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Abstract

We study a family of algorithms, which we
refer to as local update methods, generaliz-
ing many federated and meta-learning algo-
rithms. We prove that for quadratic mod-
els, local update methods are equivalent to
first-order optimization on a surrogate loss
we exactly characterize. Moreover, funda-
mental algorithmic choices (such as learning
rates) explicitly govern a trade-off between
the condition number of the surrogate loss
and its alignment with the true loss. We de-
rive novel convergence rates showcasing these
trade-offs and highlight their importance in
communication-limited settings. Using these
insights, we are able to compare local up-
date methods based on their convergence/ac-
curacy trade-off, not just their convergence
to critical points of the empirical loss. Our
results shed new light on a broad range of
phenomena, including the efficacy of server
momentum in federated learning and the im-
pact of proximal client updates.

1 Introduction

Federated learning (McMahan et al., 2017) is a dis-
tributed framework for learning models without di-
rectly sharing data. In this framework, clients perform
local updates (typically using first-order optimization)
on their own data. In the popular FedAvg algorithm
(McMahan et al., 2017), the client models are then av-
eraged at a central server. Since the proposal of Fe-
dAvg, many new federated optimization algorithms
have been developed (Li et al., 2020a; Reddi et al.,
2020; Hsu et al., 2019; Xie et al., 2019; Basu et al.,
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2019; Li et al., 2020b; Karimireddy et al., 2019). These
methods typically employ multiple local client epochs
in order to improve communication-efficiency. We de-
fer to Kairouz et al. (2019) and Li et al. (2019) for
more detailed summaries of federated learning.

Local updates have also been used extensively in meta-
learning. The celebrated MAML algorithm (Finn
et al., 2017) employs multiple local model updates on
a set of tasks in order to learn a model that quickly
adapt to new tasks. MAML has inspired a number of
model-agnostic meta-learning methods that also em-
ploy first-order local updates (Balcan et al., 2019; Fal-
lah et al., 2020a; Nichol et al., 2018; Zhou et al., 2019).
There are strong connections between federated learn-
ing and meta-learning, despite differences in practical
concerns. Formal connections between the two were
shown by Khodak et al. (2019) and have since been
explored in many other works (Jiang et al., 2019; Fal-
lah et al., 2020b).

We refer to methods that utilize multiple local updates
across clients (or in the language of meta-learning,
tasks) as local update methods (see Section 2.1 for a for-
mal characterization). In practice, local update meth-
ods frequently outperform “centralized” methods such
as SGD (McMahan et al., 2017; Finn et al., 2017; Hard
et al., 2018; Yang et al., 2018; Hard et al., 2020). How-
ever, the empirical benefits of local update methods
are not fully explained by existing theoretical analy-
ses. For example, Woodworth et al. (2020) show that
FedAvg often obtains convergence rates comparable
to or worse than those of mini-batch SGD.

We focus on two difficulties that arise when ana-
lyzing local update methods. First, analyses must
account for client drift (Karimireddy et al., 2019).
As clients perform local updates on heterogeneous
datasets, their local models drift apart. This hinders
convergence to globally optimal models, and makes
theoretical analyses more challenging. Similar phe-
nomena were examined by Li et al. (2020a); Mali-
novsky et al. (2020); Pathak and Wainwright (2020)
and Fallah et al. (2020b), who show that various local
update methods do not converge to critical points of
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the empirical loss.

Second, local update methods are difficult to com-
pare. Analyses of different methods may use differ-
ent hyperparameters regimes, or make different as-
sumptions. Even comparing seemingly similar meth-
ods can require significant theoretical insight (Karim-
ireddy et al., 2019; Fallah et al., 2020b). Moreover,
comparisons can be made in fundamentally different
ways. One may wish to maximize the final accuracy, or
minimize the number of communication rounds needed
to attain a given accuracy. Thus, it is not even clear
how local update methods should be compared.

Contributions In this work, we invert the conven-
tional narrative that issues such as client drift harm
convergence. Instead, we view such phenomena as im-
proving convergence, but to sub-optimal points.

More generally, we show that local update methods
face a fundamental trade-off between convergence and
accuracy that is explicitly governed by algorithmic hy-
perparameters. Perceived failures of methods such as
FedAvg actually correspond to operating points pri-
oritizing convergence over accuracy. We use this trade-
off to develop a novel framework for comparing local
update methods. We compare methods based on their
entire convergence-accuracy trade-off, not just their
convergence to optimal points. In more detail:

1. We show that for quadratic models, local up-
date methods are equivalent to optimizing a sin-
gle surrogate loss function. The condition num-
ber of the surrogate is controlled by algorithmic
choices. Popular local update methods, including
FedAvg and MAML, reduce the surrogate’s con-
dition number, but increase the discrepancy be-
tween the empirical and surrogate losses. Our re-
sults also encompass proximal local update meth-
ods (Li et al., 2020a; Zhou et al., 2019).

2. We derive novel convergence rates that showcas-
ing this trade-off between convergence and accu-
racy. Our bounds demonstrate the benefit of local
update methods over methods such as mini-batch
SGD in communication-limited settings.

3. We use this theory to develop a framework for
comparing local update methods through a novel
Pareto frontier, which compares convergence-
accuracy trade-offs of classes of algorithms. We
use this to derive novel comparisons of many pop-
ular local update methods.

4. We use this technique to shed light on a broad
range of phenomena, including the benefit of
server momentum, the effect of proximal local up-

dates, and differences between the dynamics of
FedAvg and MAML.

5. While our theoretical results are restricted to
quadratic models, we show that such convergence-
accuracy trade-offs occur empirically in non-
convex settings. We also validate our theoreti-
cal observations regarding server momentum and
proximal updates on a non-convex task.

We view our work as a step towards holistic under-
standings of local update methods. Using the afore-
mentioned Pareto frontiers, we highlight a number of
new phenomena and open problems. One particu-
larly intriguing observation is that the convergence-
accuracy trade-off for FedAvg with heavy-ball server
momentum appears to be completely symmetric. For
more details, see Section 5. Our proof techniques may
be of independent interest. We derive a novel ana-
log of the Bhatia-Davis inequality (Bhatia and Davis,
2000) for mean absolute deviations, and use this to
understand the accuracy of local update methods.

Notation We let ‖·‖ denote the `2 norm for vectors
and the spectral norm for matrices. For a symmetric
positive semi-definite matrix A, we let A1/2 denote its
matrix square root. We let � be the Loewner order on
positive semi-definite matrices. For a real symmetric
matrix A, we let λmax(A), λmin(A) denote its largest
and smallest eigenvalues, and let cond(A) denote their
ratio. In a slight abuse of notation, if f is a L-smooth,
µ-strongly convex function, we say cond(f) ≤ L/µ.

Accuracy and Meta-Learning We study the ac-
curacy of local update methods on the training popula-
tion. However, meta-learning algorithms are designed
to learn a model that adapts well to new tasks; The
empirical loss is not necessarily indicative of the “post-
adaptation” accuracy of such methods (Finn et al.,
2017). Despite this our focus still yields novel insights
into qualitative differences between the training dy-
namics of federated learning and meta-learning meth-
ods. Perhaps surprisingly, we show that in certain hy-
perparameter regions, these methods exhibit identical
trade-offs between convergence and pre-adaptation ac-
curacy (see Figures 4 and 5). While we believe our re-
sults can be adapted to post-adaptation accuracy via
techniques developed by Fallah et al. (2020a), we leave
the analysis to future work.

2 Problem Setup

Let I denote some collection of clients, and let P be
a distribution over I. For each i ∈ I, there is an as-
sociated distribution Di over the space Z of examples.
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For any z ∈ Z, we assume there is symmetric matrix
Bz ∈ Rd×d and vector cz ∈ Rd such that the loss of a
model x ∈ Rd at z is given by

f(x; z) := 1
2‖B

1/2
z (x− cz)‖2. (1)

For i ∈ I, we define the client loss function fi and the
overall loss function f as follows:

fi(x) := E
z∼Di

[f(x; z)], f(x) := E
i∼P

[fi(x)]. (2)

The joint distribution (I,Z) defines a distribution over
Z, recovering standard risk minimization, as well as
distributed risk minimization in which P and all Di
are uniform over finite sets. For i ∈ I, define:

Ai := E
z∼Di

[Bz], ci := A−1
i E

z∼Di

[Bzcz]. (3)

We assume these expectations exist and are finite. One
can show that up to some additive constant,

fi(x) = 1
2‖A

1/2
i (x− ci)‖2.

We make the following assumptions throughout.

Assumption 1. There are µ,L > 0 such that for all
i, µI � Ai � LI.

Assumption 2. There is some C > 0 such that for
all i, ‖ci‖ ≤ C.

Assumption 1 bounds the Lipschitz and strong convex-
ity parameters of the fi, and holds if the matrices Bz
satisfy bounded eigenvalue conditions. Assumption 2
states the ci are bounded. Intuitively, local update
methods provide larger benefit for smaller values of C,
as the clients progress towards similar optima. While
our analysis can be directly generalized to the case
where the ci are contained in a ball of radius C about
p ∈ Rd, we assume p = 0 for simplicity. Assumptions
1 and 2 can be relaxed to only hold in expectation,
though this complicates the analysis.

2.1 Local Update Methods

We consider a class of algorithms we refer to as local
update methods. In these methods, at each round t
the server samples a set It of M clients (in the lan-
guage of meta-learning, tasks) from P, and broadcasts
its model xt to all clients in It. Each client i ∈ It
optimizes its loss function fi (starting at xt) by apply-
ing K iterations of mini-batch SGD with batch size
B and client learning rate γ. As proposed by Li et al.
(2020a) and Zhou et al. (2019), clients also add `2 regu-
larization with parameter α ≥ 0 towards the broadcast
model xt.

The client sends a linear combination of the gradients
it computes to the server. The coefficients of the linear

combination are given by Θ = (θ1, θ2, . . . , θk, . . . ) for
θi ∈ R≥0, where Θ has finite and non-zero support.
For such Θ, we define

K(Θ) := max{k | θk > 0}, w(Θ) =

K(Θ)∑
k=1

θk. (4)

After receiving all client updates, the server treats
their average qt as an estimate of the gradient of the
loss function f , and applies qt to a first-order opti-
mization algorithm ServerOpt. For example, the
server could perform a gradient descent step using the
“pseudo-gradient” qt. We refer to this process (param-
eterized by α, γ,Θ and ServerOpt) as LocalUp-
date and give pseudo-code in Algorithms 1 and 2.

Algorithm 1 LocalUpdate: ServerUpdate

ServerUpdate(x,ServerOpt, α, γ,Θ):
x0 = x
for each round t = 0, 1, . . . , T − 1 do

sample a set It of size M from P
for each client i ∈ It in parallel do
qit = ClientUpdate(i, xt, α, γ,Θ)

qt = (1/M)
∑
i∈It q

i
t

xt+1 = ServerOpt(xt, qt)
return xT+1

Algorithm 2 LocalUpdate: ClientUpdate

ClientUpdate(i, x, α, γ,Θ):
x1 = x
for k = 1, 2, . . . ,K(Θ) do

sample a set Sk of size B from Di
gk = (1/B)

∑
z∈Sk

∇xk

(
fi(xk; z) + α

2 ‖xk − x‖
2
)

xk+1 = xk − γgk
return

∑K(Θ)
k=1 θkgk

LocalUpdate recovers many well-known algorithms
for various choices Θ. For convenience, define

ΘK := (0, . . . , 0︸ ︷︷ ︸
K-1 times

, 1), Θ1:K := (1, . . . , 1︸ ︷︷ ︸
K times

). (5)

Special cases of LocalUpdate when ServerOpt
is gradient descent are given in Table 1. For de-
tails on the relation between FedAvg and LocalUp-
date, see Appendix A. By changing ServerOpt, we
can recover methods such as FedAvgM (Hsu et al.,
2019) (server gradient descent with momentum), and
FedAdam (Reddi et al., 2020) (server Adam (Kingma
and Ba, 2014)).
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Table 1: Special cases of LocalUpdate when ServerOpt is gradient descent.

Algorithm Θ Conditions

Mini-batch SGD Θ1 |P| = 1, α = 0, γ = 0
Lookahead (Zhang et al., 2019) Θ1:K |P| = 1, α = 0, γ > 0
FedSGD (McMahan et al., 2017) Θ1:K α = 0, γ = 0
FedAvg (McMahan et al., 2017), Reptile (Nichol et al., 2018) Θ1:K α = 0, γ > 0
FedProx (Li et al., 2020a), MetaMinibatchProx (Zhou et al., 2019) Θ1:K α > 0, γ > 0
FOMAML (Finn et al., 2017) ΘK α = 0, γ > 0
MAML (Finn et al., 2017) Θ2K+1 α = 0, quadratics (Theorem 2)

3 Local Update Methods as
First-Order Methods

LocalUpdate can vary drastically from first-order
optimization methods on the empirical loss. Despite
this, we will show that Algorithm 2 is equivalent in ex-
pectation to ServerOpt applied to a single surrogate
loss. This surrogate loss is determined by the inputs
α, γ and Θ to Algorithm 2. For each client i ∈ I, we
define its distortion matrix Qi(α, γ,Θ) as

Qi(α, γ,Θ) :=

K(Θ)∑
k=1

θk(I − γ(Ai + αI))k−1. (6)

We define the surrogate loss function of client i as

f̃i(x, α, γ,Θ) :=
1

2
‖(Qi(α, γ,Θ)Ai)

1/2(x− ci)‖2 (7)

and the overall surrogate loss function as

f̃(x, α, γ,Θ) := E
i∼P

[f̃i(x, α, γ,Θ)]. (8)

When Θ = Θ1, Qi(α, γ,Θ) = I, in which case there
is no distortion. In general, Qi(α, γ,Θ) can amplify
the heterogeneity of the Ai. We derive the following
theorem linking the surrogate losses to Algorithm 2.

Theorem 1. For all i ∈ P,

E[ClientUpdate(i, x, α, γ,Θ)] = ∇f̃i(x, α, γ,Θ).

For qt as in Algorithm 1, Theorem 1 implies E[qt] =
∇f̃(x, α, γ,Θ). Thus, one round of LocalUpdate is
equivalent in expectation to one step of ServerOpt
on the surrogate loss f̃(x, α, γ,Θ). As γ → 0 or K →
1, f̃(x, α, γ,Θ)→ w(Θ)f(x), so as γ gets smaller, the
“pseudo-gradients” qt more closely resemble stochastic
gradients of the empirical loss function.

A version of Theorem 1 was shown for α = 0,Θ = Θ2

by Fallah et al. (2020b). We take this a step further
and show that in certain settings, MAML is equivalent
in expectation to ServerOpt on a surrogate loss.

MAML MAML with K local steps can be viewed
as a modification of LocalUpdate. Algorithm 1 re-
mains the same, and in Algorithm 2, each client exe-
cutes K mini-batch SGD steps. However, the client’s
message to the server is different. Let Xi

K(x) be the
function that runs K steps of mini-batch SGD, start-
ing from x, for fixed mini-batches S1, . . . , SK of size B
drawn independently from Di. Define

mi
K(x; z) = f(Xi

K(x); z), mi
K(x) = E

z∼Di

[mi
K(x; z)].

Each client i sends a stochastic estimate of ∇mi
K(x)

to the server. The rest is identical to LocalUpdate;
The server averages the client outputs and uses this as
a gradient estimate for ServerOpt. While MAML is
not a special case of LocalUpdate, we show that if
the clients use gradient descent, MAML is equivalent
in expectation to LocalUpdate with Θ = Θ2K+1.

Theorem 2. If Xi
K(x) is the function that runs K

steps of gradient descent on Di with learning rate γ
starting at x, then

∇mi
K(x) = ∇xf̃i(x, 0, γ,Θ2K+1).

An analogous result holds if the clients perform prox-
imal updates (α > 0 in ClientUpdate). Thus, to
understand LocalUpdate and MAML on quadratic
models, it suffices to analyze the optimization dynam-
ics of f̃(x, α, γ,Θ). We use this viewpoint to study the
convergence and accuracy of these methods.

4 Convergence and Accuracy of Local
Update Methods

Comparing (2) and (8), we see that f̃(x, α, γ,Θ) and
f(x) need not share critical points. Special cases of
this fact were noted by Malinovsky et al. (2020), Fal-
lah et al. (2020b), and Pathak and Wainwright (2020).
We will show that this is not a failure of local update
methods. Rather, by altering the loss function being
optimized, LocalUpdate can greatly improve con-
vergence, but to a less accurate point. More generally,
the choice of α, γ and Θ dictates a trade-off between
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convergence and accuracy. Intuitively, the larger γ and
K(Θ) are, the faster LocalUpdate will converge, and
the less accurate the resulting model may be.

To show this formally, we restrict to Qi(α, γ,Θ) � 0,
as then f̃(x, γ,Θ) is strongly convex with a unique
minimizer. This is ensured by the following.

Lemma 1. Suppose that γ < (L + α)−1. Then for
all i, Qi(α, γ,Θ) is positive definite and f̃(x, α, γ,Θ)
is strongly convex.

4.1 Condition Numbers

Under the conditions of Lemma 1, f̃i(x, α, γ,Θ) has a
well-defined condition number which we bound.

Lemma 2. Suppose γ < (L+ α)−1. Define

κ(α, γ,Θ) :=
Ei[λmax(Qi(α, γ,Θ)Ai]

Ei[λmin(Qi(α, γ,Θ)Ai]
. (9)

Then cond(f̃) ≤ κ(α, γ,Θ).

We wish to better understand (9) in cases of interest.
We first consider Θ = Θ1:K , as in FedAvg. Define

φ(λ, α, γ,K) :=

K∑
k=1

(1− γ(λ+ α))k−1λ. (10)

We now derive a bound on cond(f̃) for Θ = Θ1:K .

Lemma 3. If γ < (L + α)−1, f̃(x, α, γ,Θ1:K)
is φ(L,α, γ,K)-smooth, φ(µ, α, γ,K)-strongly convex,
and cond(f̃) ≤ κ(α, γ,ΘK) where

κ(α, γ,Θ1:K) ≤ φ(L,α, γ,K)

φ(µ, α, γ,K)
. (11)

When γ = 0, α = 0, we recover the condition number
L/µ of the empirical loss f . We next consider Θ = ΘK ,
as in MAML-style algorithms. Define

ψ(λ, α, γ,K) := (1− γ(λ+ α))K−1λ. (12)

We now derive a bound on cond(f̃) for Θ = ΘK .

Lemma 4. If γ < (KL + α)−1, f̃(x, α, γ,ΘK)
is ψ(L,α, γ,K)-smooth, ψ(µ, α, γ,K)-strongly convex,
and cond(f̃) ≤ κ(α, γ,ΘK) where

κ(α, γ,ΘK) ≤
(

1− γ(L+ α)

1− γ(µ+ α)

)K−1
L

µ
. (13)

We show in Appendix B.3 that Lemmas 3 and 4 are
tight. The extra condition that γ < (KL + α)−1 for
Θ = ΘK is due to the fact that when γ ≥ (KL+α)−1,
cond(f̃(x, α, γ,ΘK)) depends on intermediate eigen-
values of the Ai, and exhibits more nuanced behavior.
We explore this further in Section 5.

As K → 1 or γ → 0, κ(α, γ,ΘK) → L/µ, which
bounds the condition number of the empirical loss f .
If γ is not close to 0, we get an exponential reduc-
tion (in terms of K) of the condition number. While
the analysis is not as clear for Θ1:K , one can show that
κ(α, γ,Θ1:K) ≤ L/µ, with equality if and only if α = 0,
and either γ = 0 or K = 1. Moreover, κ(α, γ,Θ1:K)
decreases as K →∞ or γ → (L+α)−1. For both Θ1:K

and ΘK , increasing α decreases κ.

Here we see the impact of local update methods on
convergence: Popular methods such as FedAvg, Fed-
Prox, MAML, and Reptile reduce the condition
number of the surrogate loss function they are actually
optimizing. In the next section, we translate this into
concrete convergence rates for LocalUpdate.

4.2 Convergence Rates

We now focus on a deterministic version of LocalUp-
date in which all clients participate at each round and
perform K steps of gradient descent. The server up-
dates its model using qt = Ei∼P [qit], where qit is the
output of ClientUpdate for client i. In particular,
P must be known to the server. In this case, Theorem
1 implies that qt = ∇f̃(xt, α, γ,Θ), so LocalUpdate
is equivalent to applying ServerOpt to the true gra-
dients of f̃(x, α, γ,Θ).

We specialize to the setting where ServerOpt is gra-
dient descent, with or without momentum (though our
analysis can be directly extended to other optimiz-
ers). Thus, LocalUpdate is equivalent to gradient
descent on f̃(x, α, γ,Θ). Using the bound on cond(f̃)
in Lemma 2, we can directly apply classical conver-
gence theory gradient descent (Lessard et al. (2016,
Proposition 1) give a useful summary) to derive con-
vergence rates for LocalUpdate. Similar analyses
can be done in the stochastic setting.

Theorem 3. Suppose γ < (L+α)−1 and ServerOpt
is gradient descent with Nesterov, heavy-ball, or no
momentum. Then for some hyperparameter setting of
ServerOpt, and ρ as in Table 2, the iterates {xt}t≥1

of LocalUpdate satisfy

‖xT − x∗(α, γ,Θ)‖ ≤ ρT ‖x0 − x∗(α, γ,Θ)‖ . (14)

Thus, (properly tuned) server momentum improves
the convergence of LocalUpdate, giving theoretical
grounding1 to the improved convergence of FedAvgM
shown by Hsu et al. (2019) and Reddi et al. (2020).
Since ServerOpt does not change the surrogate loss,

1Yuan and Ma (2020) first showed that momentum can
accelerate FedAvg, though they use a different momentum
scheme with extra per-round communication.
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Table 2: Convergence rates of LocalUpdate when
ServerOpt is gradient descent (with or without mo-
mentum), and κ = κ(α, γ,Θ) is as in (9).

Momentum Rate

None ρ = κ−1
κ+1

Nesterov ρ = 1− 2√
3κ+1

Heavy-ball ρ =
√
κ−1√
κ+1

this improvement in convergence does not degrade the
accuracy of the learned model.

Given the bounds on cond(f̃) in (11) and (13), we
obtain explicit convergence rates for FedAvg- and
MAML-style algorithms as well. In particular, one
can show that increasing γ or K decreases κ (and
therefore ρ). We show in the next section that this
comes at the expense of increasing the empirical loss.

4.3 Distance Between Global Minimizers

We now turn our attention towards the discrepancy
between the surrogate loss f̃ and the empirical loss f .
We assume γ < (L+ α)−1. By Lemma 1, f̃ and f are
strongly convex with global minimizers we denote by

x∗(α, γ,Θ) := argmin
x

f̃(x, α, γ,Θ),

x∗ := argmin
x

f(x).

We are interested in ‖x∗(α, γ,Θ)− x∗‖. While we fo-
cus on the setting where P is a discrete distribution
over some finite I, our analysis can be generalized to
arbitrary probability spaces (I,F ,P). We derive the
following bound.

Lemma 5. Let b = maxi∈I λmax(Qi(α, γ,Θ)) and a =
mini∈I λmin(Qi(α, γ,Θ)). Then

‖x∗(α, γ,Θ)− x∗‖ ≤ 8C

√
b−
√
a√

b+
√
a
. (15)

When d = 1, we can reduce the constant factor to 2C,
which we show is tight (see Appendix C.2). While we
conjecture that this bound holds with a constant of
2C for all d, we leave this to future work.

Our proof technique for Lemma 5 may be of indepen-
dent interest. We derive this result by first proving
an analog of the Bhatia-Davis inequality (Bhatia and
Davis, 2000) for mean absolute deviations of bounded
random variables (Theorem 5 in Appendix C).

Let κ0 := L/µ. Specializing to Θ = Θ1:K or ΘK , we
derive a link between κ(α, γ,Θ) in (11) and (13) and
the distance between optimizers.

Lemma 6. Suppose that either (I) γ < (L+α)−1 and
Θ = Θ1:K or (II) γ < (KL+α)−1 and Θ = ΘK . Then
for all i ∈ P, cond(Qi(α, γ,Θ)) ≤ κ0κ(α, γ,Θ)−1.

Combining this with Lemma 5, we get:

Theorem 4. Under the same settings as Lemma 6,

‖x∗(α, γ,Θ)− x∗‖ ≤ 8C

√
κ0 −

√
κ(α, γ,Θ)

√
κ0 +

√
κ(α, γ,Θ)

. (16)

Applying Theorem 3, we bound the convergence of
LocalUpdate to the empirical minimizer x∗.

Corollary 1. Under the same settings as Theorem 3,
for some hyperparameter setting of ServerOpt, the
iterates {xt}t≥1 of LocalUpdate satisfy

‖xT − x∗‖ ≤ ρT ‖x0 − x∗(α, γ,Θ)‖+ 8C

√
κ0 −

√
κ

√
κ0 +

√
κ

where κ = κ(α, γ,Θ) is given in (11) and (13), and ρ
is given in Table 2.

Here we see the benefit of local update methods in
communication-limited settings. When T is small and
‖x0 − x∗‖ is large, we can achieve better convergence
by decreasing ρ and leaving the second term fixed. In
such settings, FedAvg can arrive at a neighborhood
of a critical point in fewer communication rounds than
mini-batch SGD, but may not ever actually reach the
critical point. If ‖x0 − x∗‖ is small, we may be better
served by using mini-batch SGD instead.

5 Comparing Local Update Methods

Comparing optimization algorithms is a fundamental
theoretical effort. Many past works compare local up-
date methods based on their convergence to critical
points of the empirical loss. By Theorem 1, LocalUp-
date is only guaranteed to converge to critical points
of f if γ = 0 or K(Θ) = 1. Thus, existing analyses
ignore many useful cases of LocalUpdate.

To remedy this, we compare local update algorithms
on the basis of both convergence and accuracy. Instead
of fixing γ and Θ, we analyze LocalUpdate as γ and
K(Θ) vary. To do so, we use our theory from Section
4. Given α, γ and Θ, we define the convergence rate
ρ(α, γ,Θ) as the infimum over all ρ such that for all
T ≥ 1, (14) holds. Values of ρ when ServerOpt is
gradient descent are given in Table 2. For Θ = Θ1:K

or ΘK , we define the suboptimality ∆(α, γ,Θ) by

∆(α, γ,Θ) :=

√
κ0 −

√
κ(α, γ,Θ)

√
κ0 +

√
κ(α, γ,Θ

. (17)

By Theorem 4, this captures the asymptotic worst-case
suboptimality of LocalUpdate.
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Figure 1: Pareto frontiers for µ = 1, α = 0,Θ = Θ1:K

and L ∈ {5, 50}. We fix γ = 0.01 and vary K (left),
and fix K = 100 and vary γ (right).

Note that ρ,∆ ∈ [0, 1]. Therefore, fixing µ,L and
ServerOpt, we obtain a Pareto frontier in [0, 1]2

by plotting (ρ,∆) for various γ and K(Θ). This curve
represents the worst-case convergence/accuracy trade-
off of a class of local update methods. We generally
want the curve to be as close to (0, 0) as possible.

For example, in Figure 1 we let ServerOpt be gradi-
ent descent and set α = 0,Θ = Θ1:K . We plot (ρ,∆) as
we vary K and fix γ, and vice-versa. When L = 5, we
obtain nearly identical curves. The curves for L = 50
are similar, except that when we fix K and vary γ, we
do not reach ρ ≈ 0. While γ and K have similar im-
pacts on convergence-accuracy trade-offs, varying K
leads a larger set of attainable (ρ,∆). Formally, this is
because in (11), limγ→L−1(κ) 6= 0. Intuitively, K →∞
recovers one-shot averaging while γ → L−1 does not.
Notably, the convergence-accuracy trade-off becomes
closer to a linear trade-off as L/µ decreases.

The Pareto frontiers contain more information than
just the convergence rate to a critical point (the curve’s
intersection with the x-axis). This information is use-
ful in communication-limited regimes, where we wish
to minimize the number of rounds needed to attain a
given accuracy. The curves also help visualize various
hyperparameter settings of an algorithms simultane-
ously. To illustrate this, we use the Pareto frontiers
to derive novel findings regarding server momentum,
proximal client updates, and qualitative differences be-
tween FedAvg and MAML. The results are all given
below. For more results, see Appendix D.

Impact of Server Momentum As shown empiri-
cally by Hsu et al. (2019) and as reflected in Table 2,
server momentum can improve convergence. To un-
derstand this, in Figure 2 we compare Pareto fron-
tiers where Θ = Θ1:K and ServerOpt is gradient
descent with various types of momentum (Nesterov,
heavy-ball, or no momentum). We see a strict order-
ing of the server optimization methods. Heavy-ball
momentum is better than Nesterov momentum, which
is better than no momentum.
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Figure 2: Pareto frontiers for µ = 1, varying L, and
where ServerOpt is gradient descent with different
types of momentum. We let α = 0, γ = (2L)−1 and
Θ = Θ1:K for varying K ∈ [1, 106].

One important finding is that the benefit of momen-
tum is more pronounced as L/µ increases. On the
other hand, the benefit of server momentum dimin-
ishes for sufficiently large K: In Figure 4, the vari-
ous types of momentum lead to similar suboptimality
when the convergence rate is close to 0. Intuitively,
as K →∞, we recover one-shot averaging, which con-
verges in a single communication round with or with-
out momentum.

Another intriguing observation: The Pareto frontiers
for heavy-ball momentum appear to be symmetric
about the line ρ = ∆. We conjecture this is true for
any µ,L. While we believe that this may be provable
by careful algebraic manipulation of our results above,
ideally a proof would explain the root causes of this
symmetry. Thus, we leave a proof to future work.
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Figure 3: Pareto frontiers for µ = 1, L = 10,Θ = Θ1:K .
We set γ = 1/2(L+ α)−1, ServerOpt as gradient de-
scent, vary α and K over {0, 0.5, 1.0, 5.0} and [1, 106].
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Figure 4: Pareto frontiers for µ = 1, L = 10, α = 0,
Θ = Θ1:K (FedAvg) and ΘK (MAML) for varying
K ∈ [0, 106]. ServerOpt is gradient descent, with
Nesterov, heavy-ball, or no momentum. For Θ1:K , we
use γ = 0.001, and for ΘK , we use γ = (2LK)−1.

Proximal Client Updates So far we have only con-
sidered α = 0. One might posit that as α varies, the
Pareto frontier moves closer to the origin. This ap-
pears to not be the case. In all settings we examined,
changing α did not bring the Pareto frontier closer to
0. Instead, the frontier for α > 0 was simply a subset
of the frontier for α = 0.

To illustrate this, we plot Pareto frontiers for varying
α in Figure 3. As α increases, the frontier becomes a
smaller subset of the frontier for α = 0. Thus, proxi-
mal client updates may not enable faster convergence.
Rather, their benefit may be in guarding against set-
ting γ too small or K too large. Figure 3 shows that
FedAvg can always attain the same (ρ,∆) as Fed-
Prox, but it may require different hyperparameters.
The reverse is not true, as FedProx cannot recover
one-shot averaging. Our findings are consistent with
work by Wang et al. (2020), who show that FedProx
can reduce the “objective inconsistency” of FedAvg,
at the expense of increasing convergence time.

Comparing MAML to FedAvg We now turn
our attention to comparing FedAvg-style algorithms
(Θ = Θ1:K) to MAML-style algorithms (Θ = ΘK).
We plot Pareto frontiers for the ρ,∆ guaranteed by
Theorems 3 and 4. The results are in Figure 4.

For each ServerOpt, the MAML frontier is a subset
of the FedAvg frontier. Recall that in Theorem 3, we
require γ < (L + α)−1 for FedAvg, but γ < (KL +
α)−1 for MAML. In Figure 4 this causes the frontier
for ΘK to be more restrictive than for Θ1:K . However,
it is still notable that these two fundamentally different
methods, attain the same frontier when ρ is large.

0.0 0.2 0.4 0.6 0.8 1.0
Convergence Rate

0.0

0.2

0.4

0.6

0.8

1.0

Su
bo

pt
im

al
ity

FedAvg
MAML, d= 5
MAML, d= 100

Figure 5: Simulated Pareto frontiers for µ = 1, L = 10,
α = 0, γ = 0.001, Θ = ΘK (MAML). ServerOpt
is gradient descent. We randomly sample A ∈ Rd×d
with µ � A � L, and compute (ρ,∆) for various K ∈
[1, 106] and d ∈ {5, 100}. We compare to the Pareto
frontier for Θ1:K (FedAvg).

By Lemma 1, ρ and ∆ are still well-defined for ΘK

when (KL + α)−1 ≤ γ < (L + α)−1. To understand
what happens in this regime, we generate random sym-
metric A ∈ Rd×d satisfying cond(A) = L/µ and com-
pute Q(α, γ,ΘK) as in (6). We then compute κ via (9),
and plug this into Table 2 and (17) to get ρ,∆. This
gives us a simulated Pareto frontier for ΘK , which we
compare to Θ1:K in Figure 5. For details and addi-
tional experiments, see Appendix D.1.

The Pareto frontiers are identical for small K (mirror-
ing Figure 4), but diverge when γ ≥ (KL+α)−1. The
frontier for MAML then moves further from 0. Intu-
itively, FedAvg tries to learn a global model, while
MAML tries to learn a model that adapts quickly to
new tasks (Finn et al., 2017); MAML need not min-
imize (ρ,∆). The MAML frontier is noisy for d = 5
(as ρ, ∆ depend on random eigenvalues of A), but sta-
bilizes for d = 100. While we posit that this reflects
a semi-circle law for eigenvalues of random matrices
(Alon et al., 2002), we leave an analysis to future work.

One final observation that highlights the similarities
and differences of FedAvg- and MAML-style meth-
ods: In Figure 4, the curve for MAML when d = 100
has a clear cusp. This seems to occur at the same
suboptimality (ie. y-value) as the intersection of the
FedAvg curve with the y-axis. In other words, the
behavior of MAML diverges substantially from Fe-
dAvg, but only after it reaches the same suboptimal-
ity as FedAvg for K →∞ (which corresponds to one-
shot averaging). We are unsure why the suboptimality
of one-shot averaging corresponds to a cuspidal oper-
ating point of MAML, but this observation highlights
significant nuance in the behavior of these methods.
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6 Limitations and Discussion

Our convergence-accuracy framework and the result-
ing Pareto frontiers can be useful tools in understand-
ing how algorithmic choices impact local update meth-
ods. The obvious limitation is that they only ap-
ply to quadratic models. While this is restrictive, we
show empirically in Appendix F that even for non-
convex functions, the client learning rate governs a
convergence-accuracy trade-off for FedAvg.

Our framework may also be useful in identifying im-
portant phenomena underlying LocalUpdate, even
in non-quadratic settings. To demonstrate this, we
show that many of the observations in Section 5 hold
in non-convex settings. We train a CNN on the FEM-
NIST dataset (Caldas et al., 2018) using LocalUp-
date where Θ = Θ1:50. We tune client and server
learning rates. See Appendix E for full details. In
Figure 6, we illustrate how server momentum and α
change convergence. Our results match the Pareto
frontiers in Figures 2 and 3: Server momentum im-
proves convergence, while α has little to no effect, pro-
vided we tune learning rates.
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Figure 6: Test accuracy of LocalUpdate with Θ =
Θ1:50 on FEMNIST with tuned learning rates. (Left)
Varying types of server momentum, α = 0. (Right)
No momentum and varying α.

This brief example illustrates that our framework
can identify crucial facets of local update methods.
While our framework may not capture all relevant de-
tails of such methods, we believe it greatly simpli-
fies their analysis, comparison, and design. In the
future, we hope to extend this framework to more
general loss functions. Other important extensions
include stochastic settings with partial client partic-
ipation, as well as trade-offs between convergence and
post-adaptation accuracy of local update methods.
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