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Abstract

Combinatorial bandit models and algorithms
are used in many sequential decision-making
tasks ranging from item list recommenda-
tion to influence maximization. Typical algo-
rithms proposed for combinatorial bandits, in-
cluding combinatorial UCB (CUCB) and com-
binatorial Thompson sampling (CTS) do not
exploit correlations between base arms during
the learning process. Moreover, their regret
is usually analyzed under independent base
arm outcomes. In this paper, we use Gaus-
sian Processes (GPs) to model correlations
between base arms. In particular, we consider
a combinatorial bandit model with probabilis-
tically triggered arms, and assume that the
expected base arm outcome function is a sam-
ple from a GP. We assume that the learner
has access to an exact computation oracle,
which returns an optimal solution given ex-
pected base arm outcomes, and analyze the re-
gret of Combinatorial Gaussian Process Upper
Confidence Bound (ComGP-UCB) algorithm
for this setting. Under (triggering probabil-
ity modulated) Lipschitz continuity assump-
tion on the expected reward function, we de-

rive (O(4/mT log Tfyffl“‘)) O(m %) up-
per bounds for the regret of ComGP-UCB
that hold with high probability, where m de-
notes the number of base arms, p* denotes the
minimum non-zero triggering probability, and
'Y;,:,CA denotes the pseudo-information gain.
Finally, we show via simulations that when
the correlations between base arm outcomes
are strong, ComGP-UCB significantly outper-

forms CUCB and CTS.
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1 INTRODUCTION

Multi-armed bandits (MAB) are one of the simplest re-
inforcement learning models (Berry et al., 1985, Sutton
et al., 1998, Robbins et al., 1952) in which the ultimate
trade-off between exploration and exploitation can be
elegantly analyzed. The simplest—yet most extensively
studied—MAB model involves m arms whose expected
outcome distributions are unknown. At each round,
the learner selects one arm based on its past observa-
tions to maximize the (expected) cumulative reward.
It only observes a noisy outcome from the selected arm
at the end of each round, while other arms’ outcomes
remain hidden. A good learner should minimize its
regret—the difference between the expected cumulative
reward obtained by playing the optimal arms and that
obtained by itself—by adapting its arm selection pol-
icy based on its history. When the arm outcomes are
independent, it is well-known that any learner’s regret
will increase at least logarithmically over time (Lai
et al., 1985), i.e., exploration is necessary and not free.
Over decades, many different algorithms are proposed
to minimize the regret, including but not limited to
celebrated Thompson (posterior) sampling (Thompson
et al., 1933, Agrawal et al., 2012, Russo et al., 2014)
and upper confidence bound (UCB) (Lai et al., 1985,
Agrawal et al., 1995, Auer et al., 2002) algorithms.

Unlike standard MAB, many sequential decision-
making problems ranging from online influence maxi-
mization to bundle recommendation require multiple
base arms to be simultaneously selected at each round.
These—and many others—can be modeled as a com-
binatorial multi-armed bandit (CMAB), which is an
extension of the original MAB problem, where at each
round, the learner chooses a subset of base arms (a
super-arm) (Gai et al., 2012, Kveton et al., 2015a, Chen
et al., 2013, Gopalan et al., 2014), after which it ob-
serves the overall reward for the super-arm, and indi-
vidual outcomes for each selected base arm. This type
of feedback is called semi-bandit feedback. Authors of
Kveton et al. (2015a) investigate the special case where
the expected reward of a super-arm is the linear combi-
nation of its base arms’ expected outcomes and derive
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O(KmlogT/A) gap dependent and O(v/KmT logT)
gap-free bounds for a combinatorial version of UCB1 in

Auer et al. (2002). However, assuming a super-arm’s
expected reward to be a linear combination of expected
base arm outcomes is a stringent assumption, which
does not hold in many practical problems of interest.
There are other works generalizing this setting to al-
low the expected reward of a super-arm to be a more
general function of expected base arm outcomes (Chen
et al., 2013).

In many real-world applications, the CMAB framework
may fall short in terms of modeling the problem. For
instance, the CMAB framework does not capture the
probabilistic nature of the item list recommendation
problem or influence maximization in a graph (Hiiyiik
et al., 2020). For this reason, we are interested in a more
general framework, called combinatorial multi-armed
bandit with probabilistically triggered arms (CMAB-
PTA) (Chen et al., 2016), where each base arm in a
super-arm may trigger other arms depending on the
triggering probabilities and base arm outcomes. The
reward at the end of a round is a function of all trig-
gered base arms and their expected outcomes. For
this setup, it is shown that logarithmic in time regret
is achievable when the expected reward function has
{s bounded smoothness property (Chen et al., 2016).
One drawback of this bound is that it depends on
1/p*, where p* is the minimum triggering probability.
In Wang et al. (2017), a bound free of 1/p* is de-
rived under more strict assumptions on the expected
reward function, called triggering probability modu-
lated (TPM) bounded smoothness. Moreover, Wang
et al. (2017) shows that the dependence on 1/p* is
unavoidable in general. GPs offer a powerful and conve-
nient framework for CMAB problems. The immediate
advantage is that GPs can model the dependencies
between different base arms’ expected outcomes via a
kernel function. Compared to other algorithms that
assume independence between different base arm out-
comes, a GP bandit uses every single base arm outcome

Table 1: Our Work in Comparison to Related Work

ALGO. PUBL Regret Bound
CUCB (Chen et al., 2013) O3, logT/Ay)
CUCB! (Chen et al., 2016) O3, 1ogT/(piAi))
CUCB! (Wang et al., 2017)  O(3_,log T/A:)*
CTS? (Wang et al., 2018)  O(>_;log T/A:)
CcTS'? (Hiiyiik et al., 2019)  O(Y, log T/ (piA:))

ComGP-UCB!?

TlogT
O(m,/ Tf) .
o (, /mT log T'yq}f)ﬁA)
*With triggering probability modulated Lipschitz continuity

'PTA scenario considered
2Exact oracle used

observation to update its body of information about
the other base arms. Besides, thanks to the analytical
tractability and simple update equations of GPs, it is
easy to implement and analyze such models.

In this work, we analyze the regret of ComGP-UCB,
a Gaussian process upper confidence bound algorithm
(Srinivas et al., 2010). We consider a CMAB-PTA
framework where the learner has access to an exact com-
putation oracle. We show that ComGP-UCB achieves

(O(4 /mTlogT’yTIfILA)) O(m~/Tlog T /p*) high proba-

bility regret bounds under (triggering probability mod-
ulated) Lipschitz continuity assumptions on the ex-
pected reward. Our bounds match the state-of-the-art
in terms of dependence on time (Chen et al., 2013,
Hiiyiik et al., 2020, Srinivas et al., 2010). Note that
one of our bounds includes pseudo-information gain.
This term is a function of the base arms’ triggering
probabilities and posterior variances and it captures
the information that can not be captured by the algo-
rithms which assume independence between base arm
outcomes. We elaborate on the pseudo-information

gain term, '77132‘4, in Sections 4 and 5.

The rest of the paper is organized as follows. Section
2 formulates the CMAB-PTA problem. Section 3 de-
scribes the ComGP-UCB algorithm. Section 4 analyzes
the regret of ComGP-UCB. Section 5 contains the nu-
merical results, and Section 6 presents the concluding
remarks. Proofs of the lemmas used and additional
results are provided in the supplementary material.

2 PROBLEM FORMULATION

We consider a sequential decision making problem with
time horizon 7. The learner interacts with its en-
vironment through m base arms indexed by the set
[m] == {1,...,m}, over rounds indexed by ¢ € [T].
Every base arm i € [m] is characterized by its context
vector z; € X, where X' := [0, 1]¢ is the d-dimensional
context set. In each round, the following actions take
place in order:

o The learner selects a super arm S(t) from a subset
of 2[™ denoted by Z.

e The arms in S(¢) may trigger other arms via a
stochastic triggering process, D", yielding a set
of base arms S’(t) which is a super set of S(t).
We denote the set of arms that can be possibly
triggered by the arms in S by S.

e The learner observes the individual outcomes of
each base arm in S’(t), and a reward that depends
on S'(t) (semi-bandit feedback).
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2.1 Base Arm Outcomes

We model the expected base arm outcomes as a sample
from a Gaussian process defined on X' (Rasmussen et al.,
2004). A Gaussian process GP(m(x), k(x,z’)) can be
thought of as a probability distribution over functions,
or an infinite-dimensional multivariate Gaussian dis-
tribution. It is characterized by its mean, m(x), and
kernel, k(x, '), functions. GPs enjoy non-parametric
flexibility and analytical tractability properties. Using
GPs to model the expected outcome function, we gain
the power to exploit the dependencies between the ex-
pected outcomes of different base arms via the kernel
function.

At each round ¢, the environment draws a random
outcome vector Y (¢) = (Y1(t),..., Y, (¢)) from the
true outcome distribution D, which is unknown to the
learner, where Y;(t) is the outcome of base arm i at
round t. Y;(t) == p; + €+, where ¢4 are i.i.d. zero
mean Gaussian random variables with known variance
o2, which are used in updating the posterior mean
vector and covariance matrix of the GP. Let u; =
Ey~p[Yi(t)] denote the expected outcome of base arm
i, u = (p1,...,pm) denote the expected base arm
outcome vector, and pg denote the projection of p onto
S. We assume that there exists a function f: X — R,
sampled from a GP, such that f(x;) = u;.

2.2 Triggering Process

In every round t, the learner selects a super arm
S(t) € T based on its past observations. All the arms
in the selected super arm are immediately triggered.
These arms can trigger other arms, and triggered arms
can further trigger other arms, until no more arm is
triggered. By the end of the triggering process, we end
up with a set of trigered arms S’(t) ~ D'"9(S(t),Y (t)),
such that S(t) C S’(t) € S(t) C [m]. The triggering
process can be described via a set of triggering prob-
abilities. For every base arm i € [m], and S € Z,
piD/’S denotes the triggering probability of the base
arm ¢ when super arm S is selected and the base arm
outcome distribution is D’. We let pf = p?’s, where
D € D is the true arm outcome distribution, and D
is the class of distributions that D belongs to. D is
unknown by the learner, but D is known. In our case,
D is the class of m-dimensional multivariate Gaus-
sian distributions, since we assume that the expected
base arm outcomes are sampled from a GP. We define
p; = min{p? | S € Z,p; > 0} as the minimum non-
zero triggering probability of the base arm i, where
i€ {l,... ,m} and p* := min;c[y,) p; as the minimum
non-zero triggering probability.

2.3 Reward

After each round ¢, the learner observes a reward,
R(S'(t),Y (t)), depending on the set of triggered arms
and the true expected base arm outcome vector. To
simplify the notation, we use R(t) = R(S'(t), Y (t)).

Assumption 1. Given p, we assume that the ex-
pected reward of a super arm is only a function of
the super arm and the true outcome vector, and denote

E[R(t)|p] = r(S(), ).

Now let us define the set of optimal super arms (i.e.,
the ones that maximize R(t)) for a parameter vector
as OPT(0) = argmaxgc7 7(S5,0). OPT denotes the
exact oracle, which is a problem specific computation
black-box. It knows the problem structure (e.g., cas-
cading bandit, influence maximization, probabilistic
maximum coverage) and calculates the optimal super-
arm for a given base arm outcome vector (i.e., 8). For
instance, in an influence maximization problem, the
oracle knows the graph structure, and it can provide
the optimal solution given the triggering probabilities
of the edges. Let S* € OPT(p) represent an optimal
super arm. Based on this information, the learner aims
to minimize the cumulative regret over the time horizon
T, which can be written as,

Regu(T) = r(S*, ) — r(S(t), ) -

t=1

Next, we make some standard assumptions on the
reward function R (Hiiyiik et al., 2020, Chen et al.,
2016, Wang et al., 2018).

Assumption 2. (Monotonicity) The expected reward,
r(S, ), is non-decreasing w.r.t. @, that is, given p,
v € RM such that p; > v;, Vi € [M], we have
r(S,pu) > r(S,v),vS eT.

Assumption 3. (Lipschitz continuity) There exists a
constant B > 0, such that for every super arm S and
every pair of mean base arm outcome vectors p and
v, we have |r(S,p) —r(S,v)| < Bl|pg — vg||1, where
[|-|l1 denotes the €1 norm.

Assumption 4. (Triggering probability modulated Lip-
schitz continuity) There exists a constant B> 0, such
that for every super arm S and every pair of base arm
outcome distributions D and D' with mean outcome
vectors p and v respectively, we have,

|r(S, ) — r(S,v)| < szz‘D’SWi il .
icS
2.4 Observation Model

Since we assume semi-bandit feedback, the individual

outcomes of each base arm in S’(t) are revealed af-
ter each round. That is, Q(S'(¢),Y (t)) = {(4,Yi(t) :
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i€ S'(t))} is revealed. We let Q(t) = Q(S'(¢),Y (¢)).
By these definitions, the information available to the
learner to guide its actions in round ¢t + 1 is F; =
{(S(1),Q(7)) : 7 € [t]}. After making a set of observa-
tions, we can update the posterior mean and variance
at © € X as follows,

kyw(z,x') = k(z, ')
—knw (@) (K@ + 021 ke ()
G (@) = kng (@, @) (2)
ine (@) = kne) (@) (Kng +0°1) 7Y, (3)

where Y; = [YT(1),...,YT(t — 1)]T denotes the
vector of observations made until round ¢, and
N(t) = |Y;| denotes the total number of observa-
tions made until round t. Moreover, ky(x, ')
denotes the posterior covariance between x and ’,
and fiy ) (x) and &?V(t)(;v) denote the posterior mean
and variance at * € X at round ¢, respectively.
knay(z) = [k(z!, x),... . k@"®, x)]7 denotes
the vector of covariances between x € X, and past
observations [z, ..., 2N®)], where ' is the ith base
arm picked from the beginning. Ky is the gram
matrix, I is the N(t) x N(t) identity matrix, and o2 is
the noise variance that we include in our calculations.

(1)

To summarize, ([m],Z, D, D" R) tuple characterizes
a CMAB-PTA problem instance, among which only D
is unknown to the learner.

3 ComGP-UCB ALGORITHM

Pseudo-code for ComGP-UCB is given in Algorithm 1,
and Figure 1 demonstrates the algorithm flow. ComGP-
UCB uses Gaussian process based upper confidence
bounds to form optimistic estimates of the expected
base arm outcomes (Srinivas et al., 2010). First, it
initiates a GP, g, in the base arm domain. At the
beginning of each round, the algorithm calculates an
upper confidence bound (UCB) for base arms as follows,

fe(®i) = finy(®i) + /BN o) (i),

where i € [m], and fi,y(¢) and 612\7(15) denote the posterior
mean and variance vectors of g at round ¢, respectively.

Algorithm 1 ComGP-UCB

1: Initialize g ~ GP(fig(x), ko(x,x))
2: fort = 1,...,7T do
300 e = {fing (@) +
£ S(t) = OPT(f)
5:  Play S(t) and observe Q(t)
6:  Update F; based on Q(t)
7.

8

BN (i) ity

. Update fin(t41)(2:) and 6y (11) (i), @ € [m]
: end for

Without loss of generality, we assume bounded variance,
that is, 612\7(15)(33) = kn@(z, ) < 1 (Srinivas et al.,
2010). B, = 210g(%) is the exploration coefficient
where Y7 1/m, = 1 (e.g., m, = 7°n?/6). Note
that (3, is strictly increasing in n. We define f; =
[Ge(xs), ..., fit(xm)] to denote the vector of estimated
optimistic expected base arm outcomes at round t.
Then, f; is passed to the exact oracle to select the
super-arm in round ¢, S(t).! After S(t) is selected,
Q(t) is observed and the mean vector and covariance
matrix of g are updated according to (1) and (3).

4 REGRET ANALYSIS

4.1 Main results

In this section, we bound the regret of ComGP-UCB
when the reward function satisfies (TPM) Lipschitz con-
tinuity. First, we derive an upper bound on the regret
when the reward function satisfies Lipschitz continuity.

Theorem 1. Given 6, p € (0,1), a € [mT], and
under Assumptions 1, 2, and 3, the cumulative regret
of ComGP-UCB after round T is upper bounded with

at least 1 — 0 — 2 — %EH[%} probability as follows,

TﬁmTU2

P: Reg,(T) <4mB| ————

{fRegu(1) < (1 p)p*
m 2m 1
2maBy/ BTt > 1 -0 — — — —E,[—],
+2maByFor} 2 1-6- 2 - 2lg, 0]

where B is the Lipschitz constant.

We observe that the right hand—zside 1111 Theorem 1 is
greater than zero when o > m”ffE;[p*]. This condi-
tion is translated into a condition on T in the following
corollary. Also, note that Eu[,%] should be finite in
order for this bound to make sense. One simple exam-
ple is the case when p* > p7 . for all u for a constant
Dpnin > 0.

Corollary 1. Setting o = /T in Theorem 1, we have,

/TBWLTU2
(1—p)p*

+2mBr\/TBmr} > 1 — 26,
m+

2m 1
2 E ]

when VT > 5

P{Reg,(T) < 4mB

Next, we bound the regret when the expected reward
function satisfies the TPM Lipschitz continuity. The

1We note that our regret analysis can easily be extended
to the cases when approximation oracles are used, by re-
defining the regret to be a-approximation regret (Chen
et al., 2013).
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Figure 1: Algorithm Flow. At each round t, the environment draws a random outcome vector Y (¢) from the true
outcome distribution D. ComGP-UCB first forms an optimistic estimate for the expected base arm outcome
vector, fiz, using the posterior GP distribution and feeds it to the oracle. The oracle knows the problem structure
and it returns an optimal super-arm S(t) for the given parameter set, fi;. Then, the learner plays the super-arm
S(t) and observes a feedback, Q(t), which depends on Y (¢). Finally, the learner updates the GP distribution
based on the feedback it observes. Blue boxes are the variables that are created and updated by the learner,
whereas the red boxes are external and environmental entities.

regret bound for this case depends on a new term called
probabilistic triggering modulated (pseudo-) informa-
tion gain.

Definition 1. (Probabilistic Triggering Modulated
Pseudo-Information Gain)

ZZ

t 1icS(t)

PTA .

VT, 10g (1+o” UN(t)(w’L))

(4)

Probabilistic triggering modulated pseudo-information
gain is very similar to the standard information gain
term (Srinivas et al., 2010). In the next lemma, we
consider the CMAB framework with no probabilistically
triggered arms, in which the super-arm S is constructed
via a greedy approach. That is, within round ¢, the
learner selects a single base arm, observes its outcome,
and updates the algorithm’s parameters before choosing
the next base arm. We consider such a case to provide
an analogy between the standard information gain
term and probabilistic triggering modulated (pseudo-)
information gain term. More details can be found in
supplementary material.

Lemma 1. The information gain by the end of round
T in a CMAB problem (no probabilistic triggering)
where the super-arm S is constructed with a greedy
approach can be expressed as,

T
Z S log(1 + 0726 (@),
t=1 iS5 (t)

(5)

I(yim); fim) =

where &?V(t Z)(wl) is the conditional variance at x; € X
conditioned on all the selected base arms before ith arm
at round t.

However, there are two crucial differences between the
two terms. The first difference is that we sum over the
triggering set while calculating the pseudo-information
gain, S(t). Even though a base arm is not triggered, it
still contributes to the sum, a situation arising from the
probabilistic triggering part of the considered problem.
Another difference is that ComGP-UCB executes batch
updates on the mean vector and covariance matrix; that
is, they are not updated after every single base arm
is selected and its outcome is observed but after a
round is completed. Despite the differences, pseudo-
information gain essentially characterizes a piece of
similar information with the standard information gain
term (Srinivas et al., 2010). Although we do not provide
explicit theoretical bounds on the pseudo-information
gain term, we empirically demonstrate how it grows
over time in Section 5. Now we are ready to state the
next theorem.

Theorem 2. Given 6 € (0,1), C = L_%, where

log(1+o

B is the TPM Lipschitz constant, and under Assump-
tions 1, 2, and 4, the cumulative regret of ComGP-UCB
after round T is upper bounded with at least 1 —§ prob-
ability as follows,

]P’{RegH(T) < \/CmTﬂmT%}fyﬁA} >1-6.

The bound in Theorem 2 matches Theorem 1 in Srini-
vas et al. (2010) in terms of its dependence on time.
However, in Theorem 2, we have an extra y/m term
due to the combinatorial nature of the problem, and
we have the pseudo-information gain term instead of
the standard information gain term. Note that, one
can also use the vanilla GP-UCB algorithm to solve a
CMAB problem by treating each super arm as a single
base arm, where the context vector of each super-arm
is defined as the concatenation of its base arms’ con-
text vectors. In this scenario, the y/m term in the
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regret bound will disappear. However, this approach
has one immediate drawback: the information related
to underlying base arms shared between different super
arms will be discarded. Another drawback is that the
number of possible super arms increases combinatori-
ally with respect to the number of base arms and the
GP-based inference on a high-dimensional space might
degrade the performance.

4.2 Preliminaries for the Proofs

Let us define the following events,
Hi(t) = {i € S(t), Ni(t) < (1 — p)piM;(t)}
H(t)={3i e [m]: Hi(t)}

G = {lanw (@) — il < \/BNwOn@)(xs),

Vi € [m],Vt € [T}

{ZZH{H }<a}

i=1 t=1

where a € [mT] is fixed, M;(t) = Zt;:ll I{i € S(1)}
denotes the number of times base arm ¢ was in the
triggering set, and N;(t) := Zt;:ll I{i € S'(7)} denotes
the number of observations made at base arm 4, up to
round ¢. Also, let 7% denote the round number where
1th base arm is in the triggering set of the selected

super arm for the wth time, and ¢ = 0.

4.3 Supplemental Lemmas

We have the following three lemmas for which the
detailed proofs can be found in the supplementary
material.

Lemma 2. Given ¢ € (0,
least 1 — § probability.

Lemma 3. Gwen a € [mT] the event J holds with
at least 1 — 2 — S [ =] probability.

Lemma 4. Instantaneous variance of the Gaussian
process at x; € X can be upper bounded by the noise
variance and the number of times base arm i was trig-
gered as, 0% /N;(t) > 6?\[(0 (z;).

1), the event G holds with at

4.4 Proof of Theorem 1

For the proof of Theorem 1, we assume that the events
G and J hold, which means that fi;(ax;) > p; for all
i €[m]andt e [T], and 320", S I{Hi(t)} < o for
a fixed a € [mT].

T
Regu(T) =y r(S", ) = r(S(t), )
t=1
<D (S ) = r(S(t), p) (6)

T
< D CHRHO}r(S(), ) —

+ Y I{H(t)} x 2mB/ B, (9)
t=1

where (6) follows from Assumption 2, (7) is due to the
definition of the OPT operator, and (9) is obtained by
observing that for all S € Z,

(S, fe) — (S, p)l
<B Z i — v (i) — \/ﬂN(t)&N(t)(mi” (10)
i€
<BY (i — vy (@) + [/ By v (2:)])
=
< QBZ \/%6N(t) (x:) (11)
=

< 2mB\/Bmr, (12)

where (10) follows from Assumption 3, (11) holds since
G holds, and (12) holds since mT > N(t) for all t € [T7,
and &12\,( £ (x;) <1 since we assume bounded variance.

Bounding (8). When G and —H (t) hold, we have,

r(S(), 1) —r(S(t), )
<2B > \/Bywone (@) (13)
i€S(t)
<2B Y ,/5N(t (14)
i€S(t)
o
<2B Z B () ; (15)
i€5(t) (1 = p)piM;(t)
where (13) follows from (11), (14) follows from Lemma

4, and (15) holds since —=H (¢) holds. Then,

<ZH{ﬂH )28 W (1—;piMi(t)

i€S(t)

- I{-H(t)}2B 4
< \/ﬂz {—H(t)} Zg(f) (1 = p)piM;(t)

w+1

<\/ﬁmT§jZ Z I{i € S(t),~H(t)}

=1 w=0¢=7} +1

x 2B

(1 —p)pi M;(t)

m T
S V BmT Z Z 2B \/ 7
1=1 w=0

(1= p)piMy(Tl 1)
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m T
<ABur >y 2B (16)

(17)

where (16) holds since M;(7i) = N;(
meaning —H (7{) does not hold. Finally, (17) follows

from the fact 22;1 V1/n < 2v/N.

Bounding (9).

T
9) = 2mBy/Bmr Y I{H(t)}
m T
< 2mBy/ Bt » Y {Hi(t)}

i=1 t=1
<2maB V ﬁmTa (18)
where (18) holds since J holds. Finally, when the

events G and J hold, we can bound the cumulative

regret after T rounds as follows,
Reg,(T) < (8)+(9)

,TﬂmTU2
(1—p)p*

Theorem 1 follows by combining Lemmas 2 and 3 with
the fact that IP’{Q N j} =1- P{ﬂg U —.j}, where

<4mB

+ 2maBA/ B

1-P{-GU~J} > 1-P{~G}-P{~J }, by union bound.

Finally, 1 -P{-G} -P{-J} =P{G} +P{J} -1, and
P{G} +P{T} -121-0-2 - 3R, [1]

4.5 Proof of Theorem 2

For the proof of Theorem 2, we assume that the event
G holds.

Reg, (T

I A

T
> (s —r(5(t), p) (19)

=1

T
By > w"
t:1~~)

d t)A
VY, 3ol

S(t)

~

IN

ﬂN(t)&N(t) (x:) (20)

I /\

where (19) follows from (7), (21) holds since mT > N (t)
for all t € [T], and (20) is obtained by observing that
for all S € 7,

(S, ) — (S, p)

<BY 0]l — vy (@) =/ Bywdn ()] (22)

ieS

) = 0 for all i,

<BZPZ i — finee) (@] + /By O v (2:))

ieS
<2BY piy/Bywon (@), (23)
ieS

where (22) follows from Assumption 4, and (23) holds

since G holds. Let us define p; s(;) = p; ( ) to keep the
notation uncluttered. By Cauchy- Schwartz inequality,
we can write,

T
Reg?,(T) < 4B>T Bur Z ( Z Di,5(4)0N (1) (%))2

t=1 ;eS5(t)
) T
< 432mT,3mTZ Z p?,S(t)&]zV(t)(wi) (24)
t=1;c5(t)
= 4BQmTﬂmT02
T
XD Y Phswo 0k (i)
t=1;c5(t)
é B2mTBmT
Z Z log(1+ 0~ ON(t)(:Bl)) (25)
pz ,S(t)
t i log(1 4 c—2)
= CmT Bt i (26)
where C' = %, is a constant, and ’yPTA is
pseudo-information gain in Definition 1. (24) follows
applying Cauchy-Schwarz inequality again, (25) follows
from the fact that s2 < & 0904 g ¢ ¢ (0,072,

log(1+a 2)

and 07265,y (i) < 072, since 65, (@) < 1.

5 NUMERICAL RESULTS

5.1 Cascading Bandit

We compare the performance of ComGP-UCB against
other state-of-the-art algorithms in a disjunctive cas-
cading bandit problem (Kveton et al., 2015b), which
can be treated as a CMAB-PTA instance (Wang et al.,
2017). We consider an item list recommendation sce-
nario, where a search engine tries to recommend the
most attractive list of webpages to its users. The users
come one at a time, and the engine selects K pages
from a set of R pages for each user. Each K-sized
super-arm (i.e., S) is modeled as an immediately trig-
gered virtual arm. The base arms in virtual arm S that
can be triggered constitute S. The oracle (OPT) in
this experiment returns an ordered list of K best web-
pages from R webpages based on their estimated click
probabilities at each round ¢. (i.e., f¢). The user ex-
amines the pages in the order they were recommended
and clicks on the first webpage she finds interesting.
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Figure 2: Regrets for the disjunctive cascading bandit
problem (42 standard deviation), when there is high
correlation between expected base arm outcomes.

If a user does not find any of the pages attractive, she
does not click on any page. The search engine aims to
maximize the total number of clicks.

We treat each webpage j € [R] as a base arm. The user
finds the page j interesting with probability p;. The
super arms are lists of size K, consisting of the web-
pages recommended to the user. Let S(k) denote the
kth page recommended to the user, given a super arm
S. Then, we can express the triggering probabilities
for each base arm in § as,

1 if j =5(1)
PGy = o (1= psy) if Fk#1:j=S(k)
0 otherwise

We observe feedback for the first recommendations
(pages) immediately and observe feedback for the other
ones only if the user does not click on the previous rec-
ommendations. Then, the expected reward of playing
super arm S can be written as,

r(S.p) = <1 -IIa _pS(k))>

k=1

for which Assumptions 3 and 4 hold when B = 1
and B = 1. We consider a scenario where the en-
gine recommends 5 pages among 900 pages to a user,
that is, R = 900 and K = 5. We assume that each
webpage has a 2-dimensional context vector, , and
generate p;’s by first sampling from a Gaussian process
with squared-exponential kernel? on a 2D grid, and
then passing the output through a sigmoid function

2We set variance parameter to 2, lengthscale parameter
to 0.8, and likelihood variance to 0.01.
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Figure 3: Pseudo-information gain term, 'yﬁfﬂ"‘, when
ComGP-UCB is run in the disjunctive cascading bandit
problem (42 standard deviation), when there is high
correlation between expected base arm outcomes.

(van der Wilk et al., 2020). We run ComGP-UCB,
CUCB in Chen et al. (2016), and CTS in Hiiyiik et al.
(2019) for 900 rounds and average their regrets over
10 different runs. Note that CTS and CUCB do not
use the side information (context) related to webpages
to exploit the dependencies between their click proba-
bilities. In Figure 2, ComGP-UCB is clearly superior
to the other algorithms. That is because the other al-
gorithms assume independence between expected base
arm outcomes, whereas ComGP-UCB utilizes the in-
formation from every base arm observation to update
its knowledge about the other base arms. On the other
hand, we observe in Figure 4 that when we sample p;s
randomly between [0, 1], ComGP-UCB is not signifi-
cantly superior, as expected. In Figure 3, we have the
pseudo-information gain term, 7}3’2‘4, which increases
sublinearly in time.

5.2 Sparse GPs and Kernel Parameters

One disadvantage of the GPs is that they are compu-
tationally expensive. ComGP-UCB has a computa-
tional complexity of O(n?), where n denotes the total
number of base arm observations. We can always use
sparse GPs for inference to reduce the computational
complexity to O(m?n), where m is a chosen constant
(number of inducing points) (Titsias, 2009). For the
sake of demonstration, we consider a synthetic prob-
lem where the reward of a super-arm S is simply the
sum of its base arms’ individual rewards. Formally,
R(S(1),Y (1)) = > ics(1) 74> Where 7 denotes the out-
come of base arm ¢ € [m] at round ¢. We show in
Figure 5 that sparse GP still significantly outperforms
CTS and CUCB and it has a competitive performance
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Figure 4: Regrets for the disjunctive cascading bandit
problem (£2 standard deviation), when expected base
arm outcomes are sampled randomly.

against ComGP-UCB. Moreover, we assume that the
kernel hyper-parameters are known a priori. In real-
ity, these parameters can be estimated from a training
dataset or can be tuned by using domain knowledge.
We show in Figure 5 that ComGP-UCB manages to
outperform its competitors even when there is a hyper-
parameter mismatch; that is, the GP does not know
the true kernel hyper-parameters a priori.

6 CONCLUSION

We analyzed the regret of the ComGP-UCB algorithm
in a CMAB-PTA setting and derived high probability
upper bounds on its regret under (TPM) Lipschitz
continuity and monotonicity assumptions on the ex-
pected reward function. One of our bounds includes the
1/p* term that is unavoidable in general, and the other
one includes a pseudo-information gain term for which
we have provided simulations regarding its behavior
in time. Interesting future work includes a more de-
tailed investigation of the pseudo-information gain and
providing explicit upper bounds. Overall, we showed
that when the expected base arm outcomes are not
independent but a sample from a GP, ComGP-UCB
algorithm significantly outperforms the state-of-the-art
benchmarks CTS and CUCB.
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