Nearest Neighbour Based Estimates of Gradient

SUPPLEMENTARY MATERIAL - TECHNICAL PROOFS

Auxiliary Results

As a first go, we recall or prove various auxiliary results that are involved in the proof of Theorem 1, and in that
of Theorem 2 as well.

The following inequality follows from the well-known Chernoff bound, see e.g. (Boucheron et al., 2013).

Lemma 3 Let (Z;);>1 be a sequence of i.i.d. random variables valued in {0,1}. Set p = nE[Z1] and S =Y}, Z;.
For any 6 € (0,1) and all n > 1, we have with probability 1 — §:

2log(1
55 (1 /209
1
In addition, for any § € (0,1) and n > 1, we have with probability 1 — §:

5 < <1+ /3log(1/5)> }
7

Proof Using the Chernoff lower tail (Boucheron et al., 2013), for any ¢ > 0 and n > 1, it holds that

P(S < (1—tu) < (m) .

Because for any ¢ € (0,1), exp(—t)/(1 — t)!7t < exp(—t2/2), we obtain that for any ¢t > 0 and n > 1,
2
P@<(1tw)§wp<;)7

the bound being obvious when ¢ > 1. In the previous bound ,choose t = 1/21og(1/0)/u to get the stated inequality.
The second inequality is obtained by inverting the Chernoff upper tail:

P(S > (1+t)) < (m) :

The following inequality is a well-known concentration inequality for sub-Gaussian random variables, see e.g.
(Boucheron et al., 2013).

Lemma 4 Suppose that Z is sub-Gaussian with parameter s2 > 0, i.e. Z is real-valued, centred and for all A > 0,
Elexp(A\Z)] < E[exp(\2s2/2)], then with probability 1 — 4§,

|Z] < +/2s210g(2/9).

We shall also need a concentration inequality tailored to Vapnik-Chervonenkis (VC) classes of functions. The
result stated in Lemma 5 below is mainly a consequence of the work in Giné and Guillou, 2001. Our formulation
is slightly different, the role played by the VC constants (v and A below) being clearly quantified.

Let F be a bounded class of measurable functions defined on X'. Let U be a uniform bound for the class F, i.e.
|f(z)] < U forall feFandxze X. The class F is called VC with parameters (v, A) and uniform bound U if

A v
SupN(EUv‘Fa LQ(Q)) S (6) )
Q

where N(., F, L»(Q)) denotes the covering numbers of the class F relative to L2(Q), see e.g. (van der Vaart and

Wellner, 1996). For notational simplicity and with no loss of generality, we require in the definition of a VC class
that A > 3y/e and v > 1. Define 62 > sup ;. » Var(f(X;)). We shall work with the condition

Vi > e1y/TP0log(AT/(09)), (12)

where the constant ¢; and cy are specified in the following statement.
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Lemma 5 Let F be a VC class of functions with parameters (v, A) and uniform bound U > 0 such that o < U.
Letn > 1 and 6 € (0,1). There are two positive universal constants ¢y and co such that, under condition (12), we
have with probability 1 — 6,

sup < cav/novlog(AU/(00)).

fer

Z{f —Ef(X1)}

i=1

Proof Set A =wvlog(AU/0o). Using Giné and Guillou, 2001, equation (2.5) and (2.6), we get

sup

Z{f ~Ef Xl)}H <CVA (\/ﬁa + U\/K) < 20Vno?A,

[sup

where C' > 0 and K > 0 are two universal constants. Both previous inequalities are obtained by taking c; large
enough. Let

Z{f ~Ef(X1)}?

] < (ﬁU—V—KU\FAf <dno?:=V,

= sup
feF

Z{f ~-Ef X1>}|

We recall Talagrand’s inequality (Talagrand, 1996, Theorem 1.4) (or Giné and Guillou, 2001, equation (2.7)), for
all t > 0,

P(|Z-EZ| >t) < K exp ( log(1 + 2tU/V))

2K'U
where K’ > 1 is a universal constant. Using the fact that for all t > 0, ¢/(2 + 2t/3) < log(1 + t), we get

t2
P(Z~EZ| > 1) < K exp (‘2K(V+2tU/3)) '

Inverting the bound, we find that for any ¢ € (0,1), with probability 1 — 4,
Z —EZ| < 2K'V1og(K'/6) + (AK'U/3) log(K'/5)
< V2K'VK"log(2/8) + (4K'U/3)K" log(2/6)

for some K” > 0. Taking c¢; large enough and using that AU/oc > 2, we ensure that 2V = 8no? >
(4U/3)?K'K" log(2/8). Then using the previous bound on the expectation, it follows that with probability
1-4,

|Z] < 2CVno2 A + 21/8nc? K'K" log(2/6)
= 20Vno? (VA + BK'K " 0g(2/9)) ) -

We then conclude by using the bound/a + Vb <V2Va+b. |

Intermediary Results

We now prove some intermediary results used in the core of the proof of the main results.

Define
ok 1/D
T <”bfVD) '

Proposition 6 Suppose that Assumption 1 is fulfilled and that Ty, < 19. Then for any 6 € (0,1) such that
k > 4log(n/d), we have with probability 1 — §:

Te(x) < T
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Proof Using Assumption 1 yields

P(X € B(z,Tx)) :/

fx = bf/ d\ = b VprP = 2k/n.
B(z,7Tk) (z,7

B(z, Tk

Consider the set formed by the n balls B(x,7¢), 1 < k < n. From Lemma 3 with Z; = 13, 7,)(X:), 4 > 2k, and
the union bound, we obtain that for all § € (0,1) and any k =1,...,n:

Zﬂg(wﬂ)(Xi) > (1 — W) 2%

As k > 4log(n/d), it follows that
> Lo (Xi) > k — (v/Aklog(n/d) — k) > k.
=1

Hence P, (B(x, 7)) > k/n, denoting by P, the empirical distribution of the X;’s. By definition of 7%(x) it holds
that 75 (x) < Tg(x). ]

Define
i 1/D
T =\ ————— .
7\ 2nU;sVp

Proposition 7 Suppose that Assumption 1 is fulfilled and that 7, < 179. Then for any 6 € (0,1) such that
k > 4log(n/d), we have with probability 1 — §:

T > Tk
Proof Using Assumption 1 yields

P(X € B(x, 1)) :/

fXSUf/ d\ = U;Vpry = k/(2n).
B(z,z;,) B(z,1),)

Consider the set formed by the n balls B(z, 1), 1 <k < n. From Lemma 3 with Z; = 1., ,,)(Xi), p < k/2,
and the union bound, we obtain that for all 6 € (0,1) and k=1,...,n

= 6log(n/s
S nr,) (X0) < (1 n Og]i"/)> k/2.
i=1
Using that k > 6log(n/d), it follows that
> MBar,)(Xi) <k + (V(6/4)klog(n/5) — k/2) < k.
i=1

Hence P, (B(x, 7)) < k/n. By definition of 7,,(k)(x) it holds that 7, < 7 (x). ]

Proposition 8 Suppose that Assumption 2 is fulfilled. Then for any 6 € (0,1), we have with probability 1 —§:

< V/2ko?log(2/9).

Z Eil (a7 () (Xi)
i=1

Proof Set w; = 13(5,4,(2))(X:). Note that Sor_ w? = k almost surely. The result follows from the application
of Lemma 4 to the random variable Z?:l &w;, which is sub-Gaussian with parameter ko2. To check this, it is
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enough to write

=E |E

E

exp (A 2": fiwi>

i=1

- (Azgw> XXH

i=1

HE [exp (Agzwz) | Xl, . Xn]

Li=1

<E HE [exp (N20?w?/2) | Xl,---Xn]]

Li=1

I
&=

=E |exp ()\202 Zw?/?)] = exp (\*0%k/2) .
L i=1

Proposition 9 Suppose that Assumption 1 and 2 are fulfilled and that Ty, < 79. Let lAzl = hy(Xq,...,X,) such
that ar, = Sup;.x,ep(z,7,) |hil- Then for any & € (0,1) such that k > 4log(2n/d), we have with probability 1 — §:

< y\/2ko?a} log(4/9).

Proof Set w; = 1p(z,7,(2))(X;). Note that ;" | w? = k almost surely. The result follows from the fact that
conditioned upon Xi,...,X,, the random variable 2?21 & h;w; is sub-Gaussian with parameter O'Qk/’d% with

Zfi;li]lzs(x,n(x))(Xi)

=1

) = SUDP;. X, cB(x,7%) |hi|. To check this, it suffices to write

exp (Aifhw) Xl,...Xn] — ﬁE {exp (/\gihiwi) \Xl,...Xn}
=1

i=1 i=

E

< ﬁ exp (AZUQﬁfwf/Q)

i=1
= exp ()\202 Z ﬁ?wi/2> < exp ()\ZJQk&i/2) .
i=1
Then, for any t > 0,
]P (

&ihiw; §ihiw;
> >
i=1

> t) <P (
i=1
zn:fihiwi

IP) (
i=1

< E [2exp(—t*/(2ko?a})) 12, (2)<ri (@)} ] + P(Fa(@) < 7e(2))
< 2exp(—t?/(2kc%a3)) + P(7p(x) < mp(z))

> t, 7r(z) < Tk@)) +P(7k(z) < 7))

<E + P(7(z) < 1% (2))

>t Xy,... 7Xn> L @) <mi ()}

We obtain the result by choosing ¢ = \/2ko?af log(4/6) and applying Proposition 6 (to obtain that P((z) <
Ti(z)) < 6/2). ]

Proposition 10 Suppose that Assumption 1 and 4 is fulfilled. Let 7 >0, n > 1, and 6 € (0,1) such that T < 79
and 24nU;(27)P > log(2D?/6), then with probability 1 — 6,

| Jnax z_; {(Xi; —2)(Xs 50 — 2) g (Xi) — E[(X1; — 2)(X1 — 2) 1@ (X1)]}

< (27)2\/W:§27—)ID log(2D?/4).
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Proof We use Bernstein’s inequality: for any collection (Z1,...,Z,) of independent zero-mean random variables
such that for all i = 1,...,n, |Z;| < m and EZ? < v, it holds that with probability 1 — ,

n

>

=1

< y/2nvlog(2/6) 4+ (m/3)log(2/9).

Applying this with

Xi;i—z)(Xsy —2x
W; = (L — o) (Kiy )]16(077-) (Xi),
27 27

Zi = W; — E[Wy],

we can use

and

E[(W; —EW;)?| <E[W}?| =E ’

(Xij —x) (Xij — )
2T 2T

- / ’ (%2— z) (yj/2— z)
< Uy / ‘ (ij; x) (yj’27—- )

= Uf(QT)D/|ujuj/\2]13(0’1/2)(u)du

13(0,7) (Xi)]

2
1500,7)(y) f(y)dy

2
]lB(O,T) (y)dy

< U;(27)P / (u? + ) /21 0,1 2) (u)

= Uf(QT)D/U%]lB(o,uz)(U)du

Us(27)P
= Uf(QT)D/ uiduy = Us2n)” =0
[-1/2,1/2 12

We have shown that, with probability 1 — 4,

D%
i=1
Because 24nU;(27)P > log(2/6), we obtain that

< 2\/nUf(62T)D log(2/96).

< \/nUf(627)D log(2/9) + (1/12) log(2/9).

n

32

i=1

Replacing d by 6/D? and using the union bound, we get the desired result. |
An important quantity in the framework we develop is
> Xy —ay),
X €B(z, 7 (x))

for which we provide an upper bound in the following theorem. Note that we improve upon the straightforward
bound of k7 (x) which is unfortunately not enough for the analysis carried out here. We shall work with the
following assumption

01 log(Dn/(S) S k S an, (13)

where the two constants C; > 0 and Cs > 0 are given in the following proposition.
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Proposition 11 Suppose that Assumption 1 and 4 are fulfilled. Let n > 1, k> 1 and 6 € (0,1). There exist
universal positive constants Cy, Ca, and Cs such that, under (13), we have with probability 1 — 9,

Lk72

max E (Xij—xj)| <C3 <7'k klog(nD/d) + Tk) :

j=1,...D | . ’ by
©:X;€B(x, 7, (z))

Proof Taking C; greater than 4, we ensure that k > 4log(2n/0). Taking Cy small enough, we guarantee that
Tr < 79. From Proposition 6, we have that 7 (z) < 7y is valid with probability 1 — §/2.

Let pu(7) = E[(X1 — 2)13(z,+)(X1)]. Consider the following decomposition

Y Ky —a) < D AKX — ) U@ (Xig) — 15 (Fr (@)} + nps (7 ()
©: X, €B(x,7,(x)) i=1
< sup Z{ i, ]lB (z T)(X ) - ,U'j(T)} + n:uj(%k(x))'
0<7<T) =1

Notice that

p(r) = /(y — )1, (y) f(y)dy = (27)'+P / vf (2 + Tv)dv

B(0,1/2)

= (27’)1+D/ v(f(x+7v) — f(2))dv.
(0,1/2)

Hence
L L L
iy < @I [ upfolede < S0P = L (20,
2 B(0,1/2) 8 8
And we find
L Lk
su T Z(27)2 P = 272,
j=17.P7D|MJ( )| < 8( k) e

The class of rectangles R = {y — 1g(z,)(y) : 7 > 0} cannot shatter 2 points 2; and x5. Considering the case
lz1 — 2|0 < |2 — x||00, it fails to pick out 5. Hence its VC index is v = 2. From Theorem 2.6.4 in van der Vaart
and Wellner, 1996, we have

N (e, R, Ls(Q)) < Kv(de)” (1)2(11 1)

€

for any probability measure Q. This implies that A (e, R, L2(Q)) < (A/€)®, where A is a universal constant. As
a result, the class

Yy—a; _
Fi= {y = (Tkz‘j)]llg(x,‘l')(y) CTE (O,Tk]},
which is uniformly bounded by 1, satisfies the exact same bound for its covering number, that is

N (e, Fy La(Q)) < (A)

€

We can therefore apply Lemma 5 with v = 2, A a universal constant, U = 1 and ¢? defined as

(X1 — ), 2U 4k
Var <7_]€J]]-B(m;r)(X1) S ]E[]]'B(I,T)(Xl)} S E[]lg(sz)(Xl)] < biffﬁ < ? 02.
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Condition 12 is valid under (13) when C (resp. C3) is a large (resp. small) enough constant. The fact that
02 <1 is provided by (13) as well. We obtain that

sup > {(Xij — )1 (Xiy) — 1 (1)} < 76C/kDlog(n/s),

0<7<Th 5=

where C is a universal constant (C should be large enough to absorb the other constants involved until now).
Using the union bound, this bound is extended to a uniform bound over j € {1,...,D}. We then obtain the
statement of the proposition. |

Proof of Theorem 2

We rely on the bias-variance decomposition expressed in (7). On the first hand, we have

S (m(Xs) — (@) LB (om0} (Xi)
> it LB s ()} (X3)

sup |m(y) —m(z)|
yEB(@, ()

[mi () —m(z)| =

IN

Applying Lemma 6 we obtain that, with probability 1 — §/2,
Imy(z) — m(z)| < LiTk.
On the other hand, we apply Proposition 8 to get that, with probability 1 — §/2,

() — mao)] < |27,

Proof of Theorem 1

Denote by X the design matrix of the (local) regression problem
X=(Xg,...,x5)"
Y= (5, u8)T
where for any j = 1,...,k, i; is such that X;, € B(x;7(z)). Define w =Y —Xp*, v = Bk(x) — B* Following
Hastie et al., 2015, define
C(S,a) = {u € R : lug|1 < allus|1}.
and let %, be defined as

3
3
ueC(8,3) kl|lu||3

Hence, ¥, is the smallest eigenvalue (restricted to the cone) of the design matrix X. From Lemma 11.1 in Hastie
et al., 2015, we have the following: whenever

A2 (2/k)[IXT wl|oo,
it holds that
v eC(S,3),
3\/#781)\.

Tn
Consequently, the proof will be completed if, with probability 1 — 4,

2
%||X;‘-Fw||oo <7 ( 20°log(16D/6) +L27§> 7 (14)

7]z <

k

Tk
24 x 8

n =
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Proof of (14). In the next few lines, we show that (14) holds with probability 1 — §/2. By definition

XTw = > wiXE = > w; X?.

: X, €B(x, 75 (x)) : X, €B(x, 75 (x))

XTw = > Xi&+ > X{(m(X;) — 7 X5)

©: X, €B(x,7,(x)) : X, €B(z,7,(x))
= > X&+ Y Xim(X)—m(@) - (X - 2))
©: X, €B(x,7(x)) : X, €B(z,7,(x))

where we have used the covariance structure (with empirically centred terms) to derive the last line. Note that for
any 7 > 0, max;.x,es(z,7) | X{ ;| < 7. Hence, from Proposition 9, because 7y < 79 and k > 4log(8Dn/d) (taking
(4 large enough), we have with probability 1 — §/(4D),

Z X766 < \/2/4:027% log(16D/5)

: X, €B(z,7,(x))
Moreover,

Z |Xf7j||m(Xi) —m(x) — g(x)T(Xi —z)| < kLo (x)? - max |ij| < kLy7y(x)?
i: X, €B(z,7% (z)) #: X €B(z, 7 (x))

Using Proposition 6, because k > 41log(4Dn/d), it holds, with probability 1 — §/(4D),

Z | X5 Im(X:) —m(z) — BT (X; —2)| < kLo7
©: X, €B(x,7,(x))

We finally obtain that for any 5 = 1,..., D, it holds, with probability 1 — 6/(2D),

XTw]| < \/2ko?73 10g(16/3) + kL7,

and from the union bound, we deduce that, with probability 1 — /2,

max,, [ 0| < 71 (V2Ro?0g(16D/9) + KLzt
j=1,...,D

Proof of (15). We show that (15) holds with probability 1 — §/2. Define

Se= ), (Xi—a)(Xi—a)

©:X€B(x,1;,)
©:X;€B(x,T)
First, note that
XTx= Y (Xi-2)(X; - o) — kL) a(h) T

: X, €B(z, 7, (x))

Then, using Proposition 7, because k > 4log(4n/§), with probability 1 — 6/4, 7x(x) > 1, implying that

XX > S — k™ a(d) i(Fe) " = B[] + (Sk — E[Ex]) — k7 () i(F1) "

Let u € RP. We have that

T 2

() < flullf max (((7))17 < #Sollull3 max |(i(7x);1*.
j=1,....,D j=1,...,.D
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Similarly, we have:
[wT (£ = ESp)ul < [ulflIEk — ESklloo < #Sellull3 |k — ESk oo

Using the variable change y = « + 27, v and that 7, < 79, we have that

EY), = nE[(X1 — 2)(X1 — 2) g, (X1)] = n/(y —2)(y — ) 1yeB@r ) f W)dy

> nby /(y —z)(y — x)Tl{yeg(x,Tk)}dy = n(2zk)2+Dbf/ vl dv
B v€EB(0,1/2)
=n(21,)?Pb; / vidvy | Ip
[-1/2,1/2]
by 2+D by o Tik
12”( ) D 6Ufzk T

using that Uy /by < 2. Consequently,

a3 | T2k o o
> =4S, (12 —EXy]le + & )
fulg = 12 #S B = BB R e 1R

Proposition 10 can be applied because 24nU(27,)P = 12k > log(16D?/§) which is satisfied whenever C; is large.
Combined with Proposition 11 (our conditions ensure that (13) is satisfied), we obtain that, with probability

1—5/4,
Xul|2 2k i s
= T s, (‘”i 3 los(16D2/3) +-2C7 <ri log(8nD/3) + sz’“> )
2 f

72k (2_ 4s.c, < log(nD/(S)+1og(nD/5)+T%L2>>’

>
~ 24 x8 k L b?c

where C' > 0 is a universal constant. To obtain the last inequality we use 7 = C'}/ Dzk with C'¢ < 8, we choose

C3 > 0 large enough and Cy > 0 small enough. Choose C; large enough to get that C3#S,+/log(nD/§)/k <1/3
and C3#S; log(nD/6)/k < 1/3. Finally, noting that Cg#Sw?%LQ/bf‘- < 1/3 we obtain the result.

Proof of Theorem 2

We rely on the bias-variance decomposition expressed in (7). On the first hand, we have

Do (m(X5) — m(@)) 1B, 2, (2))} (X0)
> it LiB(a i (2} (X))

< sup|m(y) — m(z)]
yEB(@, ()

[mi () —m(z)| =

Applying Lemma 6 we obtain that, with probability 1 — 4/2,
|mg(z) — m(x)| < L17g.
On the other hand, we apply Proposition 8 to get that, with probability 1 — §/2,

N 202 log(4/6
() — ()] < 1 2710
Choose C) large enough to get that C|S,|\/log(2D/8) < Vk/3 and C|S,|Dlog(2nD/§) < k/3. Finally, noting
that C|S, |72 L? < b?c/3 we obtain the result.



