,p+ ¢} is uncorrelated with
any other feature component. Therefore, Assumption
[6] also holds. Hence, all the Assumptions required for
Theorem [2| also hold. We write the expression for least
squares optimal solution in this case (from equation )

. -1
as wi = (wh, wP) = (7, (diag[age + lq]) @ene).

We divide the NE based ensemble predictor w' into
two halves: wI is the vector of first p coefficients of w'
and w; is the vector of next g coefficients of w'.

From Theorem [l it follows that
w] =~ (35)

The next ¢ components in the set {1, ...
puted as follows. For k € {1,...
[gene} k

* e
ponent of w} is T 1

,q} are com-
7q}7 (p + k)th com-

where [@ene}k is the k"

component of @.1n, and Ugm . is the k" component of

o;.

We first prove the latter part of the above proposition.
If ®17m; and ®57m, have opposite signs, then for each
ke {1,...,q}, the sign of (p + k)" component of w}
and w; are opposite. From Theorem [2] it follows that
w! ), = 0. This holds for all k € {1,...,q} and as
a result we have w' = (7, 0). Now we move to the
former part of the Proposition, which compares the NE
based ensemble predictor to ERM’s solution.

ERM solves the following optimization problem
Cmin | (Ve X)) (- m)Ba (- X))
(36)
By putting the gradient of the above to zero, we get
(mZ1+(1- 7T1)22)U’ERM =mpr+ (1 —71)p2
wEM = (1,31 + (1 - 1))~ (mpr + (1 - Wl)fz))
37

Substituting the expression for 3, from equation
into equation we get wEM equals
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(wERM 4yERM) — (% (mO1m1 + (1 — 71)O2m2) © 5)
(38)

where £ =1, 0 <7r1 (agl +1,) + (1 - 771)(022 + lq))

and a @ b is elementwise division of the two vectors

a and b, and wEM = ~ and wE”M = (1,©1m1 + (1 —

m1)@amy) @ €. For k € {1,... 7q}, the k*" component
of wERM is given as

m[©1m], +

Pt T

(1 — 1) [@2772]k
(=) + 1)

(39)

Based on the ERM predictor (equation (38)) and NE-
based ensemble predictor (equation ) correctly es-
timate the causal coeflicients «, i.e., they match in
the first p coefficients. We focus on the latter ¢ coeffi-
cients. The distance of ERM and NE based ensemble

predictors are written as ||[wEM — (y,0)|| = [|wERM|],
|lwt — (v,0)] = H'LB2|| Hence, we only need to com-
pare the norm of w5fM and @}. From Assumption

[ we know that wy*" # wY, thus the two differ in
at least one component. Consider a component m,

where the two vectors wj® and wy*" do not match.

For simplicity, let us write [(—)ene} = ¥.. Therefore,
7

+1

g 1,m <2 m

There are two possiblities — i) the signs of Uzﬂilﬂ and
C1om

ngmﬂ do not match, and ii) the signs of clﬂmﬂ
and 7“ match. In case i), the magnitude of the

corresponding coefficient of NE based predictor is 0.
The magnitude for the ERM based predictor is given
as

7T1191 + (1 - 71'1)192 ‘ (40)

i7r1 (O’%hm + 1) +(1- 71'1)(0227m + 1)

If mydy + (1—771)’[92 =0 (7T'1 192 1) then the coeffi-
cient of ERM based solution has same magnitude as
NE based predictor, which is equal to zero. Therefore,
except for when m = ﬁ, ERM is strictly worse
than NE based ensemble predictor.

match.

In case ii), the the signs of 21— and —-22
)’ g 21 m+1 ng,vn+l

Let us consider the case when both are positive. With-

out loss of generality assume that 0 < — 191+1 <
¢1.m
P

> . From Theorem 2, we know that the mag-
Uc%m-&-l

nitude of the NE based predictor is equal to — 0

¢1,m

1
and the magnitude of ERM based predictor is

T + (1 — 7T1)192
1 (Jgi,m + 1) + (1 - ”1)(022,m + 1)

(41)

We take a difference of the magnitudes of the two and
get

7'('11914’(1*7’(1 192 - 191
7T1 (Ugiam ) (1 - 7-‘-1)(0-4“2’771 + 1) O.gi,m + 1

(1—m1) ( 2(o ¢7m+1)—191(0227m+1))

(71 (2 + 1)+ (1= M) (02,0 + 1)) (0, + 1)
(42)

9 ) . .
7T ;—&-1 < oL, Aoy it follows that if m; € [0,1),

then the above difference in equation (42)) is positive.
However, if m; = 1, then the difference is zero. There-
fore, except for when m; = 1, ERM is strictly worse
than NE based ensemble predictor.

Since

Lastly, the analysis for the case when both coefficients
are negative also follows on exactly the above lines.
Without loss of generality consider the case, — Y2 <

C2,m

+1
< 0. In this case, NE based predictor will take

(follows from Theorem [2) and its
. The magnitude of ERM based

91
2
041‘m+1

the value m

magnitude is — )

Cl ,m
predictor is

_ 7T1191+(1—7T1)192
T (aéhm + 1) +(1- 7"1)(‘722,171 + 1)

We take a difference of the magnitudes of the NE based
predictor and the ERM based predictor to get

(43)

(1= ) (V1 (02, +1) = 92(02, , + 1))

(7r1 (021% + 1) +(1- Wl)(Ug%m + 1)) (0217m + 1)
(44)

Since — P2 < — Gl

RN ot
then th(;e2 above di&érence in equation is positive.
However, if m; = 1, then the difference is zero. There-
fore, except for when m; = 1, ERM is strictly worse
than NE based ensemble predictor. This completes
the analysis for all the possible cases. For each compo-
nent where the least squares optimal solution differ, we
showed that ERM based predictor is worse than NE
based predictor except over a set of measure zero over
the probability 7;. This completes the proof.

it it follows that if m € [0,1),

O

7.5 Theorem [3

We restate Theorem [3] below.
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Theorem 5. If Assumption [1 [5, [f] hold, then the
output of Algorithm[1], w*, is

* *
(’wl O Ljwg| 2wy + w2 © 1|wr|>|w;\)1wr®wszo

Proof. From Theorem 2| we know that if Assumptions
[6] hold, then the NE based ensemble predictor is

given as
(wi‘ O Lz > wy| T W3 © 1\w;|>|w;\) Lu;ows>0 (49)

In Algorithm [1} each environment plays the optimal
action given the action of the others. Hence, by best
responding to each other we hope the procedure would
converge to NE based ensemble predictor in equation

().

We write a dynamic which seems simpler than the
dynamic in Algorithm [[} However, we show that the
two are equivalent. We index the iteration by ¢. Define
w? as the predictor for environment e at the end of
iteration t. The ensemble predictor is given as w! =
w! + wk. Each component of e’s predictor is given as

w! = (wiy,... wen) and for the other environment g €
{1 23\ {e} as w! , = (w' ,q,...,w",,). Environment
e in its turn sees that the other environment is using a

predictor w!!; environment e updates the predictor by

e
2
taking a step such that ming: ey H'w +w', ! —wi||,

i.e. the environment moves such that it gets closest
to the optimal least squares solution. We can simplify
this minimization as

min |[wh + w', ' w? 2
wtew

n (46)
= min (wez + w—ez - w:i)2

= fwt [ <we

For t = 0, w! = 0 and w} = 0. The dynamic based on
equation is written as follows.

Fort>1

t is even

47
t is odd (47)

-1

wt = w’i
1= t—1
Hyy[w] —wy ]

t—1 -
t is odd

wh = W2 i .IS © (48)
Iy [ws —wi ] t is even

t=t+1

In the above equations , , II,y represents the
projection on the set W = {w s.t.||[w]| e < w™P}.

In each iteration, only one of the environment updates
the predictors. In the above dynamic, whenever an en-
vironment completes its turn to update the predictor, ¢

is incremented by one. Before showing the convergence
of this dynamic, we first need to establish that this
dynamic is equivalent to the one stated in Algorithm,
where when its the turn of environment e to update it
minimizes the following ming: ey Re(w, w', .

Equivalence of dynamic in equations and
to dynamic in Algorithm

Recall from Section [£:2] and proof of Theorem [2] that
we divide the feature components {1,...,n} into two
sets, the first & components are in &/ and the next n —k
components are in V. The two environments have the
same least squares coeflicients for components in U but
have differing coeflicients for points in V. For each
e € {1,2}, w!, corresponds to the first k coefficient at
the end of iteration ¢ and w!_ corresponds to the next
n — k coefficients at the end of iteration t.

Recall the decomposition that we stated in equation
(28). To arrive at the equation we used Assump-
tions [T and [6] We continue to make these assumptions
in this theorem as well. Therefore, we can continue to
use the decomposition in equation . For environ-
ment 2 we can write
t—1 , ¢t
A falor T we) =
t—1 . t—1

= min Roy(wi ,w +
w2+€W+ 2+( 1+ 2+) (49)

E o3, min

b, | Swsop

2

t t *
(w3; +wi; — w3;)

A decomposition identical to above equation also
holds for environment 1. From equation ({46] and .,
we gather that for latter n — k components, the update
rule in equations , and the update rule in
Algorithm [I] are equivalent for both the environments.
We now show that both the rules are equivalent in the
first k components as well.

Consider iteration ¢t = 1. If the environment 1 uses the
update rule in equation , then the ensemble predic-
tor is set to wi (From Assumption w} € W is in the in-
terior, the projection will be the point itself). Note that
if environment 1 used miny,t ey Ri(w], w £=1), then as
well it will move the ensemble predictor to w] (since
w7 is the least squares optimal solution).

Consider iteration t = 2. Suppose the environment
2 uses the update rule in equation . Define
A* = wj — w} and the i*" component of A* as AY.
Given the environment 1 is at wj the rule dictates that
environment 2 should update the predictor to IIyy[A*].
The first £ components of A* would be zero as the
two environments agree in these coefficients. Therefore,
environment 2 will not move its predictor for the first
k components and continue to be at 0. After this the
two environments do not need to update the first &
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components as they have already converged. Suppose
the environment 2 uses the update rule from Algorithm
Consider the first £ components in which both the
environments agree. Since environment 1 already is
using w7, , which is optimal for environment 2 as well,
environment 2 will not move its predictor for first k
components and continue to be at 0. After this the
two environments do not need to update the first k
components as they have already converged.

Thus so far we have established that both dynamics in
equations 7 and the update rule in Algorithm
are equivalent. We have also shown the convergence in
the first £ components. We now focus on establishing
the convergence for the next n — k& components that
make up the set V.

Convergence of the dynamics in equations
and (48). In the previous section, we showed that
dynamic in equations and are equivalent to
the dynamic in Algorithm [I] While we had shown the
convergence of the first & components in the set U,
we will repeat the analysis for ease of exposition. In
this section, we begin by showing how the dynamic in
equations and plays out. Just for the sake of
clarity of exposition, in the dynamic we show below we
assume that the predictors of the environment continue
to be in the interior of the set W.

1. End of t = 1, w! = w}, e = 1 plays w! = w},
e = 2 plays w = 0.

2. End of t = 2, w' = w}, e = 1 plays w} = wj,
e = 2 plays wé = A*.

3. Endof t = 3, w' = w}, e = 1 plays w} = w} — A",
e = 2 plays wé = A*.

4. Endof t = 4, w' = w}, e = 1 plays w} = w} - A*,
e = 2 plays wh = 2A*.

5. End of t = 5, w' = wj, e = 1 plays w} = wj —
2A%, e = 2 plays wh = 2A*.

6. End of t = 6, w' = wj, e = 1 plays w! = w} —
2A%, e = 2 plays wh = 3A*.

In the dynamic displayed above, we assumed that the
predictor w! and w! were in the interior just to illus-
trate that the two sequences w! and w} are monotonic.
Observe that if a certain component of A* say A}
is non-zero, the two sequences are strictly monotonic
in that component. The sequences cannot grow un-
bounded and at least one of them will first hit the
boundary at w*'P or —w*'P. Recall from the last sec-
tion, where we already showed that for the first k
components of A* associated with these U are zero

(from equation (25))). Hence, for the first k& compo-
nents the the dynamic w! and w} converges at the
end of ¢ = 1. Therefore, we now only need to focus on
the remaining n — k components comprising the set V.
Since the update rules in equation and are
separable for the different components, we only focus
on one of the components say 1.

We divide our analysis based on if wj; and w3, have the
same sign or not. Suppose wj; and wj; have the same
sign. Let us consider the case when both are positive
(negative case follows from symmetry as the dynamic
starts at zero).

e Suppose 0 < wj; < wy;. If 0 < wj;, < w3, is
plugged into the equation @, we obtain wj;. Our
objective is to show convergence to wj;. In this
case, Af, which corresponds to the it" compo-
nent of A*  is greater than zero. Observe from
the dynamic that environment 2 will first hit the
boundary in this case and since A} > 0, it will hit
the positive end, i.e., w*'P. The best response of
environment 1 is to play Iy [w};, — w*P]. Since
wy; > 0, we get that environment 1 uses the pre-
dictor wj; — w*'P, the ensemble predictor takes
the value wj;. Environment 2 in the next step
continues to play Iy [ws; — w3, +w™P] = w™P and
environment 1 continues to play wj; —w*'?. Hence,
the predictors stop updating. Thus in this case
at convergence, the ensemble predictor achieves
the value that we wanted to prove wj;. Also, both
environments best respond to each other, which
implies that the state is a NE.

e Suppose 0 < wi;, < wi;. If 0 < wi, < wi; is
plugged into the equation @, we obtain wj;. Our
objective is to show convergence to w3;. Observe
from the dynamic that environment 1 will first hit
the boundary in this case and since A} < 0, it will
hit the positive end, i.e., w®P. The best response
of environment 2 is to play IIyy[w3; — w™P]. Since
wj; > 0, we get that environment 2 uses the pre-
dictor w3; —w*“P and the ensemble predictor takes
the value w3;. Thus just like the case described
above both environments stop updating. Hence,
the state w™'P, w3, — w*P is a NE and the final
ensemble predictor is at wj;, which is what we
wanted to prove.

Suppose wj; and wj; have the opposite sign.

e Consider the case when wj; < 0 < w3;. If wj; <
0 < wj3; is plugged into the equation @, we obtain
0. In this setting, environment 2 moves towards
the w™P and environment 1 moves towards —w*"P.
Suppose environment 2 hits the boundary. In the
next step, the best response from environment 1
is computed as ILyy[w}; — w™P] = —w*P. Since
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both environments best respond to each other the
state (—w*'P, w*P) is NE and the final ensemble
predictor is at 0, which is what we wanted to prove.
Hence, both the environment continue to stay at
the boundary. This is also the case if environment 1
hits the boundary first. The same analysis applies
to the case when w3, < 0 < wj;.

We focused on one of the components ¢ and the
above analysis applies to all the components j €
{k+1,.....,n}. This completes the proof. Note that
the entire analysis is symmetric and it does not mat-
ter which environment moves first, the analysis also
extends to the case when initialization is not zero. [

7.6 Proposition 5

We restate Proposition [5]

Proposition 9. If Assumption[d holds with ae = 0
and O an orthogonal matriz for each e € {1,2}, and
Assumptions[3, [{} [8 hold, then the output of Algorithm
Wt obeys [T — (v,0)| < [wEM — (v,0)] for all
wERM ¢ SERM cucept over a set of measure zero (see
footnote 2). Moreover, if all the components of vectors
©17m1 and Oam2 have opposite signs, then w™ = (v,0).

Proof. In the above proposition, we make the same set
of assumptions as in Proposition In the proof of
Proposition [4] we showed that the set of Assumptions
in Proposition [4] imply that the Assumptions 0]
hold. Since Assumptions [6] hold, from Theorem
[B]it follows that the output of Algorithm [I]is equal to
the NE based ensemble predictor given by equation
@. In Proposition 4] we have already shown that this
NE based ensemble predictor (equation (), which is
the output of Algorithm [1} is closer to (-, 0) than the
solution of ERM (except over a set of measure zero
defined in the proof of Proposition . We had also
shown that the NE based ensemble predictor is equal
(7,0) when the signs of @177 and @19 are opposite.

This completes the proof. O

7.7 Extensions

In this section, we discuss extensions and generaliza-
tions of the results presented in the main manuscript.

7.7.1 Other best response dynamics

In this section, we describe a simple signed gradient
descent based dynamic. The aim is to show that for
simple variations of the dynamic proposed in Algorithm
we continue to have convergence guarantees.

We define a signed gradient descent based version of
the dynamic in equation and with step length

3.
For t = 0, w! = 0 and w} = 0.
Fort>1
wt =TIy [wi_l + Bsgn|w] — 'wé_l]} (50)
wh = Ty [w}™" + Bsgn[w; — w] ] (51)
w' = w! + w}
t=t+1

In the above sgn is the component-wise sign function,
which takes a value 1 when the input is positive (in-
cluding zero) and —1 if the input is negative. w? is
the ensemble predictor at the end of iteration ¢, w! is
the predictor for environment e at the end of iteration
t. Suppose we want to get within € (per component)
distance of the NE based predictor. Divide the compo-
nents into two sets £ and F defined as follows. i € €
if and only if the least squares solution are within e
distance, i.e. |w}, — w;;,| < € and i € F if and only
if the least squares solution are separated by at least
epsilon ie. |wi; — wi;| > e

Let 8 < e. Let us analyze the dynamic for a component
t € F. We divide the analysis into two cases — wj; and
wj; have the same sign, and wj,; and w3, have opposite
signs. Let us start with same sign case with both wj;
and wj; positive (negative sign case follows from sym-
metry). Consider the case 0 < wj; < wj;. In this case
from the expression of NE in equation @7 we would
hope the dynamic can eventually achieve an ensemble
predictor that stays within e distance of wj;. Since the
dynamic starts at 0 and sgn[wj;] = 1 and sgn[wj;] = 1,
the ensemble predictor w! after some iterations will en-
ter the interval [w];, w3;]. Once the ensemble predictor
enters the interval, the two predictors w!; and w}; will
push the predictor in opposite directions and since the
step length is the same the ensemble predictor will not
move. This would continue until environment 2 hits
the positive boundary w**P. Once the environment 2
hits the boundary it stops updating and environment 1
pushes the ensemble predictor towards wj,;. Once the
predictor is within 5 distance from w7, it continues to
oscillate around w7;. Consider the case 0 < w3, < wi;,
the same analysis follows and dynamic eventually os-
cillates around wj;;. Next, consider the case when wj;
and wj; have opposite signs. In this case from the
expression of NE in @, we would hope the dynamic
can eventually achieve an ensemble predictor that stays
within e distance of 0. In this case, since the predictors
start at zero, both environments will push in opposite
directions. Eventually, both environments hit opposite
ends of the boundary and stay there. This results in
ensemble predictor coefficient of zero.
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Now let us analyze the game for components in £. We
again carry out analysis based on the whether the signs
agree or not. Consider the case 0 < wj; < w3;. In
this case from the expression of NE in @, we would
hope the dynamic can eventually achieve an ensemble
predictor that stays within e distance of wj,. The
dynamic starts at 0 and sgn[wj;] = 1 and sgn[w3;] = 1,
the ensemble predictor w! may or may not enter the
interval [w};,w3;]. If it enters, then the analysis is
identical to the previous case when i € F. If the
ensemble predictor does not enter the interval, then
it has to overshoot it and move to the right of the
interval, which implies in the next step it will be pulled
back to the left of the interval. This sets the ensemble
predictor in an oscillation around wj;. The analysis for
the case when wi; and w3, have opposite signs is the
same as the previous case.

7.7.2 Convergence when Assumption [6] does
not hold

In this section, we discuss can we still learn NE if
the Assumption [f] is relaxed? We would rely on the
results in [Zhou et al., 2017] for our discussion here.
In [Zhou et al., 2017], the authors introduced a no-
tion called variational stability. Consider the class
of concave games. It was shown that if the set of
Nash equilibria satisfy variational stability, then a
mirror descent based learning dynamic (described in
[Zhou et al., 2017]) converges to the NE. Next, we an-
alyze the variational stability for C-LRG.

Define the gradient of utility of the environment e
Ve(w) = =V, Re(we, w_.), where recall that w, is
action of environment e and w_, is the action of the
other environment, R, is the risk, and w = (w,, w_.).
Let us recall a characterization of NE in terms of the
gradients ([Zhou et al., 2017]). Suppose w' = (w], w})
is a NE of C-LRG. For every w, € W, we have

ve(wh) (w, — wf) <0 (52)

Next, we show how to relate the gradient at NE, v, (w'),
to the gradient at any other point v.(w)

ve(w)
= B[ (Y. - w] X, - w] X,) X, |
= E.| (Y.~ (wn - w1+w>TXe
(w2 — w§+w2TX> }
ve(w) = ve(w') — Se(wy —w] +ws —w))
ve(w) = ve(w') = Be(w — @)

In the above w = w; + wy, w! = 'wi + w;.

For establishing variational stability, we need to show
that for each w € W x W and for each NE w' the
following inequality, i.e., Y.  ve(w)"(w. — w]) < 0,
holds.

ec{1,2}

Z ve(wT)T(we—'wl)— Z (w ) S ( _'wl

ec{1,2} ec{1,2}

= Z Ve (wh) T (w, —w!) — (0 — w)TE( w')
e€{1,2}

(54)

We begin by analyzing the case when 3; = 5. Sub-
stitute 31 = X5 in equation ,

— (0 —w") TS (0 — wh)

If we use the condition in equation along with
the fact that 3; is positive definite, then we get that
>ec2y Ve(w) (we — wl) < 0, which implies that
the set of NE of C-LRG is variationally stable. We
now give an example of when ¥; = X, is satisfied.
Consider the SEM in Assumption [2| If between the
two environments the only parameters that vary are 7,
and the distribution of ., and rest all other parameters
in the model are the same, then 3 = 35 is satisfied.

We now discuss what happens if we relax the assump-
tion, 31 = X5, made above.

Consider the eigenvalue decomposition of 3o — 31 =
QAQT, where since ¥y — 3 is a symmetric matrix we
know that € can be chosen as an orthogonal matrix
and A is a diagonal matrix of eigenvalues. Define the
smallest eigenvalue of 3o — 31 as Amin(Z2 — 31).

Define a transformation of vector w under © as w =
Quw. Since Q is orthogonal, ||w| = ||w]||. We now use
these relationships to simplify

(w1 — w)T(Bp — B1)(w; — w)) =

(w1 — w]) TRAQT (w, — w))

= (b — w])A(w; — b))

> Amin (B2 — 21) (w1 — @]) T (2 — w])
> —[Amin(B2 — =
= —[Anin(B2 — X

g

(55)

DIl —@])||[|(d2 — @)

Dl (w1

—w])|[|(wz — w))]
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In the last two inequalities in equation , we used
Cauchy-Schwarz inequality and the fact that norms do
not change under orthogonal transformations ||w|| =
|lw|]. Now let us bound the term (w — w")T (2 —

1) (wy — wl) in equation 4.

— (w —w") (32 — 1) (ws — w))
= —(wy — w})T(By — 1) (wy — w)+
= (w1 — w})T(Bz — 1) (w — w})
< —Amin(B2 — T1)||(w; — w])||*+
Amin (22 = 21)[| (w1 — w!)|[[|(ws — w)]

(56)

In the last inequality in equation , we used equation
. If 35 — 34 is positive semi-definite with lowest
eigenvalue of zero, then the term in equation is
bounded above by zero. If we use this observation in
equation , the the condition for variational stability
is satisfied. Note that the entire analysis is symmetric
and we can state the same result for the matrix 3; — 3.
Therefore, if one of the matrices 3o — 3 or 37 — 3o,
is positive semi-definite with lowest eigenvalue of zero,
then we get variational stability for the NE. Therefore,
we can use the convergence results in [Zhou et al., 2017]
to guarantee that NE will be learned.

7.7.3 Multiple Environments

In the main body of the paper, we discussed the re-
sults when the data is gathered from two environments.
What happens if the data were gathered from multiple
(more than two) environments?

First let us start with the game U-LRG from Section|4.1
The first result in Proposition [1| states that when least
squares optimal solution are not equal, then there is no
NE of U-LRG. When we move to multiple environments
using same proof techniques it can be shown that if
there is any two environments, which do not agree on
the least squares optimal solution, then no NE will
exist. For a NE to exist all environments will have to
have the same least squares optimal solution.

Next, we consider the game C-LRG from Section [1.2]
With multiple (more than two environments), we are
guaranteed that NE will exist. How does the Theorem
change for multiple environments? We extend the
Assumption [0] to state that any feature component that
does not have the same least squares coefficient across
all the environments is uncorrelated with the rest of
the features. Suppose the environments are indexed
from {1,...,r}. For this discussion, let us focus on
one of the feature components say i. Without loss of
generality, assume that these environments are ordered
in an increasing order w.r.t the optimal least squares

coefficient, i.e. if e, f € {1,...,r} such that e < f,

then w; < w};.

Let us assume that r is odd. Consider the median
environment indexed m = T'gl. Ensemble predictor’s
coefficient will be equal to the coefficient of the median
environment u’);r = w,,;. In this case in the NE, all
the environments with index e > m play w™P, all
the environments with index e < m play —w*“P, and

. . *
median environment m plays w; ,.

Let us assume that r is even. Consider the two me-

dian environments indexed m = 5 and m + 1. If wy, ;
and wZ‘mH)i have the same sign, then the NE based

ensemble predictor is equal to the coefficient with a
smaller absolute value. If wy; and w,, ;) have the
same sign, and say 0 < w} , < wi“mﬂ)i, then in NE
the environment m plays w;,; — w*'? and environment
m+1 plays wP. If w . and w*m+1)i have the opposite
sign, then the NE based ensemble predictor is equal to
zero. If w} , and wz‘m +1)i have the opposite sign, and
say wy,; <0 <wp, .4, then in NE the environment
m plays —w*'P and environment m + 1 plays w*“P. For
all the remaining environments other than m and m+1
their actions are described as — environments with
index e > m + 1 play w*"P, all the environments with

index e < m play —w®"P.

In Proposition [ we analyzed linear SEMs and showed
that NE based ensemble predictor are closer to the
OOD solutions than ERM. Proposition [ relied on
Theorem [2] which we have shown can be appropriately
extended to multi-environment setting. Hence, by using
the same proof techniques used to prove Proposition
and the expression for NE that we discussed above
for multiple environments, we can show that the same
result extends to multiple environments.

In Theorem [3] we proved the convergence for BRD dy-
namics to NE. We can show convergence in this setup
as well using the same ideas discussed in Section[7.5]and
Section We have shown that Theorem [2] Propo-
sition [ and Theorem Bl extend to multi-environment
setting. We also know that Proposition [5| directly fol-
lows from Theorem [2] Proposition [d and Theorem
Therefore, Proposition [5| extends to multi-environment
setting.

7.7.4 Theory beyond Assumption [6] and

Independent component analysis (ICA)
[Hyvarinen and Oja, 2000] based feature extrac-
tion assumes that complex datasets such as images
are a transformation of (independent and identically
distributed) i.i.d. hidden features. Thus for complex
datasets we can break the analysis in two parts:
extract i.i.d. features and apply our linear method
on the extracted features. Suppose the observed data
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X comes from a linear transformation of hidden i.i.d.
features Z and is given as X = AZ, where A is a
linear transformation. Features Z take the place of X
in the model in Assumption [2] In such a case, X need
not follow Assumption [6] If we use linear ICA on X,
then ideally, one hopes to recover A (or a permutation
or scaled version of it), and extract Z and apply our
approach on Z.

7.8 Supplement for Experiments

7.8.1 Computing Environment

The experiments were done on 2.3 GHZ Intel Core i9
processor with 32 GB memory (2400 MHz DDR4). The
codes can be found at https://github.com/IBM/0oD
that would allow the reader to both reproduce the
results and use the model class to train their own
models to build NE based ensemble predictors.

7.8.2 Model, Hyperparameter, Training
detalils

We use linear models for all the methods. We carried
out 10 trials for all the experiments and show the
average performance in Figure [3| In the experiments
for the 10 dimensional case (p = ¢ = 5) shown in Figure
Bl we use a bound of w™P = 2. In Figure [2| we had
shown that provided the solution is contained in the
search space, i.e., realizability assumption (Assumption
is satisfied, then the choice of the bound does not
impact the solution provided the number of training
steps are sufficiently large.

We use a stochastic gradient descent based best re-
sponse dynamic to learn the NE; this dynamic is very
similar to the one described in Section [.7.1l For each
environment e € {1,2} say the loss for the current
batch at the end of iteration ¢ is R,(w!,w}) (sample
mean estimate of the loss over the current batch). For
each e € {1,2}, say w! is the model used by environ-
ment e at the end of iteration ¢t. The two environ-
ments alternate to take turns to update the model,
i.e. in odd iterations ¢t environment 1 updates the
model, and even iterations t environment 2 updates the
model. Each environment in its turn takes a step based
on gradient of its loss over the batch w.r.t its model
parameters. In its turn the environment 1 updates
w! = Ty [wi™ — vai—lél(wi_l,wé_l)], while the
environment 2 does not update the model, w} = w}—1,
and then ¢ is incremented by 1. In the next turn, the
same procedure is repeated with the roles of environ-
ment 1 and 2 reversed, i.e., environment 2 updates
and environment 1 does not. We continue this cycle of
updates until a fixed number of epochs. In our experi-
ments, we set 8 = 0.005, the batch size was set to 128
and the total number of epochs were set to 200 (each

epoch is equal to the size of the training data divide
by the batch size).

For the implementation of IRM, we needed to change
the cross-validation procedure in the implementa-
tion provided by [Arjovsky et al., 2019]. The cross-
validation procedure in requires access to data from
a separate validation environment with a different
distribution. Since we only use two environments,
we use the cross-validation procedure called the
train-domain validation set procedure (defined in
[Gulrajani and Lopez-Paz, 2020]), which requires us
to split each train environment into a train por-
tion and a validation portion. It finally requires to
combine all the validation splits and use them as
one validation split. We use a 4:1 split. Besides
this change in cross-validation procedure, the rest of
the implementation comes from https://github.com/
facebookresearch/InvariantRiskMinimization/.

7.9 Further details on Figure

Below we provide tables (Table @, containing
numerical values and the standard deviation associated
with model estimation error shown in Figure 3| ICP
can often be conservative in accepting a covariate as a
direct cause, which is the reason we see in some rows
the entry against ICP is 5.0 & 0.0; it does not accept
any covariate as cause.

7.10 Extra experiments

In this section, we repeat the experiments shown in
Figure[3]for a 100 dimensional setup with 1000 training
samples. In Table [3] we show the results for the exper-
iments. We find our approach is consistently better.
It is not possible to compare with ICP owing to the
computational intractability of the procedure for this
setup.

7.11 Details for colored MNIST experiments
7.12 Colored MNIST Digits

We wuse the exact environment as in
[Arjovsky et al., 2019). [Arjovsky et al., 2019]
propose to create an environment for training to
classify digits in MNIST digits data EL where the
images in MNIST are now colored in such a way that
the colors spuriously correlate with the labels. The
task is to classify whether the digit is less than 5
(not including 5) or more than 5. There are three
environments (two training containing 30,000 points
each, one test containing 10,000 points) We add noise

same

“https://www.tensorflow.org/api_docs/python/tf/
keras/datasets/mnist/load_data
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H Setting ERM IRM LRG C-LRGC H

F-HET 1237 10.75 12.32 4.92
P-HET 13.31 11.24 13.27 5.78
F-HOM 45.01 41.79 45.73 1.92
P-HOM 4549 42.21 46.19 3.43

Table 3: Comparisons across different linear SEMs for
number of training samples = 1000 and feature dimension

100
H Method Samples Error H
to the preliminary label (g = 0 if digit is between
0-4 and § = 1 if the digit is between 5-9) by flipping IRM 20 2,72+0.53
it with 25 percent probability to construct the final ICP 20 4.85+0.10
labels. We sample the color id z by flipping the final ERM 20 2.82 +0.49
labels with probability p., where p. is 0.2 in the first C-LRG 20 7.96 + 0.67
environment, 0.1 in the second environment, and 0.9 ' .
in the third environment. The third environment IRM 100 0.96 +£0.17
is the testing environment. We color the digit red ICP 100 3.46 +0.37
if z :ll or green if z = 0. The results reported in ERM 100 1.16 & 0.06
Table [3| are averaged over 10 random pairs of training
environments. C-LRG 100 7.98 +0.59
IRM 250 0.59 +£0.10
Architecture for our method: Each training envi- cp 550 042 1 021
ronment corresponds to a player and there is an indi- : :
vidual model that is assigned to each environment. We ERM 250 1.12£0.05
assume that all the environments use the same architec- C-LRG 250 1.11 4+ 0.05
ture described as follows. The model used is a simple IRM 500 0.90 + 0.09
multilayer perceptron with following parameters. 0P 00 0 61 o 601
e Input layer: Input batch (batch, len, wid, depth) — ERM 500 1 T 0 03
Flatten i i
e Layer 1: Fully connected layer, output size = 390, C-LRG 500 0.65 4 0.04
activation = ELU, Dropout = 0.75 IRM 750 0.54 £0.10
e Layer 2: Fully connected layer, output size = 390, ICP 750 0.005 + 0.0001
activation = ELU, Dropout = 0.75
e Output layer: Fully connected layer, output size ERM 750 1.09+0.03
=2 C-LRG 750 0.42 +0.02
Other details: We use Adam optimizer with a learn- IRM 1000 0.51£0.11
ing rate of 5e — 4. We use a batch size of 256. We use ICP 1000 0.002 £ 0.0003
afwarm start phase as Ziescribed in [A}fluja et al., 2020] ERM 1000 1.12 4 0.03
of length 100. We use ¢, constraint of 0.1. For F-IRM
game [Ahuja et al., 2020], we use the same architecture CLRG 1000 0.43 +0.02

that is described above with all the same parameters

. . Table 4: i for F-HET
(except we do not have £, constraints in F-IRM game). able 4: Comparisons for

For IRM, we use the same architecture and optimizer
parameters as described in [Arjovsky et al., 2019|.
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H Method Samples Error H
IRM 20 248 +£0.34
ICP 20 5.00 £ 0.00
ERM 20 3.59 +0.51

C-LRG 20 9.31 £ 0.87
IRM 100 1.28 +0.20
ICP 100 3.49 +0.56
ERM 100 1.37£0.10

C-LRG 100 9.86 + 1.08
IRM 250 0.95+0.16
ICP 250 2.33 £0.69
ERM 250 1.22 +0.07

C-LRG 250 1.23 £0.08
IRM 500 1.01+£0.11
ICP 500 3.01+0.77
ERM 500 1.33£0.09

C-LRG 500 0.89 +0.09
IRM 750 0.85+0.15
ICP 750 2.01 +£0.77
ERM 750 1.18 £0.05

C-LRG 750 0.53 £0.04
IRM 1000 0.88 +0.14
ICP 1000 2.50+£0.79
ERM 1000 1.19+ 0.05

C-LRG 1000 0.55 +0.03

Table 5: Comparisons for P-HET

H Method Samples Error H
IRM 20 3.89 +0.50
ICP 20 5.02 £ 0.02
ERM 20 4.82 +£0.57

C-LRG 20 6.14 £+ 0.66
IRM 100 3.06 £0.12
ICP 100 7.91 £ 0.46
ERM 100 4.35+0.12

C-LRG 100 4.224+0.55
IRM 250 2.83 £0.06
1ICP 250 7.95 4+ 0.47
ERM 250 4.29 +£0.12

C-LRG 250 3.524+0.24
IRM 500 3.21+0.09
ICP 500 6.50 + 0.58
ERM 500 4.45+0.05

C-LRG 500 0.38 = 0.05
IRM 750 2.99 +£0.04
ICP 750 5.00 £ 0.00
ERM 750 4.47+0.04

C-LRG 750 0.05 £ 0.008
IRM 1000 3.04 +0.06
ICP 1000 5.00 +0.00
ERM 1000 4.51 +0.07

C-LRG 1000 0.03 + 0.003

Table 6: Comparisons for F-HOM
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H Method Samples Error H

IRM 20 4.03£0.41
ICP 20 5.38 £0.14
ERM 20 4.57+0.69
C-LRG 20 8.03 £ 0.56
IRM 100 3.39+£0.32
ICP 100 6.55 +0.52
ERM 100 4.25+0.17
C-LRG 100 6.24 +0.77
IRM 250 2.95+0.09
ICP 250 5.00 £ 0.00
ERM 250 4.10+0.18
C-LRG 250 3.27+0.26
IRM 500 3.02+0.09
ICP 500 5.00 £ 0.00
ERM 500 4.54+0.13
C-LRG 500 0.56 = 0.09
IRM 750 2.81+0.10
ICP 750 5.00 = 0.00
ERM 750 4.39+0.09
C-LRG 750 0.08 +0.009
IRM 1000 2.88 +£0.06
ICP 1000 5.00 £ 0.00
ERM 1000 4.35+0.12
C-LRG 1000 0.05 + 0.009

Table 7: Comparisons for P-HOM



Kartik Ahuja, Karthikeyan Shanmugam, Amit Dhurandhar

References

[Ahuja et al., 2020] Ahuja, K., Shanmugam, K., Varsh-
ney, K., and Dhurandhar, A. (2020). Invariant risk
minimization game. In International Conference on
Machine Learning, 2020.

[Ajakan et al., 2014] Ajakan, H., Germain, P,
Larochelle, H., Laviolette, F., and Marchand, M.
(2014). Domain-adversarial neural networks. arXiv
preprint arXiw:1412.4446.

[Arjovsky et al., 2019] Arjovsky, M., Bottou, L., Gul-
rajani, I., and Lopez-Paz, D. (2019). Invariant risk
minimization. arXiv preprint arXiv:1907.02893.

[Bareinboim et al., 2012] Bareinboim, E., Brito, C.,
and Pearl, J. (2012). Local characterizations of
causal Bayesian networks. In Graph Structures for
Knowledge Representation and Reasoning, pages 1—-
17. Springer.

[Beery et al., 2018] Beery, S., Van Horn, G., and Per-
ona, P. (2018). Recognition in terra incognita. In
Proceedings of the FEuropean Conference on Com-
puter Vision, pages 456—473.

[Ben-David et al., 2007] Ben-David, S., Blitzer, J.,
Crammer, K., and Pereira, F. (2007). Analysis of
representations for domain adaptation. In Advances
in neural information processing systems, pages 137—
144.

[Boyd and Vandenberghe, 2004] Boyd, S. and Vanden-
berghe, L. (2004). Convez optimization. Cambridge
university press.

[Chang et al., 2020] Chang, S., Zhang, Y., Yu, M., and
Jaakkola, T. S. (2020). Invariant rationalization.
In International Conference on Machine Learning,
2020.

[Debreu, 1952] Debreu, G. (1952). A social equilib-
rium existence theorem. Proceedings of the National
Academy of Sciences, 38(10):886-893.

[DeGrave et al., 2020] DeGrave, A. J., Janizek, J. D.,
and Lee, S.-1. (2020). Ai for radiographic covid-19
detection selects shortcuts over signal. medRxiv.

[Duchi et al., 2016] Duchi, J., Glynn, P., and
Namkoong, H. (2016). Statistics of robust optimiza-
tion: A generalized empirical likelihood approach.
arXiv preprint arXiw:1610.03425.

[Fudenberg et al., 1998] Fudenberg, D., Drew, F.,
Levine, D. K., and Levine, D. K. (1998). The theory
of learning in games, volume 2. MIT press.

[Ganin et al., 2016] Ganin, Y., Ustinova, E., Ajakan,
H., Germain, P., Larochelle, H., Laviolette, F., Marc-
hand, M., and Lempitsky, V. (2016). Domain-
adversarial training of neural networks. Journal

of Machine Learning Research, 17(1):2096-2030.

[Geirhos et al., 2020] Geirhos, R., Jacobsen, J.-H.,
Michaelis, C., Zemel, R., Brendel, W., Bethge, M.,
and Wichmann, F. A. (2020). Shortcut learning in
deep neural networks. Nature Machine Intelligence,
2(11):665-673.

[Glorot et al., 2011] Glorot, X., Bordes, A., and Ben-
gio, Y. (2011). Domain adaptation for large-scale
sentiment classification: A deep learning approach.
In Proceedings of the International Conference on
Machine Learning, pages 513-520.

[Gretton et al., 2009] Gretton, A., Smola, A., Huang,
J., Schmittfull, M., Borgwardt, K., and Scholkopf,
B. (2009). Covariate shift by kernel mean matching,.
Dataset shift in machine learning, 3(4):5.

[Gulrajani and Lopez-Paz, 2020] Gulrajani, I. and
Lopez-Paz, D. (2020). In search of lost domain
generalization. arXiv preprint arXiv:2007.01434.

[Heinze-Deml et al., 2018] Heinze-Deml, C., Peters, J.,
and Meinshausen, N. (2018). Invariant causal pre-
diction for nonlinear models. Journal of Causal
Inference, 6(2).

[Hoffman et al., 2018] Hoffman, J., Mohri, M., and
Zhang, N. (2018). Algorithms and theory for
multiple-source adaptation. In Advances in Neural
Information Processing Systems, pages 8246-8256.

yvarinen and Oja, yvarinen, A. and Oja, E.
Hyvari d Oja, 2000] Hyvari A. and Oja, E
(2000). Independent component analysis: algorithms
and applications. Neural networks, 13(4-5):411-430.

[Janzing et al., 2012] Janzing, D., Mooij, J., Zhang,
K., Lemeire, J., Zscheischler, J., Daniusis, P.,
Steudel, B., and Scholkopf, B. (2012). Information-
geometric approach to inferring causal directions.
Artificial Intelligence, 182:1-31.

[Janzing and Scholkopf, 2010] Janzing, D. and
Scholkopf, B. (2010). Causal inference using the
algorithmic Markov condition. IEEE Transactions
on Information Theory, 56(10):5168-5194.

[Koyama and Yamaguchi, 2020] Koyama, M. and Ya-
maguchi, S. (2020). Out-of-distribution generaliza-
tion with maximal invariant predictor. arXiv preprint

arXi:2008.01883.

[Krueger et al., 2020] Krueger, D., Caballero, E., Ja-
cobsen, J.-H., Zhang, A., Binas, J., Priol, R. L., and



Linear Regression Games: Convergence Guarantees to Approximate Out-Of-Distribution Solutions

Courville, A. (2020). Out-of-distribution general-
ization via risk extrapolation (rex). arXiv preprint
arXiv:2003.00688.

[Lee and Raginsky, 2018] Lee, J. and Raginsky, M.
(2018). Minimax statistical learning with Wasser-
stein distances. In Advances in Neural Information
Processing Systems, pages 2687—-2696.

[Magliacane et al., 2018] Magliacane, S., van Ommen,
T., Claassen, T., Bongers, S., Versteeg, P., and Mooij,
J. M. (2018). Domain adaptation by using causal
inference to predict invariant conditional distribu-
tions. In Advances in Neural Information Processing
Systems, pages 10846-10856.

[Mahajan et al., 2020] Mahajan, D., Tople, S., and
Sharma, A. (2020). Domain generalization using
causal matching. arXiv preprint arXiv:2006.07500.

[Mohri et al., 2019] Mohri, M., Sivek, G., and Suresh,
A. T. (2019). Agnostic federated learning. arXiv
preprint arXiv:1902.00146.

[Pearl, 1995] Pearl, J. (1995). Causal diagrams for
empirical research. Biometrika, 82(4):669-688.

[Pearl, 2009] Pearl, J. (2009). Causality. Cambridge
university press.

[Peters et al., 2015] Peters, J., Bithlmann, P.,; and
Meinshausen, N. (2015). Causal inference using
invariant prediction: identification and confidence
intervals. arXiv preprint arXiv:1501.01332.

[Peters et al., 2016] Peters, J., Bithlmann, P.; and
Meinshausen, N. (2016). Causal inference by using
invariant prediction: identification and confidence
intervals. Journal of the Royal Statistical Society:
Series B (Statistical Methodology), 78(5):947-1012.

[Scholkopf et al., 2012] Schélkopf, B., Janzing, D., Pe-
ters, J., Sgouritsa, E., Zhang, K., and Mooij, J.
(2012). On causal and anticausal learning. arXiv
preprint arXiv:1206.6471.

[Subbaswamy et al., 2019] Subbaswamy, A., Chen, B.,
and Saria, S. (2019). Should I include this edge in
my prediction? Analyzing the stability-performance
tradeoff. arXiv preprint arXiv:1905.1137j.

[Teney et al., 2020] Teney, D., Abbasnejad, E., and
Hengel, A. v. d. (2020). Unshuffling data
for improved generalization. arXiv preprint
arXiw:2002.11894.

[Zhou et al., 2017] Zhou, Z., Mertikopoulos, P., Mous-
takas, A. L., Bambos, N., and Glynn, P. (2017).
Mirror descent learning in continuous games. In
2017 IEEFE 56th Annual Conference on Decision and
Control (CDC), pages 5776-5783. IEEE.



