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A Technical Results and Proofs

A.1 Proofs of Results in Section 3

Proof of Theorem 3.1. The result can be derived as:

« ~ S @) P .
Pooy [0 05 P)] @ Po o5 P) > mapcmin v, )|
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The equality (a) follows from the definition of p, the inequality (b) follows from 7 € II and is optimal, (c) follows
because p(7, P) > minp_p p(#, P) whenever P € P, and (d) follows from the theorem’s hypothesis. O

Proof of Theorem 3.2. Let P = P(w, ) and let p and # be the optimal return and policy for P respectively. We
start by establishing the following bound:

p = max p(m, P) - Bil(qf’f) :

where

Bz(w, ) = maxmax 57 (w, ) .

SES a€cA

Let v € RS be the optimal robust value function that satisfied & = £ for the ambiguity set P = P(w, ). We
use P as a shorthand for P(w, ) throughout the proof. Recall that p = pid. We also use TL to represent the
Bellman evaluation operator for a policy 7 € II and a transition function P defined for each s € S as:

(Tx v)s = P(s,m()) (rsa+7-0) -

It is well known that T v is a contraction, is monotone, and has a unique fixed point. Let © be the unique fixed
point of TL:

AN

v=T0,

where 7 € arg max,em p(m, P). Note that it is well known that:

pyo = p(7, P) .
Now suppose that P € P, which holds with probability 1 — § according to Assumption 1. Then it is easy to see
that:

pyd = min p(m, P) < p(r, P) < pyo .
PeP
Therefore:
0 <pyo —pyd < [0 — 9|, -
We are now ready to establish the probabilistic bound which is based on bounding the Bellman residual as
follows:
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(a) follows from © being the fixed point of £, (b) follows from the optimality of #: @(s) €

arg maxge .4 minpeﬁmpTZSﬂ, and (c) follows from P € P. The rest follows by algebraic manipulation. Ap-

plying the inequality above to all states, we get:
T — 0 < Br(w, ) - 1. (12)
We can now use the standard dynamic programming bounding technique to bound |[v —9||  as follows:

; ( - ©)
0<9-0=0-FL0+TLo -0 < 90— TLo+ Bz (w,¢) 1 < T

U]

o~ TLo + By (w, ) 1.

We have (a) because ¥ < ¥ because £0 < ¥ and thus o > ££0 > .. . > £... L0 > v because v is the fixed point
of £ and £ is monotone. (b) we add 0, (c) ® is the fixed point of TL.

Next, apply Lo, norm to all sides, which is possible because the values are non-negative:

9~ 9l <||520 - TLo+ Ba(w,v) -1

[0 - <70 =2+ Bz(w,¥)
[0 =2l < Bz(w,9)/(1 7).

The first step follows by triangle inequality, and the second step follows from T;F: being a v contraction in the
Lo norm.

To prove the bound on y* and ¥, we show that y* < ¢ where ( = p+ Bz (w,¢)/(1 — 7). Suppose to the contrary
that y* > ¢. Realize that y* optimal in (1) must satisfy:

. PY > o*| > 1 —
Pr [glgg o, B) > y } >1-4, (13)
because max,cr p(m, P) > p(r*, P) for 7* optimal in (1). Recall also that from the first part of the theorem:

oy [maeor ) 2 ¢] <5 (14)

We now derive a contradiction as follows:

(14) . (13)
b > Pp f{maﬁ(p( )>§]>P~f[mar)1{p( P)>y*] >1-4.

Here (a) follows from the assumption y* > ¢. Then § > 1 —§ is a contradiction with § < 0.5. Finally, 0 < y* —p
follows directly from the optimality of y* and Theorem 3.1, which proves the theorem. O

A.2 Proof of Results in Section 4

Proof of Lemma 4.1. We omit the s, a subscripts to simplify the notation. By relaxing the non-negativity con-
straints on p and using substitution ¢; = p; —p and g5 = p, — p, we get the following upper bound:

Bz (w, ) = max { (b, — )72 | P1,2y € Pralw, 1)}
= max { (b, = p2)2 | [P —Blly < ¥, Ip2 — ll, < ¥, py € A%, py € A5}
T = = T, _ T, _
< max {(p1 —p2) 2| Py = plly < ¥, llp2 —Pll, <, VP =1,1p; = 1}
= max {(‘11 — )"z | g1l < s llazlly < ¥, 17q, =0, 17g, = O}

q,.9,€R?

= max {alz | |a;ll, < ¥, 17q, = 0} + max {g5(~2) | Igall,, < ¥ 1a> =0} .
g, €R g,€RS
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The last equality follows because the the optimization problems over g, and g, are independent. From the
absolute homogeneity of the ||-||,, we have that:

T T T T
max -z <¢,1 :O} = max { z <, 1 :0}7
s {al(-2) | gy < ¥ 170, s {alz | aaly < o, 1a,

and therefore:
2w, ) <2 max {q"z | lgll, <% 17g =0} .
gqeRS

Substituting ¢ = p — p we get:
5w v) < 2 max {37z | Ip—pl,, <. P =1}~ 2575 (15)

We can reformulate the optimization problem on the right-hand side of (15), again using variable substitution
q=p—p
max 2-(g+p)'z2—2-2"p
geRS
st lally < v
1"(g+p)=1 = 17¢=0.
Canceling out p' z, we continue with:

2 - max qu
g€eRS

st lally < v
1'¢g=0.
By applying the method of Lagrange multipliers, we obtain:

: T T T
—\-(g"1) = W |
in max gz (@1)=q (2 )

st lglly, <9
Letting ¢ = %, we get:

. T
min max cx' (z—X-1
AER RS w ( )

st. ), <1.

Given the definition of the dual norm, ||z||, = sup{zTz | |z| < 1}, we have:
@’a(’w»d}) <2 I)Tlellg ’l/) ’ ||Z —A- 1”*
<2-¢-z=A-1], .
O

Proof of Lemma 4.2. Assume we are given a set of positive weights w € R, for the following weighted L

optimization problem:

max szL‘

RS (16)
st fall, <1

We have:

n n
.’L‘TZ = in “Zi S Z|ZL‘12’1|
=1 =1
(a) n n 1
<l = wi - fa] - — - |z
=1 =1

n
1 1
< max ¢ — |z ¢ - E wilz;) = max < — |z |2l w
i=1,...,n w; . i=1,...,n w;
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Here, (a) follows from the Cauchy-Schwarz inequality, and (b) follows from the constraint ||z]|1, < 1 of (16). O

Proof of Proposition 4.3. We use the notation 1/w to denote an elementwise inverse of w such that (1/w); =
1/w;,i € S. Note that for weighted L;-constrained sets ¢ = oo, and for the Lo-constrained sets ¢ = 1. The
value \ in (7) is fixed ahead of time and does not change with w. Recall that the constraint Zle w? =1 serves
to normalize w in order to preserve the desired robustness guarantees with the same 1. This is because scaling
both w and v simultaneously by an identical factor leaves the ambiguity set unchanged. We adopt the constraint
from an approximation of the guarantee by linearization of the upper bound using Jensen’s inequality. Next,
omitting terms that are constant with respect to w simplifies the optimization to:

s
w* € argmin{”z o | Zw? = 1} . (17)
’wG]RiJr T i=1

For ¢ = 0o, the nonlinear optimization problem in (17) is convex and can be solved analytically. Let b; = |zi - ;\’
fori=1,...,5, then (17) turns to:

s
t,‘mGRJrJr

S
min {t : thi/wi,wal} . (18)
i=1

The constraints w > 0 cannot be active since otherwise 1/w; results in undefined division by zero and can be
safely ignored. Then, the convex optimization problem in Equation (18) has a linear objective, S + 1 variables
(w’s and t), and S + 1 constraints. All constraints are active, therefore, in the optimal solution w* (Bertsekas,
2003) which must satisfy:

= b/ ] 1 _] (19)
Since Y, w? = 1 implies Y, b7 /t* = 1, we conclude that ¢t = /Y, bf. For ¢ = 1, the equivalent optimization of

(18) becomes:
s s
1I”Il>1% {Zbi/wi : Zw? = 1} . (20)
i=1 i=1

Again, the inequality constraints on weights w > 0 can be relaxed. Using the necessary optimality conditions
(and a Lagrange multiplier), one solution for the optimal weights w are:

F= 0 e (21)
O
A.3 Proof of Results in Section 5

Proof of Proposition 5.2. The algorithm is an instance of the Sample Average Approximation (SAA) scheme.
The result, therefore, is a direct consequence of Theorem 4.2 in (Petrik and Russel, 2019) and Theorem 5.3 in
(Shapiro et al., 2014). O

A.4 Proof of Results in Section 6

We need several auxiliary results before proving the results.

Theorem A.1 (Weighted Lo, error bound (Hoeffding)). Suppose that p, , is the empirical estimate of the
transition probability obtained from ns q samples for some s € S and a € A. Then:

P. . |:||I_)s,a 7p:va||oow > 1[)5 ai| < QZeXp < 'I/JS alls, a> . (22)

Proof. First, we will express the weighted L., distance between two distributions p and p* in terms of an
optimization problem. Let 1; € RS be the indicator vector for an index i € S:

Hﬁs,a _p:ﬁaHoo,'w = leaX {ZTW(I)S,a _p:,a) : Hz”l < 1}

= max{ LW (P, —pL). ~LW (B, —PLa)} -
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Here, weights are on the diagonal entries of W. Using the expression above, we can bound the probability in the
lemma as follows:

P |:||ps,a _p:’aHoo,w > w:| =P |:rznea:S'X {liW@s,a _p;,a)’ _liW@s,a _p:,a)} > '@[Js,a

(a)
< SIHE%X]P) [liW@s,a _p:,a) > ¢s,a] + SIHE%SX]P) [_liW(is,a _pg,a) > 1/Js,a]

0 S W2 n
<22exp< S; ) .
wl

Here, (a) follows from union bound, and (b) follows from Hoeffding’s inequality since 1]p € [0,1] for any i € S
and its mean is 1] p*. O

Now we describe a proof of error bound in (23) on the weighted L; distance between the estimated transition
probabilities p and the true one p* over each state s € S = {1,..., S} and action a € A ={1,..., A}. The proof
is an extension to Lemma C.1 (L; error bound) in (Petrik and Russel, 2019).

Theorem A.2 (Weighted L; error bound (Hoeffding)). Suppose that p, , is the empirical estimate of the tran-
sition probability obtained from ng o samples for some s € S and a € A. If the weights w € Rf_+ are sorted in a
non-increasing order w; > Wiy, then:

= V2 N
mawm@—p;MMDzww}SZE:Q&”wp<—5W2’>. o3)

2w:
i=1 i

Proof. Let q5, = Ps, — Ps,- To shorten notation in the proof, we omit the s,a indexes when there is no
ambiguity. We assume that all weights are non-negative. First, we will express the L1 4 norm of g in terms of
an optimization problem. It is worth noting that 17q = 0. Let 1g,,10, € RS be the indicator vectors for some
subsets Q1, Qo C S where Q; =S\ Q;. According to Lemma 4.2 we have:

lally,,, = max {zTq: Jlz]l ... <1}

= 1L Wg+1L Wi(—q): 05 =S .
Ql%?)ézs{ o, Wa+15,W(—q): Q2 =8\ Q1}

Here weights are on the diagonal entries of W. Using the expression above, we can bound the probability as
follows:

@ Y Y
T T T
P e, (0 Wa 15,0 (-0} 20| <P gy (15,Wa) = | P | gy (1,00} 2 )

< T T Y

Z]P’{l Wgq> } ZIP’[12 )2}
Q€29 Q€25

fZIP’lTW(‘f*>% P, W(epip)> L

- [9f) p—p ) =9 + z Qo ( p+p ) =5
Q€28 Q,€258

®) V2n Yon
5l Bl
Q€25 ZH]‘T WH2 Qo€25 2H1—Iézw|‘io
2
)2225 zexp( yn ) .

(a) follows from union bound, and (b) follows from Hoeffding’s inequality. (c¢) follows by Qf = Qo and sorting
weights w = {w1,...,w,} in non-increasing order. O

—
(s}

Proof of Theorem 6.1. The result follows from Lemma A.1 in (Petrik and Russel, 2019) and Theorem A.1 by
algebraic manipulation. O

Proof of Theorem 6.2. The result follows from Lemma A.1 in (Petrik and Russel, 2019) and Theorem A.2 by
algebraic manipulation. 0
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A.5 Bernstein Concentration Inequalities

Theorem A.3 (Weighted L; error bound (Bernstein)). Suppose that p, , is the empirical estimate of the tran-
sition probability obtained from ns o samples for some s € S and a € A. If the weights w € ]Rir are sorted in
non-increasing order w; > w;y1, then the following holds when using Bernstein’s inequality:

P|||Psc —Prall, ., =¥ <2Z251ex __Sn
ps,a ps,a 1w — s,a p 6w12 + 4wwz
where w € Ri+ is the vector of weights. The weights are sorted in non-increasing order.

Proof. The proof is similar to the proof of Theorem A.2 until section b. The proof continues from section (b) as
follows:

(®) 3¢°n 3U2n

< D e (‘2)+ > exp <_2>
oocas 240% 4 4cy ovcas 240? + 4cyp

(c)

<

3y%n 3y3n
Z XpP |\~ 7 3 T + Z exp | ——— 5 -
Q\ess 6l[10, Wl + 410, W],/ grees 6[l26, W[, +4vl1e, W],
3 2
@2Z2S 1exp( 6w? fﬁbw)
K3

Here (b) follows from Bernstein’s inequality where o2 is the mean of variance of random variables, and c is

their upper bound (Devroye et al., 2013). In the weighted case, with conservative estimate of variance o2 =
2

HlT 1I/VHOo /4, and ¢ = ||1TQ1VV||007 because the random variables are drawn from Bernoulli distribution with the

maximum possible variance of 1/4. (d) follows by sorting weights w in non-increasing order. O

B Detailed Experimental Results

B.1 Experimental Setup

We assess L1 — and L,-bounded ambiguity sets, both with weights and without weights. We compare Bayesian
credible regions with frequentist Hoeffding- and Bernstein-style sets. We start by assuming a true underlying
model that produces simulated datasets containing 20 samples for each state and action. The frequentist methods
construct ambiguity sets directly from the datasets. Bayesian methods combine the data with a prior to compute a
posterior distribution and then draw 20 samples from the posterior distribution to construct a Bayesian ambiguity
set.

B.2 RiverSwim MDP Graph

(0.3, 7 = 10000)

Figure 2: RiverSwim problem with six states and two actions (left-dashed arrow, right-solid arrow). The agent
starts in either states s; or ss.
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B.3 Full Empirical Results

Tables 3 to 6 report the high-confidence lower bound on the return for the domains that we investigate. The
column denotes the confidence 1 — § and the algorithm used to compute the weights w for the ambiguity set:
“Unif.w” corresponds to w = 1, “Analyt.w” corresponds to weights computed by Algorithm 2, and “SOCP.w”
corresponds to weights computed by solving (8). The rows indicate which norm was used to define the ambiguity
set (L or L) and whether Bayesian (B) or frequentist (H) guarantees were used. Note that the SOCP
formulation is limited to the L, ambiguity sets.

0=0.5 0 =0.05
Method Unif.w Analyt.w SOCP.w Unifw Analyt.w SOCP.w
4B 33887 51470 48620 25252 47284 43504
LB 33887 48258 - 25252 43247 -
L4 H 16354 33116 30268 12555 29472 26398
Lo H 20055 40166 - 15184 35955 -

Table 3: The return with performance guarantees for the RiverSwim experiment. The return of the nominal
MDP is 63080.

0=0.5 0 =0.05
Method Unif.w Analyt.w SOCP.w Unifw Analyt.w SOCP.w
4B -38.1 -22.7 -26.8 -42.0 -23.7 -284
LB -38.1 -22.6 - -42.0 -23.5 -
L1 H -86.8 -33.2 -47.9 -115.0 -34.5 -53.1
Lo H -62.9 -29.5 - -74.8 -32.6 -

Table 4: The return with performance guarantees for the Machine Replacement experiment. The return of the
nominal MDP is -16.79.

0=0.5 0 =0.05
Method Unif.w Analyt.w SOCP.w Unifw Analyt.w SOCP.w
B -25706  -12151 -12668  -25741  -12200 -12704
LB -26782  -15468 - -26795  -15623 -
L H -27499  -27034 -27409  -27501 < -27047 -27421
L H -27465  -27143 - -27473  -27184 -

Table 5: The return with performance guarantees for the Population experiment. The return of the nominal
MDP is -4127.

0=0.5 0 =0.05
Method Unif.w Analyt.w SOCP.w Unifw Analyt.w SOCP.w
B 3.75 15.7 10.9 3.64 15.0 10.6
LB 3.04 20.2 - 2.87 19.8 -
I H -8.91 1.58 -6.18 -8.94 0.89 -7.74
Lo H -8.37 5.83 - -8.63 4.90 -

Table 6: The return with performance guarantees for the Inventory Management experiment. The return of the
nominal MDP is 163.1.



Optimizing Percentile Criterion Using Robust MDPs

0=0.5 6 =0.05
Method Unif.w Analyt.w SOCP.w Unif.w Analyt.w SOCP.w
4B 3.83 8.28 4.21 3.82 8.25 4.20
LB 3.81 7.78 - 3.78 7.71 -
L H 2.81 3.44 2.87 2.80 3.42 2.85
Lo H 3.18 3.94 - 3.15 3.92 -

Table 7: The return with performance guarantees for the Cart-Pole experiment. The return of the nominal MDP
is 11.11.



