Regularized ERM on random subspaces

A Notation

For reader’s convenience we collect the main notation we introduced in the paper.

Notation: We denote with the “hat”, e.g. w, random quantities depending on the data. Given a linear operator
A we denote by AT its adjoint (transpose for matrices). For any n € N, we denote by (,), , |||, the inner product
and norm in R™. Given two quantities a,b (depending on some parameters), the notation a < b, or a = O(b)
means that there exists constant such that a < Cb.

Table 3: Definition of the main quantities used in the paper

Definition
L(w)  [yyy Uy, (w,2))dP(2,y)
Ly(w)  L(w) + Aw|]?
Lw) 'S0, e (w,20)
La(w)  L(w) + Allwlf®

Wi arg min,, o4, L(w)
W argmin,, 4, Lx(w)
Wy arg min,, .4, L (w)

BB argmingep LA (5)
BB argmingcp La(53)
fu(z)  argmin,cg [y, €(y, a)dP(y|z)

By, B, = span{Z1,...,Tm}
Pr proj operator onto B
P proj operator onto B,,

B Proof of Theorem 1

This section is devoted to the proof of Theorem 1. In the following we restrict to linear functions, i.e f(z) = (w, x)
for some w € H and, with slight abuse of notation we set

L(w, z) = Ly, (w, ), z=(x,y) EH XY, weH.

With this notation L(w) = f?—txy {(w, z)dP(z). The Lipschitz assumption implies that £(-, (X,Y")) is almost surely
Lipschitz in its argument, with Lipschitz constant Gk.

Specifically, we will show the following:
Theorem 6. Under Assumptions 1, 2, for A >0 and § € (0,1) let

Chs = 4{1 + /log(1 + log, (3 + Lor2/N)) + log(2/6) } = O(1/loglog(3 + £ok2/\) + log(1/3)).
If Assumption 3 holds, then with probability 1 — 4,

+ (o + Grllwsl)) 21%(2/5). (27)

C3 ;G*w? n GCy ;s
4\n Vn

More generally, with probability 1 — 6, letting A(X) := inf,ez L(w) + A||w||? — inf ey L(w),

L(@5) < inf L+ Afw.||* +

C3 sG*r* +8GK?10g(2/0)  GCy 5

4 n + Vvn

C3 5G°K? + 8G?K? log(2/0) N GC.5 + Lor/210g(2/6)
4 n Vn

21og(2/0)

L(@,) — inf L < 2A(\) + + 4 (28)

<2( inf L(w)—infL)+ 2R+
lwl<R H

for every R > 0.
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The proof starts with the following bound on the generalization gap L(w) — Z(w) uniformly over balls. While this
result is well-known and follows from standard arguments (see, e.g., Bartlett and Mendelson (2002); Koltchinskii
(2011)), we include a short proof for completeness.

Lemma 1. Under Assumptions 1 and 2 and, for every R > 0, one has with probability at least 1 — 9§,

GRk

sup [L(w) — L(w)] < N (2+ s/210g(1/5)). (29)

lwl<R

Proof of Lemma 1. The proof starts by a standard symmetrization step [Giné and Zinn (1984); Koltchinskii
(2011)]. Let us call D := (z1,...,2,) i.i.d. from P, as well as an independent D’ := (z{,...,2),) i.i.d. from P
and £1,. .., &, iid. with P(g; = 1) = P(g; = —1) = 1/2. We denote L' (w) :=n~? o l(w,z}) the error on the
sample D’. Then,

Ep~pn sup [L(w) - E(w)} =Ep sup [ED/E'(w) — Z(w)}

lwl<R lwll<R
<Ep,p sup [E’(w)—i(w)}
lwl<r
=Epp. sup [li U(w, z;) — (w,z;))}
lwll<r =" 3=
_2ED75L31|11<)R Zsl (w zl]

where we used that Ep L'(-) = L(-), and that (¢(f, z) — £(f, z0))1<i<n and (g;(0(f, z;) — €(f,2})))1<i<n have
the same distribution, as well as (e,4(f, z;)); and (—;4(f,z}));. The last term corresponds to the Rademacher
complezity of the class of functions {{(w,-) : ||w|| < R} [Bartlett and Mendelson (2002); Koltchinskii (2011)].
Now, using that £(w, z;) = (y;, (w, x;)) for z; = (x;,y;), where £(y;,-) is G-Lipschitz by Assumption 2, Ledoux-
Talagrand’s contraction inequality for Rademacher averages [Meir and Zhang (2003)] gives

1 n
,E[ sup ZEE w, 2 ] < GED,E[ sup Zsi(w,xﬁ}

n n
lwll<R lwl<R i=1

_GEDE{ sup <w —251 1>]

lwl<R

1/2
S GREp .|| = T
GR D, “n;é‘x ]
_ GRE[||z|]*]'/?
a vn
GRk
<

X \/?l
where we used that E[e;e;(z;, ;)] = 0 for i # j by independence, and that ||z|| < k almost surely (Assumption 1).

Hence,

2GRk
N

Ep~p» sup |L(w) —Z(w)] <

(30)
lwli<Rr

To write the analogous bound in high probability we apply McDiarmid’s inequality [Boucheron et al. (2013)]. Wi
know that given D := {z1,...,2i,...,2n}, D" = {21,..., 2}, ..., 2, } and defining $(D) := supy,, < p[L(w) — L(w )]
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we have

< (31)

using the Assumption 1 of boundedness of the input. Hence, by McDiarmid inequality:

—t2n
P|o(D) — Eplé(D)] > t| < exp (53 ) (32)
taking 6 = exp (ﬁ) so that t = GRk/ 21%(1/6), we obtain the desired bound (29). O

Lemma 1 suffices to control the excess risk of the constrained risk minimizer @ := arg min,, < g L(w) for R = [Jw.||.
On the other hand, this result cannot be readily applied to wy, since its norm ||@,|| is itself random. Observe
that, by definition and by Assumption 2,

M@xl* < La(@) < La(0) = L(0) < sup £(y, 0) = o
ye

so that ||@x|| < v/fo/\. One could in principle apply this bound on @y, but this would yield a suboptimal
dependence on A and thus a suboptimal rate.

The next step in the proof is to make the bound of Lemma 1 valid for all norms R, so that it can be applied to
the random quantity R = ||@,||. This is done in Lemma 2 below though a union bound.

Lemma 2. Under Assumptions 1 and 2, with probability 1 — §, one has:

AG(1 + wlw])
NG

Proof of Lemma 2. Fix § € (0,1). For p > 1, let R, := k727 and 6, = 6/(p(p + 1)). By Lemma 1, one has for

every p > 1,
~ GkR 1
P sup |L(w)— L(w)| > P2+ ,/2]log — <6,
<||w|<Rp[ ) = 1 )} vn ( \ 5,,)> ?

Taking a union bound over p > 1 and using that Zp>1 8, =0 and 8, = 6%/(p+ 1)%, we get:

VweH,  L(w)—Lw) < (1 + /10g(2 + log, (1 + &l[w])) + 10g(1/6)).

~ GkR p+1
P(3dp>1, sup |L(w)— L(w)| > P2 +24/log < 4.
( uwn@p{ () - 2w vn ( )

Now, for w € H, let p = [logy(1 + k[lwl])]; then, 1+ kllw[| < Ry = 2P < 2(1+ &llw(]), so [Jw]| < R,. Hence, with
probability 1 — 6,

4G(1 + kl|w]|)
— (1 + \/log (2 + logy (1 + HHwH)) + log(l/é)).

Yw € H, L(w) — L(w) <
This is precisely the desired bound. U

Since the bound of Lemma 2 holds simultaneously for all w € H, one can apply it to wy; using the inequality
k||l@x]] < ky/lo/X < (1 + Lor?/N)/2 to bound the loglog term, this gives with probability 1 — 4,

AG(1 A+ sl @A)
NG

L(@y) — D(@y) < (1+ V1o (14 logy (3 + for? /X)) + log(1 /9)). (33)
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Now, let C = Cx5 = 4{1 + \/log(1 +log,(3 + £or2/X)) +1og(1/6) }; (33) writes L(wy) — L(@y) < CG(1 +
k||@x]])/+/n. Using that ab < Aa? + b?/(4\) for a,b > 0, one can then write

. ~ CGkllw CcG
L(@y) < L(@y) + CGrllwy|| + 2=

NG vn
~ C%G?*k?  CG
< - -~ 2
< L(Wy) + A||wal]” + Do + Tn (34)
- C?G?*k?  CG
< 2 il
< L(wy) + AJwal]” + o + NG (35)

where (35) holds by definition of @wy. Now, since [£(wy, Z)| < [L(Y,0)| + |£(Y, (wy, X)) — £(Y,0)] < Lo + Gr|lwal|
almost surely, Hoeffding’s inequality [Boucheron et al. (2013)] implies that, with probability 1 — 4,

L(wy) < L(wy) + (fo + Grl|wy]|) 21%(1/5)_

Combining this inequality with (35) with a union bound, with probability 1 — 20:

N C?G?*k?  GC 21og(1/6
L(@3) < L(wy) + AlJwa|* + Tﬂ“ + 5 + o+ Grlwal) # (36)

First case: w, exists. First, assume that w, = argmin, 4 L(w) exists. Then, by definition of wy, L(wx) +
AMlwal]? € L(wy) + AlJws||?. In addition, ||wy]| < ||w.], since otherwise ||w.|| < |Jwy and L(w,) < L(wy) would
imply L(w.) + M w.||? < L(wy) + A||wy||?, contradicting the above inequality. Since L(w.) = infy; L, it follows
that, with probability 1 — 24,

C?G?*k?  GC 21og(1/9)
o~ . 2 - s\ )
L(@) < igf Lo+ Mun|[? + =05 + 2+ (6o + Gl )
8G?K2{1 + log(1 + log, (3 + £ok2/N)) + log(1/d
int L A [P 4 S Tog(1 4 loga(3 + (0r?/N)) +10g(1/6)}
H An
4G{1 4 /log(1 + 1 3+ lor2/N)) +log(1/6 2log(1/8
vn n
2k2{log 1 2 log(1 Y4 log(1/6
—ing 1+ O+ A UoBIEG )N Flog(1/0)) | (G + ) ig/)
H An Vn

where the O(...) hide universal constants. The bound (37) precisely corresponds to the desired bound (27) after
replacing § by 6/2. In particular, tuning A =< (Gk/||w.]||)v/log(1/5)/n yields

{lo + G(1 + Kljw.|) Hloglog(r[lw.([n/G) + \/log(1/6) }
N .

Omitting the loglog n term, this bound essentially scales as O(Gk|jw,]||r/log(1/8)/n).

L(wy) —inf L <
(W) infL S

General case. Let us now drop the assumption that w, = argmin, o, L(w) exists, and let (see (24)) for A > 0:
A(X) = L(wy) + )\|\w>\||2 — i%fL
= inf [L(w) + M|w|*] —inf L.
weH H

Note that, again using that ab < Aa? + b?/(4)),

2log(1/0 2G%k? log(1/6
Grllwall/ T/) < MJwall? + #

2G?K2%log(1/6)
< AN + —
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so that (36) implies, with probability 1 — 24,

. , C*G?*k*  GC
L(wy) — 1?r_1[fL < 2AN) + o + %—F

2log(1/8)  2G?*k2log(1/6)
+ .
n An

4o

Finally, note that for all w € H with |Jw|| < R, A(\) < L(w) + Al|w||? — infy L < L(w) — infy L + AR?, hence
A(N) < inf”ngR L(w) —infy L + AR? and

L(@y) —inf L < 2( inf L(w) — inf L) AR 4
# lwl<R W
CG2R? + 8G2r210g(1/8) | GO+ foy/210g(1/0)

4\n NG ’

Letting A < 1/(R+/n), this gives L(wx) — infy; L < 2(inf}j,,<gr L(w) — infy L) + O(R/+/n) with high probability.

C Proof of Theorem 2

The proof of Theorem 2 is given by decomposing the excess risk as in (44) where P, is replaced by Pg, (47)
bounds term A, (48) bounds term B and (49) and the Definition 14 bound term C.

D T-approximate leverage scores and proof of Proposition 1

Since in practice the leverage scores l;(«) defined by (10) are onerous to compute, approximations (/;(a))?_; have
been considered [Drineas et al. (2012); Cohen et al. (2015); Alaoui and Mahoney (2015)]. In particular, in the
following we are interested in suitable approximations defined as follows.

Definition 2. (T-approximate leverage scores) Let (I;(«))?_; be the leverage scores associated to the

training set for a given «. Let 0 > 0, to > 0 and T > 1. We say that ({;(«))?_, are T-approximate leverage scores
with confidence §, when with probability at least 1 — ¢,

1 R
Tli(a) < ila) < Tli(a), Vie{l,...,n}, a=t (38)
So, given T-approximate leverage score for a > tg, {Z1,..., %} are sampled from the training set independently

with replacement, and with probability to be selected given by Qq (i) = l;(a)/ > ij ().
First part of Proposition 1 is the content of the following two results from Rudi et al. (2015).

Lemma 3 (Uniform sampling, Lemma 6 in Rudi et al. (2015)). Under Assumption 1, let J be a partition of
{1,...,n} chosen uniformly at random from the partitions of cardinality m. Let « > 0, for any 6 > 0, such that

m = 67log % V 8dg, 00 lOg %, the following holds with probability at least 1 — 6

H(I—’PBm)Z‘l/QH2 < 3a (39)
Lemma 4 (ALS sampling, Lemma 7 in Rudi et al. (2015)). Let (I;())™_, be the collection of approzimate leverage
scores. Let o > 0 and the sampling probability Q. be defined as Qq (i) = I;(a)/ D jeN Zj(a) for any i € N with
N ={1,..,n}. Let T = (i1,...,%m) be a collection of indices independently sampled with replacement from N
according to the probability distribution P,. Let B,, = span{x;|j € J} where J be the subcollection of T with all
the duplicates removed. Under Assumption 1, for any d > 0 the following holds with probability at least 1 — &

2
| = P50z < 3a (40)

where the following conditions are satisfied:
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1. there exists a T > 1 and a tg > 0 such that (1;(¢))F_, are T-approxzimate leverage scores for any t > to,
2. n > 1655x2 + 223k2 log 4,

2
3. to V2 log B < a < |2,

4. m > 3341log 192 v 78T2d, 5 log 157

If the spectrum of ¥ satisfies the decay property (15), the second part of Proposition 1 is a consequence of
Lemma 4.

E Proof of Theorem 3

Theorem 3 is a compact version of the following result.

Theorem 7. Fiz a,\,§ > 0. Under Assumption 1, 2 and 3, with probability at least 1 —§:

N C%;G*k* 0y G 21og(3/6)
_ < J ] 2o\ T
L(Bx) — L(ws) < n + NG + Grljw.|| n

Chs = 4{1 + /log(1 + log, (3 + Lor2/N)) + log(1/0) }

+2GValw.] + Aw. |3 (41)

provided that n > 1655k2 4 223k2 log % and

1. for uniform sampling

2 41,{2

4K
> 671log — V bdy, o0 log — 42
m > 67 log > V 5dy, 00 l0g ”: (42)

2. for ALS sampling and T-approximate leverage scores with subsampling probabilities Q, to > % log %" and

16 16
m 2= 334 log Tn \% 78T2da,2 log Tn (43)

19x2
n

where o > log 47”

Proof. We recall the notation.

{fl,...7jm} Q {5617...,17"}
B, = span{Z1,...,Tm}

By = arg min E(w)
wWEBm,

w, = argmin Ly (w).
weH

and P,, = Pp,, is the orthogonal projector operator onto B,,.
In order to bound the excess risk of 8y, we decompose the error as follows:

o~

L(B)) — L(w.) = L(Bx) — L(Bx) — M Bl + L(Bx) + AIBal3; — L(Pmws) — A Prmw. |13, +
A <0
+ E(me*) — L(Ppwy) + L(Ppws) — L(ws) +A|| P13, (44)
B C

Bound for term A R
To bound term A we apply Lemma 2 for ) and we get with probability a least 1 — §

loK2 ~ ~ s CrsG(1+ K[| Ba])
VA> ok L(Bx) < L(Bx) + T
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where C 5 = 4{1 4 \/log(1 + log, (3 + €or2/))) +log(1/6) }. Now since zy < Az? + y*/(4)), we can write

Cx 5Gx|Ba]| ~ o CRGPR?
—f T L 0 4
T MBI+ (46)
hence,
~ o ~ C? G’k @G
L(Bx) < L(Bx) + MBI + 20— + =22 (47)

4 n vn

Bound for term B
As regards term B, since [{(Ppwy, Z) — £(0, Z)| < Gk||Prnw.|| < Gkl|w.||, using Hoeffding’s inequality, we have
with probability at least 1 — §

~ 2log(1/6
B < |L(Pmw.) — L(Pmw.)| < Grlw. % (48)
Bound for term C
Finally, term C can be rewritten as
C = L(Ppws) — L(w,)
<GV = Po)w.|u
< GV = P [l (49)

We bound equation (49) using Lemma 3 for uniform sampling and Lemma 4 for ALS selection.
Putting the pieces together and noticing that A|Pp,w.||3, < Ajw.||3, we finally get the result in Theorem 7. [

The following corollary shows that there is choice of the parameters A = \,,, &« = «,, such that the excess risk of
the By, converges to zero with the optimal rate (up to a logarithmic factor) O(log(n/d)/v/n).

Corollary 1. Fiz 6 > 0. Under the assumption of Theorem (7), let

\ = 1 n-1/2 o = log(n/d)
[l n

with probability at least 1 —§:

LB - w,) 5 1R (50)

Despite of the fact that the rate is optimal (up to the logarithmic term), the required number of subsampled
points is m = nlogn, so that the procedure is not effective. However, the following proposition shows that under
a fast decay for the spectrum of the covariance operator X, the ALS method becomes computationally efficient.
We denote by (0;(X)); the sequence of strictly positive eigenvalues of ¥ where the eigenvalues are counted with
respect to their multiplicity and ordered in a non-increasing way.

Proposition 2. Fiz § > 0. Under the assumptions of Theorem (7) and using ALS sampling

1. for polynomial decay, i.e. 0;(3) < ’yi_%, v €RT, pe(0,1), for § >0, with probability at least 1 — §:

5 CR 5GP Oy 56 210g(3/9)
L(Br) L) < 5 L G |y SR 4 26 VA Ml (65D
where O( 1og(:/5)) rate can be achieved optimizing the choice of the parameters, i.e. A= le*un_l/z,

log(n/9)

220 m Z nP(logn) P

~
=~
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2. for exponential decay, i.e. o;(X) < ve P, v, 8 € R, for § > 0, with probability at least 1 — §:

=N 02 G2 2
L(By) — Liw,) < 287 | OasG

2log(3/6
+ Gl ||y 283/

2
O NG - + 2G| wy ||V + A||w. ][5, (52)

where O( W) rate can be achieved optimizing the choice of the parameter, i.e. X< Mn*/z,

_ log(n/)

! ,m > log”n.

Proof. The claim is a consequence of Appendix H where the link with m is obtained using Leverage Score sampling
so that in Lemma 4 using proposition 4 we have that

m 2 dq 2 logn, doo Sa™P, m =< nP(logn)' P (53)
while using Proposition 5 we have that

m 2 dq 2 logn, do2 Slog(l/a), m =< log®n (54)
0

From proposition above we have the following asymptotic rate.

Corollary 2. Fiz § > 0. Under the assumptions of Theorem (7) and using ALS sampling, with probability at
least 1 — 9

1. assuming polynomial decay of the spectrum of ¥ and choosing \ = ——n~12 m > nP(logn)'=P then:

|l

3 [w.||y/1og(n/0)
L — L(w,) S ——————~ 55
(B - Liw) 5 T2 (55)
2. assuming exponential decay of the spectrum of X and choosing A < ‘U}*Hn”m, m 2 log® n then:
~ «l[4/1 )
LB - L(w.) 5 1l R0 (56)
n

F Proof of Theorem 4

Before proving Theorem 4 we introduce a modification of the above Lemma 4 in the case of sub-gaussian random
variables

Lemma 5. (ALS sampling for sub-gaussian variables). Let (1;(t))_; be the collection of approzimate leverage
scores. Let o > 0 and the sampling probability Qo be defined as Qq(i) = li()/ djeN I;() for any i € N with
N ={1,..,n}. Let T = (i1,...,9m) be a collection of indices independently sampled with replacement from N
according to the probability distribution P,. Let B,, = span{x;|j € J} where J be the subcollection of T with all
the duplicates removed. Under Assumption 4, for any d > 0 the following holds with probability at least 1 — 56

2
| =Ps, )22 s @ (57)
when the following conditions are satisfied:

1. there exists a T > 1 and a to > 0 such that (I;(t))7~, are T-approximate leverage scores for any t > to,

2.

n 2 das() Vlog(1/9) (58)
3. 9
m 2 do () log() (59)
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Proof. The proof follows the structure of the one in Lemma 4 (see Rudi et al. (2015)). Exploiting sub-gaussianity
anyway the various terms are bounded differently. In particular, to bound 8; we refer to Theorem 9 in Koltchinskii
and Lounici (2014), obtaining with probability at least 1 — §

B1(a) < max {\/da’i(z) , \/1og($/5) } . (60)

As regards 3 term we apply Proposition 3 below to get with probability greater than 1 — 39

2log 22 3272d, »(¥) log 22
< ) ) 9
fs(a) 3m + \/ m

for n > 2C?%log(1/6).
Finally, taking a union bound we have with probability at least 1 — 5§

) [log(3
5(0) Smax { (/fa2Z) | OB
n n
1 2n 2 2n
4 [ 1+ max /doé’g(Z)7 [log(5) 2log = +\/32T da,2(¥)log % <1
n n 3m m

when n > dqa,2(3) V1og(1/6) and m 2 dq 2(X) log 22. See Rudi et al. (2015) to conclude the proof. O

Corollary 3. Given the assumptions in Theorem 5 if we further assume a polynomial decay of the spectrum of 3
with rate 1/p € (0,00), for any & > 0 the following holds with probability 1 — &

2
|- Ps,) 52| < a
when the following conditions are satisfied:

1. there exists a T > 1 and a to > 0 such that (I;(t))7~, are T-approximate leverage scores for any t = to,

2.
n 2 log(5/4) (61)
3.
a>n"P (62)
4 10
m2>a P log(Tn) (63)
Proof. Using Proposition 4 dy 2(X) S a~ P, the result simply follows from the substitution in Lemma 5. O

Proposition 3. Let X, X1,...,X,, be #id C-sub-gaussian random variables in H. Let daﬁg(i) = Tr(E;'S) the
empirical effective dimension and d, 2(X) = Tr(X;') the correspondent population quantity. For any § > 0 and
n = 2C?log(1/4), then the following hold with probability 1 — &

o 2(S) < 16, 2(3) (64)

Proof. Let V,, be the space spanned by eigenvectors of ¥ with corresponding eigenvalues a; > «, and call D,
its dimension. Notice that Dy < 2da,2(X) since dq 2(3) = Tr(E,'%) = 3 %, where in the sum we have D,
terms greater or equal than 1/2.

Let X = X; 4+ X5, where X; is the orthogonal projection of X on the space V,,, we have

i = il + iz + n_l Z(XLZXQTZ + X2,ZXI7,) < 2(21 + ig) (65)
i=1
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Now, since the function ¢ : t — H% is sub-additive (meaning that g(t +t') < g(t) + g(t')), denoting d, (%) =
Trg(¥) = Te(35'),

da2(2) < 2(da2(51) + da2(52)) (66)
and, since (f)l + a)*lil < Iy,
- 2Tr (S 2Tr (S
Tr(E;'S) < 2Dg + H(E) _ 4dy (%) + H(Es) (67)
o o
Now,
- 1 &
Tr(%2) = — > 1Xa
i=1
It thus suffices establish concentration for averages of the random variable || X5||2.
Since X is sub-gaussian then || X3||? is sub-exponential. In fact, since X is C-sub-gaussian then
(v, X)llg, < Cliw, X)L,  VveH (68)

and given that (v, PX) = (Pv, X) with P an orthogonal projection, then also X5 is C-sub-gaussian. Now take e;
the orthonormal basis of V' composed by the eigenvectors of Xy = E[X5 X7 ], then

N1l = || 2o e?| <2 [Xaea?]], (69)
= Z (X2, e)l5, < C2 (X2 e3)ll7, (70)
=C?) oy = C*Tr[Sy] = C’E [|| X2||*] (71)

s0 || X2||? is C2E [|| X2||?]-sub-exponential. Note that E||X5||? = E[Tr(X2X, )] = Tr(X2) < 2adq,2(X), in fact

d“’g(z):i - > 2. 2 o T%) (72)

ap +a "~ 2« 2«

Hence, we can apply then Bernstein inequality for sub-exponential scalar variables (see Theorem 2.10 in Boucheron
et al. (2013)), with parameters v and ¢ given by

nE [[| X2||*] <4nC?a’d2 ,(%) (73)
N—————

c=Cady (%) (74)

where we used the bound on the moments of a sub-exponential variable (see Vershynin (2010)).
With high probability (67) becomes

40da,(8)/2108(1/9) , 20da(E) log(1/9)
Vn n

for n > 2C%log(1/3) O

o 2() < 8dy 2() +

< 16do¢,2(2) (75)

In the following we will exploit the adaptation of Theorem 7.23 in Steinwart and Christmann (2008) for X
sub-gaussian, before presenting it we introduce some of the required quantities as defined in Steinwart and
Christmann (2008):

rte= dnf T(f)+ L(f") = L(f.)
Hy={feH :Y(f) +L(f") — L(f.) <r} r >
Frzz{KOfCl—EOf*:fEHr} r>r’
hyo (X) = L(Y, fo(X)) = €Y, f.(X)).
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Theorem 8 (Adaptation Theorem 7.20 in Steinwart and Christmann (2008) to sub-gaussian framework). Let
£:Y xR = [0,00) be a continuous loss that can be clipped at M > 0 and that satisfies (25) for a constant B > 0.
Moreover, let H C Lo(X) be a subset that is equipped with a complete, separable metric dominating the pointwise
convergence, and let T : H — [0,00) be a continuous function. Given a distribution P on H X Y that satisfies the
variance bound (26). Assume that for fized n > 1 there exists a @, : [0,00) — [0,00) such that @, (4r) < 2p, (1)
and the expectation with respect to the empirical distribution of the empirical Rademacher averages of F,. can be
upper bounded by
Eﬁﬁs;i (Fryn) < pn(r)

for all r > r*. Finally, fixt an fo € H such that hs,(X) — ha(X) is a real c-sub-gaussian random variable and
fo 15

E(hy (X) — hfé:,(X))2 < DE (th(X) - hfgz,(X)) for some D > 0. Then, for all fited ¢ > 0,7 >0, and r > 0
satisfying

72Vr\*7 Dr er 4Br
Y o + —- T
2n n 3n

r > max {30¢n(r)7 (

every measurable e-CR-ERM (e-approximate clipped reqularized empirical risk minimization,) f satisfies

T(F) + LGP — L(f.) < 6(X (fo) + L (fo) — L(f.)) +3r + 3¢

with probability not less than 1 — 3e™7.

Proof. The proof mimics the one in Steinwart and Christmann (2008). Clearly Bernstein inequality for bounded
variables must be replaced with its sub-gaussian version. Let 1 := hy,(X) — hze (X), which is a c-sub-gaussian
scalar variable by hypothesis, and define £ = n — E[]. We can apply then Bernstein inequality for sub-gaussian
i.i.d variables &, &1, ..., &, (see Theorem 2.10 in Boucheron et al. (2013)):

1 & \V2uT cT
P=-) &< —|>1-e" 76
(n;£ +n> e (76)

n

with Y7 E[¢2] < YO, E[n?] < DnE[n] = v for hypothesis, so that with probability at least 1 —e™"

1 < 2DE D
Ly /2R T gy DT T (77)
n n n 2n n

which replaces eq. (7.41) in Steinwart and Christmann (2008). Following the proof in Steinwart and Christmann
(2008) while taking into account the above modification leads to the assertion. O

Theorem 9 (Adaptation Theorem 7.23 in Steinwart and Christmann (2008) to sub-gaussian framework). Let
£:Y xR —[0,00), be a locally Lipschitz continuous loss that can be clipped at M > 0 and satisfies the supremum
bound (25) for a B > 0. Moreover, let P be a distribution on H X Y such that the variance bound (26) is satisfied
for constants ¥ € [0,1],V > B>™Y, and all f € H. Assume that for fized n > 1 there exist constants p € (0,1)
and a > B such that

1

Ese; (id H Lg(ﬁﬁ)) <aiv%, i>1 (78)
Finally, fiz an fo € " such that hy,(X) — hya (X) is a real c-sub-gaussian random variable and E(hy, (X) —

h gl (X))? < DE (hfo (X) - higer (X)) Then, for all fized T > 0, A > 0, and f)\ e-approximate clipped reqularized
empirical risk minimization (e-CR-ERM):

R R 2p 2—p—119+19p
AIAIE + L — L(f) <9 (A 1 foll7; + L(fo) - L(f*)) tK (;pn> +

2Vr\ 27 3D +6 8B
+3( T) N (3D + 20n—|— )T

with probability not less than 1 — 3e™ 7, where K > 1 is a constant only depending on p, M, B,4, and V.
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Proof. The proof mimics the one in Steinwart and Christmann (2008), but here we exploit Theorem 8, i.e. the
adaptation of Theorem 7.20 in Steinwart and Christmann (2008) in the sub-gaussian framework. O

We can now proceed with the proof of Theorem 4 that is the content of Theorem 10 and Corollary 4.
Theorem 10. Fiz A > 0, a 2, nYP and 0 < § < 1. Under Assumptions 2, 4, 5, 6, and a polynomial
decay of the spectrum of ¥ with rate 1/p € (1,00), as in (15), including also the additional hypothesis
E(U(Y, (Pmws, X)) — £(Y, (Prw., X)) < DE(UY, (Ppws, X)) — (Y, (Ppw,, X)), with D > 0, then, with
probability at least 1 — 26

B B log(3/0
NBml* + LB ) = L(w-) < 9N |* +9Co GV Hw*II+KT+216v BB/0) |
. (3D +8B)log(3/6) GCGWHM* |log 3/6)

2n (80)

provided that n satisfies (58) and m satisfies (42) (uniform sampling) or (59) (ALS sampling), and where £ can
be clipped at M >0, B >0 and V > 0 come from the supremum bound(19) and variance bound (20) respectively,
a> B and K > 1 is a constant only depending on p, M, B and V.

Proof. The proof mimics the proof of Theorem 11 where in (79), following the same reasoning as in (95), we
choose

fo=(Ps,w.,-)  C:=2B+20G\/2Tr(D)|w.|.
Hence (79) with 6 = 1 reads

N N a2p log(3/6
M Bamll? + L(BS) — L(w.) < I Ps,, ws||* + L(Pg,, ws) — L(w ))+K + 216V Og(n/ )+

APy
N (3D + 8B)log(3/9) GCG\/ Hw* [log(3/4)
2n
log(3/0
< ON [+ O(L(Pes ) — L) + K4 2161 "5/ |
(3D+8B) log(3/4) GCG\/ZTr Hw* |log(3/4)

o (81)

We can deal with the term L(Pg,, w.) — L(w,) as in (49) (but where we use Lemma 5 instead of Lemma 4), so
that for o > n~'/? with probability greater than 1 — &

L(Pg,, w.) — L(w,) < CoGva |Jw.|
for some Cy > 0. Hence, with probability at least 1 — 26

~ ~ log(3/6
M Byl + LB — Lw.) < Ao, |2+ 9CuGa | + KT + 21678000
(3D—|—SB)log 3/0) 6CG\/ ||w*||log 3/0) (82)
2n
which proves the claim. O
The following corollary provides the optimal rates, whose proof is the same as for Corollary 5
Corollary 4. Fiz § > 0. Under the Theorem 10 set
Axn T (83)
2
axn T (84)
m > nits logn (85)

then, for ALS sampling, with probability at least 1 — 26

1

~ ~ 1\ T
ABram s + LB ) = Dws) S ol (=) (36)
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Notice that o < n~ 7 is compatible with condition o > dy2(X) < n~/P in Lemma 5.

G Proof of Theorem 5

Theorem 5 is the content of Theorem 11 and Corollary 5

Theorem 11. Fiz A\ > 0, o > n Y7 and 0 < § < 1. Under Assumptions 2, 4, 7, and a polynomial
decay of the spectrum of ¥ with rate 1/p € (1,00), as in (15), including also the additional hypothesis
E(U(Y, (Pmwy, X)) — LY, (Ppwy, X))2 < DEU(Y, (Prnws, X)) — LY, (Pnwx, X)), with D > 0, then with
probability at least 1 — 26

S~ ~ aA(N) a® \ ==vvor 72V 10g(3/6)\ =7

NiBaml + L(BS) = L) < 9AW) +9CoGy | 52 + K () +3( ) Ty

(3D + 8B)log(3/9) N 6CG\/2Tr(X)log(3/0) [A(N) (87)
2n n A

provided that n satisfies (58) and m satisfies (42) (uniform sampling) or (59) (ALS sampling), and where ¢

can be clipped at M > 0, B > 0 and 6 € [0,1] come from the supremum bound(25) and variance bound (26)

respectively, a > B and K > 1 is a constant only depending on p, M, B, 0 and V.

+

Proof. We adapt the proof of Theorem 7.23 in Steinwart and Christmann (2008) to B)\m. Set

ri = inf Alwl? + L(w®) - L(£.) (88)
rh, = inf AJwl® + L) - L(f.) (89)
He = {weH: Awl? + L) - L(L) < v} 7>, (90)

)

(Bi)r = {w € B : A|wl|* + L(w™) = L(f) <7} r>7p, (91

(see Eq. (7.32)-(7.33) in Steinwart and Christmann (2008)). Let’s notice that 753 > rj, which means that
(Bm)r € H,. As a consequence, using also Theorem 15 in Steinwart et al. (2009) stating that the decay
condition (15) of the spectrum of the covariance operator ¥ is equivalent to the polynomial decay of the (dyadic)

entropy numbers e; (see Lemma 6), we have that, analogously to the proof of Theorem 7.23 in Steinwart and
Christmann (2008) (see Lemma 7.17 and eq. (A.36) in Steinwart and Christmann (2008) for details):

. ~ ) ~ r\Y/2 1
Eplej(id : (Bm)r — L2(Pp))] < Eple;(id : Hy — Lao(Py))] < 2 (X) aj %
for some a > B, where the first inequality is a consequence of (B,,), C H, and Py = LS | 64, is the empirical
(marginal) measure.

Furthermore BA,m is a clipped regularized empirical risk minimizer over B, (see Definition 7.18 in Steinwart and
Christmann (2008)) since

MIBrmll? + L(55) < MBamll® + L(Bam) Mwl]|? + L(w)].

= inf

BEBm
Then, applying Theorem 9 (sub-gaussian adaptation of Theorem 7.23 in Steinwart and Christmann (2008)) with
probability at least 1 — 9

R R 2 27p7119+19p
Awwui+L<ﬂw—Lm0<9OWM@+LMﬁ—MﬂU+K<§;> -

=7
43 (72‘”‘;%(3/‘”) ;. 3D+ 6e+ 8Blog(3/9) (92)

2n

We define w) := argmin, ., L(w) + Ajw||*>. Now, since
(P, wx; X) |y, < MPs, wAll - 1 X e < Mllwall - [ X
= [lwall - 11X Nlps < V2C [l - X1 2.

= CV2Te(2) lwall
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where we used the fact that || X| is sub-gaussian since, given an orthonormal basis e;,

2 2 2 2
X, < X1, = | > (Xee) |, < > Jxe?|

2 2
<2 IX ey, <20° (X, ei)llz, = 2C° Tr [5]

Then (Pg,, wy, X) is a real C'y/2 Tr(X) ||wy|/-sub-gaussian random variable. Moreover we have

1@y, (Ps,,wx, X))lly, < B+ CG/2Te(X) lwall- (93)

Recalling the definition of clipping, we have £(y, (Pg, wx, X)) < £(y, (Pg, wx, X)) which implies

Uy, (P LX) Uy, (P X
1y, (P, wn, X)), = sup 14(y, (PB,,wx, X))z, < sup 1€(y, (Ps,,wx, X)L,

p>2 VP p>2 VP

for the monotonicity of the L,-norm. Putting everything together we get

5 (X) =gt (Ol = 15 (P, 0, X))~ (3, (P, 1, X)) L < 2B+20GY/TTH(S) fun | = €
~ (95)
We can finally conclude that hpy  w,(X) = hpy ,e(X) is a C-sub-gaussian random variable. Assumption

E(U(Y, (Ps, wx, X)) — LY, (Pg,, uJ)\,X)Cl)Q~ < DE(((Y, <775mwA, )) — LY, (Pg,, wA,X>Cl)) allows us to apply
Theorem 9 for fo := (Pp, wy,) with ¢ = C. We rewrite (79) as

m

= ||€(y, <7)Bmw/\7 X>)||1ZJ2
(94)

2\ =27 1 =
MBral? + L)~ (1) < 9Pl wall> + L(Ps, ) — () + K ()70 g (TRV 1B/ w50

n
. (3D +8B)log(3/9) 60&/2 (S wall log(3/9)
2n
2 a?P \ =5=e577
= 9(N|Ps,, wnl? + L(Ps,, wa) = L(wa) + L(wa) = L(£.) + K (55 +
+3(72V10g(3/6))219 (3D +8B)log(3/9) GCG\/QTr )log(3/6) [A(N)
n 2n A
< I(L(Ps,wn) — L(w) + Allwa||* + L(wn) — L(f.)) + K(;T) T,
+3(72V10g(3/§))219 (3D + 8B)log(3/4) GCG\/QTr Ylog(3/6) | A(N)
n 2n

= 9A(N) + 9(L(Pg, wy) — L(wy)) + K()\j ) + 3(

(3D+SB) log(3/4) GCG\/QTr )log(3/6) [A(N)
2n A

where we used the fact that ||wy| < /A(X)/A.

72V 10g(3/5)) 2-0

n

(96)

We can deal with the term L(Pg,, wx) — L(wy) as in (49) (but where we use Lemma 5 instead of Lemma 4 to
exploit sub-gaussianity), so that for o 2 n~1/? with probability greater than 1 —

L(Pg,,wx) — L(wx) < CoGva |yl < Con\/
for some Cy > 0. We finally obtain with probability greater than 1 — 24
. ~ 2\ s=2eres 72V log(3/6)\ =%
2 cl _ < OéA()\) L p—0+0p g
Mol + LOBSm) = L() < 0AWN) +9CoGy =72 + K (70 +3( B

n (3D + 8B)log(3/6) 6CG\/2T1" )log(3/0) [A(N)
2n A

which proves the first claim. O
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The following corollary provides the optimal rates.

Corollary 5. Fix 6 > 0. Under the Theorem 11 and the source condition
AN < A\

for some r € (0,1], set

A = n~ T e ) (98)
o = n~ 2 et ) (99)
m> 28 = S e (100)

for ALS sampling, with probability at least 1 — 26
AHB)\’mH%{ + L(Af\{m) — L(f*) <n~ min{ 25, so=5=remTr ) (101)

Proof. Lemma 4 with Proposition 4 gives
log"/”(n/3)

m 2 da2log(n/d), dpo Sa™? ax ——"—= (102)

ml/jﬂ

Lemma A.1.7 in Steinwart and Christmann (2008) with r =2, 1/y = (2 —p — 0 + 0p), a = p, § = r shows that
the choice of A\, a and m given by (98)—(100) provides the optimal rate. O

— mi R e S W . . s .
Notice that o =< n~ ™™ @==w+m77} is compatible with condition a > du () =< n~/? in Lemma 5.

H Effective Dimension and Eigenvalues Decay

In this section, we derive tight bounds for d, 2 defined by (13) when assuming respectively polynomial and
exponential decay of the eigenvalues o;(X) of X.

Proposition 4 (Polynomial eigenvalues decay, Proposition 3 in Caponnetto and De Vito (2007)).
If for some vy €RT and 1 < 8 < +o0

then
doo <y 1/8 103
)2 3_1 ( )

Proof. Since the function o/(o + «) is increasing in o and using the spectral theorem ¥ = UDU* combined with
the fact that Tr(UDU™*) = Te(U(U*D)) = TrD

_ = 0; > i
doo = Tr(2(E + al) 1):20‘+a gzwm (104)

=1 =1

The function v/(y + %) is positive and decreasing, so

o [
0

v+ Pa
zofl/ﬁ/ B
0o Y+T8
< V%a_l/ﬂ (105)

since [[S(y+7%) 71 < B/(B-1). O
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Proposition 5 (Exponential eigenvalues decay).
If for some v, 3 € RTo; < ve™ P then

doo < — 5 (106)
Proof.
[eS) [eS) 9] 4o
o; 1 1 1
do2 = = < - < —d 107
2 ;Urka ;1+a/0i gl—i—a’eﬁ” /0 1+alehr " (107)

where o/ = /7. Using the change of variables ¢ = /% we get

1o /3/+Oo S5 [ [ il = 3wt ostr 4]
+o0 1
B [1 o8 (mﬂ 1 B [log(l/a/) +log(1 + 0/)} (108)

So we finally obtain
log(1 +7/a)

da2
‘ B

[log(v/a) +log(l + e/ )} = (109)

E \

O

The following result is the content of Theorem 15 in Steinwart et al. (2009). Given a bounded operator A between
two Hilbert spaces H1 and Ha, denote by e;(A) the entropy numbers of A and by PH =1 Zl 1 0z, the empirical
(marginal) measure associated with the input data x;, ..., z,. Regard the data matrix X as the inclusion operator
id: H — Ly(P)
(idw)(x;) = (w, x;) i1=1,...,n
Lemma 6. Let p € (0,1). Then
Esle;(id: H — Ly(P))] ~j % (110)

if and only if

-

oj(X) ~j > (111)

I Constrained problem

In this section we investigate the so called constrained problem. As (9) the hypothesis space is still the subspace
B, C H spanned by {Z1,--- ,&,,} with {Z1,--- ,Z,,} being the sampled input points and the empirical estimator
is the minimizer of ERM on the ball of radius R belonging to the subspace B,,. More precisely, for any R > 0 we
set N
Brm = argmin E(w) (112)
WEB,||lw||<R

For sake of simplicity we assume the best in model to exist. We start presenting the finite sample error bounds
for uniform and approximate leverage scores subsampling of the m points.

Theorem 12. Fizx R >0, a« >0, 0 < < 1. Under Assumptions 1, 2, 3, with probability at least 1 — ¢

L(Brm) — L(fn) < 23?” (2 + \/W) +2GRVa (113)

provided that R > ||w.]|, n > 1655k + 223k? log 25~ 5 and m satisfies

1. for uniform sampling
2

452 4Kk
> 67log — V 5dy. o0 log — 114
m o8 ad 00 08 ad (114)



Regularized ERM on random subspaces

2. for ALS sampling and T-approximate leverage scores with subsampling probabilities Q,, to > % log 47",

16n

16
m > 3341log T” V78T 2 log —- (115)

19x2 4n
where o > = log T
Under the above condition, with the choice o < 1/n, the estimator achieves the optimal bound
~ 2GRk 1
L(Br.) — L <7(2 21og(1 5) 9GR—
(Brm) — L) < =2 (2 V210 (1/0)) + 2GR
1

Proof. We decompose the excess risk of BRM with respect to the target w,

L(Brym) — L(w.) = L(Brm) — L(Brm) + L(Brom) — L(Ppw.) + (117)
<0

L(Ppw,) — L(Pmw,) + L(Pmw,) — L(w,)

2 sup (L(w)—f(w))+L(me*)—L(w*)
WEB,,||lw||<R

N+

B

A

where ||Ppw.| < R since R > ||w.].

Bound for the term A:
Term A is bounded by Lemma 1, so that with probability at least 1 — §

(2+ v2108(1/9)). (118)

A<

GRk
N
Bound for term B:

Term B is bounded as Term C in the proof of Theorem 7, see (49)

B < G|IZV2(I = Pp)[|[wi ] < GRIEYA(I = Pry)| (119)
and we estimate || Z/2(I — P,,)| using Lemma 3 for uniform sampling and Lemma 4 for ALS selection. O
Again, bound 116 provides a convergence rate, which is optimal from a statistical point of view, but that requires
at least m ~ nlogn subsampled points since, without further assumptions the effective dimension d, 2, as well
as dy 0, can in general be bounded only by k2 /a. Clearly, this makes the approach completely useless. As for
the regularized estimator, to overcome this issue we are forced to assume fast decay of the eigenvalues of the
covariance operator ¥, as in Bach (2017). Under this condition the following results — whose proof is identical to

the proof of Proposition 2, shows that the optimal rate can be achieved with an efficient computational cost at
least for ALS.

Corollary 6. Under the condition of Theorem 12,

1. if ¥ has a polynomial decay, i.e. for some v € RT, p € (0,1),

then, with probability at least 1 — 0

L(Brom) — L(w.) S R\/M + Ry 105;1/;” = R/log(1/0) o(bg;/ﬁp") (120)

with m 2 nP logn subsampled points according to ALS method.
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2. if ¥ has an exponential decay, i.e. for some y,3 € RT,
0;(£) < ye

with probability at least 1 — §:

LBam) - Lw.) < Ry B0 4 pesi — R\ /iog(1/5) o(—=) (121)
n vn
with m 2, log® n subsampled points according to ALS method.

J Experiments: datasets and tuning

Here we report further information on the used data sets and the set up used for parameter tuning.

For Nystrom SVM with Pegaos we tuned the kernel parameter o and A regularizer with a simple grid search
(0 €[0.1,20], A € [1078,1071], initially with a coarse grid and then more refined around the best candidates). An
analogous procedure has been used for K-SVM with its parameters C' and «. The details of the considered data
sets and the chosen parameters for our algorithm in Table 2 and 4 are the following:

SUSY (Table 2 and 4, n = 5 x 10°, d = 18): we used a Gaussian kernel with ¢ = 4, A = 3 x 107¢ and
mars = 2500, Muniform = 2500.

Mnist binary (Table 2 and 4, n =7 x 10%, d = 784): we used a Gaussian kernel with o = 10, A = 3 x 1076
and mars = 15000, Muyniform = 20000.

Usps (Table 2 and 4, n = 9298, d = 256): we used a Gaussian kernel with 0 = 10, A = 5 x 107¢ and
mars = 2500, Muyniform = 4000.

Webspam (Table 2 and 4, n = 3.5 x 10°, d = 254): we used a Gaussian kernel with ¢ = 0.25, A = 8 x 10~
and mars = 11500, Myniform = 20000.

a9a (Table 2 and 4, n = 48842, d = 123): we used a Gaussian kernel with ¢ = 10, A = 1 x 1075 and m 415 = 800,
Muyniform = 1500.

CIFAR (Table 2 and 4, n =6 x 10*, d = 400): we used a Gaussian kernel with ¢ = 10, A = 2 x 1076 and
mars = 20500, Muyniform = 20000.

Table 4: Comparison between ALS and uniform sampling. To achieve similar accuracy, uniform sampling
usually requires larger m than ALS sampling. Therefore, even if it does not need leverage scores computations,
Nystrom-Pegasos with uniform sampling can be more expensive both in terms of memory and time (in seconds).

Nystrom-Pegasos (ALS) Nystrom-Pegasos (Uniform)
Datasets  c-err t train t pred c-err t train t pred
SUSY 20.0% +0.2% 608 &2 134 +4 20.1% +0.2% 592 +2 129+ 1
Mnist bin  2.2% £ 0.1% 1342+ 5 491 +£32  2.3% £ 0.1% 1814 £ 8 954 £+ 21
Usps 3.0% + 0.1% 19.8+0.1 7.34+0.3 3.0%=+0.2% 66.1 £0.1 4848
Webspam  1.3% 4 0.1% 2440+ 5 376 £18 1.3% £0.1% 4198 +£40 1455+ 180
a9a 15.1% +£02% 29.3+0.2 15401 151%+02% 30.94+0.2 3.2£0.1

CIFAR 19.2% £ 0.1% 2408 £14 820+47 19.0% +£0.1% 2168 +19 709+ 13




