Reinforcement Learning in Exponential Families

Appendix

A PRELIMINARIES

A.1 Transportation Inequalities

For any function f : X — R, we define its span as S(f) := max,cx f(z) — mingex f(z). For a probability
distribution P supported on the set X, let Ep[f] := Ep[f(X)] and Vp[f] := Vp[f(X)] = Ep [f(X)?] —

Ep [f(X)]* denote the mean and variance of the random variable f(X), respectively. We now state the following
transportation inequalities, which can be adapted from Boucheron et al.| (2013 Lemma 4.18).

Lemma 1 (Transportation inequalities). Assume f is such that S(f) and Vp[f] are finite. Then it holds
2S
YQ < P, Eqlf] - Eplf] < VIVAIKLQ. P) + 20

3
VQ < P, Ep[f] —Eqlf] < V2 Vp[f]KL(Q,P) .

KL(Q,P) ,

A.2 Bregman Divergence

For a Legendre function F : R? — R, the Bregman divergence between #’,6 € R? associated with F is defined as
Bp(0',0) :==F(0') — F(6) — (¢/ —0)"VF(0) .
Now, for any fixed # € R?, we introduce the function
Bro(\) := Bp(@ + M\ \) = F(0+)\) — F(9) = ATVF(9) .
It then follows that Brg is a convex function, and we define its dual as
B}ﬂ(:c) = sup ()\Tx - prg()\)) .
A€R4

We have for any 6,6 € R%:
Bp(0',0) = Brg (VF(0) = VF(0')) . (4)
To see this, we observe that
B (VF(0) — VF(0'))
sup A\ (VE(0) = VE(@')) — [F(0' +X) — F(0') = XTVE(9)]
A€Rd
= sup N VE() —F@# + )\ +F(©).
A€ER4
Now an optimal A must satisfy VF () = VF (6’ + )\). One possible choice is A = 6§ — ¢’. Since, by definition, F'
is strictly convex, the supremum will indeed be attained at A = 6 — #’. Plugin-in this value, we obtain
Bpg/(VF(0) = VE(®)) = (0 —0)"VF(@0) — F(0) + F(0') = Bp(6,0) .
(Note that holds for any convex function F'. Only difference is that, in this case, Bp(:,-) won’t correspond
to the Bregman divergence.)

A.3 Exponential Family

In this section, we detail some useful results related to exponential families in our model.

Derivatives Let us first take a closer look at the derivative of the log-partition function Z; ,. As usual with
exponential families, these are intimately linked to moments of the random variable. We have on the one hand,

h(s', s, a) exp (zf_1 B:1p(s")T Asp(s, a))

(ViZoa)(0) = /S W(s')T Ao (s, a) s

fs h(s',s,a)exp ( E?Zl Opap(s")T Az (s, a)) ds’

- EY, |:'(/J(S/):|TAZ'@(57 a).
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On the other hand, the entries of the Hessian of Z are given by

h(5/7 s,a)exp (Zf_1 eiw(s/)TAiQO(s, a))
(V2,2.0)(6) = [0 Arpls, (sl 0 _ d
S fSh(s’, 8, a) exp (Eizlﬂtw(s’)TAiga(s, a)) ds’

(s 5, @) exp (z?_l ems')TAW(s,a))
- [0 Aipts,) :
S fsh(s’,s,a) exp(Zi:ﬁtw(s’)TAigo(s,a))ds’

- Eﬁ,a[ws’)TAiso(s,aw(s')TAjso(m)}

/
S

ds'(V;Zs.q)(0)

L 0 (s, | B () A p(.0)|

= o(s,a)" A (Ez,a [w(s)(s)'] —EZ, W(S’)NE?Q[%/}(S’)T]>Aj<ﬂ(s, a)

= p(s,a) ATCY, [0(s)] A5 0(s,a)
where we introduce in the last line the p X p covariance matrix given by

CoL ()] =E2, [w(s)(s)T] —ES, [v(s)]ES , [v(s)']

KL Divergence For any two 6, 6’ and for some pair (s,a), we are interested in the following useful relations

, d
g (AT ) = S0 00 Aigls,0) = Zua0) + 220,

Py (s']s,a) p
d
or KL (Pg(.S, a), Py (+]s, a)) = Z(@i — ONES (s Aip(s,a) — Zs,a(0) + Zs,a(0)

= SO0V (VZ) 000,

where in the last line, we used, by a Taylor expansion, that Zs,(0') = Z.q(0) + (VZs4(0)) (0" — 6) + 3(6 —
0') (V2Z,4(0))(0 — ') for some 0 € [0, 6']. Here [0,60'] denotes the d-dimensional hypercube joining 6 to €.

B METHOD OF MIXTURES FOR CONDITIONAL EXPONENTIAL
FAMILIES: PROOF OF THEOREM [l

Step 1: Martingale Construction First note that by our hypothesis of strict convexity, the log-partition
function Z;, is a Legendre functionm Now for the conditional exponential family model, the KL divergence
b/w Py(-|s,a) and Py (-|s,a) can be expressed as a Bregman divergence associated to Zs , with the parameters
reversed, i.e.,

KL;4(0,0") := KL (Py(|s,a), Py (-|s,a)) = Bz_,(¢',0) . (5)
Now, for any A € R?, we introduce the function Bz, , ¢«(A\) = Bz, ,(6* + X, A) and define

M) = exp (ATSn - ZBZ%G“(;*(/\)) ,

t=1

"Since we will only use in the proof, the final result would hold even if Z; , is only convex.
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where Vi < d, we denote (Sn); = >.i; (¥(s}) —E” [w(s’)])TAigo(st,at). Note that M > 0 and it is JF,-

measurable. Furthermore, we have for all (s, a), o
d
exp (Z n (00s) ~ B2, (')
i=1
d

= exp (—)\TVZS@(G*)) /S h(s',s,a)exp (Z(Q: + X)U(s) Aip(s,a) — Zsya(ﬁ*)) ds’

i=1
= exp (Z&a(ﬁ* + ) — Zs o(0%) — )\TVZS@(H*)) = exp (BZs,a (9*)) .
This implies E [exp(ATS,)|Fn-1] = exp (ATS,—1 + Bz, . +(\)) and thus, in turn, E[M}|F,_1] = M,"_;.
Therefore {M}}22 is a non-negative martingale adapted to the filtration {F,}32, and actually satisfies
E [M,)L‘] = 1. For any prior density ¢(6) for 6, we now define a mixture of martingales

M, = / MAq(0* + N)d . (6)
Rd

T
EY”
s,a

Ai@(sa CL))

Then {M,}52, is also a non-negative martingale adapted to {F,}52, and in fact, E[M,] =1 .

Step 2: Method Of Mixtures and Martingale Control Considering the prior density N (0, (nA)’l), we
obtain from @ that

Mn = Co/ exp (ATSn — ZBZ51~af 0% (A) — Q ||0* + )\HX) d\ , (7)
Rd T 2

t=1

where ¢y = r——~—. We now introduce the function Z,(0) = >°i_, Zs, 4, (0). Note that Z, is a also
Jea exp(— 316113 )d6 t ’

Legendre function and its associated Bregman divergence satisfies

n

Bz, (0,0) =>  (Zsy.a,(0) = Zs,.0,(0) = (0 = 0) 'V 2, 0,(0) => Bz, ,,(6,6)
t=1

t=1
Furthermore, we have °' | Bz, . o+(\) = Bz, 0-()).

From the penalized likelihood formula , recall that
Vi<d, 3 Vil 00) + 5V Il = 3wl Ap(sn )

This yields

n

S, = Z (VZ, 0,(0n) —VZs, 4,(607) + nAb, =V Z,(0,) — VZ,(0) + nAb, . (8)
t=1
‘We now obtain from and that
M, = co-exp (fg ||9*H%A) /d exp (A @, — Bz, 0-(\) + gn (V) dX | 9)
R

where we have introduced g, () = 2 (2)\TA9n +]16*1% — 16" + /\||X) and ©, = VZ,(0,) — VZ,(6%).

Now, note that supycpa gn(A) = 4 [|0* — GnH%&, where the supremum is attained at A\* = 6,, — 8*. We then have

gn(A) = gn(A) + sup gn(A) — gn(A\¥)
AERE

= 0 — 0713+~ A TAET A+ o xR e A
= Bz, (0",0n) + (A = X*) TV Zo(0" + X*) + Zo(0" + X*) = Zo(0" + ) , (10)
where we have introduced the Legendre function Zy(#) = 7 ||9||X We now have from 1] that

sup ()\Tzn — By, o+ ()\))
AER?
=B} g(xn) = By, - (VZp(0n) = VZ,(0")) = Bz, (0%,0,) .
Further, any optimal A must satisfy
VZ,(0"+ X)) —VZ,0") =z, = VZ,(0*+ ) =VZ,(6,) .
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One possible solution is A = A\*. Now, since Z,, is strictly convex, the supremum is indeed attained at A = \*.
We then have

M, — By, o+(\)

= ATa = Bz, 00(\) + Bz, (0%,00) = (X T2 = Bz,.0-(\)

= By, (6%,0,) + (A= X)TVZ,(0* + \*) + Bz, 6-(\*) — Bz, 0-(\) — (A = X\*) TV Z,(6%)

= By, (0*, 0n) + (A= N)TVZ, (05 + X)) + Z, (0" + X)) — Z,(0* + N) . (11)
Plugging and in @D we now obtain
M,L:co-eXp( Z 7,(0%,0 )—*||9*HA>

je{on}
X / exp ( ST (A= A)TVZ(0% + N) + Z(6" +N) — Z;(6" + X)) )d/\
ke je{0.n}
—coep( X Ba @0~ D10 ) e (= X0 (01 A)TVZ 04X - 20+ 1))
je{om} i€{om}

X/Rdexp( S (O NTVZ (0" + X)) — 256+ ) )

Jj€{0,n}

Jrpa €xP (Zje{o,n} (0" + N TVZ; (0% + \) — Z;(0% + A))) A

Co * n *12
= . Bz (6%,0,) — = |0 .
oo (D B, (000 - 10713 P PRV, b
je{on} Jpa exp Zje{om} ((6") (0 + %) ;(0"))
_ % . * * _ﬂ * (|2 .
= e (B, (0%.0,) + B2y (07.0.) — 5 1073 ) -1
¢ - . e U
= 2 exp (Y B, (0°.00) + 210" =0l — 5167113 ) -
n t=1

exp(D;e fo.ny (07X TVZ; (07 A7) =25 (0" +2%)))

where we have introduced ¢, = Tt o0 (3 s 0. (O TV 2, (0 100 )2, (0)))d0"

. Since \* = 6,, — 6*, we have

. 1 B 1
e exp(—je{zon}BZj(ege*“*))def  Juwesp (X0 Br o (00.0,) 310 0,13 )0
Therefore, we have from that
— Jaoxp (= 31017 ) o’

O fpaexp (= Sl KL, (0,0) = 10 = 0,3 ) a0

An application of Markov’s inequality now yields

- * n * * CAn
P {2 Kl (00,0 + 2 16° = 00l = 3 10°13 = 1o (4

t=1

=P anl <6-E[M,]=06. 12
0,2 5] < 0B ) (12)

Step 3: A Stopped Martingale and Its Control Let N be a stopping time with respect to the filtration

{Fn}s2. Now, by the martingale convergence theorem, Mo, = lim M, is almost surely well-defined, and thus
n— oo

My is well-defined as well irrespective of whether N < oo or not. Let @, = Myin(n n} be a stopped version of
{Mp,},. Then an application of Fatou’s lemma yields

E[My]=E {liminf Qn} <liminfE[Q,] = hmmfIE [ min{ N, n}] <1,

n— oo n—oo
since the stopped martingale {Mmin{ Non} }n>1 is also a martingale. Therefore, by the properties of M,,, also
holds for any random stopping time N < co.

To complete the proof, we now employ a random stopping time construction as in |Abbasi- Yadkori et al.| (2011)).
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We define a random stopping time N by

N = min {n > 15> Kl (00, 0) + 21167 = 005 — 2 673 = log (C*;’")} ,

t=1
with min{()} := oo by convention. We then have

Pl3n>1, Y KL (60,6%) + 26" —6u]% — 211673 > log (C&”) —P[N <o0] <4,
P o 2 2 1)
which concludes the proof of the first part.

Proof of Second Part: Upper Bound on Cy4 , First, we have for some 0e [0, 0] oo that

KLqo(0,,0) = %Z (s, @) ATC [0(s)] Asp(s,a) (6 — 6,), - (13)

Now implies that

n ﬂ n d 5 )
> KLg, a0, (0n,0') < 5 ST T 00)io(se,a0)T AT Ajp(se, ar) (0 — 0,); = S 16" =bulls ., .,
t=1

St,at
1i,5=1
/

where 8 := supy . , Amax (C%,[¥(s)]) and Vi, j <d, (Gs.a)i; :=¢(s,a)T Al Ajp(s,a). Therefore, we obtain

Jyaexp (= 21013 ) do

2
f]Rd €Xp ( - % 0" — 0%”(5 P Geyyay t1A) )d@’

(@m)2  det(BY I, Gupy + A2 L
- det(?’]&)l/Q ' ‘ (27T)d/2 = det (I—Fﬁ?’] A ZGst7at) ’

t=1
which completes the proof of the second part.

C REGRET BOUND OF Exp-UCRL: PROOF OF THEOREM

Step 1: Optimism Let us consider the start of episode ¢, i.e., when the total number of steps completed is
n = (t—1)H. Recall that 6, = 0;_1)g denotes the penalized MLE and ©,, = ©;_1)g the confidence set around

the MLE after n steps. Now, let 6, = é(t_l) g denotes the most optimistic realization from the confidence set
O,, ie.,

t

5,1 (51) = max max V7 m1(s1) s

where st denotes the starting state at episode t. Therefore, as long as the true parameter §* belongs to O,
v 1(53) gives an optimistic estimate of the value V{1, (s7) of the episode, i.e.,

Vi (s1) = Vi (sh) - (14)

An application of [1] I implies that with probablhty at least 1—0/2, 0* € ©,, across all episodes. We then have from
(14) that with probability at least 1 — §/2, the cumulative regret is controlled by

<Z(vﬂt — v, (51)) : (15)

where N = T'H denotes the total number of steps completed after T" episodes.

Step 2: Bellman Recursion, Transportation Inequalities and Martingale Control For any parameter
6 € R? and policy 7 € II, the Bellman operator :(§ =2 R) = (S = R) is defined for all s € S and h € [H]
as

7—97,Th (V) (s) = R(s,m(s,h)) + Eg,w(s,h) V],
where V' : § — R. By the Bellman equation, we have

Vi (s) = Tgh (Vithy) (s),  Vh e [H] (with ViTy i (s) :=0).
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Following, e.g.,|Chowdhury and Gopalan| (2019)), a recursive application of Bellman equation now yields

H
é:t,l(sﬁ) RICIEDD (Tﬁh ( 07,rf,h+1) (s3) = 5 (Véirf,ml) (sh) + m@) :
=1
where mf, = B% L [V (shay) = Vil (shan) | = (VI (sht) = Vit (sh0) ) - Note that {m }o, is
a martingale sequence satisfying |m}| < 2H. Therefore, by the Azuma-Hoeffding inequality (Boucheron et al.|
2013), with probability at least 1 — 0/2, we obtain

T H
>N mj, <2H\/2THn(2/5) = 2H/2N In(2/3) .
t=1 h=1
Then, using a union bound argument along with , the cumulative regret can be upper bounded with proba-
bility at least 1 — § as

M) Y (7 (V) G = T (V) (1) + 26 N 7 (16)

t=1 h=1

We now proceed to bound the first term in . Since V’” h+1( s) < H, Vs, we have its span S (V:t7h+1) <H
and variance VZ;@; [V’ihﬂ} < H? V0, ¥(s,a). Therefore, we obtain

T3 (Vg::,thl) (sh) = Tgxn (%T,hﬂ) (sh)

- Ezh’ah [Vn h+1] Eg* [Vm h+1]

- Ezh aj, [V:t,h+1] Ef:’”’h {VT:,HJ +Ez:’ah [ i h+1} Ezhv“h [Vé:t,hﬂ}

2H
< H\/Q KL: o0 en,a ) —|—H\/2 KLys 0t (0,6%) + ?KLSt at (6,67)

where the last step follows from the transportation inequalities (Lemma (| D We then obtain from (16| that

T H
- 2
N)<H> Y <\/2 KLyt a1 (6, 0n) + \/2 KLy af, (0n, 0%) + 3 KLg o (en,e*)> +2H/2N In(2/6) .
t=1 h=1

(17)

Step 3: Sum of KL Divergences Along the Transition Trajectory First, we obtain from that
V(s,a) €8x Aa vovol € Rd7 % ||9/ - 6H2GS a < KLs,a(Gvol) < g Hel - 0||2Gsa i
where a := inf Amin (C2,[0(5')]), B := sup Amax (C% ,[0(s)]), and Vi, j <d, (Gs.a)i; := ¢(s,a) T Al Ajp(s,a).
5, 0,s,a

‘We then have

V(s,a), VO, KLg4(0,,0) < g 6 — 9n|\é <8 H@ %G, aé—l/ZH

2
10— bnlie,

where G,, = é(tq)H =G, +a 'nA and G, = G-1u = Zt;:ll th1 GS;)QZ. Furthermore, note that

1 t—1 H B n t—1 H
S 16— 6015, = =516 - 6all3 + ane Onllc,, .. < 1<2 10 = 0nlk + D> " KLz ar (00,0) | -
T7=1h=1 7=1h=1
Therefore, for any 6 € ©,,, we obtain
Y(s,), Klualln0) < 2 -5,0) [0, 00a | = 2 5a00) [0 | (18)

where 8,(8) = B—1)u(0) = §B} +1og (2Cx (1-1)u/9)-
Now, since G, is positive semi-definite, we have G,, = a~'nA, and thus, in turn

[chuer

< 2 A6, < 2B2A  v(s,a)
n n
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where By o := sup, , HA\_le,aH~ This further yields

O[B%AH
777 .

H
I+§;12Gswg <1+ (19)

H
—1
SSED M) (A
h=1

___ _ -1___
Now, we define Gn+H = G, + Zh 1 Gt ot - Hence, GniHGs,a = <I+Gn1 Zle Gsi;fli,) Gans,a. We
therefore deduce from ) that

.

" (20)

H
(1 +G, Y G> GG
h=1

By aH\ ||——
< (1 + O‘vA) HGn-lpHGs "
Now see that
T

ET:EH:HG* G <§T:§H:t (CrinGepay) = Zt (Gos IESM det(Gn i)
t=1 h=1 RS e ATl G Gt - et 8 det(G,) 7

where we have used that for two positive definite matrlces A and B such that A — B is positive semi-definite,

tr(A=Y(A - B)) < log j:iggg . We can now control the R.H.S. of the above equation, as

T — T — — =
Z o det(G1+H) _ Zlo dei(GtH) — log det(GEH) ~ Jog det(ﬁN)
=1 det(Gn) t=1 det(G(tfl)H) det(GO) det(a nA)

Therefore, we have from and that

zzuc

t=1 h=1
where we have used that o < .

=logdet (I +an 'A™'Gy) .

( W) log det (I + ,617_1A\_1GN) , (21)

It now remains to bound the log determinant term in the above equation. By the trace-determinant inequality,

we have
—1a—1 _ d
det(1+ﬂn—1Ax—1Gn)<(tr(”ﬂ”d A G")> (1+5d1 (A—lGn)) .

Now see that tr (A\_lGn) <n sup, , tr (A‘lGS,Q) < dB,,a n. Therefore, we have
logdet (I + By 'A™'G,) < dlog (1+ By 'Byan) . (22)
This further implies that the confidence radius
Bn(0) < gB§ +log (2det (I + By 'AT'G,) /) < gB§ +dlog (1+ By~ 'Bya n) +log(2/0) ,

which is an increasing function in the total number of steps n, hence, in the number of episodes t. We then have

from and that
T H
BoaH
V0 € On, D KLyt ot (0,0) < s (1 + ﬂ*‘;ﬁ) Bn ()N (23)

et
t=1 h=1
where we define yy := dlog (14 87 'Bya N) and 8y (0) := 2B3 + v + log(2/6).

Final Step: First, an application of Cauchy-Schwartz’s inequality yields

SN B (. . BByaH
Vo€ On, Y ) /KLy 4 (0n,0) < NZZKLS (0, 0) < a<1+n’) Bn(8)NAn . (24)

t=1 h=1 t=1 h=1

At this point, we note that by design, 6, € ©, and by Theorem |1 l 0* € ©,, with probability at least 1 — §/2.
We now obtain from (17] and ( . ) that the cumulative regret

R(N) < QH\/Q (1 + BB";AH) 28 (5) Ny + 2H /2N n(2)8) + 27 ( 4 BBeaH

e A1) g

which completes the proof.
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D REGRET BOUND OF Exp-PSRL: PROOF OF THEOREM

Let us consider the start of episode ¢, i.e., when the total number of steps completed is n = (¢t — 1) H. Recall that
we sample 6,, = Q(t DH ~ Hn, Where p, = e 1)H = P(6* € :|H,,) denotes the posterior distribution of §*, given
the history of transitions H, = Hu—_1yg = {(5},, 0}, 5} 41)r<t,n<r }- A key property of posterior sampling is that
for any o(#H,, )-measurable function f, we have E[f(6,)] = E[f(8*)] (Osband et al., 2013). This implies that the
optimal policy 7* and selected policy 7t are identically distributed conditioned on the history H,,. Therefore,
we have E [Véil(sﬁ )} =FE {Ve’itl(sﬁ)}, and thus, in turn, the Bayes regret
T

E[R(N)] =E |3 (V7 (s1) — Vgiil(sn)] :
t=1
A recursive application of the Bellman equation now yields a result similar to :

T H
S0 (77, () 0= 0 (7)) + 32 zmz] ,

t=1 h=1 =1 h=1

¢
0" Tt e t Tt t e t . . .
where mj, =E’, at [Vg h+1(8h+1)_VH*,h+1(8h+1)} (Vg h+1(sh+1)—V9*7h+1(sh+1)) is a martingale difference

sequence satlsfylng E[m}] = 0. Then an application of the transportation inequalities (Lemma [1)) yields a result
similar to ((17):

E[R(N) < HE lzz <\/2 KLyt ot (0, 0n) + \/2 KLyt ot (6n,6%) + = 3 KLsf at (en,e*))] . (25)

t=1 h=1
where 6, = 0;_1)g denotes the penalized MLE (as computed by Exp-UCRL) after n = (t — 1) H steps.

We now define for any § € (0,1], the events £* = {¥t > 1,6* € ©,} and £ = {¥t > 1,6, € 0,}, where
0, =0 1)H is conﬁdence set (as constructed by Exp- UCRL) after n = (t—1)H steps. Under the event EX*NE,
we have from (23]) and (24 . that

D) RUNMORSEY (RELLAPNTR
h*"h o 77

t=1 h=1

T H
SN KLy ot (62,67 < W ( b5, ‘“H) By(O)Nyy  and
t=1 h=1 @

T H
ZZ KLyt ot (0, 0) < \/ﬂ (1 1 BBea )ﬂ (6) N
t=1 h=1 @

Therefore, we obtain from , the following;:
B, aH 2H B, aH
E[R(N)L;. g] < 2H\/§ (1 + 5?) 288 ()N + == i < ﬂ“;‘“) AN (0) 1w -

Since we can always bound R(N) < N, we have
E[R(V)] = E [R(IV . og + RO g.g).| < BRIz, 6] + N(L—~BE* 1 6)).

Now from the property of Posterior sampling, P() = P (£*) and from Theorem l P(E*) > 1 —§/2. Therefore,
by a union bound, P(E* N &) > 1 — §. This implies for any & € (0, 1] that the Bayes regret

E[R(N)] < 2H¢ g (1 ; ﬁBnAH) 25 (8) Ny + 25 ( ﬂBﬁ*‘“) B (S)y + NG .

3 «
The proof now can be completed by setting 6 = 1/N .

E ON THE CHOICE OF PENALTY FUNCTION

In this paper, we have considered the penalty function pen(f) = 3 ||9HA, where Vi,j <d, A;; = tr(4; AT)
however note that all our results (Theorem [1] 2} [3) hold for any ch01ce of the (regularlzlng) matrix A. For any
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such choice of A, we only need to ensure that there exist a known constant Bx such that ||0*||, < Ba. In fact for
our particular choice, as we have seen in Section[d] we obtain A = T for factored and tabular MDPs and A = m I
for the linearly controlled dynamical systems. (The scaling with m; arises because of our parameterization and
can be suppressed for the special case of X5, = cI, ¢ > 0, V(s,a) by using a reparameterization.) We leave it to
future work to study the effect of other possible regularizing matrices and penalty functions.
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