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Abstract

Given a set C = {C;}I2; of square matrices,
the matrix blind joint block diagonalization
problem (BJBDP) is to find a full column rank
matrix A such that C; = AX;AT for all i,
where 3;’s are all block diagonal matrices
with as many diagonal blocks as possible. The
BJBDP plays an important role in independent
subspace analysis (ISA). This paper considers
the identification problem for BJBDP, that is,
under what conditions and by what means, we
can identify the diagonalizer A and the block
diagonal structure of ¥;, especially when there
is noise in C;’s. In this paper, we propose a “bi-
block diagonalization” method to solve BJBDP,
and establish sufficient conditions under which
the method is able to accomplish the task.
Numerical simulations validate our theoretical
results. To the best of the authors’ knowledge,
existing numerical methods for BJBDP have no
theoretical guarantees for the identification of
the exact solution, whereas our method does.

1 Introduction

The matrix joint block diagonalization problem (JBDP)
is a particular block term decomposition of a third
order tensor (De Lathauwer, 2008; Nion, 2011). Over
the past two decades, it has become a fundamental tool
in independent subspace analysis (ISA) (e.g.,(Cardoso,
1998; Theis, 2006)). And ISA has found many applica-
tions in machine learning tasks, e.g., subspace cluster-
ing (Su et al., 2017; Wang et al., 2019; Ye et al., 2016),
face recognition/verification (Cai et al., 2012; Le et al.,
2011; Li et al., 2005, 2001), learning of disentangled
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representations (Awiszus et al., 2019; Stuehmer et al.,
2020), etc. In this paper, we consider the identification
problem for a blind JBDP. The results of this paper are
naturally applicable to ISA. To be specific, next, we
present the identification problem of the blind JBDP
(BJBDP), then show how the problem arises in ISA.

1.1 Problem Statement

To introduce the identification problem of BJBDP, we
need the following definitions.

Definition 1. We call 7, = (p1,...,pr) a partition of
positive integer p if p1,..., py are all positive integers
and Zle p; = p. The integer ¢ is called the cardinality
of the partition 7,, denoted by ¢ = card(7,). Two
partitions 7, = (p1,...,p¢), Tp = (P1,...,D;) are said
to be equivalent, denoted by 7, ~ 7, if £ = ? and there
exists a permutation II, such that 7, = 7,1I,.

For example, 7, = {3, 1, 5, 2}, £ = card(r,) = 4,
p=11, and 7, = {1, 5, 2, 3} is equivalent to 7.

Definition 2. Given a partition 7, = (p1,...,ps) and
a matrix X € RP*P partition X as X = [X;;] with
Xi; € RPixPi_ Define the 7,-block diagonal part and
Tp-off-block diagonal part of X, respectively, as
BlkDiag, (X) 2 diag(X11, ..., Xe),
OffBlkdiag, (X) £ X - BlkDiag, (X).

The matrix X is referred to as a 7,-block diagonal
matriz if OffBlkdiag, (X) = 0.

P1 p2 Py—1 Py
P1 X11 Xi2 X1,0-1 X1
P2 Xo1 Xa2 Xa0-1 Xy
X= : : ’ : : )
Po_1 Xec1a Xe—11 o0 Xec1ee1 Xe—1pe
Pe X1 X2 S Xoo—1 Xee
1 P2 Pr—1 Pe
P1 X11 0 0 0
P2 O X22 .. O O
BlkDiag, (X)= : : _ : :
Pr_1 0 0 v Xpl10-1 0
Py 0 0 0 Xee |
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The Joint Block Diagonalization Problem (JBDP)
Given a matrix set C = {C;}™, with C; € R¥*? for
1 <i < m. The JBDP for C with respect to a partition
7p is to find a full column rank matrix A = A(7,) €
R4*P such that all C;’s can be factorized as

C; = A5 AT = Adiag(SMY, .. s NAT ) i (1)

where X;’s are all 7,-block diagonal. When (1) holds,
we say that C is 7p-block diagonalizable and A is a
Tp-block diagonalizer of C.

The Blind JBDP (BiBDP) Given a matrix set C =
{Ci}m, with C; € R¥4 for 1 < i < m. The BIBDP for
C is to find a partition 7, and a full column rank matrix
A = A(7,) such that C is 7,-block diagonalizable and
card(r,) is maximized. A solution to the BJBDP is
denoted by (75, A).

Uniqueness of BJBDP If (7,,4) with 7, =
(p1,..-,p¢) and A € RI*P is a solution to BJBDP,
then (7, A\) = (7,1Ig, ADII) is also a solution, where
I, € R** is a permutation matrix, D is any nonsingu-
lar 7,-block diagonal matrix, IT € RP*? is a permuta-
tion matrix associated with IT,, which permutes the col-
umn blocks of A as I, permutes 7,,. In fact, I can be ob-
tained by replacing the 1 and 0 elements in the jth col-
umn of [T, by I, and zero matrices of right sizes, respec-

<

tively. If (7,,A) = (7,11, ADII), we say that (7,,A4)
and (75, 21\) are equivalent, denoted by (7, A) ~ (7p, A\)
If any two solutions to BJBDP are equivalent, we say
that the solution to the BJBDP is unique, the BJBDP for
C is uniquely T,-block-diagonalizable.

Identifiability of BJBDP Let (7,, A) be a solution
to the BIBDP for C. Let C = {a}:il ={Ci+ E;}i"y,
where E; € R4%d ig g perturbation to C; for 1 < ¢ < m.
Under what conditions, and by what means, we can

find a (7,, A) such that

Ci~ AT, AT = Adiag(EM,... SN AT, i,

i

where 3;’s are all Tp-block diagonal matrices with 7, ~

Tp, and A is close to A (up to block permutation and
block diagonal scaling).

1.2 1ISA: A Case Study

Independent Subspace Analysis (ISA) aims at separat-
ing linearly mixed unknown sources into statistically
independent groups of signals. A basic model can be
stated as

x = As,

where x € R? is the observed mixture, A € R4*? is the

unknown mixing matrix and has full column rank, s €
. . T

RP is the source signal vector. Let s = [slT, ey sﬂ

with s; € RPi for j =1,...,¢. Assume that each s; has
mean 0 and contains no lower-dimensional independent
component, all s; are independent of each other. ISA
attempts to recover s from x. Obviously, it holds that

Cyx =E(xx") = AE(ss ' )AT = AC, AT,

where E(-) stands for expectation, and Cxx, Css are
the covariance matrices of x and s, respectively. By
assumption, Css = diag(Cs,s,,- .-, Cs,s,) I8 Tp-block
diagonal, where Csjsj is the covariance matrix of s;.

Now let x(a),...,x(T) be T samples. In a piecewise
stationary model (Lahat et al., 2012, 2014), the sam-
ples are partitioned into m non-overlapping domains
{T:}i,, where T; contains t; samples, and >, t; =T.
Let C; £ ti doteT x(t)x(t)T and C = {6‘1}:’;1 Ideally,
A is a Tp-block diagonalizer of C. The question is that
whether we can find (7, A) by solving the BIBDP for C

such that 7, ~ 7,, and A is “close” to A? Under what
conditions? And how?

1.3 A Short Review and Our Contribution

The identification problem is closely related to the
uniqueness of the problem. In the context of ISA, it is
shown that the decomposition of a random vector with
existing covariance into independent, irreducible com-
ponents is unique up to order and invertible transfor-
mations within the components (referred to as “trivial
indeterminacy” hereafter) and an invertible transfor-
mation in possibly higher dimensional Gaussian com-
ponent (Gutch and Theis, 2007, 2012). In the context
of JBDP, when the matrices have additional structure,
a local indeterminacy may occur (Gutch et al., 2010;
Gutch and Theis, 2012). As JBDP is a particular block
term decomposition of a third-order tensor, solution
to JBDP is unique up to trivial determinacy almost
surely (De Lathauwer, 2008).

Algorithmically, JBDP is usually formulated as an opti-
mization problem, then solved via optimization-based
numerical methods (e.g., (Cherrak et al., 2013; Nion,
2011)). However, without the information of the block
diagonal structure, it is difficult to formulate the cost
function. As a result, for BJBDP, a two-stage proce-
dure is proposed — first apply a joint diagonalization
method (Cardoso and Souloumiac, 1993; Ziehe et al.,
2004), then reveal the block diagonal structure by cer-
tain clustering method (Tichavsky et al., 2017). Such
a procedure is based on a conjecture (Abed-Meraim
and Belouchrani, 2004) that the JD and JBD problems
share the same minima. But this conjecture is only par-
tially proved (Theis, 2006). Three algebraic methods
are proposed to solve BJBDP: When the diagonalizer is
orthogonal, using matrix #-algebra, an error controlled
method is proposed in Maehara and Murota (2011);
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Using fundamental linear algebra, a recursive method
is developed in Cai and Liu (2017) to compute the non-
orthogonal diagonalizer, and quite recently, the method
is non-trivially generalized to compute a blind block
term decomposition of high order tensors (Cai and
Li, 2021); Using the matrix polynomial, a three-stage
method is proposed in Cai et al. (2019).

To the best of the authors’ knowledge, current numeri-
cal methods for BJIBDP have no theoretical guarantees
for a good identification of the exact solution (7, A),
i.e., for the computed solution (7, ﬁ), 7p is equivalent
to 7, and A is “close” to A. In this paper, we will
answer this fundamental question. For both noiseless
and noisy cases, we first find the range space the diago-
nalizer via a (truncated) singular value decomposition
(SVD) of a matrix, then reveal the block diagonal struc-
ture by a bi-diagonalization procedure. Under proper
assumptions, we show that the proposed method is
able to identify (7,, A). Numerical simulations validate
our theoretical results.

The rest of this paper is organized as follows. In Sec-
tion 2, we establish the identification condition of the
range space of A and the block diagonal structure for
both noiseless and noisy cases. Numerical experiments
are presented in Section 3. Concluding remarks are
given in Section 4.

Notation. I, is the n x n identity matrix, and 0,,xn»
is the m-by-n zero matrix. When their sizes are clear
from the context, we may simply write I and 0. The
symbol ® denotes the Kronecker product. The oper-
ation vec(X) transforms a matrix X into a column
vector formed by the first column of X followed by its
second column and then its third column and so on.
The spectral norm and Frobenius norm of a matrix are
denoted by [ - |2 and || - ||, respectively. For a matrix
X, Z(X) and A (X) stand for the range space and
null space of X, respectively. For any square matrix set
D = {D;}",, we denote D = [D{,Dy,..., D]} D;]".
For a subspace 7" of R", its orthogonal complement is
defined as ¥+ = {w e R" |w'v =0,Yv € ¥}.

2 Main Results

In this section, we establish the identification conditions
for BJBDP. First, we identify 2(A) in Section 2.1, then
the block diagonal structure in Section 2.2

2.1 Identification of Z(A)
The following theorem identifies Z(A) for the noiseless
case, i.e., F; =0 forall 1 <7 <m.

Theorem 2.1. Let (1, A) be a solution to BIBDP for
C. Then Z(A) = N (C)r =2#(C").

By Theorem 2.1, it is natural for us to approximate
of Z(A) by the subspace spanned by the first p right
singular vectors of Q The so called canonical angle is
needed to state the result.

The canonical angles between two linear sub-
spaces Let X,) be two k and ¢ dimensional sub-
spaces of R™, respectively, and k > ¢. Let X €
R™*k Y € R™"* be the orthonormal basis matrices
of X and ), respectively, i.e.,

RX)=X, X'X=1I, and R(Y)=Y, Y'Y =1,

Denote w; for 1 < j </ the singular values of YTX
in ascending order, i.e., w; < --- < wg. The canonical
angles 6;(X,Y) between X and Y are defined by

T
2

They are in descending order, i.e., 6;(X,Y) > --- >
0e(X,Y). Set

O(X,Y) = diag(61(X, D), ..., 00(X,V)).

0<0,;(X,Y) £ arccosw; < for 1 <j <V

It is worth mentioning here that the canonical angles
defined above are independent of the choices of the
orthonormal basis matrices X and Y.

Theorem 2.2. Let (1,, A) be a solution to BIBDP for
C. Let the columns of Vo be an orthonormal basis for

N(AT), ¢1 > -+ > ¢q and ¢1 > -+ > ¢4 be the
singular values of C' and C', respectively. Then

G > 6p—Ell,  bpra < |EI| (2)
In addition, let U, = [T1, ..., Upl, V, = [01,...,Tp),

where Uj;, U; are the left and right singular vector ofé
corresponding to q~5j, respectively, and Uy, Vi are both
orthonormal. If || E| < %P, then

1 sin©@(A), 2(V))| < IWLEVall

p

By Theorem 2.2, when ||E|| is sufficiently small com-
pared with ¢,, we are able to find the correct p, and

(V1) is a good approximation for Z2(A).

2.2 Identification of the Block Diagonal
Structure

In this section, we first discuss the identification of the
block diagonal structure for the noiseless case, followed
by the noisy case.

2.2.1 The Noiseless Case

This section is organized as follows:
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(a) Firstly, we present a necessary and sufficient con-
dition for when C;’s can be factorized in the form (1);

(b) Secondly, we present a way to determine whether
the solution to the BJBDP is unique;

(c) Finally, we show how to find a solution to the
BJBDP, and establish the theoretical guarantee.

Remark 1. The results for (a) and (b) are given below
by Theorems 2.3 and 2.4, respectively. We need to
emphasize here that Theorem 2.3 is rewritten from Cai
and Liu (2017, Lemma 2.3), and Theorem 2.4 is par-
tially rewritten from Cai and Liu (2017, Theorem 2.5).
The difference between Theorem 2.3 and Lemma 2.3 is
that the diagonalizer here is rectangular rather than
square. The main difference between Theorem 2.4 and
Theorem 2.5 is the proof. The proof here is simpler,
more importantly, the proof is constructive and ex-
plainable. Borrowing those two results from Cai and
Liu (2017) should not undermine the contribution of
this paper, since they are the start point for our main
contribution — the algorithms (Algorithms 2 and 4) to
identify the solution of BJBDP with theoretical guaran-
tees (Theorems 2.6 and 2.8).

The following linear space will play an important role
in the analysis.

Definition 3. Given a matrix set D = {D;}, with
D; € R7%4, define

N (D)2 {X eR™ | D;X-X"D; =0, 1<i<m}.

Now we present a necessary and sufficient condition for
when C;’s can be factorized in the form (1).

Theorem 2.3. Given C = {C;}™; with C; € R4,
Let Vi € R¥? be such that V,'Vy = I,, Z(V}) =
Z(C"). Denote B; = V,' C;Vy, B = {B;},. Then
Ci’s can be factorized as in (1) with Z(A) = Z(CT)
if and only if there exists a matrix X € A (B), which
can be factorized into

X =Y diag(X11,..., Xe)Y 1, (3)

where Y € RP*P is nonsingular, X;; € RPi*Pi for
1<j<{land \N(X;;) N AN Xpi) =0 for j # k.

According to Theorem 2.3, once we find an X € A (B)
which has a factorization in form (3), we can find a
(1p, A) satisfying (1). Next, we examine some fun-
damental properties of I' € A ({¥;}) with ¥; =

diag(Zl(‘H)7 .. .,EZW)), based on which we can deter-
mine whether (7,,, A) is a solution to the BJBDP for C.

Partition I as I" = [I';;], where I'j;, € RPi*Pk. Using
¥, I —TT%; =0, we have two sets of matrix equations.
The first set isfor 1 < j =k < £:

SUIr,; ~TLsP) =0, for1<i<m; (4a)

The second set is for 1 < j < k < £:

(39) T y(kk) _
{Zi Uik =Ty =0, for 1 <i<m. (4Db)

ngk)rlk] _ F;I'kzgﬂj) =0

)

With the help of the Kronecker product, the first set
of equations are equivalent to

ijvec(Fjj) = 0, (5&)
where
I, ® Egyj) _ [(EEJJ))T ®ij]Hj
Gy = : ;
ij ® ESVJIJ) - [(Esrjlj))—r ® ij]Hj
II; € RPS %P} is the perfect shuffle permutation ma-
trix (Van Loan and Golub, 2012, Subsection 1.2.11)

that enables vaec(ZjTj) = vec(Z,;). The second set of
equations are equivalent to

S LY

where

kk
=N T w1,
=™ e 1,

I, ® 5P
I, ® (Egjj))T
Gjr = :
I, @5y
I, ® (E%j))T

(ST @1,
P @ I,

For G;; and G, we introduce the following two prop-
erties:

(P1) For 1 <j </, for any vec(T';;) € A (Gj;), the
eigenvalues of I';; are the same real number or the
same complex conjugate pair.

(P2) Forl<j<k<{ Gji has full column rank.

The uniqueness of the solution to the BIJBDP is closely
related to (P1) and (P2). In fact, we have the follow-
ing theorem.

Theorem 2.4. Let A be a 1,-block diagonalizer of C
i.e., (1) holds. Then (1,, A) is the unique solution to
the BIBDP for C if and only if both (P1) and (P2) hold.

Several important remarks follow in order.
Remark 2. Based on Theorem 2.4, once we get a 7,-
block diagonalizer A that factorizes C; as (1), we can

determine whether (7,, A) is the unique solution to the
BJBDP by checking (P1) and (P2).
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Remark 3. By the proof of Theorem 2.4, we have
the following facts which might help the understand-
ing of (P1) and (P2).

1) If (P1) does not hold for some j, then {T'¥9)}m
can be further block diagonalized. This is because
if (P1) does not hold for some j, there exists I';; €
RPi*Pi such that vec(I'j;) € A'(G;;) and a nonsingular
W; € RPi*Pi such that

Tj; = W, diag(T\%, T)yw1, (6)

i’
where F(a) and F(b) are two real matrices and )\(F(a)) N

b
ATY) = 0. Using vec(T';;) € A (Gy;), we have

El(jj)rjj _ F;J»Egjj) =0, forl1<i<m.

Substituting (6) into the above equality, we get

diag(P'{?, T¢)H TS =0,

33773939

=7 diag(r(¥, 1) ~
where i(jj) =

SIZIAN E(JJ) {

WIS, fori=1,...,
2(311) 2(312)

m. Partition

} Then it follows that

2(121) 2(322)

(1’\( ))TE(JH) 07

E(le)r(b)
{ (F(b))TE(ﬂl) 0 for 1 <i<m.

2(121)P(a)

Using )\(F;‘;)) N )\(ng)) = (), we have i§j12) = 0 and
igﬂl) = 0. In other words, Zgjj) for 1 <i <m can be
further block diagonalized.

2) If (P2) does not hold for some j # k, then
{diag(Egjj), ngk))}?il has a diagonalizer that is not
(Ip,, Ip, )-block diagonal. For example, let a;’s, b;’s and
¢;'s be arbitrary real numbers, it holds that

diog ([ 5] [ o))

a;
-
[i e ([0 5[0 D3
0010 a; b)) la; ¢ 00 1 0] >

100 1 i
in which the diagonalizer is not equivalent to Iy.

—

Remark 4. In the context of ISA, (P1) essentially
requires the irreducibility (Gutch and Theis, 2007,
2012) of the independent component; (P2) general-
izes the concept of “local indeterminacy /simple compo-
nent” (Gutch et al., 2010; Gutch and Theis, 2012), and
is much more mathematically strict.

Next, we consider how to solve the BJBDP.

Given a set D = {D;}, of ¢g-by-¢ matrices with D
having full column rank. When D has a 7, = (q1, ¢2)-
block diagonalizer Z, i.e, D;’s can be factorized as

D, = Z®,Z7, where ®,’s are T4-block diagonal, then
set X, = Z~ "diag(Iy,,—14,)Z" (Z is nonsingular
since D has full column rank), it holds that
X, e N(D), (X.—D(X+1)=0, X, # <1

Conversely, once we find such an X,, factorize X,
into X, = Ydiag(l,,,—1,,)Y ', then Y~ T is a 7-
block diagonalizer. In what follows, we formulate the
problem of finding such an X, as a constrained opti-
mization problem.

Note that

(X -I)(X+1)=0
S mintr((X - (X +1)?)

@rx}}ntr()&) —2tr(X?) + ¢,

and tr(X) = 0 together with tr(X?) = ¢ ensure X # 0
and the eigenvalues of X lie in both left and right
complex plane, as a result, X is not a scalar matrix.
So, we propose to find X, by solving the following
optimization problem:

opT(D) : m}}n tr(X?), (7)

subject to (X) =0,tr(X?) =

X e #/(D),tr

For opT(D), we have the following result.

Theorem 2.5. Given a set D = {D;}
matrices with D having full column rank.

“, of g-by-q

(I) If D does not have a nontrivial diagonalizer, then
the feasible set of oPT(D) is empty.

(IT) If D has a nontrivial diagonalizer, then opT(D)
has a solution X,. In addition, assume

4 = min
llzll=1

then X, has two distinct real eigenvalues, and the gap
between them are no less than two.

Remark 5. If D has full column rank, then p > 0 almost
surely. Therefore, (2) holds almost surely without the
assumption g > 0.

Based on Theorem 2.5, we present Algorithm 1, which
will find a 7,-diagonalizer Z for a matrix set D =
{D;} with card(r;) = 2 whenever D can be block-
diagonalized.

Line 5 can be computed via Algorithm 7.6.3
in Van Loan and Golub (2012). The central task
is to solve OoPT(D). Using the Kronecker product,
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Algorithm 1 Bi-Block Diagonalization (BI-BD)

1: Input: A set D = {D;}, of ¢-by-¢g matrices.

2: Output: (7,, Z) such that Z is a 7,-block diago-
nalizer of D with 7, = (g1, ¢2) or 74 = (g).

3: if feasible set of OPT(D) is empty then set 7, = (g),
Z = 1Ig;

4: else Solve oPT(D), denote the solution by X.,;

5: Compute X, = Ydiag(l';,I'2)Y !, where
Iy € Re*2 Ty € R%2%% both A(T';) and

6: A(T'2) contain only one real number, and the
two real numbers are different.

7 Set 7y = (q1,q2), Z=Y " T.

8: end if

X € A(D) if and only if L(D)vec(X) = 0, where

I, Dy — D{ ® I,11,
2 2
L(D) & : € R™IXT(R)

I,® D, — D)} @ I,

Here II, € R?°*4° is the perfect shuffle permu-
tation. The restarted Lanczos bi-diagonalization
method (Baglama and Reichel, 2005) (MATLAB script
svds), which is usually used to compute a few small-
est/largest singular values and the corresponding sin-
gular vectors of a large scale matrix, is well suited
here, since only the right singular vectors correspond-
ing with the smallest singular value zero are needed.
From the right singular vectors corresponding to zero,
we can construct an orthonormal basis {X1,..., X}

for A (D), where s = dim A (D).

Now let M = [Mijkl] S RSXSXSXS, K = [KZJ] € R5*s
with Mijkl = tI‘(XinXle), Kij = tr(Xin), the
optimization problem OPT(D) is reduced into

min Ma?,

subject to o' Ko =1, (9)
a€RF

where Ma? £ Zm’k,l Mijmosojopoq. Let K = G'G
be the Cholesky factorization of K (by definition, K
is symmetric positive definite), and denote 8 = Ga,
N =M X1 G- T X9 G- T X3 G- T X4 G_T, where
x; denotes the modal product (Van Loan and Golub,
2012). Then (9) can be rewritten as

min N G4,

bject t TB=1, 10
mmin subject to (' [ (10)

whose KKT condition is N 3% = A3, which is a Z-
eigenvalue problem (Qi, 2005) of an order-4 tensor.
Using the shifted power method (Cipolla et al., 2019;
Kolda and Mayo, 2011), the eigenvector [, corre-
sponding with the smallest eigenvalue can be com-
puted. Then X, can obtained X, = Z§:1 a; X, where
a=G18,.

Algorithm 2 BJBDP via BI-BD

1: Input: A set C = {C;}]2; of d-by-d matrices.

Output: (7, E), a solution to the BJBDP of C.

3: Compute V7, whose columns form an orthonormal

basis for C';

Compute B = {B;}™, = {V,"C;V1 } 1"

Initialize 7, = (p), A = V4, list = [0];

while 3 0 in 1ist do
Find t = argmax{7,(¢) | 1ist(i) = 0};
Set ki = Y02, 7 (i) +1, by = Y0 7(i), Di =

Bl(kl : kg,/ﬂl : k‘g) and D = {DL},

9: Call Algorithm 1 with input D, denote the out-
put by (7, 2);

10: if card(7) = 1 then Update 1ist(t) = 1;

11: else Update 1list and 7, by replacing their ¢th
entry by [0,0] and 7, respectively;

N

12: Update B;(ky : ko, ky : ko) = 271D, 277,
A(Z, ]{11 H kg) = A(I,k‘l : k‘g)Z
13: end if

14: end while

With the help of Algorithm 1, we may find a solution to
BJBDP recursively. We summarize the method in Algo-
rithm 2. Under proper assumptions, we can show that
Algorithm 2 is able to identify the solution to BIJBDP.

Theorem 2.6. Assume that the BIBDP for C is
uniquely T,-block-diagonalizable, and let (1,,A) be a
solution satisfying (1). Then (15, A) can be identified
via Algorithm 2, almost surely.

2.2.2 The Noisy Case

In this section, we discuss the identification of the
block diagonal structure with the presence of noise.
According to Theorem 2.2, a good approximation for
Z(A) can be obtained when the perturbation is small.
Given a perturbed matrix set D = {D; +E;}7,, where
D = {D;}*, can be block diagonalized, E; is a per-
turbation to D;. Inspired by the noiseless case, we
consider an approximation of .4 (D) to approximately
block-diagonalize D. The subspace A~ (5) seems to be
a natural choice, however, due to the presence of the
noise, A4 (D) in general only has a trivial element — the
scalar matrix, which is useless for matrix joint block
diagonalization. Recall (8), let 91, ..., 7,2 be the right

singular vectors of L(D) corresponding to the singular
values &1, ..., 0,2, respectively, and the singular values
be in a non-decreasing order. We define

N5(D) £ {reshape(v,q,q) | v € Z([01,...,k]),
Gk <0 < Ot}

Note that if § = 0 and E; = 0 for all ¢, then A45(D)

A (D). So we may say that A5(D) is a generalization
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of /(D). In what follows, we will let .45(D) play
the role of .4 (D). We also generalize the definition of
diagonalizer as follows.

Definition 4. Given a set D = {51};11 of ¢-by-q
matrices. We call Z a (74, 0)-diagonalizer (also referred
to as d-diagonalizer) of D if

m
YD - 2827 ||} < C 6%,
=1

where ®;’s are all 74-block diagonal matrices, and C' is
a constant.

And rewrite the optimization problem opT(D) as

op1(D,6) : min tr(X*),

subject to X € A5(D), tr(X) = 0, tr(X?) = q.

Similar to Theorem 2.5, we have the next Theorem.

Theorem 2.7. Given a set D = {51};11 of q-by-q
matrices with D having full column rank. Let § = o(1)
be a small real number.

0] If5 does not have a nontrivial d-diagonalizer, then
the feasible set of opT(D,d) is empty.

I I D has a nontrivial 0-diagonalizer, then
oPT(D, ) has a solution X,. In addition, assume

= min
llz]l=1

Z 121D;z|2 = O(1),
i=1

and fori=1,2, let
Rect; £ {z € C||Re(2) — pi| < a, [Im(2)| < b},

where a = O(0), b= 0O(5). Then

)\(X*) C U?leecti, P1 — P2 Z 2+ O((S)

Based on Theorem 2.7, we have Algorithms 3 and 4.
Specifically, Algorithm 3 finds a (7, §)-diagonalizer Z
for a matrix set D = {51} with card(r,) = 2 when-
ever D can be approximately block-diagonalized; Algo-
rithm 4 finds an approximate solution to BJBDP with
the presence of noise.

Finally, we establish the identifiability for BJBDP with
the presence of noise. The modulus of non-divisibility
and nonequivalence defined below are needed.

Definition 5. Let (7,, A) be a solution to BJBDP for C
with BlkDiag, (ATA) = I,. Let G, G,i, be the same

Algorithm 3 Approximate Bi-Block Diagonalization
(A-BI-BD)

1: Input: A set D= {51}{11 of ¢g-by-g matrices, and
a parameter ¢.

2: Output: (14, Z) such that Z is a (7, §)-block di-
agonalizer of D with Tq = (q1,¢2) or 74 = (q).

3: if feasible set of OPT(ﬁ, d) is empty then set 7, =
(q)v Z = Iq;

4: else Solve X,;

5: Compute X, = Ydiag(I';,['2)Y ™!, where
' € Roxa Ty € R2*%2 and the distance be-
tween A\(I'1) and A\(T'3) is approximately two.

6: Set Tq:(q1’q2)7 Z=Y"T.

7: end if

Algorithm 4 BJBDP via A-BI-BD

1: Input: A set C = {5‘1}:’;1 of d-by-d matrices.

2: Output: (%p,g) such that A is a (7p, 0)-block di-

agonalizer, where § is a parameter.

3: Compute singular values q~51 > e > ggn and the
corresponding right singular vectors 9y, ..., 0, of
C, set Vi = [01,...,7p] with q3p+1 < f(ﬁp, where
§ < 1is a real parameter, say § = 0.1;

Compute B = {B;}, = {V,"C;V; }™ ;

Initialize 7, = (p), A=W, list = [0];

while 4 0 in 1list do
Find ¢ = argmax{7,(7) | 1ist(i) = 0};

Set ky = Y1 7,(0) + 1, ke = 30, 7p(i), Dy =

El(kl ) ]412,/{}1 : k‘g) and 5: {51},

9: Call Algorithm 3 with input D and 4, denote

the output by (7, Z);

10: if card(7) = 1 then Update list(¢) = 1;

11: else Update 1list and 7, by replacing their tth
entry by [0,0] and 7, respectively; Update B;(k; :
ko, k1 : kig) = Z_lDiE_T, A\(:,k‘l : ]{ig) = A\(:,kl :
ko) Z.

12: end if

13: end while

as in (5). The modulus of irreducibility and nonequiv-
alence for C with respective to the diagonalizer A are
respectively defined as

0, = (1,...,1),
Wiy = Hli>f%{ff|0 € 0(Gj;),0 # 0}, otherwise,
P;

Whneq £ wﬂeq(C; A) = min Umin(ij)'

1< <k<t

Remark 6. The moduli wi, and wpeq depend on the
choice of the diagonalizer A. When the solution to
BJBDP for C is unique, we can show that their depen-
dency on diagonalizer A can be removed.
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Remark 7. The modulus of irreducibility measures how
far away the small blocks can be further block diago-
nalized; the modulus of nonequivalence measures how
far away the BJBDP may have nonequivalent solutions.

The following theorem tells that when the noise is
sufficiently small, (7,, A) can be identified.

Theorem 2.8. Assume that the BJBDP for C =
{Ci}2, is uniquely T,-block-diagonalizable, and let
(1p, A) be a solution satisfying (1). Let C = {C;}1, =
{Ci + E;}», be a perturbed matriz set of C. Denote
,Pp)

s Ayl

7 = (P1, ...

A=[A,...

NR
'7A€]7

Tp:(pl,...

A=[A,..

where (%p,;l\) s the output of Algorithm /. Assume
N(Gjj) = HZ(vec(Ip,)) for all j, where Gj; is defined
in (ba). Also assume that p is correctly identified in

Line 3 of Algorithm /. Let the singular values of C be
the same as in Theorem 2.2,

L NEl_ V2Ad+20) dy €
b r2m(A) (1 =€)
_ V2

i evp — max{

where C and k are two constants.

1
77}7'7 fO?"j = 1727

J
Wneq Wir

(XI) If g1 > 0, then ¢ = ¢, and there exists a permutation
{1,2,...,0'} of {1,2,...,4} such that p; = pj. In
order words, T, ~ Tp.

(IT) Further assume go > ——, then there exists a Tp-
block diagonal matrix D such that

I[Ay, ..., Ap] — AD|| &
cr 2

< [|Allp +

€
792—0%“ V1—¢€2

where ¢ 1s a constant.

+ o)l A = O(e),

3 Numerical Experiment

In this section, we present several numerical examples.
All numerical tests are carried out using MATLAB. Our
method (BI-BD) is compared with two JBDP meth-
ods, namely, JBD-LM (Cherrak et al., 2013) and JBD-
NCG (Nion, 2011), which are optimization based and
need to know 7, in advance.

Example 1. Given 7, = (p1,...,Dpe), we generate the

matrix set C = {5’1};’;1 as follows:
a:ADlAT—f—N“ i:l,...,m,

where A € R"*P, D; € RP*P is 1,-block diagonal and
N; € R"*™, The entries of A and D; (block diagonal

part) are drawn from A/(0, 1), and the entries of V; from
N(0,0?%). The signal-to-noise ratio (SNR) is defined as
SNR = 10log;, 1/02.

We carried out the tests with m = 10, n = 15, p =
10, 7, = (2,3,3,4), SNR = 40,60, 80,100. All tests
are performed 20 times, and the average results are
reported in Figures 1 to 4.

102

—*—SNR=40
SNR=60|
—+—SNR=80
—£-SNR=80
1 2 3 4 5 6
Singular value index

Singular value
=
o

Figure 1: Singular values under different SNRs

Figure 1 plots the smallest six singular values of Q
for different SNRs. We can see that there is a big
gap between the third and fourth singular values. The
larger SNR is, the larger the gap is. Therefore, we can
find the correct p.

-6 r o
[0}
) ==
S +
o 8f —
(o}
==
£
5-10¢ -
E ==
E-12—
S _
= |
40 60 80 100

Signal noise ratio

Figure 2: Principle angles under different SNRs

Figure 2 plots the principle angle between Z(A) and
the range space spanned by the right singular vectors
of C corresponding to the largest six singular vectors.
We can see that #Z(A) is well estimated in all cases;
the larger SNR is, the better the estimation is.

Figure 3 plots log(|21\TA|), where A is a diagonalizer
obtained by BI-BD for SNR=40. We can see that the
resulting matrix is approximately 7, block diagonal up
to permutation.
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Figure 3: Structure of [AT A
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Figure 4: Norms of the off-block diagonal parts under
different SNRs

Let f(A) 2 /7", || OffBlkdiag, (ATC;ATT)||%. Fig-
ure 4 plots f(A) and the p + 1st singular value
épﬂ of é , where A is the approximated diagonalizer,
BlkDiang(A\TA\T T) = I, and A" is the Moore Penrose
inverse. We can see that f(A) and dpi1 decrease as
SNR increases; BI-BD outperforms JBD-NCG and
JBD-LM, especially when the SNR is small. In addi-
tion, f(A) corresponding with BI-BD is at the same
order of épﬂ. Recall Theorem 2.2 that épﬂ can be
used as an estimation for the noise; Theorem 2.8 im-

plies that f(A) should be at the order of the noise level.
This explains why we observe f(A4) = O(¢p+1).

Example 2. Consider three pieces of 3D indepen-
dent sources. 6000 sample points were generated from
noise free 3D wire-frames (as shown in the first row
of Figure 5), then whitened. A random 9-by-9 matrix
was used to mix the sources, and the mixed sources
are shown in the second row of Figure 5. Our BI-BD
method was applied to the mixed sources, and the re-
covered signals are shown in the last row of Figure 5.
We can see that our method is able to recover the
sources successfully.

EL]\H;\\//@
k6 &

Figure 5: The original source signals, the mixed source
signals, and the recovered signals

4 Conclusion

In this paper, we studied the identification problem
for matrix joint block diagonalization. We propose a
numerical method called BI-BD to solve the problem,
in which the block diagonal structure is revealed step
by step via solving an optimization problem. Under the
assumption that the solution is unique, we show that
BI-BD is able to identify the true solution when the
noise is sufficiently small. Two parameters, namely, the
modulus of irreducibility (which measures how far away
the small blocks can be further block diagonalized) and
the modulus of nonequivalence (which measures how
far away the BJBDPmay have nonequivalent solutions),
are introduced. According to Theorem 2.8, those two
parameters determine the noise level that our BI-BD
algorithm is able to identify the solution successfully.
To the best of the authors’ knowledge, our algorithm is
the first method that has theoretical guarantees for the
identification of the solution. Numerical simulations
validate our theoretical results.
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