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We provide further results and discussions in this supplemental material. Appendix A presents results on the
consistency of the obtained PI from the empirical constrained optimization. Appendix B provides additional
discussion on Theorem 4.3. Appendix C shows the joint coverage-width guarantee for the linear hypothesis
class. Appendix D shows an alternate analysis for neural networks using Pollard’s pseudo-dimension and our
derived results for the VC-subgraph class. Appendix E further discusses the finite-sample guarantees for our
coverage calibration procedure. Appendix F presents and explains an alternate calibration procedure. Appendix
G discusses a Lagrangian formulation to train neural networks that construct PIs. Appendix H reviews some
background in empirical processes. Appendix I illustrates experimental details and additional experimental
results. Finally, Appendix J shows all technical proofs.

A Results on Basic Consistency

This section presents our results regarding asymptotic consistency in using o/ﬁ(t) to approximate the PI rendered
by (3.1). Assuming the weak uniform law of large numbers for both the empirical interval width and coverage
rate, we first show the following general result:

Theorem A.1 (A general consistency result). Denote by ([A/j,Ut*) an optimal solution of O/IR(t). Suppose
Assumptions 1-2 hold. If the hypothesis class H is weak 7x -Glivenko-Cantelli (GC), and the induced set class
{{z,y) e ¥ xR: L(z) <y <U(x)}: L,U € H,L < U} is weak n-GC in the product space (see Section H for
related definitions), then opt(t) is consistent with respect to (3.1) in the sense that there exists a sequence t, — 0
such that, with probability tending to one, P (Y € [f/;‘n (X), Ut*n (X)]) > 1—«, and that B, [Ut*n (X)— ﬁ?n (X)) —
R*(H) in probability.

Theorem A.1 states that, if the weak uniform law of large numbers holds for both the hypothesis class and the
induced set of “between”-graphs, the interval learned from o/pR(t) has the desired coverage rate and a vanishing
optimality gap in width by properly selecting the margin ¢. This general result requires a simultaneous control of
the function class H and its induced set class. Our next result shows that, under a mild boundedness condition
on the conditional density function, GC property of the function class H can be propagated to the induced set
class, therefore it suffices to control the class H only.

Theorem A.2 (Consistency for strong 7mx-GC hypothesis). Assume the conditional density function from As-
sumption 2 is bounded, i.e., sup, , p(y|r) < oo, and that E[|Y|] < oo, then strong mx-GC of the hypothesis
class H implies strong w-GC of the induced set class defined in Theorem A.1. Therefore, if Assumptions 1-2 are
further assumed, the conclusion of Theorem A.1 holds for strong mx-GC H.

B Further Discussion of Theorem 4.3

We provide further discussion on Theorem 4.3 regarding H versus H in the bound. Note that, since H C H,
the augmented class H being VC-subgraph is a stronger condition than H being VC-subgraph. Nonetheless,
we comment that this is a technical assumption used to accommodate potentially unbounded outcomes or Pls
(e.g., Assumption 1 implies unboundedness of functions in H). When Y is uniformly bounded, say within [0, 1],
it suffices to consider bounded L, U only in PI construction. In that case, H being VC-subgraph already suffices
to ensure similar finite-sample bounds.
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C Linear Hypothesis Class

We present a joint coverage-width guarantee for PIs constructed from a linear hypothesis class. Consider the
linear hypothesis H = {a’z+b: |ja|; < B,b € R} for some B > 0. The /;-norm of the coefficient is set bounded
to control model complexity.

We demonstrate how Theorem 4.3 is applied to this class. First note that the augmented class H4 = H is the
same class of the linear function class {a’x + b : ||la]|y < B,b € R}, which is VC-subgraph of dimension at most
d + 2 (see, e.g., Theorem 2.6.7 in Van der Vaart and Wellner (1996)), and hence vc(H) = ve (H4) < d + 2.

Therefore
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in Theorem 4.3 hold with both vc (H) and ve (4 ) replaced by d+ 2. To derive the ||H||y, in (C.1), we calculate
H(z) = supj,,<pla’ (z — E[X])| = Bllz — E[X]| |, leading to || Hl|y, = BII|X — E[X]||oc]ly.-

The above analysis is a direct application of general VC theory to the linear function class, and the bound
¢1 exhibits a polynomial dependence on the dimension d. A finer analysis that exploits the linear struc-
ture can potentially deliver bounds with much lighter dimension dependence, e.g., Zhang (2002) provides
specialized covering number bounds for linear function classes with norm-constrained coefficients which ul-
timately translate into tighter deviation bounds. The theory in Zhang (2002) however requires that the
variable X has a bounded support, whereas here we are able to show a logarithmic dependence for un-
bounded X through a more elementary treatment. Specifically, the maximal deviation can be expressed as
supp, ey [Eay [M(X)] = Ery [R(X)]| < Bl[£ 3" Xi — Ex [X]]oo, and applying the sub-Gaussian concentration
inequality to the supremum norm gives rise to the following:

Theorem C.1 (Linear hypothesis class). For the linear class H defined as above we have
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where C 1s a universal constant.

D Alternate Analysis of Neural Networks using VC Dimension

In Section 4 we have established the joint coverage-width guarantee for PIs constructed from neural networks
using our Lipschitz class results (Theorem 4.4). Here we provide an alternate approach to analyze neural networks
via our VC class results (Theorem 4.3). We consider the VC dimension of a real-valued neural network as a VC-
subgraph class, which is also known as Pollard’s pseudo-dimension Pollard (2012). Bounds for pseudo-dimension
are relatively well-established for neural networks with sigmoid or piece-wise polynomial activation. For example,
when all activation functions are sigmoid, the class is VC-subgraph with ve (%) = O(W?2U?) (Theorem 14.2 in
Anthony and Bartlett (2009)). Alternatively, if all the activation functions are piece-wise polynomials with a
bounded number of pieces and of bounded degrees, e.g., rectified linear unit (ReLU, see LeCun et al. (2015);
Goodfellow et al. (2016)) or linear activation, then we have ve (H) = O(WU) (Theorem 8 in Bartlett et al.
(2019)) and simultaneously that ve (H) = O(WS? + W Slog(W)) (Theorem 8.8 in Anthony and Bartlett (2009),
Theorem 6 in Bartlett et al. (2019), and Theorem 1 in Bartlett et al. (1999)). Similar bounds are also available
(e.g., Theorem 8.14 in Anthony and Bartlett (2009)) when the network involves both sigmoid and piece-wise
polynomial activation functions. On the other hand, the augmented class H is a subclass of an augmented
neural network where the output unit of H serves as the last hidden layer (with a single neuron) followed by a
new output unit with linear activation, i.e., the class {ah +b: h € H,a € R,b € R}, and thus its VC-subgraph
property can be propagated to this augmented class.
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E More Discussions of Finite-Sample Guarantees for the Coverage Calibration
Procedure

We provide further interpretations on the margin ¢1_3é;/\/n, in Algorithm 1, and the error terms
of (5.1) in Theorem 5.1. The margin ¢_g6;/\/n, in Algorithm 1 is reasoned from the CLT that

/7w (CR(PL,) — CR(PL), ..., CR(P1L,,) — CR(PL,)) 5 N(0,%) where ¥ is the covariance matrix with ¥, ;, =
Cov, (IyEijl(X), IyEijz (x)). Approximating ¥ with the sample covariance 3 from Step 1 of Algorithm 1 and

applying the continuous mapping theorem, we have ,/n, max; (CR(PI;) — CR(P1;))/5; A max; Z;/6; where
(Z;)j=1,....m follows N(0,X). Therefore, using the 1 — 3 quantile of max; Z;/&; in the margin leads to a uniform
control of the statistical errors in CAR(PI]-)’S with probability approximately 1 — 8. Theorem 5.1 states this
approximation concretely.

The polynomial term in (5.1) corresponds to the error of the joint central limit convergence, and the exponential
error term quantifies the probability of the undesirable event that none of the candidate Pls satisfies the penalized
constraint in Step 3. In practice, one usually targets at relatively high coverage rates, say at least 50%, and
would train the candidate PIs in such a way that the true coverage rates of some of the PIs sufficiently exceed
the highest target level, e.g., by heavily penalizing the coverage error. In that case, apyin = &, and o < aupin
with a sufficient gap, therefore using a sample size n, of order Q(log7(m) /@min) 1s enough for ensuring € > 0
and the probability (5.1) close to 1 — 8 so that correct coverage rates are guaranteed with high confidence. This
logarithmic dependence on m allows us to advantageously use lots of candidate models in the calibration step.

Another notable feature of the finite-sample error is its independence of K, the number of target rates. This
independence arises from the choice of the margin based on the Gaussian supremum that leads to a uniform
control of the statistical errors in the empirical coverage rates. This provides the flexibility of constructing PIs
for arbitrarily many target levels simultaneously.

Besides coverage attainment, our calibration procedure also possesses guaranteed performance regarding the
other side of the feasibility-optimality tradeoff, provided that only the calibration data are used to assess the
width in Step 3 of Algorithm 1. This is detailed in the following result:

Theorem E.1. Assume all the candidate Pls in Algorithm 1 are selected from a hypothesis class H whose
envelope H(x) = sup,cy|h(z) — Er [R(X)]| has a finite sub-Gaussian norm ||H|y, < oco. If in Step 3 of
Algorithm 1 each ji_,, is selected according to

1 : G1_p5;
. =arg min { — S |PL(X))]: CR(PL) > 1 - a +7J}
i, = sag i {223 IPL (X CR(PL) 21—+ 2722

and all other steps are kept the same, then for every e > 0 we have

Po, (Enx U, (X) = Lz, (X)] <

< oneln L En[U5(0) = LX) + 20| Hly, for all k=1,.... K)

> 1 —8mexp(— imax{e—C’ bg(nM,O}znv)

v

for some universal constant C'.

F Alternate Calibration Scheme

We present an alternate coverage calibration scheme than Algorithm 1 that switches the Gaussian vector used in
the margin from “normalized” to “unnormalized”. To explain, the margin ¢;_gd;/\/n, used in Algorithm 1 is
set proportional to the standard deviation of the empirical coverage rate for each individual PI. An alternative is
to set ¢; g, the 1 — 3 quantile of max{Z; : 1 < j < m}, as a uniform margin for all the Pls, which also captures

the uniform error in coverage rates due to the convergence ./n, max; (CR(PIj) — CR(PL))) 4 max; Z;. This
alternative scheme is depicted in Algorithm 2.

Algorithm 2 enjoys a similar finite-sample performance guarantee:
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Algorithm 2: Unnormalized PI Calibration
Input : Same as in Algorithm 1.

Procedure:

1. Same as in Algorithm 1.

2. Compute ¢;_g4, the (1 — 3)-quantile of max{Z; : 1 < j < m} where (Z1,...,Zy) is a multivariate
Gaussian with mean zero and covariance X.

3. For each coverage rate k = 1,..., K compute

n Ny

(Z}|p1j(xi)| + ;|P1j(xg)|) . CR(PL) > 1 — ay + ‘i};j}

J1—a, = arg min {

1<j<m N+ Ny

i=
where {X;}?; is the training data set.
Output: PIJ&*?% fork=1,..., K.

Theorem F.1. Under the same setting of Theorem 5.1, the finite sample error (5.1) continues to hold for the
PIs output by Algorithm 2, but with € = max{amin — @ — C1+/log(m/B)/n,,0}.

We compare Algorithms 1 and 2 in terms of statistical efficiency. Like for Algorithm 1, if the target coverage
rates are above 50% and the maximal achieved coverage rate of the candidate PIs sufficiently exceeds the highest
target level, then o, = @, and o < oy, with a sufficient gap. The new expression for € in Theorem F.1 now

implies a sample size n, of order Q(i‘f—m + %) for Algorithm 2 to guarantee correct coverage rates with high
confidence. Note that the dependencg on Qin grows from a linear one in Algorithm 1 to quadratic, suggesting
that Algorithm 1 is more powerful in the case of high target coverage levels. However, when the target coverage
levels are moderate (around 50%), Algorithm 2 is more efficient instead, due to a smaller margin than the one in
Algorithm 1 for PIs with moderate coverage rates. To explain, denote by PI; the PI with the maximal sample
standard deviation (coverage closest to 50%), i.e., 67 = maxi<j<m, 6;, then the margin used for PI; in Algorithm
1 satisfies
q1-p05 = 051~ quantile of ér;agn Zi|5;

= 1 — 3 quantile of 1r£r;a§x 652/5;
> 1— 3 quantile of max Z; if not all ;s are equal
1<j<m

= 413
which is the margin used by Algorithm 2.

G A Lagrangian Formulation for Training Neural-Network-Based Prediction
Intervals

We discuss a Lagrangian formulation of (3.2) for training neural networks to construct PIs. This formulation has
the dual multiplier set as the tunable parameter to balance the tradeoff between the objective and the constraint
in (3.2). Specifically, we use

L3 X) = Exy [U(X) = LOO]+ A1 — a+ ¢ — B (Y € [L(X), U(X)]))

or
n n

1 A
(0; A) - ;( (z;) (z5)) + - ; ¢ L(x:),U(z:)] T cOnstan
where ) is the multiplier. In practice, we use a “soft” version of the Lagrangian function for gradient descent.
The “soft” loss we adopt is introduced in Section 6.

We can build multiple PI models by using different parameters A > 0. Then, these models are calibrated using
Algorithm 1 or 2 so that the coverage constraint in (3.1) is satisfied. Intuitively, if X is large, i~ (U(X;)—L(X;))
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contributes less to the overall loss function, and hence the resulting interval tends to be wide but have a high
coverage rate. On the contrary, a small )\ entails a short interval with a low coverage rate. Hence, a neural
network is a reasonable approach to solve (3.2) since a neural network with the above loss can directly address
the tradeoff between the interval width and the coverage rate.

H Empirical Process Background

For a class G of measurable functions from X to R such that E. . [|g(X)|] < oo for every g € G, we say it is
weak (resp. strong) mx-Glivenko-Cantelli (GC) if sup g |30 9(Xi) = Exy [9(X)]| — 0 in probability (resp.
almost surely) as n — oco. For a class S of measurable subsets of X, i.e., S C X for every S € S, we say it’s
weak (resp. strong) mx-GC if the corresponding indicator class {l.cs : S € S} is weak (resp. strong) mx-GC.
When no ambiguity arises, we sometimes suppress the underlying distribution 7x.

A collection of k points {z1,...,zx} C X is said to be shattered by a class S of subsets of X if
card ({{z1,..., 2} NS : S C8}) = 2% where card(-) denotes the cardinality of a set. The VC dimension
of the class S is defined as vc(S) := max{k : 3 {z1,...,25} C X shattered by S}. It is called a VC class
if ve(S) < co. A class G of functions from X to R is called VC-subgraph with VC dimension d if the set of
subgraphs Sg := {{(z,2) € ¥ xR:z < g(z)} : g € G} is a VC class on the product space X x R with vc (Sg) = d.
Without ambiguity we use the same notation vc (G) to denote the VC dimension of a VC-subgraph class G. Note
that VC or VC-subgraph classes are combinatorial in nature and distribution-independent, whereas GC classes
here are with respect to a specific distribution 7.

Given a class G of functions from X’ to R, and a probability measure Q) on X, the e-covering number N (¢, G, L2(Q))
is the minimum number of Lo (Q)-balls of size € needed to cover the whole class G. A pair of functions [, u : X — R
is called a bracket of size ¢ with respect to L(Q) if I < u almost surely and (Eg[(u — 1)?])}/? < ¢, and every
function g such that | < g < u is said to be contained in the bracket. The e-bracketing number Ny (e, G, L2(Q))
is the minimum number of brackets of size € needed to cover the whole class G.

The above terminologies extend to the product space X x ) with the joint distribution 7 in a straightforward
manner, i.e., by replacing each occurrence of X and mx with X x ) and 7 respectively.

I Experimental Details and Additional Experiments

We illustrate additional experiments and experimental details, which are divided into two subsections. Appendix
I.1 presents and visualizes different PI construction approaches on one-dimensional examples. Appendix 1.2
illustrates the Pareto curves for the results in Section 6. Appendix 1.3 provides details of our experimental
implementations.

1.1 TIllustration in One-Dimensional Examples

We conduct experiments and visualize PI construction on three univariate examples. Table 3 shows the generative
distributions for the three univariate synthetic datasets. Implementation details can be found in Section 1.3.

Index Tested Function Function Space  Variable Space Noise Type(e)
1 f(z) =sin(z) + ze R—R x~Unif[-3,3] €~ Unif[-2,2]
2 f(m):%z—i—cosx—i—xe R—R x~Unif[-3,3] e~Unif[—2,2]
3 flo) =2+ 30 4 g R — R x~Unif[-3,3] e~ Unif[-1,2]

Table 3: Tested Functions

Figure 1 illustrates the PIs. We test Pls on a testing dataset and evaluate their performances using the metrics of
the coverage rate (C'R) and the interval width (ITV). All baselines are targeted to attain the prediction level 95%.
The titles of all plots are named as Synthetic 1d-{index of synthetic dataset}. Each row shows the performances
of the same approach but on different datasets, and each column shows the performances of different approaches
on the same dataset. The upper and lower bounds of the PIs that attain the 95% target level are shown in
solid and green lines, otherwise in dashed and red lines. The covered areas are shaded with their corresponding
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colors. Data points are the black dots in the plot. The corresponding CR and IW are shown in the label at the
upper center of each plot.

We observe that on all the datasets, our approaches NNGN and NNGU outperform other methods in terms of
always attaining the 95% target prediction level and having narrow intervals at the same time. QRF, CV+,
SVMQR and NNVA do not attain the 95% prediction levels, which is consistent with the observation that no
finite-sample coverage guarantees are known for these approaches. SCQR and SCL attain the 95% prediction
level but their intervals appear much wider than NNGN and NNGU. Also, since NNGU is designed to be more
conservative than NNGN, the intervals calibrated by NNGN are generally shorter than the ones calibrated by
NNGU. This observation is consistent with Table 2 in Section 6.
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Figure 1: Comparison of single PI constructions. PIs that attain 95% target level are shown in solid and green
lines, otherwise in dashed and red lines.

I.2 Pareto Curves

We illustrate the Pareto curves for the simultaneous Pls results with 19 target prediction levels in Section 6,
in terms of the coverage rate (CR) (X-axis) and the interval width (IW) (Y-axis), to offer a more intuitive
comparison. The titles of all plots are named as the datasets in Section 6. The arrangement of the plots are
the same as the ones in Section I.1. Specifically, each subplot contains two curves, one constructed with (input
coverage, width) and another constructed with (achieved coverage, width). The curve representing the input
coverage and width is shown in dashed line while the one representing the achieved coverage and width is shown
in solid line along with a 90% confidence interval as the shaded area. Each point in the line denotes the average
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obtained from N = 50 repetitions of trials.

Ideally, a method performs well if in its Pareto curves, 1) the dashed line is on the left of the solid line, and 2)
at the same time there is no level intersection between the solid line and the shaded area, meaning that within
the same input coverage level, there is a sufficiently high probability in achieving the coverage level. Other than
that, a smaller average I at each input coverage level is better since it refers to a less conservative predictive
ability. From Figures 2 and 3, we notice that CV+, NNGN, and NNGU have a lot more cases where there is no
intersection between the dashed line and shaded area while SCL, QRF, SVMQR, SCQR and NNVA do not. Also
the former three methods tend to generate much shorter PIs than the others. Specifically, there are 5 datasets
where there is no intersection between the dashed line and the shaded area for CV+ and NNGN, and 4 for
NNGU. However, NNGN and NNGU can achieve a much shorter MIW (average of IW over all input coverage
levels) than the rest of the methods.

One might notice that the two Pareto curves are a bit farther away from each other for NNVA, NNGN, and
NNGU when the input coverage is small. This issue can be solved by choosing the calibration parameter more
appropriately by, for example, training a more continuous spectrum of candidate models.
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Figure 2: Comparison of simultaneous PIs constructions in synthetic datasets 1 to 3, and Boston dataset. Dashed
lines are constructed with (input coverage, width), and solid lines are constructed with (achieved coverage, width).
Each point in the line denotes the average obtained from N = 50 repetitions of trials. Shaded area is the 90%
confidence interval.



Haoxian Chen, Ziyi Huang, Henry Lam, Huajie Qian, Haofeng Zhang

Concrete Energy Wine Yacht
3
1.0
-—- MIW: 0900 | | ——- MIW: 0.368 : 4] === MIW: 2.469 151 ——= MIW: 0.331
2 :
1.0
s 0.5
1 2 0.5
: 0.0 - 0.0
03 04 05 06 07 08 09 1.0 03 04 05 06 07 08 09 10 03 04 05 06 07 08 09 1.0 03 04 05 06 07 08 09 1.0
3
1.0
——- MIW: 1.108 ——- MIW: 0.328 4{ ——— MIW: 1.460 1.5{ ——- MIW: 0.703
w2 ;
1
8 05 0
L 2 0.5
0.0 0.0
03 04 05 06 07 08 09 1.0 03 04 05 06 07 08 09 10 03 04 05 06 07 08 09 1.0 03 04 05 06 07 08 09 10
3
1.0
e | T MIw: 0.614 | | ——- MIW: 0.225 4] ——— MIW: 1.575 151 ——- MIW: 0.086
o2 1.0
g 0.5
1 ” 2 0.5 ,
00 === 00 - __._.__-4'/'
0.3 03 04 05 06 07 08 09 10 03 04 05 06 07 08 09 1.0 03 04 05 06 07 08 09 10
3
1.0
————— MIW: 0.735 ——- MIW: 0.246 4 ——= MIW: 2.307 7 151 ——- MIW: 0.112
7
12 ) 1.0
5 0.5 '
' M"‘Io‘ ? o2 ’
— . 00 . 00 — isoee
03 04 05 06 07 08 09 1.0 03 04 05 06 07 08 09 10 03 04 05 06 07 08 09 1.0 03 04 05 06 07 08 09 10
3
1.0 coosed
——- MIW: 1.575 ——- MIW: 0.660 4] ——— MIW: 2.493 15{ ——- MIW: 1.554
& ",.-'M 1.0
8 0.5 '
o 2 0.5
0.0 Z 0.0
03 04 05 06 07 08 09 1.0 03 04 05 06 07 08 09 10 03 04 05 06 07 08 09 1.0 03 04 05 06 07 08 09 1.0
3
1.0
——= MIW: 0963 | | ——- MIW: 0.151 4 ——= MIW: 1.147 15{ ——- MIW: 0.079
§2 1.0
z 0.5
S "‘/ 2 0.5
————————————— oo _._._._.__,./;.';"’", 0.0 .~
03 04 05 06 07 08 09 1o >%3 04 05 06 07 08 09 10 03 04 05 06 07 08 09 10 03 04 05 06 07 08 03 L0
3
1.0
MIW: 1.096 MIW: 0.177 4 MIW: 1.267 1.5 MIW: 0.120
g2 1.0
% 0.5 ’
= 2 0.5
0.0 0.0
03 04 05 06 07 08 09 1.0 03 04 05 06 07 08 09 10 03 04 05 06 07 08 09 1.0 03 04 05 06 07 08 09 10
3
1.0
——= MIW: 1.147 ——= MIW: 0.183 4] ——= MIW: 1.276 151 ——- MIW: 0.145
32 1.0
(ZD 0.5 / '
S S / 2 05 -
____________ 00 - —

0.0 -
03 04 05 06 07 08 09 10 03 04 05 06 07 08 09 10 03 04 05 06 07 08 09 10 03 04 05 06 07 08 09 10

Figure 3: Comparison of simultaneous Pls constructions in Concrete, Energy, Wine and Yacht dataset. Dashed
lines are constructed with (input coverage, width), and solid lines are constructed with (achieved coverage,
width). Each point in the line denotes the average obtained from N = 50 repetitions of trials. Shaded area is
the 90% confidence interval.

1.3 Implementation Details

We elaborate more details about our experimental implementations in Sections 6 and 1.1.

Datasets. Three synthetic datasets and five real-world benchmark datasets have been shown in Section 6. The
real-world datasets are the open-access datasets “Boston”, “Concrete”, “Energy”, “Wine” and “Yacht” that
have been widely used in previous studies (Hernandez-Lobato and Adams, 2015; Gal and Ghahramani, 2016;
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Lakshminarayanan et al., 2017) for regression tasks. Table 4 shows their details.

Dataset N d Open-access Link
Boston: Boston Housing 506 13 kaggle.com/c/boston-housing
Concrete: Concrete Strength 1030 8 kaggle.com/aakashphadtare/concrete-data
Energy: Energy Efficiency 768 8 kaggle.com/elikplim/eergy-efficiency-dataset

Wine: Red Wine Quality 1599 11 kaggle.com/uciml/red-wine-quality-cortez-et-al-2009
Yacht: Yacht Hydrodynamics 308 6  archive.ics.uci.edu/ml/datasets/yacht+hydrodynamics

Table 4: Full names and details of benchmarking regression datasets. N is the number of samples in the dataset
and d is the dimension of the feature vector.

The data are split into training and testing sets as follows. For the methods where validation data are needed for
calibration (NNVA, NNGN, NNGU), we use a proportion of training data as the validation data. In the single
PI case, all of the real-world datasets have 80%/20% training/testing split. For NN methods, “Boston” has
24% of data for validation; “Concrete” has 16% of data for validation; “Energy” has 10% of data for validation;
“Wine” has 12% of data for validation; “Yacht” has 15% of data for validation. The three multivariate synthetic
datasets in Section 6 have 1600/3000 training/testing split. For NN methods, 350 data points are used for
validation. In the simultaneous PIs case, all the real-world datasets have 80%/20% training/testing split. For
NN methods, “Boston” has 24% of data for validation; “Concrete” has 16% of data for validation; “Energy” has
24% of data for validation; “Wine” has 24% of data for validation; “Yacht” has 24% of data for validation. The
three multivariate synthetic datasets in Section 6 have 1600/3000 training/testing split. For NN methods, 350
data points are used for validation. In addition, for the experiments in Section 1.1, the three univariate synthetic
datasets have 1200/300 training/testing split. For NN methods, 60 data points are used for validation.

Implementations. We provide details of our algorithms and baseline approaches in Section 6. They appear in
the same order as in Tables 1 and 2.

(1) QRF: quantile regression forests, as proposed in Meinshausen (2006). Our code is based on Random-
ForestQuantileRegressor from the package scikit-garden in Python.

(2) CV+: CV+ prediction interval, as proposed in Section 3 in Barber et al. (2019). In addition, the base
regression algorithm is a neural network using mean square loss.

(3) SCQR: split conformalized quantile regression, as proposed in Algorithm 1 in Romano et al. (2019). The
base quantile regression algorithm is exactly the QRF in (1).

(4) SVMQR: quantile regression via support vector machine, the code of which is available in Steinwart and
Thomann (2017).

(5) SCL: split conformal learning with correction. The original split conformal learning is described in Algorithm
2 in Lei et al. (2018). The base regression algorithm is a neural network using mean square loss. Moreover, we
apply a “correction” method to stipulate the coverage constraint with high confidence, which has been proposed
in Equation 7 in Proposition 2b in Vovk (2012) to enhance the split/inductive conformal learning. Specifically,
we change the prediction level 1 — a to 1 — o’ by letting

B> binnv,a(La/(nv +1) —1]),

where 1 — (3 is the prefixed confidence level (90% throughout our experiments), n,, is the size of the calibration
set and bin,, o is the cumulative binomial distribution function with n, trials and probability of success «.

(6) NNVA: neural networks using the loss shown in Section 6 with a vanilla scheme. In the vanilla scheme, we
build multiple PI models by choosing different parameters A > 0 in the loss, and then select PIs with the smallest
interval width among those whose empirical coverage rates on the validation dataset is larger than the target
prediction levels, i.e., without the Gaussian margin in Algorithm 1.

(7) Ours-NNGN: neural networks using the loss shown in Section 6 with the normalized Gaussian PI calibration
in Algorithm 1. We build multiple PI models by choosing different parameters A > 0 in the loss.

(8) Ours-NNGU: neural networks using the loss shown in Section 6 with the unnormalized Gaussian PI calibration
in Algorithm 2. We build multiple PI models by choosing different parameters A > 0 in the loss.
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For (6)(7)(8), in order to improve the training of the neural networks, we use the ensemble technique in Pearce
et al. (2018). That is, instead of directly taking the outputs of one network, we train networks several times by
using different initializations and then define the final prediction U and L as

€

7 — g 1 A
U =U + 1960y, where U = gZUJ, o= (U, — T)?
j=1 j=1
L=1L-190 whereleiﬁ» o :Li(ﬁ»_f)Q
. L, e VR L 6*1]._1 J

j=1
where e denotes the ensemble size.

Architectures and Hyper-parameters. For (2)(5)(6)(7)(8), we train fully connected neural networks with
ReLU activations, using the Adam method for stochastic optimization. Note that the base neural networks in
(2)(5) have only one output unit (point prediction) while our neural networks in (6)(7)(8) have two output units
(lower and upper bounds of PIs). Nevertheless, the neural networks in (2)(5)(6)(7)(8) have the same architecture
of hidden layers on each dataset. On “Boston” and “Concrete”, we have 1 hidden layer and each hidden layer
has 50 neurons. On “Energy”, “Wine” and “Yacht”, we have 2 hidden layers and each hidden layer has 64
neurons. On three multivariate synthetic datasets in Section 6, we have 2 hidden layers and each hidden layer
has 50 neurons. On the three univariate synthetic datasets in Section I.1, we have 1 hidden layer and each hidden
layer has 50 neurons. In addition, N = 50 repetitions of trials are run on each dataset. The confidence level is
1— 3 =90% in all experiments.

J Technical Proofs

J.1 Proofs for Results in Section 4

Proof of Theorem 4.1. We first present a lemma:

Lemma J.1. Let £ be a [0, 1]-valued random variable such that E[¢§] < 1 — S for some 8 € [0, 1], then we have
P <1-p)2pB—p forevery p' € (0,5).

Proof. Define
§,::{0 fe<1-6

1 — 3" otherwise

Then £ > £ almost surely, hence
1-B>E[E] >E[f]=(1-8)1-PE<1-8)

which gives

O

Now we turn to the main proof. For any ¢ > 0, let (L.,U.) € H X H be an e-optimal solution of (3.1),
ie, Pr(Y € [L(X),U(X)]) > 1 -« and E, [U(X) — L(X)] < R*(H) + €. Consider the enlarged interval
Lé:=L.—c, U :=U.+ c, where ¢ > 0 is a constant. Let

P(e) =P (Y € [L(X), US(X)])

be the coverage rate of the new interval. P(c) satisfies lim._, ., P(¢) = 1 because of the continuity of measure,
hence the smallest ¢ such that the coverage rate is above 1 — a4 ¢ is finite, i.e.,

c* ::inf{czO:P(c)Zl—a+t}<oo.
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We want to derive an upper bound for c¢*. If ¢* = 0, every non-negative number is a valid upper bound, therefore
we focus on the non-trivial case ¢* > 0. In this case, we must have P(¢*) = 1 — a 4+t due to continuity of the
coverage probability function P(-). To explain the continuity of P(-), by conditioning on X we can rewrite

Ple) = Exx[Px(Y € [LE(X), US(X)][X)] (J.1)

Ue(X)+c
= Eny {/ p(le)dy}
Le(X)—c

Uc(X)+c

and note that | (X)—c p(y|X)dy is continuous in ¢ and bounded by 1 almost surely, therefore the continuity

L.
follows from bounded convergence theorem. For every ¢ € [0, ¢*], we have P(¢) < 1 — o+t by the definition of
¢*, hence applying Lemma J.1 to the conditioned form (J.1) of P(c) gives

P (Ba(V € [L2(X), UE(X)IX) < 1- 220) > 20 )

Now we write

l—a+t = P(c)
Pr(Y € [LE (X), Le(X)) U (Ue(X), U (X)]) + (Y € [Le(X), U(X)])
EﬁX []P)W(Y € [Lg (X)v LE(X)) U (UE(X)7 Uec (X)”X)] +1-«

by conditioning on the X and feasibility of (L., U)

*

B [ [ pLEORO) + 0201000 41~

v

*

E., [/O D(X,1- P (Y € [L(X), US(X)]\X))dc} +1-a

by the definition of T'(-,-)

Y

_ / E,. [[(X,1-P.(Y € [LE(X), US(X)]|X))]de+1—a
0

ot and F(X,QT_t

W
)

[ e (Bt € (2200, U)X < 1 - ) > ya)det1-a

v
=2
Q
i
)
*
+
—_
|
Q

Therefore

*

e
(a—t)’y%

Note that (L, US) is feasible for (4.1), therefore by optimality we have
Ery [US (X) = L (X))
R*(H)+ e+ 2c*

R*(H)+e+

Ri(H)

VARVAN

6t
(@ —t)yat

IN

Since € is arbitrary, sending € to 0 completes the proof. O

Proof of Theorem 4.2. Let H? and H2 be the feasible set of (3.2) and (4.1) respectively. When the events

Wei= { sup[Be [1(X)] ~ Ery [(H(X)]| < o}

and

Cr={ sup  |Pa, (Y € [L(X), U(X)]) = Pry (Y € [L(X), UX)])| < t}
L,UEH and LU
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occur, it holds that H2, € H2 C H2, therefore (L, U;) € H2 C H2 is feasible for (3.1). We also have

Ery [U7(X) = Li(X)]
< Eax U (X) — LE(X)] + 2¢ because of W,
< inf  Eay [U(X) — L(X)] +2¢ by optimality of (L}, U;) in H?

(L,U)eHZ, CH?
< (L,l}r)lefﬂgt E, [U(X)— L(X)] + 4e because of W,
= R5.(H)+4e

. 12t
< R*(H)+ ——————— + 4e by Theorem 4.1.
(o — Qt)’Ya*T%
Note that P(W. N Cy) > 1 —P(WE) —P(C§) > 1 — ¢p1(n, e, H) — ¢2(n,t, H), concluding the theorem. O

Proof of Theorem 4.3. We will need the following results:

Lemma J.2 (Adapted from Theorem 2.6.7 in Van der Vaart and Wellner (1996)). Let ||g|lg,2 be the Lo-norm
of a function g under a probability measure Q. For a VC-subgraph class G of functions from X to R, and every
probability measure Q@ on X, we have for every e € (0,1)

N(€||Gllg.2, G, L2(Q)) < C(ve (G) + 1><16e)”<g>“(1)2“(g)

€
where G(z) = sup,cg|g(w)| is the envelope function of G and C' is a universal constant.

Lemma J.3 (Adapted from Theorem 2.14.1 in Van der Vaart and Wellner (1996)). Using the notations from
Lemma J.2, we define

1
7@) = sup [ /1108 N (eGlg2.6. La(Q) e

where the supremum is taken over all discrete probability measures Q with ||G||g,2 < co. Then we have

||§25|Eﬁx [9(X)] = Exx [9(X)][[ls < —= - CI(9)|G]|2

1
N
where the L1 norm || - ||1 on the left hand size is with respect to the product measure ©% (i.e., the data), and C
s a universal constant.

As a side note, a rigorous statement for the results in Lemma J.3 involves a so-called P-measurability condition
for the class G, but we choose not to deal with the measurability requirement here. P-measurability holds for
common function classes, e.g., if there exists a countable subclass G’ C G such that for every g € G there exists
a sequence from G’ that converges to ¢ point-wise. We need one more result:

Lemma J.4 (Adapted from Theorem 2.14.5 in Van der Vaart and Wellner (1996)). Using the notations from
Lemma J.2, we have

I Tellg)I]EﬁX [9(X)] = By [9(X)] Nl

< O(lsuplEay[9(X)] ~ By lo(X)]l + % NGllw)

where the sub-Gaussian norm || - ||, on the left hand size is with respect to the product measure % (i.e., the
data), and C is a universal constant.

We now turn to the main proof. We first deal with ¢;. Consider the centered class H. := {h—E[A(X)] : h € H},
whose envelope function is H. Since H. C H, we have ve (H.) < ve (H4). We calculate the complexity measure
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J(H.) from Lemma J.3

s = swp [ 10N g Her L2 @)
< /01 (1+2(ve (40) + 1) log% +16(ve (He) + 1) + log(ve (He) + 1) + log c)%
by Lemma J.2
< 1+ 16(ve (He) + 1) + log(ve (He) + 1) +logC’+/ \/ (ve (He) +1) log de
< C/vc(H.) for another universal constant C
< COy/ve(Hy).

Applying the bound in Lemma J.3 to the class H. gives

ve (Hy)
| sup [Ezy [A(X)] = Exy [R(X)]]]l1 < -C|lH]2.
heH. n
Further applying Lemma J.4, and using the fact that || - || < C|| - ||y, for some universal constant C' lead to

I sup [Bay [2(X)] ~ By ()], < 1P o),

heH,

Finally, note that supjcq |[Esy [M(X)] =Ery [A(X)]| = supyeqy, Bz [R(X)]=Exy [A(X)]], therefore the same bound
holds for || supy, ey |Esy [M(X)] = Exy [A(X)]||l,- The sub-Gaussian tail bound then gives the expression for ¢;.

Next we analyze ¢o. First note that H C H., therefore vc (H) < ve(Hy). By the definition of VC-subgraph,
both its closed subgraph class Sypper := {{(z,y) : y < U(z)} : U € H} and open subgraph class S}, =
{{(z,y) 1y < L(x)} : L € H} have a VC dimension vc (Supper) = V€ (S],per) = Ve (H) (using < or < for defining
subgraphs does not affect the resulting VC dimension, see Problem 10 from Section 2.6 in Van der Vaart and

Wellner (1996)). To proceed, we need the following preservation result for VC classes:

Lemma J.5 (Adapted from Lemma 9.7 statements (i) and (v) in Kosorok (2007)). Let S be a VC class of sets
n a space S, then

1. ¥ : S — S be a one-to-one mapping, then the class Y(S) := {{¢(s) : s € S} : S € S} is also a VC class with
ve (P(S)) = ve (S)

2. The complement class §¢:= {S\S : S € S} is a VC class with ve (8°) = ve (S).

and a VC dimension bound for unions and intersections of VC classes:

Lemma J.6 (Adapted from Theorem 1.1 in Van Der Vaart and Wellner (2009)). Suppose S1,...,Sk are VC
classes of sets in a space S. Define UK S == {UK_ Sy : Sy € S fork=1,...,K} and NE_ S, == {nE_ S :
Sk €Sk fork=1,...,K}. We have

K K
ve (LI,If:lSk) < Clog(K) Z ve (Sg), ve (H,If:lSk) < Clog(K) Z ve (Sg)
k=1

k=1

for some universal constant C'.

Further consider Sjoper == {{(z,y) : ¥y > L(x)} : L € H}, and Sp := {{(z,y) : L(z) <y < U(x)} : L,U €
Hand L < U}. We observe that Sipwer = SiCpeps and that Sprw C Siower 11 Supper- Therefore by Lemma
J.5 we have vc (Sjower) = Ve (S],er), and applying the bound for intersection from Lemma J.6 to Sy, gives

Ve (Spiw) < VE (Siower M Supper) < CVE (Supper) = Cve (H) for some universal constant C. With this VC bound
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for Sy, we are ready to use standard deviation bounds for VC set classes (see, e.g., equation (3.3) in Vapnik
(2013)) to get

sup  P(|Px(L(X) <Y < U(X)) - Pr(L(X) <Y < U(X))| > 1)
L,UEH and LU

= sup P(PA((X,Y) € 8) —B,((X,Y) € 8)| > 1)
SESptw

< 4Growth(2n) exp(—t°n)

where Growth(2n) is the growth function, or the shattering number, for the class Spty. By the Sauer—Shelah

lemma we have Growth(2n) = 22" if 2n < vc (Spry) and < (chggw))vc(sm’) if 2n > ve (Sprw). With the upper

bound for vc (Spy ), We can bound

22n if 2n < Cve (H)

(g2ens) it 2n > Cve (W)

Growth(2n) < {

giving rise to our formula for ¢o.

The feasibility and optimality bound for 67 can be obtained by solving ¢ (n, e, H) = 7 and ¢o(n,t,H) = % for €
and ¢, and then applying Theorem 4.2. O

Proof of Theorem 4.4. We first treat ¢1. We need a maximal inequality that is similar to Lemma J.3, but based
on bracketing numbers instead:

Lemma J.7 (Adapted from Theorem 2.14.2 in Van der Vaart and Wellner (1996)). Using the notations from
Lemma J.2, for a function class G we define

1
I@) 1= [ \f1+ 10BN (Gl 2.6 Latrm) .

Then we have

||!S]1€11g)|Efrx [9(X)] = Eny [g(X)][ll1 < % -CI9IG]2

where the Ly norm || - ||1 on the left hand size is with respect to the product measure ©% (i.e., the data), and C
s a universal constant.

We consider the centered class H. := {h — E,[h(X)] : h € H} as in the proof of Theorem 4.3. Note that, by
Jensen’s inequality, the Lipschitzness condition stipulates that |E,, [h(X,01)] —Ex, [R(X,02)]] < |I£]|1]]01 — 62]|2,
therefore the centered class is also Lipschitz in €, with a slightly larger coefficient

[h(2,01) = Ery [M(X, 01)] = (h(2,02) = Ex [M(X, 02)])] < (L(2) + [IL][1)][02 = Oal]2-

The envelope function of H. is H. We then calculate the bracketing number of H.. Using the Lipschitzness
condition, the bracketing number of H. can be bounded by the covering number of the parameter space © as
below

N[](46H£||2,HC,L2(7TX)) < N(6797 ” : ||2)

where N(e, 0, || - ||2) is the e-covering number of © with respect to the I3 norm, i.e., the minimum number of
lo-balls of size € needed to cover ©. Since © is bounded, its covering number is upper bounded by that of the

lo-ball of radius diam (©), which is further bounded by (M)l (see Problem 6 from Section 2.1 in Van der
Vaart and Wellner (1996)). All these lead to

4Ll - €[ H 1|2

Ny(ellHll2, He, La(mx ) < N
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Also note that when e¢ > % the bracketing number Np(el|H||2,Hc, La(nx)) = 1 because

N(diam (©),0, ] - [2) = 1. We can now compute the complexity measure Jj(H.) as follows

min{1, 22m(0) 1£12 ) 12diam (©) || £]| ddiam (©) || £|
/ \/1+llogm2de+1—min{1,m2}
0

) <
Jy(He) < el H ]2 [P
min{1, 4dmm(())|lﬁH2} .
- 1+\// THT 2 log 12diam (©) ||£||2d6
el H]2
. | H |
1y @)y b T
| H 2 0 €
12diam (©) || £]|2 12diam (©) [ £]|2 N 12
= 1+CVI- log max{3, TMINN Ss To o TA
A, Bt ) ™ T (0) 121
by Lemma J.8 below
< 140V Jlogmax{s, 223 (O) L]y o Adiam (O) [ £z ),
| H 2 [ H][2
< Vi [max{log B2 (O)I£]2

1)
[ H 2

Lemma J.8. For every c € (0, %], we have

| [ 1
/ log —de < C'- cy/log —
0 € C
Proof of Lemma J.8. By a change of variable ¢t = 4/log %, we write

|
/ log —de
0 €

where C is a universal constant.

/ 2t% exp(—t?)dt

\/log%

)| " exp(—t3)d

= —texp(—t +/ exp(—t7)dt
t:\/l‘)g% y/log 1

1 e t
cy/log — +/ exp(—t%)dt
¢ Viog ¢ \/log%
[ 1
= log )c log —
2 / C

IN

where in the last line we use ¢ < %

Lemma J.7 then entails the following maximal inequality for the centered class H.

I sup [Eay [H0) — Eoy OO < /L c%nax{log o O Il 1y

heH. ||HH2

Further applying Lemma J.4 gives

I sup e X)) B O, < c\/max{log e 1y

heH.

Finally, note that supj,cy|Ezy [2(X)] — Exy [RA(X)]| = supyeqy, [Esy [(X)] — Exy [R(X)]], hence the same sub-
Gaussian norm holds for the original class H too. The tail bound ¢; follows from the sub-Gaussian tail bound.
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Secondly, we analyze ¢o. We first calculate the bracketing number of the corresponding indicator class
H’L’I’Ld - {(LU y) — Ih(z 0,)<y<h(z,0, 9l7€ S @ and h’( el) S h(79u)}

For fixed 6?,0° € © and € > 0, consider a bracket enclosed by

127w

1°(2,Y) = In(2,60)+£(x)e<y<h(z.09)— L(x)e

u’(2,Y) 1= In(z,00)— £(x)e<y<h(z,02)+L(z)e
where L£(x) is the Lipschitz coefficient. It is clear that {° < u°. By Lipschitzness, for all 6;,6, such that
16 — 672 < € and [|6, — 0|2 < € we have h(x,07) — L(x)e < h(x,0;) < h(z,07) + L(x)e (similar for h(z,6,)).

Therefore I°(z,y) < Ine,0)<y<h(z,0.) < v(2,Yy), i-e., Inz0,)<y<h(z,0,) Delongs to the bracket [I°,u°] whenever
|6 — 67]|2 < € and |6, — 02]]2 < e. To calculate the size of the bracket, we write

[w(X,Y) —1°(X,Y)]
P, (h(X,09) — L(X)e < Y < h(X,67) + L(X)e) + Pr(h(X,02) — L(X)e <Y < h(X,62) + L(X)e)
= E  [Pr(h(X,0]) — L(X)e<Y < h(X,0)) + L(X)e| X)] +
E, . [Pr(h(X,00) — L(X)e <Y < h(X,0°) + L(X
< 2Er [2Dy|xL(X)e] = 4Dy x || L] 1€.

v\./

€[ X)]

Note that the bracket size is independent of 6; and 6,, therefore the bracketing number
2 iam 20 .
Ny(4Dy x||£]1€, Hinas L1 (7)) < (N(e,0, ]| - [|2))” < (PL2mO@N =50,

12diam (©) Dy | x || £]|1 )2l = (
€ a €

CH 21

N[](E,Hind,Ll(ﬂ')) S ( ) . (JQ)

To derive the deviation bound using the bracketing number (J.2), we need one more result:

Lemma J.9 (Adapted from Theorem 6.8 in Talagrand (1994)). Suppose G is a class of measurable indicator
functions from X x R — R, and that its e-bracketing number Ny(e, G, Li(m)) < (%)U for V.v > 0, then there

vlog(V)loglog(V)

we have
n

exists a universal constant C such that for ollt > C

PupfExly (X V)] - Eolg (X Y]] > 1) < 1o (P

)" exp(—2t°n).

Applying Lemma J.9 to the indicator class H;y,q, we obtain

P( sup  [Px(Y € [L(X),U(X)]) = Px(Y € [L(X),U(X)])] > 1)
L,UeH and LU

C ,CCxut*n ) , \/ 2l log(Cyy ) log log(Cyy)
< -2 ft>
< t\f( 5 ) xp(—2t°n) ift>C -
< (%)21 exp(—2t*n)  assuming 2/ log(C%)loglog(Cy) > 1. (J.3)

To make the bound (J.3) valid for small ¢, we next enlarge the constant C so that the bound (J.3) is trivial.
That is, we seek for a x > 1 such that the bound from (J.3) satisfies

KCCyt?n. 21

() ep(=2n) > 1 when t = C\/Ql log(Cy) log log(C)

n

which reduces to ol
(KLC?’CH log(Cy ) loglog(Cx)) exp(—4C21log(Cy) loglog(Cy)) > 1

Solving the above inequality for x gives
0202 loglog(Cy)—1

> H .
"= CBlog(Cx) loglog(C)
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Using this  in (J.3) leads to a trivial bound for ¢ = C\/Ql log(cﬂ)iog l06(Cn) ' and for smaller ¢ we simply use this

trivial bound, therefore we obtain the following unified tail bound

IP( sup P:(Y € [L(X),U(X)]) = Pr(Y € [L(X),U(X)])| > t)
LUeH and L<U

( C. C?Q-[CQ log log(Cw)
C32l1log(Cy) loglog(Cy)

2l
max{t?n, 2C% log(Cy) log log(C’H)}) exp(—2t%n)

t?n 2l
< 0202 log log(Cx) 1 —2t2
= ( H max{zcmog(cﬂ)1og1og(cH)’ }) exp(—2t"n)

2loglo t*n 2l :
< (C;C loglog(Cr) max{ Yk 1}) exp(—2t?n) assuming log(Cy)loglog(Cy) > 1.

Replacing C? with C in the above bound gives the expression for ¢s.

Finally, like in Theorem 4.3, we solve ¢1(n,e,H) = 2 and ¢a(n,t,H) = 3 for € and ¢, and then apply Theorem

4.2 to get the feasibility and optimality errors. We briefly explain how ¢ is derived. Consider the case % > 1,
so we can derive the following upper bound for ¢o

oc 1o t2n N\ 2

2C1
C;Cloglog(cu) oA 2p, 2n o
= (P ) - (Ggreetay)
CQCIOgIOg(C’H) 21 t2 t2 t2
< (77" c ) (exp(f2—?))2l using 2—? < exp(2—7)
2l
< (C;Cloglog(cﬂ)) ~exp(—t2n) assuming C' > 1.
The choice of ¢ presented in the theorem is obtained by equating this upper bound to 3. O

Proof of Theorem 4.5. The regression tree class H consists of all functions that of form h(z) = Zf;l cslzer.,

and note that the augmented class H, consists of functions Zf:ll(cs — ¢)I,cpr, which are of the same form,
therefore H = H . As discussed before, the subgraph of a regression tree takes the form of the union of at most
S + 1 hyper-rectangles in R%t!, where each rectangle is formed by at most S axis-parallel cuts.

We first calculate the VC dimension of the set of all axis-parallel cuts. Four sets of axis-parallel cuts in R%+! are
defined as

Cd%rl ={{(z1,...,wqp1) ERT 1 x; <al:je{1,2,...,d +1},a € [~o0, +o0]}
Cii={{(21,...,2a41) eER™ 125 <a}:j€{1,2,...,d+ 1},a € [~00, +o0]}
Cdz+1 ={(z1,...,2a41) ERM iy >a} 15 € {1,2,...,d+1},a € [~o0, +00]}
Cro={{(@1,...,2a41) eER™ 125 >a} 1 j€{1,2,...,d+ 1},a € [—00, +00]}

Proposition 1 in Gey (2018) states that vc (Cd§+1) < C'log d for some universal constant C. Note that C7, , is the

complement class of CdS_H, therefore by Lemma J.5 statement 2 we have the same bound for vc (Cd>+1). The class
Cdz-t,-l (resp. Cg,,) can be mapped from CdS_H (resp. C7,,) via the mapping (z1,...,Za41) = (—=Z1,..., —Tdat1),
therefore by statement 1 in Lemma J.5 we have the same VC bound for them too. Using Lemma J.6 we know
that the VC bound for the set of all axis-parallel cuts Cyqq1 := Cdg+1 L Cd<+1 U Cfﬂ L Cd>+1 has VC dimension
ve (Cay1) < Clogd.

Now we can readily obtain vc () via intersections and unions. Each hyper-rectangle Ry x (—o0,¢s) is the
intersection of at most S + 1 axis-parallel cuts in R?T!. Formally, denoting by R as set of all such hyper-
rectangles, then R C M31!Cyy 1, and hence ve (R) < CSlog(d)log(S) by Lemma J.6. Moreover, the set of
subgraphs of regression trees is a subset of I_IfillR, therefore the VC dimension of the set of subgraphs is at most

€52 log(d) log?(S) again by Lemma J.6.
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Finally, when max, h(z)—min, h(z) < M, then the envelope H < 2M in Theorem 4.3, therefore the sub-Gaussian
norm || H ||y, < C'M for some universal constant C”. O

Proof of Theorem 4.6. To make the parameterizaton more instructive, we explicitly write 6 =
(W1,b1,...,Ws,bs) in terms of the weights and biases. We consider a perturbation Af =
(AWy, Aby, ..., AWg, Abg), and wants to bound the difference |h(x, 0+A0)—h(x,0)|. Denoting W, = W, +AW,
and b, = by + Abg, we define two mappings

Va5 1T € R™ — ¢S(WS¢S—1(' e ¢s+1(Ws+1¢s(x) + bs+1) ce ) + bS) eR
Viis—1: T € X = ¢s 1 (Wi_1¢s—2(- - dr(Wiz + b)) -+ ) +b_q) € R,

Then the difference can be expressed as

\h(a; W, . Wh V) — h(a; W, by, ..., Ws, bs)]

S
Z|h($, W1/7b/17 cey Ws/ab/57W5+17bs+17 .- '7W57b5) -

<
s=1
h(a:;W{, ,1,..., ;_1, ;_1,Ws,bs,...,Ws,bs)|
5
S Z'ws:s(wslwll:sfl(x) + b/s) - ,(/)S:S(WS’(/)i:sfl(x) + bS)'
s=1
5
< ZL%:S||AWS¢6:871(:E) + Abs|l2  where Ly, ¢ is the Lipschitz constant of 1.5
s=1
5
< D Luns (s r (@)ll2 + DI[AWS, Ab] |
s=1
5
< D Lues (s 1 (@)ll2 + DI AW, Ab] | » (7.4)
s=1
where in the last two lines || - |2 and || - || respectively denote the spectral and Frobenius norms of a matrix.

Therefore the problem boils down to bounding the Lipschitz constant L,_, and the norm of the intermediate
output |4, (x)[l2-

We first calculate Ly, . This is relatively straightforward, since ;.5 is a composition of linear mappings and
activation functions. By the chain rule we have

S S
Ly,s <M- [ MWl < M5 [ IWllr < M5 (BVIW)S—*
k=s+1 k=s+1

where the last inequality uses the fact that [|[Wy||r < BV'W because each entry in W}, is bounded within [— B, B]
and there are W parameters in total.

Then we bound [[1,_y (z) 2. Note that 1,y (z) = ¢s_1(W/_y6hs_a(x) + b,_1), and ¢ho(x) = o, therefore
we have the following recursion

Y01 (@)ll2 = ds—1(Wi_19p.s—a(@) + 1)l
< MoVU + M||[W]_y, b ] o ([[6.s—a (@)l + 1)
< MyVU + M||[[Wi_y, 0]l p([9hs—a(@)]|2 + 1)
< MoVU + MBVW(||[¢).q_o(x)2 + 1)

where U is the total number of neurons. Expanding the above recursion we get

(MBYW)*~t -1
MBVW —1

IN

190:5-1 ()2 (MBVW)* ™! all2 + (MBVW + MoVU)

IN

(MBVW)*~Y(||z||s + MBVW + MoVTU).
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Finally, we substitute the upper bounds in (J.4) to obtain the final bound
|h(x; Wby, ..., Wi, b)) — h(x; Wi, by, ..., Wg,bg)]

S

< Y MMBVW)SH(MBVW)* ™ (||z]l2 + MBVW + MyVU) + 1)|| [AW,, Ab,] ||
S

< D (MBVW)S™*(MBVW)*(||z]|2 + MBVW + MoVU) || [AW., Ab,]||

S
< (MBVW)(||z]l2 + MBVW + MoVU) Y || [AW,, Aby] ||

s=1

< (MBYW)*(|lzll2 + MBVW + MoVU) - VS||A0) |2

giving rise to the Lipschitz constant. O

J.2 Proofs for Results in Section 5

We first introduce several Berry-Esseen theorems in high dimensions that serve as the main tools of the proofs.
Let {X; = (Xi(l),...,Xl-(m)) :i=1,...,n} be an i.i.d. data set from R™. Let XU = (1/n)>""", Xl-(j) be the
sample mean of the j-th component, and 3 be the sample covariance matrix formed from the data. We denote
by Z := (ZM, ..., Z(™) an m-dimensional multivariate Gaussian with mean zero and covariance 3. Then under

several light-tail conditions:

Assumption 3. Var[Xl(j)] >0 forall j =1,...,m and there exists some constant D > 1 such that

X1 — E[x;]2
D2Var[ X))

X0 By O 24k
E[(M> | <DFforallj=1,...,mandk=1,2.

E|exp <2foralj=1,...,m
(e ( )l

Var[X )]
Assumption 4. FEach Xl(j) is [0, 1]-valued and Var[Xl(j)] >n forallj=1,...,m and some constant n > 0.

we have the following Berry Esseen theorems (Chernozhukov et al. (2017)):
Lemma J.10 (Unnormalized supremum, adopted from Theorem EC.9 in Lam and Qian (2019)). Under As-
sumption 3, for every 0 < f < 1 we have

7 1
P(a(XD —BXO) < gy for alt j = 1.....m) — (1 - )] < o L)y

where qi—pg is the 1 — 8 quantile of maxi<j<m ZW) je.
P(Z0) <q_g forallj=1,....m{X,:i=1,....,n})=1-4

and C' is a universal constant.
Lemma J.11 (Normalized supremum, adopted from Theorem EC.10 in Lam and Qian (2019)). Let 63 = I

Under Assumptions 3 and 4, for every 0 < 8 < 1 we have

IP(Va(X() — EIX]) < 65015 for all j=1,...,m) — (1 - B)|

<C’(<D2 log7(mn))é N log? (mn)
n /N

+ mexp ( — an2/3n2/3)).

Here q1—p is such that
P(ZY) < 65q1-p for all j=1,...,ml{Xi}}_)) =1 -8

and C, c are universal constants.
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We are now ready to prove Theorems F.1 and 5.1:

Proof of Theorem F.1. Define events

A qg_,@ .
E, = {CR(PL) > 1 — o f —1,...
1 = {CR(PI;) > Omin + — or some j m}
/
E, = {CR(PL;) > CR(PT;) — ql;B for all j such that CR(PI;) € (/2,1 — atmin) }
V2
/!
Es = {CAR(PIJ») <a-+ hip for all j such that CR(PI;) < a/2}.
V12

We claim that if £4 N Ey N E3 happens then we must have that CR(PIJ-L%) >1—agforallk=1,...,K. To

explain, for each k, F; entails that the optimization problem in Step 3 of Algorithm 2 has at least one feasible
solution, and Es and Fj3 further imply that every interval with a true coverage level strictly less than 1 — ay
violates the margin constraint, hence the selected interval must have a true coverage level of at least 1 — ay.
Therefore we have

Pp,(CR(PL; ) >1-apforallk=1,....K) > Pp (EinENE)
1 —Pp,(EY) — Pp,(E3) — Pp, (ES)
Pp, (E2) — Pp, (EY) — Pp, (ES). (J.5)

v

We derive bounds for the three probabilities. Let Gi_g be the 1 — 8 quantile of max{Z; : CR(PI;) € (&/2,1 —
Qmin); 1 < j < m} where (Z1,...,Zmn) ~ Np(0,X). By stochastic dominance it is clear that g1_p < qi_ﬁ almost
surely, therefore

Pp,(Es) > Pp,(CR(PL) > CR(PI;) — ql;‘* for all j such that CR(PI;) € (/2,1 — cmin))
1 7 1
Z 1_5_0(0g (ﬂ}n’l)))e
Ny

by applying Lemma J.10 to {Iyepr,(x) : CR(PI;) € (&/2,1 — amin), 1 < j < m} and noticing that Assumption
3 is satisfied with D = % for some universal constant C.

We then bound the second probability

/

Pp,(Ef) = Pp,(CR(PL) <1 — min + LIETR all j=1,...,m)
< IPDU(CAR(PIE) <1—app + qi_f) where j is the index such that CR(PL;) =1-a
< Pp,(CR(PL;) < 1 — cupin + (’W)
because ¢;_5 < C’mjaxc}j Vlog(m/B) < C+/log(m/B)
S L La—

2(a(l — ) +¢/3)

where in the last line we use Bennett’s inequality (e.g., equation (2.10) in Boucheron et al. (2013)). Note that
this is further bounded by exp ( — Can, min{e, (x(lﬁiia)}) with another universal constant Cs.
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The third probability can be bounded as

Pp,(ES) < Pp, (CAR(PIJ») > @ for some j such that CR(PI;) < a/2)

< > Po,(CR(PL) > &)

§:CR(PL,;)<d/2

n,(@/2)? . .

< Z exp ( - - ) by Bennett’s inequality

FCR(PLY<a/2 2(CR(PI;)(1 — CR(PL;)) + &/6)

ny(d/2)? -

< — < _
< mexp( d(l—d/2)+d/3) < mexp(—Csn,a)

where C3 is a universal constant. Substituting the bounds into (J.5) leads to the overall probability bound

7 1
1—-8-— C(M) ¢ _ exp ( — Con, min{e,

Ny

m}) — mexp(—Csn,@).

It remains to show that mexp(—Csn,d) is negligible relative to other error terms. Since & < 1 it is
7
clear that (%)1/6 < (W)l/i and we argue that (%)1/6 > mexp(—Csn,&) can be assumed so

that mexp(—Csn,a) < (M)lm. If (L )1/ < mexp(—Csn,@), then m > exp(Csnyd)ny /%, hence

Ny

log” (m"”) > (Comd) CI(n,@&)8, which ultimately leads to n,& < log(gm”) and bgn(mn” > C3log®(mn,). Note

Ny
that 1n this case the first error term already exceeds 1 (by enlarging the universal constant C if necessary) and
the error bound holds true trivially. O

Proof of Theorem 5.1. The proof follows the one for Theorem F.1, and we focus on the modifications. The events
are now defined as

Ny

~ qlfgé" .
E = {CR(PIj) >1— apin + \/7J for some j :1,...,m}

= {CR(PI,) > CR(PI;) — ‘“*7207 for all j such that CR(PI,) € (6/2,1 — imin) }

v

= {CR(PL;) < & + ql\/iﬂ for all j such that CR(PI;) < &/2}.

’U

Again we have Pp, (CR(PIJ-L%) >1—aqpforallk=1,...,K) >Pp, (E;) — Pp, (ES) — Pp, (ES).

The first probability bound becomes

Pp, (E2) >1-f - O((k’g;(:g‘”))é + log(n\/%‘“) +mexp (= e(nyd)*?))

by applying Lemma J.11 and noting that Assumption 4 holds with n = a/2- (1 — &/2) > ;& and D = < in
Assumption 3. Here C, ¢ are universal constants.
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For the second probability we have

Pp, (E) < IP’DU(CAR(Plj) <1—amn+ quUj) where j is the index such that CR(PI;) =1 —a
< Pp, (CR(PL;) < 1 — amin + qut) +Pp, (65> 1)
= v j NG w\0j
where t = \/Q(l - Q) + \/2 log(nvamin)/nv
A q1-pt 1
< Pp, (CR(PIL; 1 — amin
< Pp,(CR(PI;) < Omin + \/m)+nv04min
where the bound 1/(nyQmin) follows from Theorem 10 in Maurer and Pontil (2009)
- C 1-— 1 vQmin ) /My ) 1 1
< Pp,(CR(PL) < 1 — agyin + V(a(l — ) +log(mamin)/mo) og(m/B) ,
\/77/71) Ty Qmin
because ¢1_g < C'y/log(m/B) (J.6)
Np€2 1
< — by B tt’s i lit
b exp( 2al—a) + 6/3)) + P y Bennett’s inequality
< exp ( — Can, min{ < e !
xp ( — v €, .
= ’ a(l-a) Ty Ofmin

As for the third probability, by repeating the same analysis in Theorem F.1 we see that the bound Pp, (E$) <
mexp(—Csn, &) remains valid.
1

My ®min

, mexp(—Csn,a), and

log? (mn.,)

Finally, using a similar argument in the proof of Theorem F.1, we can show that
10g7(773nv) ) 1/6

Ny

10g7(7’rinv) ) 1/6

Ny

mexp(—c(n,&)??) are all dominated by ( < 1. Moreover, can also

be neglected, because log® (mny) _ (logw?(m"”))%(log7("f””))é < (10%7(7”3"”))% when (M)% < 1. Therefore

when (

v

Nz Ny & Ny & — Ny & Ny
the desired conclusion follows from combining the three probability bounds. O

Proof of Theorem E.1. The proof consists of deriving concentration bounds for the empirical width and coverage
rate. We first deal with the empirical width. Using standard concentration bounds for sub-Gaussian variables,
we write for every interval P1; = [L;,U;] and every € > 0

Ny

1
Po, (I S (U5 (X)) = L;(X0)) = B [U5(X) = Li(X)]| > el Hl.)
Yi=1
R | L& ]|
< Po, (1= U] ~ Exg [U00) > T542) + P, (1= 37 Ly(X]) = By [L; (0] > S22
V=1 V=1
by the union bound
CIHI,n CIHIZ,n
< 2e (f b2 )JrQexp(f 2 )
1C?U; — Eny ()12, 1C?L; — Ery [L][2,
for some universal constant C'
< o (= Dty e, 1101 0 - ey 0] <
AC?(|HI[3,
e2n
_ (_ 1,>.
exp 402

Applying the union bound to all the m candidate PIs, we have

Ny 2

1 . €Ny
Pp, (| > (U;(X]) = Ly(XD)) = Eny [U;(X) = L; (X)) > €| Hy, for some j =1,...,m) < 4mexp (~ T55)
vi=1
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or equivalently

(|—2( U; (X)) — L;j(X]) = Er [U;(X) — Lj(X)]| > Ce||H||yp, for some j =1,...,m) < 4mexp (—

voi=1

Next we handle the empirical coverage rate

Ty
) /1 1
< Pp, (CR(PL;) — CR(PT;) < —c + Lém/ﬁ)) by (J.6) and the fact that 6 <

where C' is another universal constant

os(m/5) 2,

v

< exp ( — 2max {e -C by Hoeffding’s inequality.

Again applying the union bound we get for every € > 0

os(m/5), 12,

v

Pp, (CAR(PIj) — CR(PL) < —e+ % for some j =1,...,m) < mexp < —2max {e—C

(J.8)
Note that by choosing both universal constants in (J.7) and (J.8) large enough, we can use the same universal
constant C' in both. To relate to the width performance, we observe that when CR(PI;) — CR(PI;) > —e+ ‘“‘7\/%%]'
for all j = 1,...,m, we have that for all PI; whose true coverage rate CR(PI;) > 1 — aj, + € the inequality
CR(PL;) > CR(PI;) — € + ql\/ﬁﬁf >1—ap+ ql\/ﬂ” holds (i.e., the constraint in Step 3 of Algorithm 1 is
satisfied), therefore by the optimality of each PI; 9t e, it must hold that

—Z|PI] X)) < min Z|PI X!)| foreach k=1,..., K.
Ny I-o k J:CR(PIj)>1—aj+e Ty :

If we further have |n% Y (UH(XD) — Li(X]) = Er [Uj(X) — Lj(X)]] < Ce||H||y, for all j =1,...,m, then

Ty

(X)] < 7Z|PIJ1 o (XD + Cell Hlly,

< Ery [U;(X) — Lj(X)] + 2Ce| H
- j:CR(PIrjI)nan—ak+6 x Ui (X) = Lj(X)] + 2C¢[| H][

mx [Uj;

J1 ap

(X) = Ly;

Ji— Qg

for every k= 1,..., K. Altogether we can conclude that

;e * < i ; — - = .
Pp, (Eﬂx Uiz () = Ly (X0 < omin B [U5(X) = Li(X)] + 20| Hly, for all k=1,

1 & ,
> o, (1 S (05 (XD) — (X)) ~ B [U5(X) ~ L;(X)]| < Oel Hlly, for all j=1,....,m, and

Yii=1

R q1-p50; )
CR(PI;) — CR(PLj) > —e4+ —=L forall j = 1,.. .,m)

v

6

> 1—4mexp<

> 1—8meXp<—7maX{e Hlog m/ﬁ

where the last inequality holds because € > max {e - C

) mexp( 2max{e—C’ w

,O}an) by (1.7) and (J.8)

log(m/B) 0}. ]

Ny ’
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J.3 Proofs for Appendix A

We provide proofs for Theorems A.1 and A.2:

Proof of Theorem A.1. We first construct the sequence t,, as follows. For each integer £ > 0, weak 7-GC
implies that P(supy ey <p|Px(Y € [L(X),U(X)]) = P-(Y € [L(X),U(X)]| > ) — 0 as the data size
n — oo. Therefore, there exists a large enough ny, such that P(supy, ey p<p|Px(Y € [L(X),U(X)]) =P (Y €
[L(X),U(X)]| > ) < £ whenever n > ng. Moreover, the n; can be chosen such that nj, < nj4q for
each k. We then let ¢, = min{% :n > ngp. Clearly t, — 0 as n — oo, and, by construction, we have

P(sup yer L<vlPx(Y € [L(X),U(X)]) = P=(Y € [L(X),UX)]| > ty) < tn.

Then we show joint optimality and feasibility for the chosen ¢,,. Denote by 7:[,? the feasible set of the optimization
(3.2), and by H? the feasible set of (4.1). In particular H2 is the feasible set of (3.1). By the construction of ¢,
we have P(H3, C 7-2?” C H3) > 1 —t,. Therefore P((ifﬂ, 0;;,) € HE) > IF’(?-A[?"’ € H2) > 1—t, — 0, concluding
the asymptotic feasibility of (Ikz;fn, ﬁt*n) To show optimality, when the events

We = {Sgg‘Eﬁx [h(X)] - ]E‘n'x [h(X)” < 6}

and

Ct, = { sup  |Pay (Y € [L(X), U(X)]) = Pry (Y € [L(X), UX)))| <t}
L,UeH and LU

occur, it holds that H3, C ﬁfﬂ C HE, and (ﬁfﬂ, Ut*n) € 7:[?” is feasible for (3.1). We also have

Er (U7, (X) = L (X)]
< Eiy [Ut*n (X) - lﬁ;"n (X)] + 2¢ because of W,
< inf  Eay [U(X) — L(X)] + 2¢ by optimality of (L} ,U; ) in H?

(LU)EH3, CH2, e "
< inf E; [UX)—-L(X)+4¢ b f W
< (L,UI)%H;% <U(X) (X)] € because o
= Ry, (W) + e

. 12t,

< RY(H)+ +4e by Theorem 4.1. (J.9)

(Oé — 2tn)'7a—2tn
3

Note that P(W. N Cy,) > 1 —P(W?) = P(Cf) > 1 —P(WS) —t,. Note that H being 7-GC implies that
P(W¢) — 0 as n — oo for any € > 0, and that the term involving ¢, in (J.9) goes to zero as t, — 0. On
the other hand, E. [U; (X) — L} (X)] > R*(H) when (L; ,U; ) € HZ by the definition of R*(H). Since
P(H3, C 7:Lt2n and (ﬁ;‘n, Ut*n) € H2) — 1, the derived lower and upper bounds for E,, [Ut*n (X) - ﬁ;‘n (X)] entails
that E, [Ut*n (X) - ﬁ;‘n (X)] = R*(H) in probability, concluding optimality.

O

Proof of Theorem A.2. Tt suffices to show that the induced set class is strong 7-GC. Consistency then follows
from Theorem A.1 and the fact that strong GC implies weak GC. We will need the following preservation results
for GC classes:

Lemma J.12 (Adapted from Theorem 9.26 in Kosorok (2007)). Suppose that Gi,...,Gk are strong w-GC
classes of functions with maxi<p<k sup,cg, |[Ex[9(X,Y)]| < oo, and that ¢ : R — R is continuous. Then
the class ¥(G1,...,Gk) = {¥(g1(:),...,9x(:)) : gx € Gi fork = 1,...,K} is strong m-GC provided that
Eﬂ[SUPgew(gl,u.,gK)|9(X7Y)H < 0.

We first use Lemma J.12 to simplify the problem. Denote by G := {(z,y) = Ir(2)<y<v(@) : L, U € H,L < U}
the target indicator class for which we want to show strong 7-GC. Then G C ¥(G;, G.,), where ©(z1, 22) := 2129,
and

g = {(x,y) — IL(x)—ySO :Le H}
Gu = {(%,y) = Iy_u@)<o : U € H}.
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Note that functions in the class ¥(G;, G,) are all bounded by 1 and (-, -) is obviously continuous, therefore by
Lemma J.12, ¢(G;, G,) (hence G) is strong 7-GC if both G; and G,, are strong 7-GC. So it suffices to show strong
m-GC for G; and G,,. In the following analysis, we only show 7-GC for G,,, because the G; case can be shown by
the same argument.

In order to prove strong m-GC for G,, we first demonstrate that, without loss of generality, we can assume that
the class H has a upper bound for |E;,[h(X)]|, say [Ex[h(X)]] < M (so that Lemma J.12 can be used to
propagate the GC property from H to G, ). To proceed, we write for any constant M > 0

sup [P (Y — U(X) < 0) = PA(Y — U(X) < 0)

UeH
< sup [P:(Y —U(X) <0) — P (Y —U(X) <0)| + (J.10)
UM, [Bry [U(X)]| <M
sup P:(Y —U(X)<0)—P(Y —U(X) <0)|+ (J.11)
UEH.Eny [U(X)]>M
sup A (Y — U(X) < 0) — Po(Y — U(X) <0)|. (J.12)

UeH Ery [U(X)]<—M

We show how we control the second and third suprema in (J.11) and (J.12). Since the class H is strong mx-GC,
the centered function class {h(-) — Er,[h(X)] : h € H} must have an integrable envelope (see, e.g., Lemma
8.13 in Kosorok (2007)), i.e., F'(z) := suppyenlh — Exy [R(X)]| satisfies Ex, [F(X)] < oo. Therefore when
E. [U(X)] > M we can bound ¥ — U(X) almost surely as

Y —UX) <Y —UX) +Er [UX)] =M <Y + F(X) - M.
Similarly, when E,, [U(X)] < —M we have
Y —UX)>Y —UX) +Er [UX)] + M >Y — F(X) + M.

With these bounds for Y — U(X), the supremum from (J.11) can be further bounded as

s [Pa(Y — U(X) <0) — Po(Y — U(X) < 0)
UEH Eny [U(X)]>M
< sip PRy —U(X) <0)— 1]+
UEH En . [U(X)]>M
sup |P.(Y —U(X) <0)—1] by triangle inequality

UEH Eny [U(X)]>M
Pr(Y +F(X)<M) -1+ P(Y + F(X)< M) -1
P:(Y + F(X)<M)-P (Y + F(X)<M)|+
2|IP,(Y + F(X) < M) — 1] again by triangle inequality (J.13)

VANVAN

and (J.12) can be similarly bounded as

sup P-(Y —U(X) <0)—P.(Y - U(X) <0)]
UEH Eny [U(X)]<—M
< sup [P (Y = U(X) <0)[ + sup [P (Y — U(X) <0)
UEH Eny [U(X)]<—M UEH Eny [U(X)]<—M
< [Pa(Y — F(X) < —M)| + [Po(Y — F(X) < —M)
< [BA(Y — F(X) < ~M) — By (Y — F(X) < ~M)| +
2|P-(Y — F(X) < —M)| by triangle inequality (J.14)

Note that P,(Y + F(X) < M) — 1 as M — oo therefore the second absolute value in (J.13) can be made
arbitrarily small by choosing M sufficiently large. The first absolute value in (J.13) vanishes almost surely for
every fixed M by the classical strong law of large numbers. As a result, for every € > 0, there exists an M > 0
such that almost surely there exists an n’ for which the second supremum in (J.11) is less than e for all sample
size n > n’. A similar conclusion can be drawn for (J.14). Therefore it’s enough to show that for every fixed M
the supremum in (J.10) vanishes almost surely, or in other words, the following constrained version of G,

Gu' ={(.9) = Iy-v(@)<0 : U € H, [Ex [U(X)]] < M}
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is strong m-GC.

It remains to show that GM is strong 7-GC. We first note that, since Y is assumed integrable, the class HM :=
{(z,y) 2 y—U(x): U € H,|E; [U(X)]] < M} is strong m-GC, and has an integrable envelope |Y |+ M + F(X)
where F is the envelope for {h(-) — E;[h(X)] : h € H}. Our plan is to propagate GC from HM to GM using
Lemma J.12. To this end, we define a function sign(z) = 1 if 2 < 0 and 0 if 2 > 0, then GM can be written as
sign(HM). We also define two auxiliary functions both parameterized by € > 0

1 if 2z < —e

sign’ (2) := —Z ife<z<0
0 if2>0
1 if 2 <0
signg(2) =41 -2 if0<z<e.
0 ifz>e€

Since sign! < sign < sign, we can approximate the class GM (i.e., sign(#M)) from below by sign!(H2) and

from above by sign(H2). Moreover, we have the following approximation bound

sup (Ex[sign (h(X, Y))] ~ Ex[sign! (h(X, Y)))

heHM
= sup E[(sign? —sign)(A(X,Y))]
heHM
< sup Pr(Y —U(X) € (—¢,¢))

UEH.|Br y [U(X)]|<M

because (sign” — sign')(z) < Le(—e,)
= sup Ery[Pr(Y —U(X) € (—€,¢)| X))
UEH,[Exy [U(X)]|<M

2esup p(y|x). (J.15)
I7y

IN

On the other hand, both signlE and sign? are continuous and bounded, therefore by Lemma J.12 both signl6 (HM)
and sign’ (HM) are strong 7-GC for each fixed € > 0. We can then write

sup [Ez[sign(h(X,Y))] — Ex[sign(h(X,Y))]]
heHM

(IEx[sign/(A(X,Y))] — Ex[sign(h(X, V)| + [Ex[signg (A(X,Y))] — Ex[sign(h(X, Y))])

IN
]
o

e}

.1 . T
because sign, < sign < sign;

< sup ([Ealsimnl(h(X. V)] - Exlsimnl(h(X, V)] + B sign? (h(X,Y)] ~ B Signt (X V)]
+E, [sign®(h(X,Y))] — E,[sign’ (h(X, Y))]) by triangle inequality

< sup [Balsenl (X, V)] - B bignl (10X, )] +
hseljﬁwmﬁ [sign®(Rh(X,Y))] — Ex[sign¥(h(X,Y))]| + 2¢ swu}j:)p(y|m) by the bound (J.15).

Since € is arbitrary, the strong GC of GM then follows from the strong GC of sign' (HM) and sign’ (%), and
the finiteness of sup, , p(y|z). This concludes the proof. O

J.4 Proofs for Appendix C

Proof of Theorem C.1. Since sup,cy|Eay[M(X)] — Ex[R(X)]] < BliY", X, — Er[X][oo, we have
o1(n, e, H) <P(B||+ 37" X; —Er [X]|los > €). We bound the sub-Gaussian norm of || 237" | X; —E [X]| .
Let X j=1,...,d be the j-th component of the random vector X € R?. Since Xi(J),i =1,...,n are iid.,
we have [+ 31 Xi(]) — B [XD] ||y, < %HX(j) — B [XD]||y, for some universal constant C, by general
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Hoeffding’s inequality (e.g., Proposition 2.6.1 in Vershynin (2018)). Now we can use the sub-Gaussian maximal
inequality (e.g., Lemma 2.2.2 in Van der Vaart and Wellner (1996)) to get

1 n , 1 n (]) )
- L - W) _ ()
e 326~ B Xllellen < C'Viogd o 152 X0 By (X,
for another universal constant C’
logd 4 ,
< / =T () _ ()
s 00— lrggngIX B [X ],
logd
< CC X = Eny [X]lloolly-

n

where the last inequality holds because |X ) — B, [XW]| < || X — Ery [X]|loo implies | X0 — B [XD]|y, <
NX —Exy [ X]loolly, forall j =1,...,d. The expression for ¢; then comes from the sub-Gaussian tail bound. O
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