A Kernel-Based Approach to Non-Stationary
Reinforcement Learning in Metric Spaces

Omar D. Domingues!:? Pierre Ménard?

ey =4
Emilie Kaufmann!2°

Matteo Pirotta?*

Michal Valko!®

nria Lille 2Université de Lille 20vGU 4Facebook AI Research *CNRS ®DeepMind Paris

Abstract

In this work, we propose KeRNS: an algorithm
for episodic reinforcement learning in non-
stationary Markov Decision Processes (MDPs)
whose state-action set is endowed with a met-
ric. Using a non-parametric model of the
MDP built with time-dependent kernels, we
prove a regret bound that scales with the cov-
ering dimension of the state-action space and
the total variation of the MDP with time,
which quantifies its level of non-stationarity.
Our method generalizes previous approaches
based on sliding windows and exponential
discounting used to handle changing environ-
ments. We further propose a practical imple-
mentation of KeRNS, we analyze its regret and
validate it experimentally.

1 Introduction

In reinforcement learning (RL), an agent interacts with
an environment by sequentially taking actions, receiv-
ing rewards and observing state transitions. One of
the main challenges in RL is the trade-off between ex-
ploration, the act of gathering information about the
environment, and exploitation, the act of using the
current knowledge to maximize the sum of rewards. In
non-stationary environments, handling this trade-off be-
comes much harder: what has been learned in the past
may no longer be valid in the present. Therefore, the
agent needs to constantly re-explore previously known
parts of the environment to discover possible changes.
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In this work, we propose KeRNS!: an algorithm that
handles this problem by acting optimistically and by
forgetting data that are far in the past, which naturally
causes the agent to keep exploring to discover changes.
KeRNS relies on non-parametric kernel estimators of
the MDP, and the non-stationarity is handled by using
time-dependent kernels.

The regret of an algorithm, defined as the difference be-
tween the rewards obtained by an optimal agent and the
ones obtained by the algorithm, allows us to quantify
how well an agent balances exploration and exploita-
tion. We prove a regret bound for KeRNS that holds
in a challenging setting, where the state-action space
can be continuous and the environment can change
in every episode, as long as the cumulative changes
remain small when compared to the total number of
episodes.

Related work Regret bounds for RL in station-
ary environments have been extensively studied in fi-
nite (tabular) MDPs (Jaksch et al., 2010; Azar et al.,
2017; Dann et al., 2017; Jin et al., 2018; Zanette and
Brunskill, 2019), and also in metric spaces under Lips-
chitz continuity assumptions (Ortner and Ryabko, 2012;
Song and Sun, 2019; Sinclair et al., 2019; Domingues
et al., 2020; Sinclair et al., 2020). Recent works provide
algorithms with regret bounds for non-stationary RL in
the tabular setting (Gajane et al., 2018; Ortner et al.,
2019; Cheung et al., 2020). These algorithms estimate
the transitions and the rewards in an episode k using
the data observed up to episode k — 1. However, since
the MDP can change from one episode to another, these
estimators are biased. If nothing is done to handle this
bias, the algorithms will suffer a linear regret (Ortner
et al., 2019) that depends on the magnitude of the bias.
To deal with this issue, different approaches have been
proposed: Gajane et al. (2018) and Cheung et al. (2020)
use sliding windows to compute estimators that use
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only the most recently observed transitions, whereas
Ortner et al. (2019) restart the algorithm periodically
and, after each restart, new estimators are build and
past data are discarded. In the multi-armed bandit
literature, in addition to sliding windows, exponential
discounting has also been used as a mean to give more
importance to recent data (Kocsis and Szepesvéari, 2006;
Garivier and Moulines, 2011; Russac et al., 2019). In
this paper, we study the dynamic regret of the algo-
rithm, where, in each episode k, we compare the learner
to the optimal policy of the MDP in episode k. A re-
lated approach consists in comparing the performance
of the learner to the best stationary policy in hindsight,
e.g., (Even-Dar et al., 2009; Yu and Mannor, 2009; Neu
et al., 2013; Dick et al., 2014), which is less suited to
non-stationary environments, since the performance of
any fixed policy can be very bad. Non-stationary RL
has also been studied outside the regret minimization
framework, without, however, tackling the issue of ex-
ploration. For instance, Choi et al. (2000) propose a
model where the MDP varies according to a sequence
of tasks whose changes form a Markov chain. Szita
et al. (2002) and Csaji and Monostori (2008) study
the convergence of Q-learning when the environment
changes but remain close to a fixed MDP. Assuming
full knowledge of the MDP at each time step, but with
unknown evolution, Lecarpentier and Rachelson (2019)
introduce a risk-averse approach to planning in slowly
changing environments. In a related setting, Lykouris
et al. (2019) study episodic RL problems where the
MDP can be corrupted by an adversary and provide
regret bounds in this case.

Contributions We provide the first regret bound for
non-stationary RL in continuous environments. More
precisely, we show that the Kernel-UCBVI algorithm of
Domingues et al. (2020), based on non-parametric ker-
nel smoothing, can be modified to tackle non-stationary
environments by using appropriate time- and space-
dependent kernels. We analyze the resulting algorithm,
KeRNS, under mild assumptions on the kernel, which in
particular recover previously studied forgetting mech-
anisms to tackle non-stationarity in bandits and RL:
sliding windows (Gajane et al., 2018) and exponen-
tial discounting (Kocsis and Szepesvari, 2006; Garivier
and Moulines, 2011; Russac et al., 2019), and allow
for combinations between those. On the practical side,
kernel-based approaches can be very computationally
demanding since their complexity grows with the num-
ber of data points. Building on the notion of repre-
sentative states, promoted in previous work on practi-
cal kernel-based RL (Kveton and Theocharous, 2012;
Barreto et al., 2016) we propose an efficient version of
KeRNS, called RS-KeRNS, which has constant runtime per
episode. We analyze the regret of RS-KeRNS, showing
that it enables a trade-off between regret and runtime,

and we validate this algorithm empirically.
2 Setting

Notation For any n € N*, let [n] def {1,...,n}. I p
and P(-|z,a) are measures for any (z,a) and f is an

arbitrary function, we define pf def [ f(y)du(y) and
ef
Pf(z,a) = [ f(y)dPlylz,a).”

Non-stationary MDPs We consider an episodic
RL setting where, in each episode k € [K], an agent
interacts with the environment for H € N* time steps.
The time is indexed by (k,h), where k represents an
episode and h the time step within the episode. The en-
vironment is modeled as a non-stationary MDP, defined
by the tuple (X, A, r,P), where X is the state space, A
is the action space, r = {r,’j}kvh and P = {Plfz}k,h are
sets of reward functions and transition kernels, respec-
tively. More precisely, when taking action a in state
x at time (k, h), the agent observes a random reward
7% € [0,1] with mean 77 (z,a) and makes a transition
to the next state according to the probability measure
P¥(:|z,a). A deterministic policy 7 is a mapping from
[H] x X to A, and we denote by w(h,z) the action
chosen in state z at step h. The action-value function
of a policy 7 in step h of episode k is defined as

H
- def
Qin(z,a) = E lz R (@, ap)|en = x,a, = a]
h'=h

where Th'41 ~ PZ,(-‘IE}L/,CL}L/), apr = W(h,,x), and its
value function is defined by V[ ; (z) = Qf ;,(z, 7(h, z)).
The optimal value functions, V}  (z) &f sup, Vi ()
satisfy the Bellman equations (Puterman, 2014)

VZ,h(x) = gléﬁ( Qz,h(ﬂc, a), where

def
Qin(z,a) = rii(z,a) + PRV i (2, a)

and where V ., = 0 by definition.

Dynamic regret The agent interacts with the envi-
ronment in a sequence of episodes and, in each episode
k, it uses a policy 7 that can be chosen based on its
observations from previous episodes. We measure its
performance by the dynamic regret, defined as the sum
over all episodes of the difference between the optimal
value function in episode k and the value of my:

K
R(K) 3™ (Via(ah) = Vs ()
k=1

where x¥ is the starting state in each episode, which is
chosen arbitrarily and given to the learner.

2See also Table 2 in Appendix A summarizing the main
notations used in the paper and in the proofs.
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Assumptions Since regret lower bounds scale with
the number of states and actions (Jaksch et al., 2010),
structural assumptions are needed in order to enable
learning in continuous MDPs. A common assumption
is that rewards and transitions are Lipschitz continuous
with respect to some known metric (Ortner and Ryabko,
2012; Song and Sun, 2019; Domingues et al., 2020;
Sinclair et al., 2020), which is the approach that we
follow in this work. We make no assumptions regarding
how the MDP changes, and our regret bounds will be
expressed in terms of its total variation over time.

Assumption 1. The state-action space X x A is
equipped with a metric p : (X x A)? — Ry, which
is given to the learner. Also, we assume that there
exists a metric px on X such that, for all (z,2',a),

p [(mva)’ (l‘/, Cl)] < px ('Tvx/)'B

Assumption 2. The reward functions are
L.-Lipschitz and the transition kernels are Ly-
Lipschitz with respect to the 1-Wasserstein distance:
V(z,a,2',a’) and ¥(k,h) € [K] x [H],

def
where, for two measures w and v, we have Wy (p,v) =

SUP £.1ip(£)<1 S f(¥)(dpu(y)—d ( )) and where, for any
Lipschitz function f X — R with respect to px, Lip(f)
denotes its Lipschitz constant.

Assumption 3. For any (k,h), the optimal Q-
Junction Qj, , is L-Lipschitz with respect to p. Assump-
tions 1 and 2 imply that L < Zthl LI.LPH_h (Lemma
26 in the Appendiz).

3 An Algorithm for Kernel-Based RL
in Non-Stationary Environments

In this section, we introduce KeRNS, a model-based RL
algorithm for learning in non-stationary MDPs. In each
episode k, we estimate the transitions and the rewards
using the data observed up to episode £k — 1. Using
exploration bonuses that represent the uncertainty in
the estimated model, KeRNS builds a @Q-function Qfl,
and plays the greedy policy with respect to it. KeRNS
generalizes sliding-window and exponential discount-
ing approaches by considering time-dependent kernel
functions, which also allow us to handle exploration in
continuous environments (Domingues et al., 2020).

31f (A, pa) is also a metric space, we can take
pl(z,a), (z',a")] = px (z,2') + pa (a,a’), for instance. See
Section 2.3 of Sinclair et al. (2019) for more examples and
a discussion.

3.1 Kernel-Based Estimators for Changing
MDPs

Let I': N x (X x A)?2 — [0,1] be a non-stationary ker-
nel function, where T'(t,u,v) represents the similarity
between two state action pairs u,v in X' x A visited at
an interval .

Definition 1 (kernel weights). Let (z3,a}) be the
state-action pair visited at time (s, h). For any (z,a) €
X x A and s < k, we define the weights and the nor-
malized weights at time (k, h) as

wi®(x, a) Y (k—s—1,(a

a), (x5, a,))

and @, (z,a) ef wi®(x,a)/CE(z,a),

Ck(z,a) ef 54 Z’;;ll wh*(z,a) and 5 > 0 is a
regularization parameter.

where

Using the kernel function I and past data, KeRNS builds
estimators Fkh of the reward function and P}’f of the
transitions at time (k, h), which are defined below.

Definition 2 (empirical MDP). At time (s, h) € [K]x
[H], let (x},, a},, x}, 1, T}) represent the state, the action,
the next state and the reward observed by the algorithm.
Before each episode k, KeRNS estimates the rewards and
transitions using the data observed up to episode k — 1:

k—1
def
Phiw,a) = w0
s=1
def =
Pf(ylz,a) < a)du;  (y)
s=1

where &, 1s the Dirac measure at x. Let M\k be the MDP

whose rewards and transitions at step h are 77 (z,a) and

Pi(ylz,a).t

The weights w,’fb’s(x, a) measure the influence that the
transitions and rewards observed at time (s, k) will have
on the estimators for the state-action pair (z,a) at time
(k, k). Their sum, C¥(z,a), is a proxy for the number
of visits to (x,a). Intuitively, the kernel function T’
must be designed in order to ensure that wz’s(x,a)
is small when (z,a) is very far from (x},aj), with
respect to the distance p. It must also be small when
k —s—1 is large, which means that the sample (z3, a)
was collected too far in the past and should have a
small impact on the estimators. For our theoretical
analysis, we will need the assumptions below on the
kernel function I'.

4Since the normalized weights do not sum to 1, PF is not
a probability kernel. In t/}\lis case, we suffer a bias of order
3 and the property that PF is a sub-probability measure is
enough for the analysis.
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Assumption 4 (kernel properties). Let o > 0, ) €
10,1[ and W € N be the kernel parameters. For each
set of parameters, we assume that we have access to
a base kernel function f(n,W) :N xR —[0,1] and we
define, for any t,u,v € N* x X x A,

L(t,u,v) =Topwy (¢ plu,v] fo).

We assume that z — f(,hw)(t, z) is non-increasing for
any t € N. Additionally, we assume that there exists
positive constants C1,Cs, a constant C3 > 0 and an
arbitrary function G : R — Rxq that satisfies G(4) > 0
such that

(1) V(t2), Tw)(t,z) < Crexp (—22/2)

(2) V(t,y,2), |f(,]7w) (t,y) — f(,hw) (t, z)| < Csly— 2|
(3) Vz, f(,z)w)(t, 2) < Csnt,  forallt >W

(4) Vz, f(,]’w)(t,z) > G(2)nt, forallt<W.

We now provide some justification for these condi-
tions. (1) ensures that the bias due to kernel smoothing
remains bounded by O (¢) (Lemma 23); (2) ensures
smoothness conditions that are needed to provide con-
centration inequalities for the rewards and transitions
(Lemma 24); (3) and (4) allow us to control the bias
and the variance due to non-stationarity, respectively
(Lemmas 2 and 16). Intuitively, (3) says the algorithm
should forget data further than W episodes in the past,
and (4) says that recent data in the W most recent
episodes must have a minimum weight. The condition
G(4) > 0 is mostly technical: it is used to ensure that
C’(z,a) is not too small in a 40-neighborhood of (z, a)
(see lemmas 15 and 16). The kernels in the example
below satisfy our conditions, and show that they indeed
generalize sliding-window and exponential discounting
approaches:

Example 1 (sliding-window and exponential discount).
The kernels T, wy(t,z) = T{t < W}exp(—|z|" /2)
(sliding-window) and T,y (t,z) = n'exp(—|z|" /2)
(exponential discount) satisfy Assumption 4 for p > 2.

The conditions in Assumption 4 are needed to prove our
regret bounds. However, if one has further knowledge
about the MDP and its changes, this information can
also be integrated to the kernel function I'. For example,
if the MDP only changes in certain region of the state-
action space, the kernel can be designed to forget past
data only in that region. Also, the kernel ' can be
designed to enforce restarts, as proposed by Ortner
et al. (2019) for finite MDPs, by setting I'(¢,u,v) to
zero every time t exceeds a certain threshold. Although
this would require a separate analysis, our proof could
be combined to the one of (Ortner et al., 2019) to
obtain a regret bound in this case.

3.2 Algorithm

KeRNS is presented in Algorithm 1. At time (k, k), let
B¥(x,a) be the exploration bonus at (z,a) representing

the uncertainty of M r with respect to the true MDP:

~ H SH
B (z,a) = O + =
C’;L(x,a) Ch(z,a)

+Lo| (1)

where O (-) hides logarithmic terms. The exact expres-
sion for the bonuses is given in Def. 5 in Appendix A. Be-
fore starting episode k, KeRNS computes, for all h € [H],
the values QZ by running backward induction on M ks
with the bonus BF(z,a) added to the rewards, followed

by an interpolation step:

Qk(x,a) = F(x,a) + PEVit, (2, 0) + Bf(v,a)
Qh(,0) = minepyy (@i, a3) + Lo [(z.a), (w5, 0)])
Vi (z) = min (H — h + 1, max,Qj (z,a))

4 ). The interpolation is needed to

where V.,
ensure that QZ and th are L-Lipschitz. This procedure
is defined in detail in Algorithm 3 in Appendix A,
which is the same kind of backward induction used by
Kernel-UCBVI (Domingues et al., 2020). Once Q¥ is
computed, KeRNS plays the greedy policy associated
to it. Notice that, although Q% (x,a) and V[ (x) are
defined for all (z,a), they only need to be computed
for the states and actions observed by the algorithm

up to episode k.

Algorithm 1 KeRNS
1: Input: K, H, L, L, , L, 5,0,d, 0, n, W.
2: Initialize history: T, = 0 for all h € [H].
3: for episode k =1,...,K do

4: get initial state ¥

5: // Run kernel backward induction

6: compute (QF)y, using (7z)r and Algorithm 3.
7 for h=1,...,H do

8: execute af = argmax, Q¥ (z¥, a)

9: observe reward 7¢ and next state z¥ 1

10: store transition 7 = Tp U {m’fl,alfu xlfb_,_l,ﬁ’i}
11: end for

12: end for

3.3 Theoretical guarantees

We introduce A, the total variation of the MDP in K
episodes:

Definition 3 (MDP variation). We define A = A" +
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LAP | where
A& Z Zsup ’rh x,a) — r2+1(:r,a)| ,
i=1 h=1
AP ZZSUPWI L (|2, a), P (|2, a))
i=1 h=1

A similar notion has been introduced, for instance, by
Ortner et al. (2019); Li and Li (2019) for MDPs and by
Besbes et al. (2014) for multi-armed bandits. Here, the
difference is that we use the Wasserstein distance to
define the variation of the transitions, instead of the to-
tal variation (TV) distance ||P% (|2, a) — PiT (+|z, a)]];.
This choice was made in order to take into account the
metric p when measuring changes in the environment:
our results would be analogous if we had chosen the
TV distance.®

Using the same algorithm, we provide two regret
bounds for KeRNS, which are given below. The no-
tation < omits constants and logarithmic terms (see
Definition 4 in Appendix A).

Theorem 1. The regret of KeRNS is bounded as
RFEMP(K) < min (R1(K), R2(K)) + bias(o,7, W, A),

where

Ra(K) = H2K \[log = /IG5 [C,1 + H2 |C, | K log ~
n n
1 1

Ra(K) = K\ flog /1C, -+ H° 05 104 K log
r

bias(o,n, W,A) = WAH +1 KH3 +LKHo
with probability at least 1 — 0. Here, |C.| and |C,]|
are the o-covering numbers of (X, px) and (X x A, p)
respectively, (o,n, W) are the kernel parameters.

Proof. This result comes from combining theorems 3
and 4 in Appendix F. See Section 5 for a proof outline.

As discussed below, after optimizing the kernel param-
eters (Table 1), the bound R; has a worse dependence
on K, and a better dependence on A. On the other
hand, R, is better with respect to K, but worse in
A. Concretely, this trade-off may give hints on how to
choose the kernel parameters according to the amount
of variation that we expect to see in the environment.
Technically, the difference comes from how we handle
the concentration of the transitions in the proof. To
obtain R;, we use concentration inequalities on the
term |(PF — PF) f| for all functions f that are bounded
and Lipschitz continuous. To obtain R,, the concen-
tration is done only for f = Vi, ., but this results

5More precisely, in the proof of Corollary 2, the Wasser-
stein distance could be replaced by the TV distance.

in larger second-order terms, as in (Azar et al., 2017;
Domingues et al., 2020).

Corollary 1. Let d be the covering dimension of (X X
A, p). By optimizing the kernel parameters, we obtain
the regret bounds in Table 1. Table 3 in Appendix B.2
gives the values of (o,n, W) that yield these bounds.

Proof. Assuming that |C/| < |C,|, we have that |C, ]|
and |C)| are O (1/0%). Then, the bounds follow from
Theorem 1. The general case, handling separately the
covering dimensions of (X X A, p) and (X, px), is stated
in corollaries 6 and 9 in Appendix F.

Discussion We now discuss regret bounds for op-
timized kernel parameters, according to the covering
dimension of (X x A, p), denoted by d. Roughly, the
covering dimension is the smallest number d > 0 such
that the o-covering number |C,| is O (1/5%).® We con-
sider two cases: the tabular (finite MDP) case, where
the covering dimension of (X x A, p) is d = 0, and the
continuous case, where d > 0.

Tabular case Let X = |X| and A = |A|. By taking
o =0, we have |C/| = X and |C,| = X A. As shown in
Table 1, the R bound states that the regret of KeRNS
is O (H2X VALK
proved by Ortner et al. (2019) for the average reward
setting using restarts, up to a factor of H 3 coming
from our episodic setting, where the transitions Pﬁ
depend on h. The R2 bound states that the regret of

). This bound matches the one

KeRNS can be improved to 4] (HQ\/ XAA%K%) up to
second-order terms. In the bandit case (H = 1), these

bounds are optimal in terms of K and A (Besbes et al.,
2014).

Continuous case For d > 0, we prove the first
dynamic regret bounds in our setting, which are of
order H2A3 K215 (better in A) or H2A3 K542 (bet-
ter in K) for two different tunings of the kernel. De-
riving a lower bound in the non-stationary case for
d > 0 is an open problem, even for multi-armed ban-
dits. As a sanity-check, we note that in stationary
MDPs, for which A = 0, we recover the regret bound of
Kernel-UCBVI’ (Domingues et al., 2020) of H3K 74
from the bound Rg with log(1/n) = 1/K, W — o
and 0 = Kfﬁ, which is optimal for d = 1 in the
(stationary) bandit case (Bubeck et al., 2011).

In tabular MDPs, we may achieve sub-linear regret
as long as A < K.% In the continuous case however,

5For more details about covering numbers and covering
dimension, see Section 3 of Kleinberg et al. (2019) and
Section 2.2 of Sinclair et al. (2019).

" Another choice of 7 might allow us to avoid the depen-
dence on H? of Kernel-UCBVI and get H? instead.

8Notice that, if A scales linearly with the number of
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our bounds show that we might need A < K s (for

the Ry bound) or A < K (for the Ry bound) in
order to avoid a linear regret, which is an immediate
consequence of the bounds in Table 1.

Table 1: Regret for optimized kernel parameters.

‘ bound regret
i—ol ™ H2X\AAZK3
N Ro  H2VXAASKS + H3X2AASKS
Ry H2AS K305
d>0

3
1

Ry  H2AIKSE { HIAIK

Knowledge of A To optimally choose the kernel
parameters, KeRNS requires an upper bound on the
variation A. Recent work has started to tackle this
issue in bandit algorithms (Chen et al., 2019; Auer
et al., 2019), and finite MDPs using sliding windows
(Cheung et al., 2020). Their extension to continuous
MDPs is left to future work.

4 Efficient Implementation

Since KeRNS uses non-parametric kernel estimators,
its computational complexity scales with the num-
ber of observed transitions. Let 74 be the time re-
quired to compute the maximum of a — Q¥(z,a).
Similarly to Kernel-UCBVI, its total space complex-
ity is O (K H) and its time complexity per episode k
is O (Hk2 + HTAk), resulting in a total runtime of
@) (HK3 + HTAK2). This runtime is very prohibitive
in practice, especially in changing environments, where
we might need to run the algorithm for a very long
time. Domingues et al. (2020) propose a version of
Kernel-UCBVI with improved per-episode time com-
plexity of O (Htak) based on real-time dynamic pro-
gramming (RTDP) (Barto et al., 1995; Efroni et al.,
2019). However, this requires the upper bounds Vf
to be non-increasing, which is not the case in KeRNS,
since th increases in regions that were not visited re-
cently. This property is necessary to promote extra
exploration and adapt to possible changes. Addition-
ally, the RTDP-based approach of Domingues et al.
(2020) still has a time complexity that scales with time,
which can be a considerable issue in practice. Here,
we propose an alternative to run KeRNS in constant
time per episode, while controlling the impact of this
speed-up on the regret.

episodes K, we cannot expect to learn. Indeed, according
to the lower bound (Besbes et al., 2014), the regret is
necessarily linear in this case.

4.1 Using Representative States and Actions

As proposed by Kveton and Theocharous (2012) and
Barreto et al. (2016), we take an approach based on
using representative states to construct an algorithm
called RS-KeRNS (for KeRNS on Representative States).
In each episode k, RS-KeRNS keeps and updates sets of
representative states X n, actions flh and next-states
Vh, for each h, whose cardinalities are denoted by
X1, Ay and Yy, respectively. For simplicity, we omit
the dependence on k of these sets and their cardinal-
ities. Every time a new transition {xﬁ, aﬁ,mﬁﬂ,ﬂj
is observed, the representative sets are updated using
Algorithm 2, which ensures that any two representa-
tive state-action pairs are at a distance greater than
e from each other. Similarly, it ensures that any pair
of representative next-states are at a distance greater
than €y from each other. Then, (z},a}) and z}_ | are
mapped to their nearest neighbors in X', x A; and
Vh, respectively, and the estimators of the rewards
and transitions are updated. Consequently, we build
a finite MDP, denoted by Mk, with X, states, A,
actions and Y, next-states, per stage h. The rewards
and transitions of /\\—//l;C can be stored in arrays of size
XhAh and th_lhf/h, for each h.

RS-KeRNS is described precisely in Algorithm 4 in Ap-
pendix G. It computes a Q-function for all (z,a) €
UnXp x Aj, by running backward induction in Mk,
which is then extended to any (z,a) € X x A by
performing an interpolation step, as in KeRNS. In Ap-
pendix G, we explain how the rewards and transitions
estimators of Mk can be updated online. Below, we
provide regret and runtime guaranties for this efficient
implementation.

Algorithm 2 Update Representative Sets

1: Input: k, h, Xn, An, Vn, {x’fb,a'ﬁ,x’fbﬂ}, €, Ex.
2: if ming 2)c v, x4, £ [(T. @), (xF,a5)] > € then

3: Xh:)?hu{x’ﬁ}, Ah:fIhU{a}fL}

4: end if

5: if minyej,h’ px (E, x,’iﬂ) > ¢y then

6: Yn :yhu{x’gH}

7: end if

4.2 Theoretical Guarantees & Runtime

Theorem 2 states that RS-KeRNS enjoys the same regret
bounds as KeRNS plus a bias term that can be controlled
by € and £y, as long as we use a Gaussian kernel.

Theorem 2 (regret of RS-KeRNS). Let x(,w) : N —
[0,1], u,v € X x A, and consider the kernel

D(t 1, 0) = X0 () exp (=p [u, 0] /(20%))
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assumed to satisfy Assumption 4. With this choice of
kernel, the regret of RS-KeRNS is bounded by

R(K) < RKQE”S(K) —|—L(6—|—g;{)KH2 4 EKHS
o

with probability at least 1 — §, where R¥eMS

bound of KeRNS given in Theorem 1.

18 regret

Proof.  This result comes from theorems 5 and 6 in
Appendix G. See Appendix B for a proof outline.

Lemma 1 (runtime of RS-KeRNS). Consider the kernel
defined in Theorem 2, and let (a;);>1 be a sequence of
real numbers in [0,1]. If we take x(,,w)(t) = szl o,
the per-episode runtime of RS-KeRNS is bounded by

)7a),

where |C.| is the e-covering number of (X x A, p), |CL |
is the €y -covering number of (X, p), and T4 is the time
required to compute the mazimum of a — QF(x,a).
In particular, we can take o; = n for all i, which
gives an exponential-discount strategy for handling non-

stationarity.

C/

Ex

O (H min (kz, |Cc|

Cl, D + H min (k,

Proof. By construction, in any episode k, we
have X, A;, < min(k,|C.|) and Y}, < min (]4:, CéX’).
Backward induction (Algorithm 5) is performed in
@ (Zh XnAyYh +7a don Yh) time, and the choice of
X(y,w)(t) implies that the model updates can be done
in O (Zh Xhﬁhffh) time, as detailed in Appendix G.2.

Consequently, the constants € and ¢y provide a trade-
off between regret and computational complexity. Since
IC.] = O(e7") and |C.,| = O (%), increasing
(e,ex) may reduce exponentially the runtime of RS-
KeRNS, while having only a linear increase in its regret.

Kveton and Theocharous (2012) and Barreto et al.
(2016) studied the idea of using representative states to
accelerate kernel-based RL (KBRL), but we provide the
first regret bounds in this setting. More precisely, our
result improves previous work in the following aspects:
(i) Kveton and Theocharous (2012) and Barreto et al.
(2016) do not tackle exploration and do not have finite—
time analyses: they provide approximate versions of
the KBRL algorithm of Ormoneit and Sen (2002) which
has asymptotic guarantees assuming that transitions
are generated from independent samples; (ii) The error
bounds of Kveton and Theocharous (2012) scale with
exp(1/0?). In our online setting, o can be chosen as a
function of the horizon K, and their bound could result
in an error that scales exponentially with K, instead of
linearly, as ours. Our result comes from an improved
analysis of the smoothness of kernel estimators, that
leverages the regularization constant 5 (Lemma 25);
(iii) Barreto et al. (2016) propose an algorithm that also
builds a set of representative states in an online way.

However, their theoretical guarantees only hold when
this set is fized, i.e., cannot be updated during explo-
ration, whereas our bounds hold in this case; (iv) unlike
(Kveton and Theocharous, 2012; Barreto et al., 2016),
our theoretical results also hold in continuous action
spaces.

4.3 Numerical Validation

To illustrate the behavior of RS-KeRNS, we consider
a continuous MDP whose state-space is the unit
ball in R? with four actions, representing a move
to the right, left, up or down. The agent starts
at (0,0). Let b¥ € {0,0.25,0.5,0.75,1} and z; €
{(0.8,0.0), (0.0,0.8), (—0.8,0.0), (0.0,—0.8)}. We con-
sider the following mean reward function:

4
r(@,a) = 3 b max <o, - Ilw—wz)

p 0.5

which do not depend on h. Every N episodes, the
coefficients b¥ are changed, which impact the optimal
policy.

%104 Total reward

—== RestartBaseline d
81 = RS-Kernel-UCBVI -
—— RS-KeRNS s

0.00 025 050 075 1.00 125 150 175  2.00
episode %10*

Figure 1: Performance of RS-KeRNS compared to base-
lines for N = 2000. Average over 4 runs.

Taking = exp(—(1/N)?/3), we used the kernel
D(t,u,v) = nlexp (—(plu,v] /0)*/2). We set o =
0.05, ¢ = ex = 0.1, g = 001, H = 15 and
ran the algorithm for 2 x 10* episodes. KeRNS
was compared to two baselines: (i) Kernel-UCBVI
combined with representative states, that we call
RS-Kernel-UCBVI, which is designed for stationary
environments. This corresponds to RS-KeRNS with
x(t) = 1, that is, n = 1; (ii) A restart-based al-
gorithm, called RestartBaseline, which is imple-
mented as RS-Kernel-UCBVI, but it has full informa-
tion about when the environment changes, and, at
every change, it restarts its reward estimator and its
bonuses. We can see that, as expected, RS-KeRNS out-
performs RS-Kernel-UCBVI, which was not designed
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for non-stationary environments, and is able to “track”
the behavior of the restart-based algorithm which has
full information about how the environment changes.
In Appendix I, we give more details about the experi-
mental setup and provide more experiments, varying
the period N of changes in the MDP and the kernel
function.

5 Proof Outline

We now outline the proof of Theorem 1 assuming, for
simplicity, that the rewards are known.

Bias due to non-stationarity To bound the bias,

we introduce an average MDP with transitions P},:

3 PE(y|z, a)
Ck(z,a) ’

where (Pj)s are the true transitions at time (s, h).
We prove that, for any L-Lipschitz function f bounded
by H, (Corollary 2):

y|, dez #(z,a)P; (y|T,a) +

’(PZ fﬁﬁj) f(x,a)’ < biasp(k, h)
where the term biasy (k, h) is defined as

k—1
Z Sule (P;‘L('|I‘,CL),PZ+1('|I‘,Q))
i—l\/(k—W) ra
2C3H 7]
go1- r}

L

Concentration Using concentration inequalities for
weighted sums, we prove that PF is close to the average
transition ?: using Hoeflding- and Bernstein-type in-
equalities (lemmas 5, 6, 7, and 8), and define an event
G where our confidence sets hold (Lemma 9), such that
P[G] > 1 —§/2. For instance, Lemma 5 gives us

H?2
Cj(x,a)

5H

+ + Lo,
Cﬁ(m,a)

Dk -k *
(Pk = Pu)Vi g (0,0)] 5
which explains the form of the exploration bonuses.

Upper bound on the true value function On
the event G, we show that (Lemma 10):

H
Qp(z,a)+ > bias(k,h) > Q;j (x,a)
h'=h

where the term bias(k, h) is the sum of biasy(k, h)
defined above, and a similar term representing the bias
in the reward estimation.

Regret bounds Let (ZF,aF) be the state-action pair
among the previously visited ones that is the closest
to (zF,ak):

(Nk ~Jy def

Thoap) = argmin p[(zh,ah), (¢, a)] -

(x5 ,a3):s<k,h€[H]

We show that (see proof of Lemma 11):

ny

k=1h

H
Z {p[(x},ap), (@}, af)] > 20} < H?|C,].

Thus, to simplify the outline, for all (k, k), we assume

that p [(zF,af), (ZF,af)] < 20 and add H?|C,| to the

final regret bound. On the event G, we prove that the

regret of KeRNS is bounded by (lemmas 11 and 12):
SH

K H
CEW)Y i

%
k=1h=1 Ck(wh,ah) G, (@, ay)

K H
ZZ bias(k, h) + LKHo + H?|C,|

where we omitted factors involving |C, | and |C] | (which
depend on the type of bound considered, R; or
R2), and martingale terms (which are bounded by
~ H*/?\/K with probability at least 1 — ¢/2).

Using the properties of the kernel I' (Assumption 4),
we prove that (Lemma 16):

K H 1 |C|
> <HKlog<C | + 11’)
=1 h=1 \/ Ck (Zk k) og(1/m)
K H 1

——— S H|C,| Klog —
2 2 )

Finally, in Corollary 5, we prove that the bias
KLY bias(h, k) is bounded by

2Cs(H + 1)KH oV

T P .
2W (A" + LAP) + 3 T

Putting these bounds together, we prove Theorem 1.
The proof of Theorem 2 is outlined in Appendix B.

6 Conclusion

In this paper, we introduced and analyzed KeRNS, the
first algorithm for continuous MDPs with dynamic
regret guarantees in changing environments. Building
upon previous work on using representative states for
kernel-based RL, we proposed RS-KeRNS, a practical
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version of KeRNS that runs in constant time per episode.
Moreover, we provide the first analysis that quantifies
the trade-off between the regret and the computational
complexity of this approach. In discrete environments,
our regret bound matches the existing lower bound
for multi-armed bandits in terms of the number of
episodes and the variation of MDP, whereas finding a
lower bound in continuous environments remains an
open problem.

We believe that the ideas introduced in this paper might
be useful for large-scale problems. Indeed, we provide
stronger online guarantees for practical kernel-based
RL, which has already been shown to be empirically
successful in medium-scale environments (d ~ 10) (Kve-
ton and Theocharous, 2012; Barreto et al., 2016), and
we show that kernel-based RL is naturally suited to
tackle non-stationarity. In larger dimension, kernel-
based exploration bonuses have been recently shown
to enhance exploration in RL for Atari games (Badia
et al., 2020), and our approach might inspire the de-
sign of bonuses for high-dimensional non-stationary
environments.
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