No-regret Algorithms for Multi-task Bayesian Optimization

Appendix

A DETAILS ON ALGORITHMS

A.1 Pseudo-codes of MT-KB and MT-BKB

Algorithm 1 Multi-task kernelized bandits (MT-KB)

Require: Kernel T, distribution Py, scalarization sy, time budget T, parameters 7, {3; };_ I 1

Initialize po(x) = 0 and T'o(x,2’) = T'(z, 2")

forroundt =1,2,3,...,7 do
Compute acquisition function u;(z) = E [sx (ju—1(2))] + L - By—1 |ITs—1 (z, z)||*/?
Select point z; € argmax, ¢ y u:(z)
Get vector-valued output y; = f(z4) + &

Compute
T T
Gt(x) = [F(xhx)—ra e .,F(xt,x)T] ) Gt = [F(xiaxj)]ZJ 13 Y, = [y;rv s ayt—r]
Update the model
pi(x) = Ge(x) " (Gr + ) 7Y,
Dz, 2) =T(z,2) — Ge(2) " (Gy 4 nln) " Gi(x)
end for

Algorithm 2 Multi-task budgeted kernelized bandits (MT-BKB)

Require: Kernel T, distribution Py, scalarization s, time budget 7', parameters 7, g, { Bt tT_Ol
Initialize fig(z) = 0 and To(z, 2') = T'(x, z')
forroundt =1,2,3,...,7 do
Compute acquisition function @ () = E [s) (fie—1(x))] + L - Be—1 ||Te—1 (z, 2)||*/2
Select point z; € argmax, ¢ y ()
Get vector-valued output v, = f(x;) + €
Initialize dictionary D; = ()
fori=1,2,3,...,tdo
Set inclusion probability p; ; = min {q||ft_1 (zi, 2|, 1}
Draw z;; ~ Bernoulli(p; ;)
if z; ; = 1 then
Update D; = Dy U {x;}

end if
end for
Set m; = |Dy|, enumerate D; = {x;,,...,%;,, } and compute
T m
~ 1 T 1 T ~ 1 !
Gt(l) = F(xiux) PR F(ximtax) ) Gy = 71‘1(1‘1}1,,1'2};)
\/Pt,iq \/Ptim, VPt Pt.iy u,v=1
a2
Find Nystrom embeddings <I>t ( )

Compute V;, = ZZ=1 Oy (z4)P(x,) " and update

i) = Bu(@) (Ve 1l ) D0 Bulas)ys
P, ) = D(e,0) = u(@) @) + @) (Ve 1+ Lm) 7 Bu(a)

end for
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A.2 Computational Complexity under ICM (Separable) Kernels

In this section, we describe the time complexities of MT-KB and MT-BKB for the intrinsic coregionalization model (ICM)
I'(x,2') = k(x,2’)B. As discussed earlier, we assume that an efficient oracle to optimize the acquisition function is
provided to us, and the per step cost comes only from computing it. To this end, we first describe simplified model updates
under ICM kernel using the eigen-system of B and then detail out the time required for computing the updates. We note
here that the eigen decomposition, which is O(n?), needs to be computed only once at the beginning and can be used at
every step of the algorithms.

Per-step Complexity of MT-KB Let B = > " | &uiu; denotes the eigen decomposition of the positive semi-

definite matrix B. Then, I'(z, x) = Y &k(z,z)uu) . From the definition of the Kronecker product, we now
have Gy = Y1) &K, @ wu and Gi(z) = Y, &ki(w) ® wu, where Ky = [k(zi,z;)]; ;_; and ki (z) =
[k(z1,2), ... k(z,x)]". Since {u;}?_, yields an orthonormal basis of R", the output y; € R™ can be written as

Yo = Doiq Y u; - u;. We then have Y, = >° | V) ® u;, where YV = [y u;,...,y, ui}T. We also note that

L = Y I ® uu), and, therefore Gy + nl,e = > (&K +nl) ® uu) . Now, let K; = 22:1 ajwjw]
denotes the eigen decomposition of the (positive semi-definite) kernel matrix K. We then have
n t
G+l = ZZ (& + n)ij @ u;u ZZ (Eicvj + ) (w; @ wi) (w; @ uy) " “
=1 j=1 =1 j=1

By the properties of tensor product (w; ® ui)T(wj, Quy) = (w]

Jwji) - (u; ), which is equal to 1if i = i/, j = j, and
is equal to 0 otherwise. Therefore, () denotes the eigen decomposition of Gy + nl,:. Hence
(Ge +nlnt)” ZZ 5 ijT ® ulu;r = Z({iKt + nIt)_l ® ulu;r 5)
i=1j=1 >" i=1
By the orthonormality of {u;}? ; and the mixed product property of Kronecker product, we now obtain (G + nl¢) 1Y, =
S (&K +nI) 7Y ® ug, and thus, in turn,

pe() = Go(@) (G +nlne)~ Zakt (&R, +nl) 'Y - us. (6)

Similarly, we get G¢(z) " (G +nln) 1 Ge(z) = >0, 51-214,5(95) (& Ky + nl;) " tky(z) - wju, and therefore,
[Te(z, )| = max & (k(x,x) — &ke(2) T (G K+ nly) " ke()) - @)

Let us now discuss the time required to compute 1, (z) and |T';(z, z)||. Given the eigen decomposition, updating {Y,/}7_,
re-using those already computed at the previous step requires projecting the current output y; onto all coordinates, and thus,
takes O(n?) time. Now, since the kernel matrix K is rescaled by the eigenvalues &;, we can find the eigen decomposition of
K once and reuse those to compute { (& K; + nl;)~1}%, in O(t?) time. Next, computing n matrix-vector multiplications
and vector inner products of the form k;(x) " (&, K; +nl;) "k (z) and k¢ () T (&, K¢ + nl;) 1Y take O(nt?) time. Finally,
the sum in (@) and the max in (7) can be computed in O(n?) and O(n) time, respectively. Therefore, the overall cost to
compute () and [Ty (z, )| are O (n? 4+ nt? + %) = O (n? + t*(n + t)).

. + .
Per-step Complexity of MT-BKB Let ¢;(x) = (Ktl / 2) ki(x) € R™t denotes the Nystrom embedding of the scalar

T m
kernel k, where k;(z) = Lﬂ%k(xil,x), e \/ptlintk(xzt,x)] and K; = [\/ﬁk(%w%ﬂ . 1. Then the

eigen decomposition B = 37" | &u,u yields G, = Dy LK @ uzu and ét(:r) =>", Eiky(z) @ wgu; . A similar
- + ~

argument as in (4)) and (5) now implies (Gi / 2) =3, \/L? (K tl / 2) ® u;u; . Therefore, the Nystrom embeddmgs for

the multi-task kernel I' can be computed using the embeddings for the scalar kernel k as

@t(x) = (Gl/z) Z \/g( 1/2) ) ® uiu Z &ipr(x) @ uy; u

‘We now have
t

t n
V= Zét(xs)fi)t(is)'r — ZZ&@(%)@(% ® u; u Zflut R u; ul ,
s=1

s=1i=1
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where 0, = >.'_, @i(xs)P:(x5)T. A similar argument as in (4) and (5) then implies

n
> —1 N -1 T
(Vt =+ nl’mnt) = Z (fivt + 77[mt) Q@ uiu; -
i=1

We further have

t
> 0y(x)ys :ZZ\/g ys i - Pr(s) @ u; = Z@(Zyg u; - Gr(xs ) ® u;.
s=1

s=11i=1
Similar to @ we therefore obtain

Zfl@t gzvt +77Imt <Z Ys Ui - Sot Ts ) s Uj- 3
We now note that &, ()T &, (x) = Zi:l &pe(2) TPy () - wyu; . Similar to ', we then obtain
i) = max & (k(z.2) = @) @u(@) + 0@ (@) (€6 + )~ @il@)) - ©)

<ign
We now discuss the time required to compute the scalar kernel embedding ¢;(x). Sampling the dictionary D;, as we reuse
the variances from the previous round, takes O(t) time. We now compute the embedding @ () in O(m3 +m?) time, which

corresponds to an inversion of K tl /% and a matrix-vector product of dimension m,, the size of the dictionary. Given the
embedding function, let us now find the time required to compute /i () and ||T;(x, z)||. We first construct the matrix @
from scratch using all the points selected so far, which takes O(m?t) time. Then the inverses {(&;9; + nln,) "}, can be
computed in O(m?) time and the matrix-vector multiplications {(&;0; + ) @ (z)}7 in O(nm?) time. Similar to
MT-KB, projecting the current output onto every direction takes O(n?) time. The projections can then be used to compute
n vectors of the form 3", yJu; - ¢;(x,) in O(nmyt) time. Finally, n vector inner products of dimension my can be
computed in O(nm;) time. Therefore, the overall cost to compute (8)) and @) is O(n? + nmyt +nm? +m3 + m?t) =
O (n* 4+ myt(n + t)), since the dictionary size m; < t.

B MULTI-TASK CONCENTRATION

We first introduce some notations. For any two Hilbert spaces G and H with respective inner products (-, -}g and (-, -)3;, we
denote by £(G, H) the space of all bounded linear operators from G to H, with the operator norm || A| := sup dllg<1 | Agll4,-

We also denote, for any A € £(G,H), by AT its adjoint, which is the unique operator such that (AT h, g)¢g = (h, Ag)s for
allg € G, h € H. In the case G = H, we denote L(H) = L(H,H). We now state the following lemma about operators,
which we will use several times.

Lemma 2 (Operator identities) Let A € L(G,H). Then, for any n > 0, the following hold
(ATA+n)TAT = AT(AAT +qD)~!
IT—AT(AAT + )P A=n(ATA+nD)~!

We now present the main result of this appendix, which is stated and proved using the feature map of the multi-task kernel.

B.1 Feature Map of Multi-task Kernel

We assume the multi-task kernel I" to be continuous relative to the operator norm on £(R™), the space of bounded linear
operators from R" to itself. Then the RKHS Hr (X') associated with the kernel T is a subspace of the space of continuous
functions from X to R™, and hence, I" is a Mercer kernel |Carmeli et al.| (2010). Let x be a probability measure on the
(compact) set X'. Since I' is a Mercer kernel on X" and sup,cy [|[T'(z,2)|| < oo, the RKHS Hr(X) is a subspace of
L?(X, ju;R™), the Banach space of measurable functions g : X — R™ such that [, lg(2)]1* duu(x) < oo, with norm

1/2
gl = (fX lg(z)]? d,u(x)) . Since I'(z, ) € L(R™) is a compact operator®} by the Mercer theorem for multi-task

8 An operator A € £(H) is said to be compact if the image of each bounded set under A is relatively compact.
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kernels|Carmeli et al.[(2010), there exists an at most countable sequence {(1;, ;) };en such that

D(z,2') = vihi(x)ei(2')T  and
=1
- <97¢z>2 n
lglF = TB g€ L*(X, 1R,
i=1 v

where v; > 0 for all 4, lim; , v; = 0 and {¢; : X — R"},cy is an orthonormal basis of L?(X, u; R™). In particular
g € Hr(X) if and only if ||g||» < co. Note that {,/2;1); }icw is an orthonormal basis of H(X'). Then, we can represent
the objective function f € Hr(X) as

f=Y 0i/v
i=1

for some 0* := (0%,05,...) € (2, the Hilbert space of square-summable sequences of real numbers, such that || f||, =
10%]]5 := Doy |9¢*|2)1/2 < 00. We now define a feature map ® : X — L(R", ¢?) of the multi-task kernel I by

O(x)y := (\/ﬂwl(x)—ry, \/Ewg(ac)—r% .. ) , YzeX,yeR"
We then have f(z) = ®(z)"0* and I'(x,2") = ®(z) T ®(2’) forall x, 2" € X.

B.2 Martingale Control in /> Space

Let us define S; = 2221 O (x;)es, where €1, . . ., &; are the random noise vectors in R™. Now consider F;_1, the o-algebra
generated by the random variables {z, es}i;ll and ;. Observe that S; is F;-measurable and E [St ] .7-}_1] = S;_1. The

process {.S; }+>1 is thus a martingale with Value{] in the ¢ space. We now define a map @, : 2 — R™ by
T
Dx0:= [(@@)0) ... (@@)T0) | . veer

We also let V; := @}t@ x, be a map from ¢? to itself and I be the identity operator in £2. In Lemma we measure the
deviation of S; by the norm weighted by (V; + nI)~!, which is itself derived from S;. Lemmarepresents the multi-task
generalization of the result of | Durand et al.|(2018]), and we recover their result under the single-task setting (n = 1).

Lemma 3 (Self-normalized martingale control) Let the noise vectors {e;}1>1 be o-sub-Gaussian. Then, for any n > 0
and 0 € (0, 1], with probability at least 1 — 0, the following holds uniformly over all t > 1 :

”St”(Vt—&-nI)*l < U\/210g (1/6) + log det ([4_7’71‘/;) .

Proof For any sequence of real numbers 6 = (61,05, ...) such that ’|Zfil 0i\/Vithi() Hz < 00, let us define ®(z) "6 :=

> ey 0in/Vithi(z) and

LICONY
o

t
M =T D8 DY = exp ( - y\q>(x5)Te\y§) .
s=1

Since the noise vectors {&, };>1 are conditionally o-sub-Gaussian, i.e.,

VaeR",Vt>1, E [exp(z—::a) | Fio1] <exp <02 ||04H§ /2) ,
we have E [D?|F,_1] < 1and hence E [M{|F,_1] < M{_,. Therefore, it is immediate that {M{}3° is a non-negative
super-martingale and actually satisfies E [M}] < 1.

Now, let 7 be a stopping time with respect to the filtration {F; }$°,. By the convergence theorem for non-negative super-
martingales, MY = tlim MY is almost surely well-defined, and thus MY is well-defined as well irrespective of whether
—00

7 <ocornot. Let Qf = M -, beastopped version of {M{};. Then, by Fatou’s lemma,

m

E[M{] = E |liminf Q¢ < liminfE [Qf] = Hminf E [0, ] <1, (10)

min{7,t}

min{7,t}

since the stopped super-martingale {M 0 } is also a super-martingale.
t>1

"We ignore issues of measurability here.
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Let F, be the o-algebra generated by {F;}:°,, and © = (01, 03,...), ©; ~ N (0,1/n) be an infinite i.i.d. Gaussian
random sequence which is independent of F.. Since I'(x, 2) € L(R™) has finite trace, we have

Z@impi(a:) sz ()2 = ,tr (D(,)) < o
i=1 2
il vii(x) H2 < oo almost surely and thus M? is well-defined. Now, thanks to the sub-Gaussian

property, E [Mt@ |9] < 1 almost surely, and thus E [Mt@ ] < 1 forall ¢.

Let M; := E [M?|F.] be a mixture of non-negative super-martingales M. Then {M;}?2, is also a non-negative
super-martingale adapted to the filtration {F;}$°,. Hence, by a similar argument as in , M. is almost surely well-
defined and E [M,] = E [M?] < 1. Let us now compute the mixture martingale M;. We first note for any 6 € (2 that
MY = exp ((97 Sefo)e — % ||9H$/1) The difficulty however lies in the handling of possibly infinite dimension. To this end,

we follow [Durand et al.|(2018)) to consider the first d dimensions for each d € N. Let ©,4 denote the restriction of © to the
first d components. Thus ©4 ~ A (0, %Id). Similarly, let Sy 4, V¢ 4 and M; 4 denote the corresponding restrictions of S, V;
and M, respectively. Following the steps from |(Chowdhury and Gopalan| (2017)), we then obtain that

1/2
Moo= S [ exp ((auSuafee 5 ol ) exo (=2 al) do
1 1 2
" det(Ta Vi) 20T (202 ”St’“'(”vd*“d“) |
Note that M 4 is also almost surely well defined and E [M; 4] < 1 foralld € N. We now fix a § € (0, 1]. An application
of Markov’s inequality and Fatou’s Lemma then yields

] X ,
det(I 4 n=1V;)1/? exp (202 HSTH(VT-H]I)—l)
2 T —
P 1r gy > 20 log ( j B T A TE

P | lim <2“2 ISl vt ) >1
d—o0 gdet(Id-f—?] 1V7-’d)1/2

2
. exp (# ||5ﬂd”(v7,d+nld)*1)
SE | fim +det(Iy+ 01V q)l/2
o 5 d n T7d)

<6 lim E[M.q4) <6

d— 00
We now define a random stopping time 7 following |(Chowdhury and Gopalan| (2017)), by

det(I +n~'V;)1/?
T:min{t}O:|St?‘/t+nl)1>20210g( et( +Z +) )}

We then have

det(I +n~1V;)1/?
]P’[Ht ||5t||vt+n1 1>20'21og(e( +’; ) )}:P[T<oo]<§,

which concludes the proof. |
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B.3 Concentration Bound for the Vector-valued Estimate (Proof of Theorem 1)

We first reformulate p;(x) in terms of the feature map ®(x) as
p(x) = Gi(z) " (Ge + 77[nt)71 Y
=®(x) 0y, (Pa, Py, + TIInt)_l Y;
=o(2) (P4, Pu, + nI) q>T Y,

=®(z)" (Vi +nl)” Z(sz
=®(x)" (Vi+nl)” Z(I)a:s s) +es)

=&(x)" (V,+nl)” anxé (®(z5) 0" + &)

=0(x)" 0" —nP(z)" (Vt +al) 710"+ @(2) (Ve + 1)~ S,
= f(@) +(x) " (Ve + )~ (Sy —n6"),

where the third step follows from Lemma[2] We now obtain, from the definition of operator norm, the following

1) = me(@)lly < | 0@)T (Ve + 02| | Vim0 772 (8, = 0|
& 052000 15+ 710

1/2
< [[e@) " Vi +nn @@ (IS + 7215 1r) -

where the last step is controlled as [|0* |y, ,,,1)-1 < n~20*|, = n~'/?||f||lp- A simple application of Lemmanow
yields

n® ()" (Vi + )" @(z) = n®(x) " (Px, P, + )~ ®()
= 0(2) ' D(x) — B(z) Py, (P, P, + lnt) ' P, B(2)
=T(z,z) — Gt(x)T(Gt +nlne) P Gi(x) = Ty (x, 2). an

We then have H<I> T (Vi +nI)~'d(z) HI/Q =9 V2 ||y (x, :r)||1/2. We conclude the proof from Lernmaand using
Sylvester’s identity to get

det (I+n7'V;) =det (I +n7'®L ®x,) = det (Ing + 1 '@, ®% ) = det (Ine + 17 'Gy) - (12)
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C REGRET ANALYSIS OF MT-KB

C.1 Properties of Multi-task Predictive GP Variance

Lemma 4 (Sum of predictive variances) Foranyn > Oandt > 1,

t
- Ztr s(xs,25)) = log det (Im + n_th) = Zlog det (In + n_lfs,l(xs,xs)) .

s=1
Proof For the first part, we observe from (IT) that
- Ztr s(xs, 5)) Ztr V +nl)” 1@(958))
- Ztr (Vs + D)7 0(25)®(xs) ")
s=1
t
= Ztr (Ve +nD)™ (Ve + 1) = (Viea + 1))
s=1

det s—1+nl)
= logdet (I+n7'V;) =logdet (Iny +n 'Gy).
Here, the last equality follows from (I2)). The inequality follows from the fact that for two p.d. matrices A and B such that

A— Bispsd., tr (A"Y(A - B)) <log (gggggg) Calandriello et al.{(2019).

For the second part, we obtain from Schur’s determinant identity that
det (Int + 1~ "Gy)
=det (Ly—1) + 1 'Gi_1) x
det (In + 0 D@, m) =0 ' Gemr (@) T (Tn—1y + n_th71)71 77_1Gt71(9€t))
= det (In(t—l) + 7)71Gt_1) det (In + 77*11}_1(9:,&, xt))

t
H det (In + 0 T (xs, xs)) .

s=1

We conclude the proof by applying logarithm on both sides. |

Lemma 5 (Predictive variance geometry) Let |I'(z, z)|| < k. Then, foranyn > 0andt > 1,
Di(z,z) < Ti_1(z,2) X (1+ k/n) Dz, x).

Proof Let us define V; = V; + I for all ¢t > 0. We then have from (11)) that
Ly(a,a) = n®(x) TV, @)
_ -1
=n®(z)" (Vio1 + @(ze)@(2) ") ()
——1
=n®(z) "V, () -
T~ 1 T~ 1 -t T~ 1
n®(2) TV, @) (Lo + 0(2) TV, 0(@)  @(@) TV, 10()

_ _ —1
= Ft_l(l',ﬂf) -n 1Ft_1(:vt,x)T (In + n lft_l(xt, xt)) Ft_l(:ct, fﬂ)
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Here in the third step, we have used the Sherman-Morrison formula and in the last step, we have used the positive
semi-definite property of multi-task kernels. To prove the second part, we first note that

%n(:v,x) —0@) " (Vi + 0(@)0(@)T) " @(x)

——1/2 ——1/2 ——1/2\ 1——1/2
—o(@) VL (14 VL o@)e@) V) Vo). (13)
Further, since ||T'(z, 2)|| < &, we have Apax (I'(2, z)) < &, and hence,
Ti(z,z) X Tioq(z,2) X Tio(z,z) X ... To(z,2) =T (z,z) 2 &l,. (14)

Since V:l/ 2<I>(xt)<I)(:rt)TV:1/ ? and @(xt)Tv:l@(xt) have same set of non-zero eigenvalues, we now obtain from
that V:{QQJ(%)(I)(%)TV:{Q < £]. Then implies that

n
——1
Py(a,o) = 0 (@) V), 0(@)/ (1+ #/n) = Do (2,2)/ (14 5/n)
which completes the proof. |

C.2 Regret Bound for MT-KB (Proof of Theorem 2)

Since the scalarization functions s is L-Lipschitz in the /5 norm, we have

lsx (f(@)) = sx (o1 (@) < LI f(2) = pre—1 (@)l -
Since po(x) =0, To(z,z) = ['(z,z) and || f|| < b, we have

VAEA, [If(@) = po(@)lly =Tz flly < IFlp ITall = 1flle [Tg T
Then, from Theorem 1 and Lemma] the following holds with probability at least 1 — 4:
V> 1Ve € X VA EN,  |sa (f(2)) = sx (u_1(2))| < LBy—1 |[Ter (2, 2)||"/?, (15)

Y2 < b|ITo (a2

where 3; = b+ ﬁ\/Q log(1/8) + S'_, logdet (I, + n=1Ts_y (x5, 25)), t > 0. We can now upper bound the instanta-
neous regret attime t > 1 as

re = E[sx (f(z7))] — E[sx (f(z1))]
< E[sy (ju—1(2"))] + LBy |Temr (2, 2%)||V/* = Efsx (f(21))]
< E sy (e—1(22))] + LBt Dot (@, m)|? = E sy (f(20))]

N

1/2
< 2LBi1 [Pea ()2
Here in the first and third step, we have used (15). The second step follows from the choice of z;. Since /3, is a monotonically
increasing function in ¢, we have the cumulative regret

T T

Ro(T) = 3 r <2087 Y01 (o) Y2 < 2LBry | (14 m/)T 3 [Tu(e, o),

t=1 t=1 t=1
where the last step is due to the Cauchy-Schwartz inequality and Lemma[5} We now obtain from Lemma [ that 87 <
b+ % /2 (log(1/6) + vnr (T, n)), which concludes the proof.

C.3 Inter-task Structure in Regret for Separable Kernels (Proof of Lemma 1)

For separable multi-task kernels I'(x, 2') = k(x, 2') B, the kernel matrix is given by Gr = K ® B, where K is kernel
matrix corresponding to the scalar kernel k and ® denotes the Kronecker product. Let {; }7_; denote the eigenvalues of
K. Then the eigenvalues of G are given by ai;§;, 1 <t < T, 1 < ¢ < n, where &;’s are the eigenvalues of B. We now
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have
n

T
logdet(I,,z +n 'Gr) = Z Zlog(l + a&i/n)
t=1 i=1

T

Z Z log(1 + au&i/n)

1€[n]:¢; >0 t=1

= Z log det (I + (U/gi)_lKT) :

1€[n]:£;>0

Taking supremum over all possible subsets X' of X', we then obtain that ~y,,7(T', ) < Zie[n]:&i>0 yr(k,n/&).

To prove the second part, we use the feature representation of the scalar kernel k. To this end, we let o : X — £2 be a feature
map of the scalar kernel k, so that k(x, 2') = () T¢(z') for all 7,2’ € X. We now define a map oy, : £2 — R* by

px,0 = [p(x1)"0,..., @(mt)TH]T , Voe
We also let vy := cp}t ¢, be amap from ¢? to itself. For any o > 0, we then obtain from Lemmathat
a (@) (v +al) " e(x) = a (@) (ex,ex, +al) o)
= ¢(2) "p(x) = o(2) " ox, (Pa, 0k, + al) ox,p(2)
= k(z,z) — k(2) T (K, + o) Yk (2),
where ki (z) = [k(z1,2),...,k(z,2)] " and K; = [k(x;, 2)]1 j=1- We then have from (7) that

-1
P . ) | = max & (km,x) ~hlo)” (K + 21) ktm)

— & Lolo) (] f)l ol)

1<i<n &

—1

<np@" (vt 11) ).
Here, in the last step we have used that ; < & for all i € [n]. This holds from our hypothesis HF(:C 2)|| € kand k(z,z) = 1.
We now observe that (v, + %I)_1 < (v +nI)~" for k < 1and (v, + ”I) =k (vy +nI) " for & > 1. Therefore

T, 2)|| < nmax{r, o) " (v +n1)~" o(a).
A simple application of Lemma]for n = 1 and T'(-, ) = k(-,-) now yields

> ITu(@, )] < nmax{r, 1}Z<pxt (v + 1)~ )

= pmax{x, 1} log det (I + n~ " Kr) < 2nmax{x, 1}yr(k,n),
which completes the proof.

C.4 Inter-task Structure in Regret for Sum of Separable Kernels

We now present a generalization of Lemma 1 for multi-task kernels of the form T'(z,z’) = Z;Vil kj(z,z")B;.
This class of kernels is called the sum of separable (SoS) kernel and includes the diagonal kernel T'(z,z’) =

diag (k1 (z,2'),. .., kn(z,2")) as a special case.

Lemma 6 (Inter-task structure in regret for SoS kernel) LerI'(x,2') = Zjvil k;(z,z")B; and B; € R™*"™ be positive
semi-definite. Then

M
Y (1) ZPB max{¢p,, 1}y (k),n ZHFt (@)l < 20 max{¢p,, Lyr(ks,n),
Jj=1 Jj=1
where pp,; and {g, denote the rank and the maximum eigenvalue of By, respectzvely and vy (k;) is the maximum information
gain correspondlng to scalar kernel k;. Moreover, if I'(z, ") = diag (k1 (x,2'), ..., kn(x, 2")) and each k; is a stationary
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kernel, then
T

Yor(T,n) < Z’VT i)y > T x| < 2p max yr(kj,n).

1<j<n
t=1 SIS

Proof We let, for each scalar kernel k;, a feature map ¢; : X — 2, so that k;(z,2') = ¢j(x) " ¢;(2"). We now define the
feature map ® : X — L(R", ¢?) of the multi-task kernel I'(z, 2) = Z]M 1 kj(xz,2")B; by

O(x)y := ((pl(x)®Bll/2y,...,<pM( )®Bl/2 ), VeeX, yeR",

with the inner product
- 172\ " 1/2
o@) o) =Y (pi@) 2 B]?) (o) @ B)?) = Z% )- By.
j=1
We then have

t t M M
Vi = Z;q)(xs)q)(xs)T = ZZ@j(ﬂfs)(ﬂj(xs)T X Bj = th,j X Bj,

s=1 j=1 j=1

where v, j := Y\ @i(xs)p;j(zs)T. We further obtain from (11) that

-1
M

M
=Yn(awen®) (Suwen ) (awen?).
Jj=1 j=1
-1
Now each B; is a positive semi-definite matrix and so is vy ; ® B;. Hence, for for all j € [M], (Z;‘il ve; ® Bj + 77]> <
(ve,; ® By + 77[)71. Therefore
M

Nu(e) 2 30 (5@ @ BY) (s @ By +nD) ™ (i) @ BY?) = er z,7) 16)

pair of B;. A similar argument as in

-
where I'; j(z,x) :=n (gpj(x) ® le»/z (ve; @ Bj +nI)~" ( () @ Bl/2) Now, let (£, u;,;) denotes the i-th eigen-
then yields

n

('Utyj ®Bj +77])71 = Z(gj,ivt,j +7II) @ uy, zu;rz :
i=1
We then have from the mixed product property of Kronecker product and the orthonormality of {u;;}7; that

Iy j(z, z) Z n&jipi(x 5] iVt,j + 77]) pj(@) - uy, Zu;rz

-1
n
i=1 Jst

-1 —1
Since ('Ut + %I) j (’Ut —+ 77])_1 for 6],1 g 1 and (’Ut + #I) j 5‘7,7 (’Ut —+ 77])_1 for 5],1 2 1, we now have

r(Try(w,2) <n Y, max{&i, 1e;(a) " (v +nl)”" ¢;(x)
i€[n]:€;,:;>0
<0 pp, max{€p,, 1}o; ()" (v +nD) " o).
Similarly

P ()| < max max{€, 15 (@) (v + 1)~ 05(x)

< nmax{¢p,, 1}p;(x) " (ve; +nl)~" p(2).

Let K1 ; = [kj(zp, 74)], ,—1 denotes the kernel matrix corresponding to the scalar kernel k;. An application of Lemma

T
P,
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forn =1andT'(-,-) = k;(-,-) now yields

Ztr (Tt,j(we,w¢)) < m pp; max{{p;, 1} logdet (IT + n*IKTJ-) and

T
D T (e, 20) ]| < 0 max{€p,, 1} logdet (Ir +n~ 'Kr;) .

We then have from (T6) and Lemma 4] that

—_
S

logdet( nT + 1" 1GT) thr(Ft(xt,xt))

t=1

M T
fZZtr (Tyj (e, xt))

j=1t=1
M

< Zij max{¢p,, 1} logdet (I + nflKTyj) .
j=1

3

I | =

Taking supremum over all possible subsets X7 of X', we now obtain that v, (I", ) < Z]M:1 pB; max{&p;, 1}yr(kj,n).
We further have from (T6)) that

T M T M
Dol 2 < 0D T (e el < 20 max{€p,. Lyr (ks m),
t=1

j=11t=1 j=1
which completes the proof for the first part.

For the diagonal kernel, M = n and each B; is a diagonal matrix with 1 in the j-th diagonal entry and O in all others. In this
case, we have

Ty(z,2) =n> ¢i(@) (v +nI)" p;(z)- B; .
We then have from Lemma [] that

logdet( nT N 1GT Ztr Ti(zt, z4))

()" (vig +nD) " pj(xe) - tr (By)

I
M’ﬂ
M:

~
Il
—

.
Il
—

3

I
[M]=

()" (e +nD) " @j(e)

-

I
=
o+

Il
-

log det (IT + n_lKT,j) .

I
MS

.
I
=

Taking supremum over all possible subsets X1 of X', we now obtain that v, (T, n) < Z;’:l vyr(kj,n). We further have
-1
IPe(e, ) = max n ()" (vrg +n01) " ¢;(a) -

Let j*(v) = argmax; ¢ ;,, k;j(, ). Since each k; is stationary, i.e., k;j(x,2") = k;(z — '), we have j*(z) is independent
of x. We now let j* = 5*(x) for all z. Then it can be easily checked that

-1
ITe(z, @)l =7 e (@) " (vege +n) " @ () -
We now obtain from Lemma [ that

T T
oA e) | =) @ @) (v +00) " o5 (2)
t=1 t=1

=1 logdet (Ir + 7 'Kr;+) <2n max yr(k;.m)

SVAS

which completes the proof for the second part. |
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D ANALYSIS OF MT-BKB

D.1 Trading-off Approximation Accuracy and Size

Given a dictionary Dy = {x;,, ..., z;,, }, we define a map $p, : (2 — R"™ by
.
1 T 1 T
p,0 = O(z;)70) ..., O(z; )0 . Yoer? 17)
N [ o (B T0) e (0061,)T)

where p; ;; = min {q Hf‘t_l(xij,xij) ,1} for all j € [mq].

Lemma 7 (Approximation properties) Forany T > 1, € (0,1) and § € (0,1], set p = 2=
Sfor any n > 0, with probability at least 1 — 0, the following hold uniformly over all t € [T :
(1—e)®y, Py, —enl 2 ) Pp, = (1+e)@L, P, +enl ,

6p1In(27/6)
=2

. Then,

and q =

t
my < 6pg (1+r/1) Y |ITs(zs, )| -

s=1

Proof Let S; be an nt-by-nt block diagonal matrix with i-th diagonal block [S;]; = —2=1, if z; € Dy, and [S¢]; = 0 if

VPei "
x; & Dy, 1 < i < t. We then have @gtépt = @}t StT S ® x,. The proof now can be completed by following (Calandriello
et al.| (2019] Theorem 1). |

Remark 5 Note that although tuning the approximation trade-off parameter q requires the knowledge of the time horizon T
in advance, Lemmal[J\is quite robust to the uncertainty on T. If the horizon is not known, then after the T-th step, one can
increase q according to the new desired horizon, and update the dictionary with this new value of q. Combining this with a
standard doubling trick preserve the approximation properties|Calandriello et al.|(2019).

Constructing Approximating Confidence Sets We now focus on the dictionary D; chosen by MT-BKB at each step and
discuss a principled approach to compute the approximations fi;(z) and I's(x, ). To this end, we let

P, =L, (9p,93,)" @p, (18)
denote the symmetric orthogonal projection operator on the subspace of £ (R", 62) that is spanned by ®(z;, ), ..., ®(z;,,, ).
We also let &, (z) = P,®(x) denote the projection of ®(z). We now define a map ‘T’Xt 2 — R™ by

~ ~ T - 17
B0 := {((I)t(xl)TG) o (@t(:ct)Te) } . Voer
We then have (T)Xt = ®, P, and @Xﬁf)jﬁ = CIDXtPtQL.
Lemma 8 (Approximation as given by projection) Foranyn > 0andt > 1, we have
T (T TG s = T (% -t
i (z) = ®(x) (Vt + nI) Z@t(azs)ys and Ty(z,z) =nd(x) (Vt + T]I) O(x),
s=1
where f/\} = a\);tffxt.

Proof We first note that
Oy (z) @, (2)) = Gy(z) TG Gy(a!) = B(z) T P,®(2)).
N . . T
We now define an nt x nm; matrix &y, = [@t(zl), cel, @t(xt)} . We then have

By, By (2) = P, PB(z) = B, B(z), D, P, = P, PPy, = B, B, (19)
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where P; is the projection operator as defined in . We also have V, := Zt &Jt(xs)fi)t(xs)T = &)}té x,. Therefore

s=1
t
[Lt(x) = (Dt(x)T(q);t(I)Xt + nIﬂmt)_l Z(I)t(ms)y
=0y(z) (DL, P, + nlnm,) ' PLY:
(Z)T(I)Xf (¢X1©Xf +77Int)71Y;5
(x) @ (q)Xf(I)Aq + 1) Y,

= 0(2) (D, D, +01) 'O, Ys = ®(x) " (Vi +nI)” Z(I)t Ts)Ys 5
where in third and fifth step, we have used Lemmam and in fourth step, we have used (]1;9[) Further
Ti(z,2) =T(z,2) — B(2) " 4(x) + n@i(2) " (P, Pa, + nlom,) ' Bi()
=T(2,2) = B1(0)" (Lam, — (%, D, + 1lam,) ") Bi(2)
D(a,z) = y(2) " @, (P, B, + nlnt) ' P, B (2)
B(a) B(x) — B(x) BL, (Px, DR, + nlnr) ' P, B(x)
()" (1- 8L, (32,8, +nlu) '8z, ) @)

=n®(2) " (Bx, B, + 1) (x) = n®(x) " (V, +nI) "' ®(x),
where in third and sixth step, we have used Lemma|2[, and in fourth step, we have used @ |

Lemma 9 (Multi-task concentration under Nystrom approximation) Let f € Hr(X) and the noise vectors {},>1 be
o-sub-Gaussian. Further, foranyn > 0, € (0,1) andt > 1, let (1—6)(1))2(1)/—\4t —enl =< @gt Op, < (1 —|—5)<I>j(t(I>Xt +enl.
Then, for any § € (0, 1], with probability at least 1 — §, the following holds uniformly over all x € X and t > 1:

(@) - (@)l < ( 17l + =/ 210g(1/8) + Tog det{(Ts + n‘th)) e

)

where c. = 1 + \/11?

~ -1 ~ ~ ~ o~
Proof Let us first define a;(z) := ®(x)" (Vt + 77[) ZZ 1 @i(xs) f(xs), where V;, = @} ®y,. We now note that

f(z) = ®(x) T0* and &;(z z) " (‘A/ )7 oL P x,0* for some 6* € (2, so that || f||. = [|6*||,. We then have
1) - (@)l = |0 T( (7 nr) " 00"
2
-1/2 N -1 .
<ot @) o~ @) "ok
(Ve+nI)
1 1/2 . .
- I H Vi+nl) 0" —dL & 0
( +77) (z) ( t+77) LT PR
1/2
— 12 H H 0 — 3L (D — Dy ) 0"
n t(x xz n Xt ( Xy — Xt) (‘7t+77[)—1

— I 1/2 * = *
<2 Eute)| " (01 gy [ = P00 )
~ —-1/2 . . 1/2
< (104072 (B 0r) ™ B0 (- o] ) [Futoa)|[
2

Here in the fourth step, we have used Lemma [§|and in the second last step, we have used ) x, = Px, P, where P, is the



Sayak Ray Chowdhury, Aditya Gopalan

projection operator as defined in . The last step is controlled as <72 |60*||,. We now have

||9*||(\7t+,71)—1

~ —-1/2
|(Fitnr) ™ B - e | (T~ P 16°]

12
H Vt+nI) 3

< || (1 - P} u” 161,

where we have used that H Vi+nl)~ 1/2<I>T H = H(I)Xt (@ (I>Xt +nl) 1<I>T H <land (I — P)? =1 — P,. We now

observe from Lemmaland our hypothesis (1 — 5)<I>X Dy, —enl < <I>D Op, = (1+ 5)<I>L<I>Xt + enl that

[P =1= 0, (¥p,8h, +nlun,) ", = (@5, Bp, + 1)~ = (@, &, + 1),

)@}tHl/z </ 1k || P (RF, Pa, + nI)*léLHl/Z < /1. Putting it all together, we now

have
- . 1 ~ 1/2 - 1/2
1 (2) = @), <110 |2( F) [E@)|| " = e lifle [P a)| 20)
where we have used that ||0*||, = || f||; and ¢c =1 + \/% We further obtain from Lemmathat
I7u(x) — u(a)l = | @) T (Vi) Zcbt (20) (g — f(z))
2
N ~1/2 to
< |e@7T (Vi +nr) H P CHES
s=1 (Vetn) ™"
- -1
= T(V ) e ch EH
(x) t+n ( X Vt+7II -1
N 1/2
= .
Neowsnr
where By = [¢] ... e ]T denotes an nt x 1 vector formed by concatenating the noise vectors ;, 1 < i < t. We now have
~ 2 ~ fmr oo -1
<I>TE‘A = B b, (3%, 8% +nl) BLE
H N (G e Xt

~ A~ -1
—1
< Et—r (Int -n ((bXt(I);—(t + nInt) ) E,

= E;@Xt ((I);r(tQJXt + 77[)71 (I);rftEt = H(I);tEtH(Vt-H]I)’l

where in second and fourth step, we have used Lemma and in third step, we have used ) X, CTDL = ®y, P @;ﬁ < Dy, @}t.

We then have
~ ~ —1/2 ' = 1/2
lfie(w) = Gul@)lly <=2 |3 D)z e,
s=1 (VetnI)~!
—1/2 i 1/2
e 1 [y | ICREOT R
where S; := 3!, ®(x,)es. Combining and together, we now obtain
1f(2) = e (@)lly < 1f(2) = (@)l + [la(x) = A (@)l

. 1/2
Ft(x,x)H

< (e Ml + 172 1l wsnny ) |
We now conclude the proof using Lemma3}]

2
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D.2 Controlling Approximate Predictive Variance

We now show that an accurate dictionary helps us to control the approximate predictive variances

Lemma 10 (Approximate predictive variance control) For any 7 > 0 and ¢ € (0,1), let p = (1 +¢)/(1 —¢€) and
(1—e)®} P, —enl X Of Pp, X (1+e)®} P, +enl. Then

1 .
—Ti(z,z) X T¢(z,z) = pTi(x, x).
p

Proof We first note that %}ff) x, = Pt<I>}t<I> x, P:, where P, is the projection operator as defined in . Then our
hypothesis (1 — &)@}, ®x, —enl < &, &p, < (14 €)@} P, + enl can be re-formulated as

1 en S~ 1 e
P®), &p, P — P, <L Dy, < P,®), &p, P P.
T t9n Pt = o h 2 0x Qa2 %, Dtt+17€t
Since, by definition, P,®], = @, and P; < I, we have
1 T €n ST & 1 T €n
P dp, — XD Py X —— P, D
Ite PPt Tqe— BB =1 "D D‘+1—6’
and, thus, in turn
1 ~T o 1
T2 (5, Pp, +11) = Py, D, + 1l = 1= (®5,Pp, +11) .
We now obtain from our hypothesis that
l1—¢ S~ l+e
172 (@x O, +0l) 204 O, 4l = 3 (P, P, +71]).

This further implies that

l—¢ - > -1 1+e _
@) Vet D) (@) 2 0@)T (Vitnl) @) 2 0@ (Vi D) @),
which completes the proof. |

D.3 Regret and Complexity Bounds for MT-BKB (Proof of Theorem 3)

Since the scalarization functions s is L-Lipschitz in the /5 norm, we have
VAEA, [sx(f(z)) = sa(fu—1(2)] < LIf(2) = fir—1(2)]] -
Since fig(z) = 0, To(z,2) = ['(z, ) and || f||p < b, we have

~ 1/2
1£@) = fro@)lly = T2 £l < 1l ITll = 1Al [T < b Fota )|

Further, since log(1 + ax) < alog(1 + ) holds for any @ > 1 and > 0, we obtain from Lemmaand Lemmathat
¢

logdet (Ine + 17~ "Gy) = Z logdet (I, + 1 'Ts_1(xs, z5))

1/2

s=1
t ~
<pY logdet (L + 17" T (w0,2,) ) (22)
s=1
where p = %i Let us now assume, for any ¢ > 1, that
(1—e)®L, Py, —enl 2 ) Pp, = (1+)0L Pa, +enl. (23)

Then, from and Lemma(9] the following holds with probability at least 1 — §,/2:

Tioi(z,2)|| (24)

. 1/2
VES LWz e X VAEA, sy (f(2) — s (i1 (2))] < LBes ‘ H
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where (3; = c.b+ \%\/2 log(2/3) + p 3.t _, log det (In + 7)*1f‘s,1(ms7xs)), t>0andec. =1+ \/% We can now
upper bound the instantaneous regret at time t > 1 as

re = Esx (f(27)] = Efsx (f (21))]

< s (rs ()] + L [P @0 = Efsa (£

1/2

—E[sx (f(1))]

< E[sx (fi—1(24))] + LB—1 ‘ L1, 20)

H1/2

< 2064 ‘ Ty (s, 24)

Here in the first and third step, we have used |i The second step follows from the choice of x;. Since Biisa monotonically
increasing function in ¢, we now have

1/2 . T
< 2Lpr pTZ -1 (e, 24) ]

t=1

ft—l(mtaxt)

T T
Ro(T) = re <2Lfr Y. ‘
t=1

t=1

T
<2LBry | p(L+ K/mT Y |Tele, ),

t=1
where the second last step is due to the Cauchy-Schwartz inequality and Lemma|[I0] and the last step is due to Lemma[5] A
similar argument as in (22) now yields
T T
> togdet (I + 07 Toa(@e,0) ) < p Y logdet (I + 57Ty (. 1))
t=1 t=1
= plogdet (I,r + 1~ ' Gr) < 2pvnr (L, 7).

We then have 37 < c.b + %\/2 (1og(2/8) + P27z (T, 7). Setting g = $2GT/0)

with probability at least 1 — ¢/2, uniformly across all ¢ € [T, the dictionary size m; < 6pq (1 + k/n) 22:1 ITs(zs, zs)]l
and is true. Using a union bound argument, we then obtain, with probability at least 1 — ¢, the cumulative regret

, we now have from Lemma that

T
RTOT) < 21 (b TR+ P ) ) o1+ /)T 3 IEsCov)]

t=1

We conclude the proof by noting that p = =5 > land c. =1+ \/11: < 2p.

E ONPARETO OPTIMALITY AND RANDOM SCALARIZATIONS

In this section, we show that our algorithms can be adapted to achieve a low Bayes regret. We recall that for a set of points
Xr ={x1,...,x7}, the Bayes regret is defined as

Rp(T) :=E[r\(T)] , where 7 \(T) := max ) (f(x)) — max sy (f(x)) .

If s, is Lipschitz continuous and montonically increasing, then a low value of Bayes’ regret implies that f (X7 ) spans the
high probability regions (w.r.t. the prior Py) of the Pareto front f(X). To see this, we first note that monotonicity ensures
x} :=argmax,c y Sx (f(x)), the maximizer of the scalarized objective is a Pareto optimal point, i.e., 25 € Xy (Roijers
et al.,2013). Thus, the prior P, defines a probability distribution over the Pareto optimal set Xy, and thus, in turn, over the
Pareto front f(Xy). Next, we observe that it requires the point-wise regret 75 (7") to be low for all A € A that has high mass,
to achieve a low Bayes regret. Now, the point-wise regret 75 (T") = 0 if 5 € Xp. Then, by the Lipschitz continuity, a low
value of Rp(T) will essentially imply f(X7) to "span” the high probability regions of f(X).

Controlling the Bayes Regret Following Paria et al.|(2020), we bound the Bayes regret by a surrogate regret measure,
defined as
T ..
R(T) =Y E[sy, (f(23,)) = sx, (f (1)) ], where A\, "% Py, Vt < T

t=1
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Paria et al.[(2020) show that under some mild conditions (A is a bounded set and s is Lipschitz continuous in \), then
Rp(T) < #R/(T) + o(1). A sub-linear growth of R'(T") with T' then implies that Rz(T") —0 as T — oo. We now adapt

MT-KB with random scalarizations to ensure a sub-linear growth of R’(T'). (A similar analysis follows for MT-BKB.) At
each round ¢, we modify the acquisition function for MT-KB as

w () = sn, (e (1)) + LBion [Teca (. )||?, where Ay ~ Py .
We then select the point z; that maximizes this modified acquisition function u;.

Now, since the scalarization function s) is L-Lipschitz in the /5 norm, we have with probability one, the following:

[sa, (f(2)) = sx, (o1 (@) < L[ f(2) = pa (@)l -

Then, from Theorem 1 and Lemmad] the following holds with probability at least 1 — 4:
VE2 LV e X, sy, (f(@) = sx (1 (@) < LB [Toma(,2)] 2, (25)

where 8, = b+ %\/Q log(1/9) + 22:1 logdet (I, + n~'T's_1(zs,xs)), t = 0. We can now upper bound the instanta-
neous surrogate regret attime t > 1 as

r(t) == s, (f(23,)) = sx, (f(20)
< sn (a (@) + LB |[Tea (k@32 = sn, (F(20))
< sa, (pe—1(0)) + LBso1 |[Temi (e, )|V = s, (f (1))
< 2081 Do (e, )|

Here in the first and third step, we have used (23). The second step follows from the choice of z;. Since 3 is a monotonically
increasing function in ¢, we have

T T
(T):=E [Z ()| <2LBr Y |Tii(ar, )|/
t=1 t=1
T
<2LBry | (L4 £/mT Y Te(mr, 20) |
t=1

< 2LBr\/2(k + ) Tynr (D)
where the second last step is due to the Cauchy-Schwartz inequality and Lemma 5] and the last step follows from Lemma 4]

We further obtain from LemmaE|that Br <b+ % V2 (log(1/6) + vnr (T, m)), yielding the desired sub-linear growth of
R/(T) with T.

Comparison of Bayes Regret We compare the Bayes regret R (T) of MT-KB and MT-BKB (using random scalariza-
tions) with independent task benchmarks IT-KB, IT-BKB and MOBO in Figure d] We observe that learning the tasks
together yields better if not similar performance compared to learning the tasks independently.

. +MT-KB
il -3+ MT-BKB
L 4 IT-KB
4+ IT-BKB
| MOBO

o

N\

&n:-ﬁ:&:f s

Bayes regret
e+

Bayes regret

50 o0 0 w0 10
Rounds Rounds

(a) RKHS function (b) Perturbed sine function

w0 s e
Rounds

(c) Sensor measurements

Figure 4: Comparison of Bayes regret of MT-KB and MT-BKB with IT-KB, IT-BKB and MOBO using Chebyshev scalarization.

F ADDITIONAL DETAILS ON EXPERIMENTS

Comments on Parameters Used We set the confidence radii (i.e., 5; and Bt) of MT-KB and MT-BKB exactly as given
in Theorem 2 and Theorem 3, respectively. Similarly, for IT-KB and IT-BKB, we use respective choices of radii given in
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Chowdhury and Gopalan|(2017) and |Calandriello et al.|(2019) in the context of single task BO and suitably blow those up
by a y/n factor to account for n tasks. For MOBO, we use the UCB acquistion function and set the radius as specified in
Paria et al.| (2020). To make the comparison uniform across all experiments, we do not tune any hyper-parameter for any
algorithm and for a particular hyperparameter, we always use the same value in all algorithms. The hyper-paramter choices
are specified in Section 5. We though believe that careful tuning of hyper-parameters might lead to better performance in
practice.

A Note on the Sensor Data The data was collected at 30 second intervals for 5 consecutive days starting Feb. 28th 2004
from 54 sensors deployed in the Intel Berkeley Research lab. We have downloaded the data previously from the webpage
http://db.csail.mit.edu/labdata/labdatal But the link appears to be broken now. We can share a copy of
our downloaded version if asked to do so.


http://db.csail.mit.edu/labdata/labdata

	DETAILS ON ALGORITHMS
	Pseudo-codes of MT-KB and MT-BKB
	Computational Complexity under ICM (Separable) Kernels

	MULTI-TASK CONCENTRATION
	Feature Map of Multi-task Kernel
	Martingale Control in 2 Space
	Concentration Bound for the Vector-valued Estimate (Proof of Theorem 1)

	REGRET ANALYSIS OF MT-KB
	Properties of Multi-task Predictive GP Variance
	Regret Bound for MT-KB (Proof of Theorem 2)
	Inter-task Structure in Regret for Separable Kernels (Proof of Lemma 1)
	Inter-task Structure in Regret for Sum of Separable Kernels

	ANALYSIS OF MT-BKB
	Trading-off Approximation Accuracy and Size
	Controlling Approximate Predictive Variance
	Regret and Complexity Bounds for MT-BKB (Proof of Theorem 3)

	ON PARETO OPTIMALITY AND RANDOM SCALARIZATIONS
	ADDITIONAL DETAILS ON EXPERIMENTS

