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Supplementary Materials

A ALGORITHMS

We present omitted algorithms. Algorithm 3 depicts the updates for the minimization problem. At each outer
iteration of Algorithm 2, a single successful step for the minimization problem is performed. In contrast to
standard direct-search algorithms, we do not increase the step size parameter immediately after a successful
step, but instead, before the start of the next search for a new successful step, to simplify notation for the
upcoming proofs.

Algorithm 3: ONE-STEP-DIRECT-SEARCH( f, Xq, 0¢)

Input: f: objective function, with fj it’s estimate at step k
X: initial point
0g: step size value
c: forcing function constant
v > 1: step size update parameter
Create the Positive Spanning Set D for the variables x.
Update 01 = min{yog, omax } as last update was successful.
for k=1,... do
1. Offspring generation:
Generate the points
x' =x+o0,d’, vd'eD.

2. Parent Selection:
Choose x’ = arg min; fi(x").
3. Sufficient Decrease: if fi(x') < fr(x) — p(o)) then
(Iteration is successful)
‘ return x’, oy,.
else
(Iteration is unsuccessful)
‘ Decrease step size 41 = 7~ Log.
end

end

B PROOFS OF SECTION 4

B.1 Proof of Lemma 1

Proof. The result follows by applying Holder’s inequality.
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By Assumption 1, it holds that (E {‘F’S;f%)q) < 1 and the result follows. Following the same steps, the
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second inequality of the Lemma holds as well.
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B.2 Proof of Theorem 2

Proof. We begin by taking separate cases according to if the estimates are accurate or not and if the steps of
Algorithm 1 are successful or not. We use lgyec, to denote the event that step k is successful.

Case 1: Accurate estimates.

e Successful step.

At a successful step with accurate estimates we have that:

Isucer Ly, (f (Xiy1) — [(Xk))
= Isuce, Ly, (f (Xn1) = fo(Kpg1) + fo(Xig1) = fe(Xi) + fo(Xi) — f(Xi))
S :lSucc;C 1Jk(_(c - 26]‘)2%)

Therefore

1Succk1J;c ((I)k:+1 - (bk)
= Iucer Ly (0(f (Xiy1) — F(Xi)) + (1 = 0) iy — (1= 0)3})
< suee, Ly, (—v(e — 26£)87 + (1 —v) (v = 1)23).

e Unsuccessful step.

v 1 9 1 9 1
> - ) = - -2 1-— -N<—(1=-2)(1-—
T 2 o 0P ) = e =26+ (1= 1) <~ =01 - ),
in the case of accurate estimates we have
1 o
E[1, (®rt1 — Px) [ Fr—1] < —ps(1 —v)(1 - ?)Ek' (11)

Case 2: Inaccurate estimates.

e Successful step.

(0(f (Xi1) = F(Xp)) + (1 = 0)5F 4y — (1 = 0)%F)
= Lsucer Lg (0(f (Xi41) = fr(Ki1) + fio(Xpg) — fe(X)
+ fe(Xi) = F(Xp) + (1= 0)E5, — (1 - 0)%})
< Lsuce, Lue (—veSE 4 ol f(Xpg1) — fe(Xir1)| + 0] f(Xi) — fr(Xi)]
—(1=v)(?-1)%}),

1Succk1J,§(q)k+1 - (bk) = ]-Succ;C ]-],g v

where we will later bound terms |f(Xi+1) — fro(Xe+1)]s |f(Xk) — f&(Xk)| using Lemma 1.
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e Unsuccessful step.
As before:

Lsuces Lye (Phy1 — Pr) = Lsuces Lye (1 —0)2F,; — (1 —0)%F)
1
= 1Succ;1J,§(7(1 - v)(l - ?)E%‘)
In total for inaccurate estimates and by using Assumption 1 and Lemma 1
E[1ye (@41 — Bi) | Froa] < 20(1 —py)'/21 53 (12)

Finally, integrating both successful and unsuccessful iterations

E[®y+1 — ®r | Fr—1]

IN

1
—pp(1—v)(1 - ?)zz +20(1 — py) /21,52

1 x2
< —prl—v)(1— =)=k
< sl =) - )5

ps doly

i = G007

for our requirement of

B.3 Proof of Lemma 4
Proof. Similar to Conn et al. (2009), for an unsuccessful step with accurate estimates, we have that for some
d, €D

R(D)IV £ (i) [l[drll < =V f(xx) i (13)
By the mean value theorem, for some n; € [0, 1],

f(xk +ordy) — f(xx) = 0,V (x5 + neordy) " di.

Since k is the index of an unsuccessful iteration,

fe(xp + ordy) — fr(xx) + plog) >0

and since estimates are accurate

f(xp 4+ ordi) — f(xk) = f(x + ordy) — fu(xi + ordy)

+ fro(xXp + ordr) — fr(Xx) + fro(xx) — f(xx)
—ejoi, — plok) — €507,
—(c+ 2¢p)0}.

v

Combining the above equations,

ok V f(xk + mkoedi) " di + (¢ + 2€5)a7 > 0
= Vf(xk + meordy) "di + (¢ + 2e)op > 0
= — Vf(xx) dy < (Vf(xp +mordi) — VF(xx))  di + (c+ 2€p)o, (14)
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where in the last inequality, we subtracted V f(x3)d}, from both sides.
Finally, Eq. (13) implies

R(D)IVF o)l el < (Vf(xx + meordi) = VF(xx)) Ty + (¢ + 2¢5)o
= KDV (xp)ll < IVf(xk + meordr) = Vf(xp)ll + (¢ + 2€5) 0k

L
< 50k + (c+2¢5)0y,

B.4 Proof of Theorem 5

Proof. By Theorem 2 and Lemma 4.10 from Paquette and Scheinberg (2018) we get that Assumption 2 is
satisfied, for ¥, = Ce. Then by an application of Theorem 3 we get

pr v(f(Xo) = f)+ (- )

€2
2py =1 pr(l—0)(1- ?)

E[T] <

The result follows.

B.5 Proof of Theorem 6

We will also use the additional result holding for any function with Lipschitz-continuous gradients.

Lemma 8. Let f:x € R" — R be a continuous differentiable function with Lipschitz continuous gradient with
a constant L and a minimum value achieved for x*. Then

F69) = £6) 2 5 IV S (15)

Proof. By smoothness and for y = x — +V f(x) we have

£ — £') > £60)  £(3)

> (VF(x),x—y) ~ gy —xI?

- 1||Vf<x>||2 o IVFI?
e

We can now proceed with the proof of Theorem 6.

Proof. We note that for the conditions on the constants ¢, v and py, requirements of Theorem 2 are also satisfied.

We define as T; = inf{k > 0: f(Xy)— f* < %}, with Tp = 0. We will also use the random variable
AN =Ty —Ti_y.

We will assume without loss of generality that

53 < 20 (7(X0) — 1) £ A (Xo) — 1), (16)
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for A = %. We apply Theorem 3. Given that f(Xr,_,)—f* < %, and that f(Xz)—f* > % for
k € [T;-1,T;) (possibly an empty set), Lemma 4 and the Definition 5, then for step sizes X7 < CQM% and
accurate estimates, steps are successful. Then by Theorem 3 for an application of the results from Theorem 2

as before, we have

U(f(X'Ti—l) - f*) + (1 - v)221‘—1
E[Al | ]:Ti—l—l] < 9 pf_ 1 —_o\ 1,2 f(XO)T_f*
pr =1 pr(1— 0)(1 — 7-2) b OB I T

2 v f(XTi—l) - I + 2%71
2py = 1A —y72)C%u \1—v  LEof” e ST

< 2 () f();)z:f + 2%71
T Cpr — DA\ 1o LBl OGS

2
2 v Ti—1
- . b (")
oy~ — 790 (1—v e >

We will further show with induction that E[¥7,] < A% As a result

E[A;] < 2 v EPE ]
CS - DI \ 1w I

2 v
: (2py = (A =~772)C?%p <1—v +A>' (18)

The final complexity will be:

E[T})p 2esocp-snay] = E[AL + Az 4o+ Ay snoc s )]
2 v 2L(f(Xo) — f*)
< A) log (22U 21 T, 1
—<2pf—1><1—7—2>czu<1_v+ )[Og( = ] (19)

Getting ||V f(x0)||* < 2L(f(x0) — f*) from Lemma 8, the result follows.

It remains to show the result that IE[Z%] < A% By assumption, as aforementioned, it holds for Tj. We
then assume that it holds for T;_; and show that it also holds for T;. For each T;, the last step T; — 1 was a

successful one as the parameter X was updated to satisfy the goal f(Xr,) — f* < % As in Theorem 2
we differentiate between the events of this step being accurate or not.

Since we have a successful step fr,—1(Xr,) — fr,—1(X7,—1) < —cE%_l. Then

f(XTz) - f(XT,-—l) = f(XTz) - fTi_l(XTi)+
fr-1(X1) = fr,-1(X7, 1) + fr,1(X 1) — f(X7-1) (20)

We denote with pacc the probability of this last step being accurate. Note that this is not the same as py as we
are conditioning on a successful step. Then we distinguish the two cases.

e Accurate estimates.

By Assumption 3 we get that

Lace(f(X1,) = f(X1,-1)) < Lace(—(c = 2¢4)57, ). (21)
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e Inaccurate.

In this case, similarly to the proof of Lemma 1 we get

E14ee(f(X1,) = f(X1,21)) | Fri—2) € —(1 = pacc)eS7, 1 +2V/1 — pacelsS7, . (22)

Combining the above cases, we get

E[f(XTi) - f(XTifl) | ]:Ti*Q] < _pACC(C - 2€f)2%i71 - (1 _pACC)Cz%’ifl +2 V 1 _pAccle%fl

cc 1_ cc
S—cE%fl(l—p; - ;A ), for ¢ > max{des, 2v/2l;}
c
S*ZE%A
AE[ f (X7 _1) — *|Fr. —
S < [/ (Xq,—1) = [*|Fri—2] (23)

C

Furthermore, by Theorem 2 we get that

E[(I)Tifl | ]:Tiflfl] (I>Tz‘71

<
Elo(f(Xr,-1) = f*) | Frioy-1] S o(f(Xg) = f) + (1= 0)%F,_

Elf(Xp,) - 1 < L0 U Wgrse )
Xg) — f* 1- Xo) — f*
Sf( 2(1)_1 / +( U’U)Af( 2(1)_1 /
NSNS o

By combining (23) and (24) and using the law of iterated expectation we have that

E[3%,] = E[y*%7,_1]
<f(X0)—f*% l—w

- 1+ ——A4
- 2 c (1+ v )
X _ *
< A%’ (25)
for 7= > L:Z and A = 9—12. The proof is complete.
O

C PROOFS OF SECTION 5

We first present some additional results, required for our proof.

From Karimi and Schmidt (2015), for a function that satisfies the PL condition, it additionally satisfies the
Quadratic Growth (GQ) condition.

Lemma 9. A differentiable function f that satisfies the PL condition with parameter p, also satisfies the QG
condition with parameter 4p:

Fx) = f* = 2p)x" —x]%,

where x* belongs to the solution set X*.
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Figure 3: Worst case scenario for step sizes. Ignoring steps for ¥ > X, it corresponds to a biased reflected
random walk. The dotted line indices the barrier at position 0, indicating a step size of X..

Based on the previous Lemma, we can easily prove the following result.

Lemma 10. Let a differentiable p-PL function f and also x* € argming f(x). If we know that |V f(x)]| < €
then:

1
[x = x| < —e.
2p

Proof. By Lemma 9 and the definition of the PL condition we have that:

1 1 1
@(f(X) — )< VI < 3

[ = x| <

O

Lemma 11. (Lemma A.3 from Nouiehed et al. (2019)) Assume that —f(x,y) for a specific x, is a class of p-PL
functions in y. Define the set of optimal solutions Y (x) = argmax, f(x,y). Then for every x;,xs € X and
yi € Y(x1),y5 € Y(x2) it holds that:

y1 = y2ll < Layllx1 = x2],

where we denote with Ly, = LQ—L"‘

Next, we will need to establish a lower bound on the step size ¥. In the deterministic case, Lemma 4 establishes
such a lower bound for unsuccessful steps, guaranteeing that if ¥ = X, then ||V f(x)| < e. However, in the
stochastic case, inaccurate steps may occur. We want to ensure a lower bound on the step size parameter with

high probability.

To do so, we will consider the worst-case scenario where step sizes get as small as possible. This corresponds to
the case where for all step sizes ¥ > Y., unsuccessful steps occur. So do all of the inaccurate estimates, with
probability 1 —ps. For convenience, we will ignore steps above the value Y. since we only require a bound. This
corresponds to a random walk with a reflection barrier at position 0 (which corresponds to the step size %)
and an increment probability 1 — py, where py is the probability of accurate estimates. We, therefore, use the
following Lemma to get a probabilistic lower bound on the step sizes.

Lemma 12. Let a random walk starting at position 0, with a reflection barrier at position 0 and a transition
probability matriz

pr 1—py
pr 0 1I—ps
Py 0 1l-py
o log(d) L
for py > % Then for k > % — 1, the random walk of length n, stays confined within the space [0, k]
og Py

with a probability at least 6 > 0.
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Proof. Let a random walk S,, = max{S,,_1 + X,,,0}, with Sy =0 and P(X,, =1) =1 —py, P(X, = —1) = py,
for py > % The probability that the random walk stays until position &, P(S; < k, Vi < n), is bounded below

by the probability of n randomly chosen points from the stationary distribution to be at positions lower or equal
to k.

Let us denote with p;,, the probability that the random walk is at position ¢ after n total steps. We first prove
by induction that

Din 2 Dit1,n- (26)

1—ps

It obviously holds for n = 0, as pp,o = 1 and p; 0 = 0, Vi > 1. Assume that it holds for n. As shown in Fig. 3,
with probability (1 — py), position ¢ is incremented, therefore for ¢ > 1

Pint+1 = Pi—1,n(1 = Dg) + Pit1,nDy

p . .

2 1 _fpf Pin(l— Pf) + 1 _fpf Di+2,nPf, by induction
p

=L (Pin(1 —pg) + Pit2,nDy)

1_ pf 1+1,n+1

and for i =0

Pon+1 = Po,nPf + P1nDf

> ponPs + ] ffpfpz’npf’ by induction
p
= L (pon(1 —py) + P2upy)
1 — pf
= 1 _pfpl,n+1~

Let us now consider the probability that the random walk resides in the first k positions. Then:

k k
Zpi,n+1 = PonPf + P1,nPf + Z(Pi—1,n(1 = Pf) + Pi+1,nDf)
i=0 i=1
K
= pim =Pkl =)+ Drrinpy
=0

k
S Zpi,nv by (26)7
=0

where the equality in the second line is due to the terms telescoping in the sum in the first line.

As a result, we can lower bound the probability Zf:o Din With the corresponding one for n — oo, which
corresponds to a stationary distribution. Also

P(SZ <k | Sii1 < k) = P(SZ <k ‘ Si_1 = k) P(Sifl = k) + P(SZ <k | Si1 < k) P(Si,1 < k)
=Dps P(Si_l = k) + P(Sl'_l < k) Z pr

and
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P(S; <k|Si-1>k)=P(S; <k|[Sis1=k+1)P(S-1 =k+1)
+P(Si <k|Sic1>k+1)P(Si—1 >k+1)
=p;P(Sici=k+1)+0P(Siz1 > k+1)
<py <P(S; <Ek|Si—1<k).

As a result

< P(S; <k[Si—1 < k). (27)

The probability of a random walk of length n to stay between the first k£ > 0 positions is thus

n

P(S; <k, Vi<n)=P(So<k)[[P(Si <k|S; <k Vjel0,i—1])

i=1

;:]:

P(S; <k | Si_y <k), with P(So < k) =1,k >0

.
I
-

Y

-
Il
-

P(S; <k), by Eq. (27)
'“ )

where 7; denotes the stationary probability of the random walk for ¢ € N. From the recursive relation, we get

m = (2L J; )Tiy1, which means m; = (1;;” )em.

/t?

I
o

Il
A HE:

We now calculate the probability m<j; of a randomly chosen point to be part of the first k positions for the
stationary distribution

s
<k = Ty =
i=0 ™0 Ylie 0( pf )

Thus the required probability must be lower bounded by
1— E+1\ "
> = 1-(”) > 5
- by
k-+1
1 —
log [ 1- (pf)

by

< 1— pf ) k+1
by

k>

0 3o ()’ 1_(1—pf>’““'

v

n log(0)

1—en L 1og(5)

IN

log (1 —en log(‘s))
o (52

—ps . l . . l—pf
oy ) < 0 since py > 5 implies 5 < 1. O

~1, (28)

where for the last step we used the fact that log (1
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We can now move to the proof of Theorem 7.

Proof. We denote with ¢, the constant used for the sufficient decrease condition of the min problem. We first
prove the deterministic case. In the deterministic case, Theorems 5 and 6 hold deterministically, meaning that
we can reduce the norm of the gradient below a threshold € for the nonconvex case in O(e~?2) iterations and for
the case that the function satisfies our PL condition in O(log(e™!)) iterations.

At each step, the max problem is solved almost exactly, which is guaranteed by Theorem 6 and Algorithm 1.
Then

[Vyf(xim1,ye)|| < €M%,

for an accuracy €™** to be specified later. In the proof, we will show that for a particular choice of a forcing
function constant, the improvement on the minimization problem is better than possible deterioration caused by
the updates of the max problem. By Assumption 3 of Lipschitz continuity

IVyf(xe,¥t) = Vyf(xe—1,¥0) | < Laal|x¢ — %41 = Li20y
= |[Vyf(xe,ye)|| < Li2oe + €™, (29)
for a successful update. Here o; is used to denote the step size used for the minimization step throughout
Algorithms 2 and 3. We note that o; always belongs to a successful step, by the notation used in Algorithm 2.

Also by triangle inequality we have that (let y; and y;,; belong to the optimal solution sets at iterations ¢ and
t + 1 respectively)

Iyes1 = yell = [[yer1 — Vi1 +¥ip1 —Yi +yi — Yl
<lyesr = el +lyeer = yill + ly: — yell- (30)

By Lemma 11 we have that ||y;,, — y/| < Layoy, since yf,; € Y(x;) and y; € Y(x¢—1) (we remind that
Y (x) = argmax, f(x,y)). Also, as a consequence of Definition 5 and Lemma 10 we have that both

emax Emax
||Yt+1 - yt+1|| < W and ”ytf —Y: ” < W
As a result
Emax
[yerr =yl < + Lyyoy. (31)

Finally, for a successful update of the Algorithm 3 we have

Las
F(xe,¥er1) — F(x6,¥4) < (Vyf(Xe,¥e), Yip1 — Xe) + 7||Xt+1 —x||?

Emax
)

S (ngat -+ Cmax)(nyO't +

L Emax
+ %(Lmyat + )2
= D102 + Dy0o €™ + D3 (™), (32)
for D; & LigL;y + %Liy, Dy = % + Ly + % and D3 = %(1 + Ié—ff) During the updates of the

minimization problem we have that
0 > Omin = 0e, with o = Cle.
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Here C, which is defined in Lemma 4, entails the constants for the min problem. We want to ensure that

f(xt7Yt+1) - f(xt—laYt) < _KUtQa (33)

for some K > 0 and for o; > opmin, to then apply Theorem 2, for f* the minimum of f at each y;. Taking also
into account our sufficient decrease condition, we want to make sure that the following holds for the polynomial
p

ploy) & KU? — cguot2 + Dl(ft2 4+ Dyope™®* 4 Dg,(ema‘x)2 <0 (34)

for every o; > omin. To establish this we just need to ensure that for the quadratic with negative second degree
coefficient (for ¢, > D; + K) the maximum occurs at position:

D26max ZC(CE - K- Dl)
< max <
Mo _K_Dy S0 @ se B, (35)
and also that
p(Ce) <0 =
(—ce + K 4 D1)C?€® 4 DyCee™™ 4 D3(e™)2 < 0. (36)
For the final condition to hold
C(—=D D2 +4(c, — K — D;)D
Emaxg6 ( 2+\/ 2+ (C 1) 3. <37)

9D;

In the stochastic case, we apply Theorems 5 and 6 as is to get the expected number of steps. In this case
however, the step size may become smaller than the pre-specified oy,;, parameter, due to inaccurate estimates.
We can then use Lemma 12, to get a bound with high probability, regarding this minimum step size value.

_ oL 10g(8)
More specifically for the number of iterates n specified by Theorem 5, for k& > logl—en 2 7) _ 1, throughout the

log(+522)
updates
, 1

o2 Omin = _ %min,

with probability at least § > 0, where ~ is the update parameter for the min problem in Algorithm 3. We then
get the similar bounds

_ _ _ 2 _ _
Qmax < ¢ i 20(c, — K Dl), C(—Ds + /D% + 4(c, — K — D1)D3 .
¥* Dy 2D3y*

We note that K acts as a new sufficient decrease constant and should be taken into account for all assumptions
of Theorem 5, namely K > 2¢,, which holds for the constant ¢, > D1 + K > D1 + 2¢,.

O

D EXPERIMENTAL SETUP

D.1 Robust Optimization

The Wisconsin breast cancer data set, is a binary classification task with 569 samples in total, each having 30
attributes. We use a simple neural network with a hidden layer of size 50 and a LeakyReLU activation. This
choice of activation accommodates the GDA baseline providing additional gradient information. All networks
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across methods and folds are initialized with the same weights. For the GDA method we tried a range of
different learning rates from the set {0.1, 0.05, 0.01, 0.005, 0.001, 0.0005}, but only present results for the cases
that converged.

In Fig. 4 we present the evolution of the zero-one error across epochs for each method. We stress that one epoch
for the GDA approach corresponds to one update each for the max and the min problem, whereas one epoch
for DR corresponds to a series of updates for the max problem (at most 10) followed by a single update for the
min problem. GDA was run for a total of 10000 epochs and DR for a maximum of 2000 epochs but usually
converges a lot faster than that. GDA suffers considerably more by poor initializations compared to DR. In
Fig. 4 constant large errors correspond to a constant output of the network for a specific class of the problem
(for this unbalanced dataset with rates 0.63 and 0.37).

Regularization: 0.01 Regularization: 0.02 Regularization: 0.05

0.7 0.7 0.7
Method

— DR

GDA Ir: 0.005
—— GDAI: 0.05
— GDAIr: 0.01

0.6

0.5

0.4

Error

0.3

0.2

0.1

0.0 0.0
0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000 0 1000 2000 3000 4000 5000

Epoch Epoch Epoch

Figure 4: Misclassification error across epochs for each method.

D.2 Toy Examples

Although in the examples following, the objective of the max player is nonconcave and does not satisfy the PL
condition, empirical results demonstrate that the proposed algorithm can be successful. We begin by illustrating
examples of GANs learning different 2D underlying distributions for a continuous case in Fig. 5. Both the
generator and the discriminator have 2 hidden layers of size 20 (64 for learning a mixture of Gaussian in a grid
formation) with Tanh activations, while we also use spectral normalization for the discriminator. In all scenarios,
we sample the latent code from a lower-dimensional space N (0, I3), such that it matches the data dimensionality,
allowing the generator to learn a simpler mapping (as in Grnarova et al. (2017)).

Motivated by encouraging results, we proceed in a discrete setting, where each of the 2 dimensions of the
underlying distributions is parametrized by a categorical variable. The choice of this categorical variable makes
the objective function of the generator nondifferentiable. As aforementioned, our algorithm can support multi-
categorical data. In the current literature, the most popular methods to deal with this kind of scenario are
baselines based on the Gumbel-softmax or the REINFORCE algorithm. Due to their sampling techniques
though, dependence on the number of parameters of the model is exponential for these baselines.

We describe shortly how training is performed for each of the baselines used. Based on the output logits o of
size n, the result of a projection layer, each method samples a new point y.

Gumbel-softmax Using the Gumbel-max trick, the sampling can be parametrized as

y = one-hot(arg max (0¥ + ¢(*)), (38)
1<i<n

where g are sampled from the i.i.d. Gumbel distribution. To enable the calculation of gradients, this is relaxed
to the result of a softmax operation

(39)
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Figure 5: Mode collapse check for direct-search methods for three different problems in the continuous setting.

with T' > 0, the temperature, controlling the softness of the sampling. A high initial temperature value forces
more exploration. As the temperature decreases, § becomes a better approximation of y, leading however to
steeper gradients and more instabilities. This is also the reason why gradient clipping is crucial for the stability
of this method. Untimely updates of the temperature have been known to bolster mode collapse. For all
experiments, we use an exponential decay update scheme, decreasing the temperature after a predefined number
of steps.

REINFORCE We sample a new point s from the output logits and appoint a specific reward according to
the output of the discriminator » = 2 % (D(s) — 0.5) (we remind that the discriminator uses a sigmoid output),
rewarding positively samples that manage to fool the discriminator and negatively those that fail to do so.
Subtracting the baseline value of 0.5 helps reduce variance. To alleviate the large variance introduced by the
sampling, we increase the number of steps taken by the generator compared to the other methods.

Direct-search Direct-search method just chooses the output with the highest probability

y = one-hot (arg max o("). (40)
1<i<n

For the discrete toy example illustrated, we draw samples from an evenly weighted and evenly spaced mixture
of Gaussians with 7 components in a 2-dimensional space. The 2d sample is then discretized, according to a
specific level, leading to 51 possible values for each of the two dimensions of the problem. These categorical data-
points are then transformed to the corresponding continuous one, by a linear mapping, and given as input to the
discriminator. This leads to an ordinal relationship between the categorical points (we only display ordinal data
for visualization purposes). To monitor the learning curve of the generator compared to the true distribution,
we also calculate the Hellinger distance, which is a nonparametric method that calculates the difference of two
discrete distributions as

k
H(P.Q) = =\ | S (Vi — V)™ (41)

=1

as well as the maximum mean discrepancy, comparing the generated samples with the underlying data. Note
that this example suffers from stochasticity due to the way samples are collected and batches are created. Results
for all baselines are provided in Figure 6.
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Figure 6: Comparison of direct-search with baselines for the discrete toy example.

When using DR, to overcome the nonsmoothness of the objective function, increasing the ¢y regularization can
help with the convergence. Too large of an increase inevitably leads to mode collapse. On the other hand, too
small of a regularization parameter requires a large enough step size parameter to enable progress and thus can
make learning more difficult. In general, we found that DR converges to similar solutions for a wide range of
regularization parameter choices without significant variation in terms of the number of steps required to do so.



