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Appendix

A Omitted Proofs

A.1 Notation

We begin with notations. For a random variable X, its sub-gaussian norm/Orlicz norm is defined as || Xy, =

inf{t > 0 : E[¢*"/"] < 1}. For a d-dimensional random vector Y, the sub-gaussian norm of Y is defined as
Y|y = sup,ega—1 [|(Y,v)], where S?~1 denotes the sphere of a unit ball in R%. For two sequences of positive
numbers a,, and b,, a, < b, means that for some constant ¢ > 0, a,, < ¢b, for all n, and a, < b, if a, < b,
and b, < ap,. Further, we use the notion o, and O,, where for a sequence of random variables X,,, X,, = o,(ay)
means X, /a, — 0 in probability, X,, = Op(b,) means that for any ¢ > 0, there is a constant K, such that
P(X,| < K-b,) > 1—¢, and X,, = Qp(b,) means that for any ¢ > 0, there is a constant K, such that
P(|X,| > K -b,) > 1 —e. Finally, we use ¢, ¢, ¢2,C1,Ca, ... to denote generic positive constants that may vary

from place to place.

Besides, let L = Ly Lo, then ¢(-) is Lj Lo-Lipchitz in £3-norm.
A.2 Proof of Theorem 1

We firstly consider to prove a bound for

(B Z:aﬁ(zi) ~Eo(2)|| > ¢),

where z; ~ N (u, 021).

Lemma 1. There exists a universal constant c, such that

1 — VdL 2log(2/4)
P([|= " 6(z) — Eg(2)|| = co + Ly =22 <6
(F3> |2 er( s =)

From the above inequality, we can immediately obtain

T By ) <o

Remark 5. Note that the concentration bound still holds for yo(yz) and ¢(yz) by simply applying conditional
probability.

P(l5 Yool > [Eo(a)] + eol

Proof. Let ¥,(z) = (¢(z) — E¢(2),u)

P(H% iwi) —E¢(2)| = t) - IP( sup (% znqu(zi) ~Eg(z),u) > t)

lull=1 T3
IP’( s 1Zn:19 ( )>t>
= up — ulZi) =2
llull=1 ™ =5

n

<P( s ‘liﬁu(zi)—Zﬁu/(zi)|>t)

n
u,u’ €B(0,1) i—1

Let us use chaining and Orlicz-processes to obtain a bound. We prove {2 3" | 9, (z;),u € B(0,1)} is a Jo-process
with respect to a rescaled distance || - ||/A for some A > 0. If so, we will have

211y N IS 9 L2
()‘ |n lelﬁu('zz) nzzzﬁgu (ZZ)l ><2-

[

Eexp
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The LHS
Eexp ()\2% i1 Pulzi) — 7 iy ﬁ“'(Zi)P) < /Oo et]P’(% > i1 Pu(2i) — 5 20 Y (1) > £>dt
[Ju — u'[|? o [Ju — /|| A
<, tn
é/o 626Xp(-m)dt
As long as
tn . n/2
Ngrpp 2% b AS T

we would obtain the Dudley entropy integral as

e 1
J(D) = f/ \/10g(1 + exp(dlog =))do = const - ﬁ
A 5 A\
We let A = /n/2/(cL), it gives us J(D) = (¢L)//n/2, where L = const - L. O

Next, let us consider bounding

P(@T((é(z) —b)<0) = ]P’(w—(qﬁ(z) —b) < O). (notice w = 0 is of zero probability)

We further denote v, = [Ed(z;") — Ed(z;)]/2, vy = [Ed(2;]) + Ed(z;)] /2 and

vy = co( \/i/i +L 210%52/5)

).
From Lemma 1, we can obtain

P ([[[d - vull| =) <9,

i (||13 > ’y) <.

Notice that for any unit vector v, v (¢(2) — ZA)) is a o L-Lipschitz function of (27,2, --,2)T ~ N(0, Itnt1ym)s
by standard concentration, we have the following lemma.
Lemma 2. For any t > 0 and unit vector v

P(|UT(¢(Z) b =0Ty > t) < zexp(—i)
Next, we provide a bound for (i, v,,).

Lemma 3. For anyt >0
2
9 —nt
| >1) < 2€X9(m

)

Taking 6 = Qexp(%), we have

21og(2/9)

P(|(d, v) = vwll?l = oL{va n

)<
Proof. LHS is equivalent to
]P’(|(u§ — Vi V)| = t).
Besides, we have (@ — vy, vy /||vwl]) = 2 300 (4i0(Yizi) — Vw, v/ ||V ||) is & sum of sub-gaussian variables with
constant oL, then by sub-gaussian tail bound we have

—nt?

P = v v}l > ) < 26xp(5 57

).
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[Proof of Theorem 1] If we denote E = AU B, where A = {|(1D,1/w> — lvwll?| < oL||vw|| M},
B={||lw- VwH’ v}, then with probability P(E), we have for ¢ > 0

W' - W' t2
}P’(—A b(2) — b gO‘E) gp(i“’ <t‘E> 4 2exp(————).
oy %)~ ol +7 "o
As long as we choose v and t such that
W vy
— >
[vwll +~
we have
! b) <O|E) <2 o
( ~ b <0|P) < 2exp(—5777)
oy #®) e(~5777)
We take
— T 2 —
6= 2€Xp(—(L/L) d), (51 = 26Xp(—m)
then

v = 2\/§cai\/g.
n

As a result, we obtain

(W, V) = vl < N [ — vl <
with probability at least 1 — §; — 4.
We can choose
_ Vd(yn—1/2)
vn + 2v2co L’
so that . )
h ~ — —1/2
P(wA ((b(z)—b)SO‘E) <2exp< divn —1/2) - )
[l 202L2(\/n + 2v/2co L)?
Thusly,
- — —1/2)2
P <B(u77b) > 2exp ( dvn 1727 )) < P(EY),
202L2(y/n + 2v/2coL)?

which gives us the final result stated in the theorem.

A.3 Proof of Theorem 2

Since we know 9 is L5-Lipchitz continuous in £..-norm. Then, we know
2 (e’e] )

P(oy)p[Fu € By(a,e) : (w,y - (F(u) — l;)> < 0] 2 Proyyyop [Fu € By(yz, e /L) : (w,y - (¢(u) — b)) < 0]

since the pre-image of bBy(z,¢) via ¥ includes the set B,(yz,e/L5). Then following the argument in Schmidt
et al. (2018), the result follows.

Remark 6. As a side interest, we also provide an analysis to show the lower bound result in Theorem 3.2 is
achievable up to a logarithm factor, by purely using labeled data. This scale matches the result in Schmidt et al.
(2018), but under a more general model considered in our paper.

Playy~p[Fu € Bp(z,e) : f; 5(w) # Yyl =P y)p[Fu € By(,e) :
= P(ay)~r[In € By(0, e
< P(Ly)NPKﬁ)v (¢(Z) -
= Play)p (W, (6(2) = b)) < eLy[[id]|]

where 1/p+1/q = 1.
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When p = 0o, q = 1, it leads to ||w||1/||@| < v/d. Recall in Theorem 1, E = AU B, where A = {|<1Z), V) —

llvwll?] < oL|jvw| M} = {[l|l& — vwll| <7}, then with probability P(E), we have
P<£(¢(z)—é)<sL ”w”q‘E) IP’( @lve  yop ”q‘E>+2e et
o] S ool +y =50 202 L2
Wy t2
<P( 2 <ttel d‘E) 2exp(— = s).
EER M 2R 5

We still choose
6 =2exp(—(L/L)%d), 6, =2exp(—

v = Qﬁcoﬂ\/g.
n

R d R
|<w7vw>—\lvw||2\<m, i — vl < QWCUL\/»

with probability at least 1 — §1 — 6. We choose t such that

d
8022 )
such that

As a result, we obtain

m >t +eLiVd.
We let 2
- \/gjir ;\L/ii/ij\f/): iV = \ff/;{Q \[1/02 eLyVd.
As long as
< (i~ T,
we have

N t2
R/~
B (th) < 2€XP(—W) <pB

A.4 Statistical Measures

Recall the definition of

d — {||ﬂ1 —pa |l |lfe — #2“}
L, = 1ax | —— s T - .
An — il [lfax — fiz]
We now make connections to commonly used statistical measures and provide a sketch of proof.

(a). Wasserstein Distance: the Wasserstein Distance induced by metric p between distributions P; and Pz over
R is defined as

Wp(Pl,Pg) = sup [/ fd771 — fdlpg}7

I flluip <1
where || f|Lip < 1 indicates the class of f : R? — R such that for any z,2’ € R, |f(z) — f(z)| < p(z,2"). Let us
consider p(x,z’) = ||l — 2’|

Proposition 3. Suppose max{Wp(Pl,ﬁl),Wp(’Pg,ﬁg)} T, for T > 0, then we have ||u; — || <7, ©=1,2.

As a result,
r

g n~_ ~ -
A1 — faz|
If we further have 7 < ||u1 — p2l|/2, we have d, < 7/(||pu1 — pzl| — 27).

Proof. Notice f(x) = x also satisfies || f||zip < 1, then we know ||p; — /]| < 7, 4 = 1,2. If we further have
7 < ||p1 — pe|l/2, plugging into the denominator, the result follows. O
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(b). Mazimal Information: Maximal Information between distributions P; and P over R? is defined as

{mepl (z €0) Poup,(z €0) } .

MI =
(P1,P2) = sub max | 5= = 0) Byp, (2 € O)

OCRd

Proposition 4. Suppose max{MI(Py,P1), MI(P2,P2)} <7 for 1 <7 <14 |1 — pall/Cllpall + 2llp2l), then
we have ||p; — Gl < (1 — D)||will, ¢ =1,2. As a result, we have

(r = Dwax{l ] luall}
i = pall =207 = D[l + Trea])

As we can see, as 7 — 1, d, — 0.

Proof. Let X ~ Py, X5 ~ Py. By the definition of Maximal Information,

P(X, = z) P(X; = m)} ST

sup max {
z€ERC

Then, we know ||p; — fi;|| < (7 —1)||u:l], ¢ = 1,2 once we notice for all corresponding entries of the vector of X
and X5, their maximal information is bounded by 7. So,

o < (= Dmaxtlal sl
(1 = faz|l
If we further have 7 < 14 ||u1 — p2ll/ (2|1 ]| + 2]l p2]]), plugging into the denominator, the result follows. O

(c). H-Divergence: let H be a class of binary classifiers, then H-divergence between distributions P and P’ over
R? is defined as

Du(P,P') = sup Pymp(h(z) = 1) = Pppr (h(z) = 1)|.

To illustrate the connection between Theorem 3 and H-divergence, we consider a specific hypothesis class
H = {h|h(t) = sgn(w’ (t — b)), (w,b) € RY x R}, (3)

Proposition 5. Suppose for X; ~ P; and X; ~ P; i = 1,2, the sub-gaussian norm of || X; — Willyp, and
1X: — filly, are bounded by o and &, where X; ~ P;, X; ~ P; and p;, fi; are the corresponding means.
Let a = (+/log(4/(1 — 1)), where ( = max{o,d}, if max{Dy(P1,P1), Dy (P2, P2)} < 7, for 7 < 1, we have

lwi — i)l € a, i =1,2. As a result,
et

v g T~ ~ -
i1 = faz||
If we further have 7 < 1 — 4exp(—||p1 — pu2l/?/4¢?), then d, < of (||p1 — p2|| — 2a).

d

Proof. It follows a simple geometric argument — a hyperplane cannot distinguish the two distributions too well.
Recall if | X; — 5y, < o; and || X; — [, < 75, then for i =1,2

2 t2

t _
PO — pill > 1) < Zexp(=—3), P(IXi = Aill > 1) < 2exp(—=3)

Consider t* such that )
*

t : *
Qexp(—?) =({1-7)/2, ie t"=a/2.
It is easy to see the distance ||(1 — p2)/2 — (fi1 — fi2) /2 should be upper bounded by 2t*, otherwise, there exists
a hyperplane such that the probability mass of X3 ~ P; and X; ~ P; has high probability mass on difference
side of the hyperplane.

O
As we can see in the case for Wasserstein Distance, as 7 — 0, d, — 0. However, for H-Divergence when 7 — 0,

d, will not go to 0. That is due to the constraint of capacity of H. Even if 7 = 0, P; and P, can still be quite
different.
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A.5 Proof of Theorem 3 and Proposition 1

Let us recall the statement of Theorem 3 with some specified constants.

Theorem 7 (Robust accuracy). Consider the Gaussian generative model, where the marginal distribution of the
input © of labeled domain is a uniform mizture of two distributions with mean py = E[p(2)] and pe = E[p(—2)]
respectively, where z ~ N(0,0%1,,). Suppose the marginal distribution of the input of unlabeled domain is
a mizture of two sub-gaussian distributions with mean i1 and fio with mizing probabilities ¢ and 1 — q and
|E [0(&;) — E[0(&:)] | a™9(Z;) = b]|| < c- - (Vd 4+ |b]) for fized unit vector a. Assuming the sub-gaussian norm
for both labeled and unlabeled data are upper bounded by a universal quantity omax = Cnd'/*, cg<q<l—cq
i — fizll2 = C’u\/ﬁ, for some constants C, > 0,0 < ¢g < 1/2, C,, > 0 sufficiently large, and

d, = max{ I — /f1||7 I/ — /f2||} .
i1 — 2l | — fz]]

for some constant co < 1/4, then the robust classification error is at most 1% when d is sufficiently large, n > C
for some constant C' (not depending on d and ) and

i > e2log dV/d.

Now let us proceed to the proof.

For simplicity of presentation. We first denote the distributions for the two classes of labeled data as
subGaussian(py,02,,), and subGaussian(ua,o2,,) respectively. Similarly, we also denote the distributions
for the two classes of unlabeled data as subGaussian(fii,o2,,.), and subGaussian(fiz, 02,,,) respectively. Also,
to avoid the visual similarity and emphasize the estimates constructed by the labeled and unlabeled data respec-
tiVQIYa we write W as wintcrmcdiatca b as bintcrmcdiatc, W as "Dﬁnal and b as bﬁnal~

Then, let us write out the robust error of misclassifying class 1 against the (., attack (the robust error of
misclassifying class 2 can be bounded similarly) as

0l . . - N N
max (ﬂ(m + 0 — banal) < 0| & ~ subGaussian(fi1, afnax))
I6lloe <Lie N\ |Ogina|

il il i i
:IP)( Aﬁnal e< — Aﬁnal (/f”l _ bﬁnal) + EH Aﬁ al”l)
Heﬁnaln ||9ﬁna1|| H‘gﬁnalH

éf?nal é;lrnal T l
:P( ~ e —— (Ul - bﬁnal) + Ll : Eﬁ)
HeﬁnalH ||9ﬁna1||

Denote Z)ﬁnal = @ + dp, we then have

éT éT B
]P( Aﬁnal e< — Aﬁnal (#1 o bﬁnal) +Lll . 6\/E>

Heﬁneﬂ” Haﬁnaln
07 . o] i1 — i

:]}D(ﬂg < ——fnal o gy BLTRZ g .5\/@
Heﬁned” Haﬁnaln 2

- O .
We are going to bound | \9?::H (11 — 1), |”é2::“ (fin — fi2)/2|, and | IB?H:III dp| respectively.

Let i = (i1 — f12)/2, v = (fi1 + fi2)/2, p = (p1 — p2)/2, v = (11 + p2)/2, and b; be the indicator that the ith
pseudo-label g; is incorrect, so that z; ~ v + subGaussian ((1 —2b;) gifi, 0

Let 1 = Z?:l Wy =1}, na = Z?:l l{gji = —1}. We recall the final direction estimator as

9ﬁnd1_2~ Zm _% Z Zi

yi=1 ylffl

! (1—2b)f

20, - T Z (1= 2b:) ; o

gi=1 ylf gi=—1
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where €; ~ subGaussian (0, 02) independent of each other.

Now let

1 1
= 1- sz po 1-— 2bZ y
S DWIEUETET) DYIEES

and define

L ! 1
5::9ﬁnal*'ﬂl:2ﬁl Zlgi*% Z €i-

We then have the decomposition and bound

‘éﬁnal i _ HS-FW]HQ _ 1 HS‘F’WHQ—W (VHﬂHQ‘i‘ﬁTS)Q
(7). (vl +573)" I (21l + 75)°
1 181 - G (‘N‘TSY 1 151>

(4)

S T
2l

~ 12 ~ N2 . 2
W (vl + m3) Il (7 + =)

To write down concentration bounds for ||§]|? and /1”6 we must address their sub-Gaussianity. To do so, write

_ 1 n 1 n
b= ——— D 1=V — ———— L7 = —1)ey,
2y i W@ =1) ; 23 0 Wy = -1) ;

and i
~ t.a4.d. . ~ ~ 7 TA
Yi ~ S1gn ((Zzﬂ +v - bintermediate + 51’) 9intcrmcdiatc> )

~ i.d.d. . ~ ~ 7 TA
Yi€; ~ s51gNn ((ZZ,U, + U — bintermediate + 51') 91ntermediate> €4y

where z; is the true label of Z; (taken value from +1).

We then have

E[]‘(gl = ]-)] :]P)((ZZ[JJ +v— Eintermediatc + Si)Téintcrmcdiatc > 0)

1 . 1 -
Z*P((Ml - bintermediate + Ei)Teintermediate > O) + ip((ﬂ'Q - bintermediate + ei)T(gintermediate > 0)

2
1, + - 1. + N
zip((ﬂl - o e +ep + 51‘)Teintermediate > O) + §P((H2 - e} +ep + Ei)Taintermediate > 0)
1 + A .
Z§P((M1 - % + 6b)Tointermediate + Ejaintermediate > O)
1

+ep ) T éintermediate)

:ip(ezéintermediate > *(,al — M1 + ‘ul ;/IQ

I —pall  |lz2—pel
i —pzl? Nl — a2l
that || — p|| < coll@||, and therefore ||u|| > ||l — colliz]] = (1 — co)]|z]]. We then obtain

The term in the last line can be bounded as follows. Let us recall d, = max{ } < ¢o implies

=
1 — Cp

(= pa) Tl < Nl = |- Nl < ol - Nl < liall®.

As a result, we have

H1 — H2

- A ~ M1 — K2
|(,u1 — M1 + T + eI))Tointermediate| :|(,u1 — M1 + —

+ep) " (1t ew)|

- ~ M1 — p2
>ll® = |(n = ) "l = leg pul = (i = pa + —

20(Vd).

+ eb)Tewl
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We then have

N 1 R ) _ X
E[l(yz = 1)] Zip(gjeintermediate > _(,U/l — M1 + % + eb)TQintermedia‘ce)
1 p1 — pho c
> P/ = 50)> < 5
S e P 6

for some constant ¢ close to 1 when d is sufficiently large.

Therefore, we have

i
Zl i =1) > c+o0,(1),

=1

31\'—‘

and

zr—\

15 = V=il £ 115 35165 = Vel

In addition, we have

||E[1(g’b = 1)61]” = ||E[E[1( )62 | elntermedlategl]]H < E[\/>+ |91ntermed1ate€2]‘] 5 \/&

Since [[1(7; = Ve’ = E[1( = et ]lly, < 21 = 1)el [y, < Clle” [, < Comax, we have

A 2
1 & 4 ‘
P (Zl(ﬂizl)e?)> > (E@ = D)D) 4202, | <0t

<=

> K 1)i= j=1 i=1

Similarly, we have
7i 7 d i 2
1 1 1 ; logd

— 1 2<7 1T = —1De 1?2 = - Ui = —1 (J) <dd o2 .
T MRS RUEIE WIUEEIAIES o] €5 TSR] IETIVE. LEN

7 1= 1= j= i=

Then, since 3] < |l ys—t—s S0y 16 = Deill® + sk Sy 1 = —1)=ill?, we have
~ logd
9% = Op(d - (1 + —=0%)).

The same technique also yields a crude bound on 74 = in Z?:l (g = Dp'e; — ﬁ Y 1@ = —Di e

We can write
~T

o €.

1@1 = ]-)llTEi l’z\’d 1 ((zzﬂ + v— Bintermediate + 5i)Téintermediate > 0) :

Since |1(5: = 1)ii €illo, < C|i" et ||a, < C|lfill2o, we have

= 2
1~ . . . _ _Ci
P (@Zl(%—l)xf@) > ||ilPo® + ||l?o? | < e .

2 i 2
and by the fact that (ﬁL S g = 1)/1—'—61-) < (% S (g = 1)/1Tei) , we have

~12 )
P (‘ ‘ = \/>U ||M|| + HMHU) =P (‘ﬂT(;’ > Co? ||/]||2> < e~ /8.
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Finally, we need to argue that 7 is not too small. Recall that v = ﬁ dogi=1 (1 —2b;) + ﬁ D=1 (1—2b;)
where b; is the indicator that g; is incorrect and therefore
E 1 261 | Gigermediace: 51 = 1] = 1= 2P(f; | & ~ subGaussian(fi1, 0%))

intermediate

A H1 — M2
2

= 2P(51‘Teintermediate > _(ﬂl —p1+ + eb)Téintermediate) —1.

This term can be lower bounded similarly as equation 7, which satisfies

E |:1 - 2bz | éintermediatevgi = 1:|

j ~ M1 — M2
ZQP(E;reintermediate > _(Ml — p1 + T

Ut~

TA
+ €b) Hintermediate) -1 Z

)

with high probability when d is sufficiently large.
Similarly, we have
. 4
E [1 - sz | eintermediateagi = _1i| > 57

with high probability when d is sufficiently large.

Therefore we expect v to be reasonably large as long as E[y] > %. Indeed, define

5= %fj(l —2,).

i=1

We then have

B 1 1
B 2E[= > (1-2b) += Y (1-2b)]
yi=1 yi=—1
1 4 1 4 4
SE[= - —fig + = - —f10] > =.
2B gt g gl 2 3
By using’yz%’y, we have
1 2 2
P(y>-)>PA>2)=1-P(H < =
(v=7) 2P 25) (7<3)
) _
21 =Py -E[) > £) 2 1 -7,

where the last inequality is due to Hoeffding’s inequality.
As a result, we have v > 2 with high probability.

Define the event,

N ~ d'ar2nax N Kyl - 2
&= {5II2 < I H'Zﬂ - wl* + ——logd + dgz, uTé‘ < V20 mase |l + v ( HHHM — ) +&llpl and v > 5} ;

by the preceding discussion,

P(£9) < % 4o /8 o pmelil? /803 | gp—enllull/2omax | o—ci

Moreover, by the bound (6), £ implies

2

9ﬁnal

N log d
_ 1512 _ 1 d-(1+ 5402,

i VA (oe e A A (2 st alens)
(/”’ eﬁnal) ||/’[’|| (’Y+WH’ 6) HMH (5"’ Hﬁ”z ||/-L||0-rnax)
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Therefore,
—1/2
,aTéﬁnal O'rQna,x d : (]- + logdo—rgnax)
Bon: IAI* g (2 = 2me)’
Omax final H/},” 5 Tl

with probability > 1 — (é +e7/8 4 e—ellull®/8ohax 4 2e~cnllull/2omax)

Recall that we take omax = C,dY/* and |21 — fiz]l2 = Cﬂx/g for sufficiently large C,, we than have when
n > e2dlogd,

eﬁnal
Then let us consider
R 1 1
b'na = ~i — Ni
final 2’[7,1 Z Tit 277/2 . v
yi=1 gi=—1
=0 1—-2b;) 1 — — 1—2b;) [ — i = i
V+2ﬁ1;( ) [t 5 g;l( )M+2 yz; +2n27;;15

Let

D BB DR ST

yi=1 gi=—1

When n > C for sufficiently large C, we have A < 0.01.

Also, let us denote 0y = ﬁ Zgizl gi + ﬁ Zgi:ﬂ €;, we then have

e 1 1 1 logd
107 do| = ||ﬁ Z &ill® - H2ﬁ Z gl < ||ﬁ Z il < ce(d+d- 5 02 ax)
! gi=1 2 gi=—1 1 gi=1
We also have
éT é'l' éT B
| Aﬁnal db| S)\| Aﬁnal /1| + ‘ Aﬁnal 52|
||6ﬁna1H ||9fina1|| Hoﬁnaln
_ S+i)T -
<l + (L g,
6 + il
< J.
<] + 19020 %]
[yl = o]l
]+ ) + On(lilo)

Y| = e=(d +d - 2402)

c
<(AC, + ———)-Vd
SO0+ ) Vi
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Therefore, when the constant C,, is sufficiently large,

Otna jin — ji2
—E (g — i) + ——— —dp)
Heﬁnaln 2

i i i

>| Aﬁnal ~| _ | final (Ml M1)| _ | ﬁnal db|
||9ﬁnalH ||9ﬁnalH ||6ﬁna1||
—1/2
o? d- o2 . Ce
( D el - 0+ =) Vi

vC, — ce

~Nn2 + :
Ay (f— ﬁ}?ﬁz)
=Qp(Vd).

The robust error is then

éT éT N
]P)( Aﬁnal e< — Aﬁnal (,U/I _ b) + L/1 . 8\/&)
Heﬁnal” Hgﬁnaln

i i i —
:]P;( Aﬁnal e< — Aﬁnal ((/1’1 _ /11> + H1 5 H2 _ db) _|_L/1 . 5\/&)
H9ﬁna1|| Hgﬁnaln

<exp(—CVd) <0.01,

when d is sufficiently large.

A.6 Proof of Proposition 1

The proof of Proposition 1 is very similar to those of Theorem 3 except for the tail probabilities changed from
subgaussian to g(-). For completeness, we present the proof below.

We first recall the definition of D,:

Dy(p,0?) = {X € R : Vo € R? |ju]|p = 1, Var(X;) < o?
P(lo" (X — p)| > o-t) < g(1)},

and restate Proposition 1.

Proposition 1 Suppose D, is closed under independent summation, and assume H]E [i"i —E[#] | aT%; = b] H <
Vd+ |b| for fixed unit vector a, & < omax < d¥/4, ||fi1 — fiz|l2 < Vd, ¢ < ¢ < 1 — ¢ for some constant 0 < ¢ < 1/2,
and

d, = max{ I — /fl||7 I/ — /f2||} .
1 — 2l | — fz]]

for some constant ¢y < 1/4, then the robust classification error is at most 1% when d is sufficiently large, n > C
for some constant C (not depending on d and ¢) and

7> (g7 (1/dlogd))? - Vd.

Now let us proceed to the proof.

We first recall the distributions for the two classes of labeled data as D, (u1,02,.), and Dy(ua, 02,,,) respectively.
Similarly, we also denote the distributions for the two classes of unlabeled data as D (fi1, 02,,), and D (fiz, 02,,)
respectively. Also, to avoid the visual similarity and emphasize the estimates constructed by the labeled and
unlabeled data respectively, we write W as Wintermediates b as bmtermedlate, W as Weanal and b as bﬁnal

Then, let us write out the robust error of misclassifying class 1 against the £, attack (the robust error of
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misclassifying class 2 can be bounded similarly) as

Ofinal =
max (¢.’L‘+6—bﬁn1 0|Z~ Dy(ji1,0 mx)
I8l <Lie Heﬁnalu( a) | ( 1 a)

= e — (,Ul - bﬁnal) +e—=
‘eﬁnalu HeﬁnaIH ||9ﬁnal||

:IP)( ognal eﬁnal 7 Heﬁnal || 1 )
|

égnal égnal T ’
:P< x e —— (,Ul - bﬁnal) + Ll . 5\/Zl>
Heﬁnalll Heﬁnal”

Denote Bﬁnal = @ + dp, we then have
éi;rnal éi;lrnal T /
= e —— (11 — bginar) + L3 6\/@
H oﬁnal || H eﬁnal ||
i i i~ i
—P Aﬁnal e< — Aﬁndl ((,LLl o ﬁl) + M1 H2 - db) +L/1 . 6\/8)
Heﬁned” Haﬁnaln 2

We are going to bound |H9:2:H (11 — 1), |”:¥‘ﬁ(u — [12)/2], and | Iei‘"?” dp| respectively.

Let it = (i1 — fi2)/2, U = (fix + fi2)/2, o = (1 — p2)/2, v = (u1 + p2)/2, and b; be the indicator that the ith
pseudo-label g; is incorrect, so that Z; ~ 7+ D, ((1 —2b;) Gifs, 0

Let ny = Z?:l Wy =1}, ng = Z?:l 1{y; = —1}. We recall the final direction estimator as

9ﬁnd1_2~ Zm _% Z Z;

yi=1 ylffl
1

1-2 1-2
2n, - ( bi) 22~Z( bi)

yi=1 yl— Yi=— y1=_

where ¢; ~ D, (0, 02) independent of each other.

Now let ) )
= 1—2[)1 - 1—2()1 5
Vim g S (=) kg 3 (1-2)
gi=1 gi=—1
and define ) )
S::é nal — Y = P — i
final = V= 5o D €= 5o P
yi=1 yi=—1
We then have the decomposition and bound
. 2 . 2 . 2 ) PR
| |5+ 1l - g G +a7)
o). (1P 478 AP AP+ T8
(AT0sw) (21817 +275) (v el + 75)
- N2
1 (~T ~
I8 e (A7) 1512

~112
|

= < .
Il 2 as) AP e (s aTE)
(v + 75) Il (v + i 3)

To write down concentration bounds for ||§]|2 and /76 we must control their tail bound. To do so, write

S:ﬁ;il@izl)&* 5 ! il Dei,

2 Zi:l l@i = 1) i=1 2 21:1 1(?31' i=1
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and

i.i.d. . ~ ~ > A
Yi ’ ZV s1gn ((ZZM +v— bintermediate + Ei)Teintermediate) 3
~ it.d. . ~ ~ 7 A
Yi€i " sign ((zz,u + U — bintermediate + Ei)THintermediate> €4y
where z; is the true label of Z; (taken value from +1).
We then have

E[l(gz = ]-)] :]P((Zzﬁ +v— l;intermediate + Ei)—reintermediate > 0)

1 A 1 - A
:§]P)((,U1 - bintermediate + Ei)Taintermediate > O) + ip((ﬂﬂ - bintermediate + 5i)T91ntermediate > 0)

1, . + - 1. + .
:§]P)((,u1 - = 2 a + ey + 51’)T01ntermediate > O) + §P((:u'2 - m 9 i +ep + Ei)Taintermediate > 0)
1. + N A
Zip((ﬂl - a 2 e + eb)—rgintermcdiatc + 5;'rointcrmcdiatc > 0)
1

e 9 o + eb)Téintcrmcdiatc)

:ip({‘:;réintcrmcdiatc > _(/11 — K1 + —

The term in the last line can be bounded as follows. Let us recall d, = max { Hgi:g;“, “gf:gi“} < ¢ implies

that || — || < coll||, and therefore ||u|| > [|]] — colliz]] = (1 — co)]|z]]. We then obtain

- - ~ €o
(A1 = pa) "l < M = o] - el < collll - Nl < = 1.

As a result, we have

A ~ - M2
+ eb)TGintermediate| :|(,U1 — 1+ %

~ ~ M1 — M2
>lll* = 1(fr = ) Tl = ey pl = |(fin = pn + ==+ &) Tew
>0Q,(Vd).

M1 — M2

|(fir — p1 + +ep) (1t ew)l

We then have

H1 —

N 1 A _ A
]E[l(yz = 1)] zip(fjairlternlediate > _(Ml -+ — + eb) olntermediate)

1 H1— p2
>_P(g]
2ol =5

for some constant ¢ close to 1 when d is sufficiently large.

>0) =

Therefore, we have

2":1 1) > c+o0p(1),

=1

31\>—‘

and

[y

i i
| Zlyz—l@z”<|fz (7 =Dz
ZiZl i=1 i=1

3

In addition, we have

||E[]‘(g’b = 1)61]” = ||E[E[1(gl = 1)62 | éi—lr—ltermediategi]m < E[\/&—i— |éi—rrltermediate€i]‘] 5 \/;i

By the definition of D,, we have

( fjl ) > (E[1(7i = D)2 + 12 02, | < g(CVar).
i=1

:IM—'
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Therefore, by union bound, with probability at least 1 — (logd)~!,

S

Jj=1

n

1
| 1@ =D&l* < |
21:1 l(yi = 1) ;

Similarly, we have

- 2
n . —1 2
> 1@:1)65”) <dral? “/;jl"gd” Tinax:

i=1

32\>—‘
S| =

31\’—‘
S| =

1 n
[ 7 Zl 51”2 Sl

n d
ST (= 1) & 2 1=~V = Z(

=1 i=1

Then, since ||5]]? < || " U@ =D + ||m Z?:l 1(gi = —1)e||?, we have

2>, 1(y1—1) 2
(97 (1/d1og d))?
n

a?)).

161 = Op(d - (1 +

The same technique also yields a crude bound on ji'é = ﬁ E?:l (g = Dp'e; — ﬁ i 15 = —Di' e
We can write " R .
1(@1 = 1)/1T6i 1.}\4“ 1 ((Z’L,[L + Uv— bintermediate + 5i)T9intcrmcdiatc > O) N ,[LTEi~

By definition of D,, we have

7 2
1 } ]
P (;L > 1= I)MTQ) > 2 ||l ?0? + ||a)*e? | < g(CVnt).

_ 2 i 2
and by the fact that (% S g = l)ﬂTei) < (713 S (g =1)a" ez) , we have

P (|i73] = vao il + lllo) = B (Wf > Co? ||m|2) < g(CVR).

Finally, we need to argue that 7 is not too small. Recall that v = ﬁ dgi=1 (1 —2b;) + ﬁ D=1 (1 —2b;)

where b; is the indicator that g; is incorrect and therefore

E [1 —2b; | Ointormediates Ji = 1} =1-2P(f; | # ~ subGaussian(fiy,o?))

intermediate

~ B U1 — W2 ~
= 2P(5jeintermediate > _(Ml — M1 + T + eb)Teintermediate) -1
This term can be lower bounded similarly as equation 7, which satisfies

E [1 - 2bz | éintermediatevﬂi = 1:|

M1 — K2

:2P(€;‘réintermediate > *(ﬂl — M1 + —+ eb)Téintermediate) -1 Z

)

(SLE

with high probability when d is sufficiently large.

Similarly, we have

)

A - 4
E [1 - 2bz | eintermediatevyi = _1:| 2 5

with high probability when d is sufficiently large.

4
Therefore we expect y to be reasonably large as long as E[y] > . Indeed, define

5= %i(l — o).

i=1

. 2
n —1 2
S 16 m) S ara 0B,

2
max"*
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We then have

yi=1 yi=—1

1 4 1 4 4
SE[= - —fig + = - =ig] > =.
2E[G gt 5 gl 2 3

By using’yZ%’y, we have

1 .2 -

P(VZE)ZP(725)=1—P(7<*)
2

where the last inequality is due to Hoeffding’s inequality.
As a result, we have v > 2 with high probability.

Define the event,

< ”NH ~ d.o—rznax < K~ 2
& = {1312 < Ik = P + -2 0g d + dg2, (78] < VBl + ™ (1 = ) + €l and > 2

172

by the preceding discussion,
1

ogd " 9(CVR) + g(Cllpll/omax) + 29(C\/allp]l/omax) + e

P (&%) <
Moreover, by the bound (6), £ implies

“ 2
gﬁnal

1 ”5”2 _ 1 d-(1+ (971(1/210gd))2 a?nax)
~H2

o). It (i) AR A (2 o)
(7 G5 71 (7 + ™) 171 (3 + e - Dllomas)

Therefore,
—1/2
~Th ~1(1/dlog d))?
i Oginal o2 d-(1+ %Uiax)
Oumax ||0 s A4 (2 o)
max final HIU,H (g — ||ﬁ”2)

with probability > 1 — (lo;d + g(C\/ﬁ) + 9(Cllpll/omax) + 29(C/nl ull/omax) + =),

Recall that we take opay := Cod'/* and ||y — fia|l2 = CH\/g for sufficiently large C),, we than have when
n 2 e*d(g~' (1/dlogd))?,

éﬁnal
Then let us consider

N 1 1

bfinal =7 T; + —— T
final 2&1233 o, 247

gi=1 gi=—1
1 1
R 1-2b) 0 — 1—2b;) [
v o y§=1( i) 2 Ez_l( i) L+ o ;: it on ggz_la
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Let

1 1
)\.:fL—IZ(I*?bi)*fT2 Z (1—2b;)

gi=1 yi=—1
When n > C for sufficiently large C', we have A < 0.01.

Also, let us denote dy = ﬁ dgi=1Ei T ﬁ > j.—_1€i, we then have

“Tx 1 1 1 (g=(1/dlogd))?
5ol =l S el s 3 el <l S all? S cela+d EEEED 2
! gi=1 2 Yi=— 1 Ji=1
We also have
é'l’ éT éT B
| Aﬁnal db| SA' Aﬁnal ﬁ|_’_| Aﬁnal 62|
||0ﬁnal|| Hoﬁnaln Heﬁnaln
_ S+i)T -
Al + 1L g,
13+ il
o JE.
<Al + M
vl = [o]l

ce(d+ d - L WAs DY 52) 4 Op(||jl|o)
Wil = eo(d +d - L=0LEAE02)

Ce
< ).
_(/\CM+’YC#_C€) Vd

<Al +

Therefore, when the constant C,, is sufficiently large,

Ofnan . f1 — fo
(1 — fin) + —dy)
Heﬁnalll 2
éT éT éT
Z| Aﬁnal ~‘ _ | Aﬁnal (Nl _ ﬂ1)| _ | Aﬁnal db|
||9ﬁnalH ||9ﬁnal|| ||9ﬁnalH
—1/2
o2 d-(14 @ 0/diosd) 2 i .
= -2 ( 5 2 ) _2CO||MH_()‘CM+C«7€)‘\/g
||/’LH ||1&H4 (l _ Urllax) You — Ce
6 122
=Qp(Vd).

The robust error is then

é;ir 1 é;ir 1 7 /
]P’( mal_ g — __Hna (ulfb)JrLlf\/&)
H eﬁnal || H eﬁnal ”

0 0T i —
=P (mele < — el () — i)+ L2 ) 41V
[|Oanal [Ofinal 2

<exp(—CVd) <0.01,

when d is sufficiently large.

A.7 Proof of Theorem 4

Let us consider the following modelr: @ ~ N(yu,o?I) with y uniform on {—1,1} and p € R%. Consider a linear
classifier f,(x) = sgn(z T w).
It’s easy to see that the robust error probability is

Twefwlh

S H
erTrobust(f) = Q(a||w|| - O’H?UH

),
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where Q = \/% .= e=t/2 dt.

Therefore

plw egluwl

arg min err oy, o (fw) = arg max -
jol=r T = ol ol

—argmax p' w — e|w|

llwll=1
d
—argmaXE piw; — e|wy|
lol=1 ‘=

By observation, when reaching maximum, we have to have sgn(w;) = sgn(u;), therefore

d

argmaxg piw; — elw,|
lol=1 =

d
= argmax > (= - sgnlp;)w;
Te(p)
EEO]

where T () is the hard-thresholding operator with (T, (p)); = sgn(u,;) - max{|y;| — €, 0}.

Now let us consider the example: u with u; > ¢ for all j =1,2,...d. For the shifted domain, we let fi; = —fia =
it = p—¢€-1,, and the mixing proportion is half-half.

j=1

Let b; be the indicator that the ith pseudo-label y; = sgn(ijwimwmedmte) is incorrect, so that ; ~
N ((1 = 2b;) g1, 0%1), and let
7

= %2(1 —2b;) € [-1,1].

i=1

We may write the final direction estimator as

where ¢; ~ N (0,0%I) independent of each other.

By orthogonal invariance of Gaussianality, we choose a coordinate system such that the first coordinate is in the
direction of W;pntermediate; W€ then have

S

1A 1 1A
||5Zyi€i\\§ =|5Z €z1|z+z 52%61‘;‘@
1=1 =1 j=2 =1
AN
,";'L n ,";'L d—1-

In addition, we have ||fi]|3 = de?. Therefore, if (1/d + 1/7) - g—j — 0, we will then have

Hﬁnal ~

)

||9ﬁna1 ”

and therefore
er’r??Zbust (fwfinal ) S er’r?gbust (fu) .
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A.8 Proof of Theorem 5

Suppose the labeled domain distribution is 2N (u,01,) + $N(—p,0%1,). Let v € R? be a vector such that
v =0, ||| = aljv|| for some a > 0, and let the unlabeled domain distribution be £ N (v, 021,) 4+ 1 N(—v,0?1,).

That iS, M1 = —lg = ,LL7/]1 = _,ELZ = .
We then have

d :max{|”ﬁ’1_p‘1”| ||/”L2 M2|||} m“”” _ 1+0,2'||/11—[1,2||
11— fizll " |1 — fazll 2|[v]] 2
which falls into the specified class.

b

-1

Now let us consider the case where u = e;,v = a” ez, where ej, ez are the canonical basis, and study the

performance of the classifier sgn(Gﬁn alz — b)), where

l;ﬁnal = Z + Z xm eﬁnal = 5= Z T; — QLﬂQ Z;.

yl—l yIZfl yizl gi=—1

Similar to the proof in the last section, let b; be the indicator that g; is incorrect and we decompose éﬁnal and b
into

éﬁnal Z .13 - Tn2 ~Z xz

yb—l gi=—1
1 1
= 1-2b — 1-—
2’77,1 - ( o + Qﬁg ~Z ( 2712 g
yi=1 gi=1 Yi=— i=—1
. 1 1
binal ==— T + — T
final 2%1 Z Ti 21’L2 ~Z .
yi=1 gi=—1
1 1
= 1-2b;) 0 — 1-— i
2y 2 T 2 T om 2~Z ©
vi=1 gi=—1 Lgi=1 Gi=—1

Now let us investigate b; carefully. When g; = 1, we have

E[bz | gz = 1] = IP)(:f ~ SUbGaus*Sian(ﬂlv 02) | (i' - z’intermediate)Téinterl’nediate > 0)

P((i - Bintermediate)Téintermediate > O) | z~ SUbGa’us‘Sia’n(lD’h 02)

P((i‘ - bintermediate)Téintermediate > O) | T~ (ﬂla 02)) + P((-% - I;intermediate)Téintermediate > 0) ‘ T~ (/}/Qa 02))
1 d

== +0,(1/9).
2 + P( n)

As a result, we have

- d 1 1 1
= Oy D) + Oy Dy + 51 gy 2

Yi= Yi=—
d 1 1
binal = (Op(y/ =) + Op (1 2))v + o= Zez+2~ d e
Yi= Yi=—

Then let us study ¢; | §; = 1. When ¢; = 1, we have

- TA
(-77 - bintermediate) eintermediate > 0.
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Recall that u = e;,v = a” ey the inequality is equivalent to

(e1,€:) + OP(\/E) > 0.

and put no constraint on other coordinates. Similarly, when 3; = —1, we have

<61,€i> + OP(\/E) <0,

and put no constraint on other coordinates.

Wﬁlﬁll\z - (O”(\/z) + Op(\/g))v +e1;
brnat = (0,,(\/3) + OP(\/E))U + op(\/g).

Then we write out the misclassification error

As a result, we have

5T 5T
P(M(Sﬁ —b) <0| 7~ subGaussian(v, 02)) = P(@E < Op( g) + Op(\/z))

”éﬁnalH Héﬁnaln n

=1/2 + Op(\/z) + Op(\/z)-

Therefore, when % and % sufficiently small, we then have
B5%°(w,b) > B (w,b) > 49%.
A.9 The high-dimensional EM algorithm mentioned in the main paper

The algorithm used in the main paper to extract the support information from the unlabeled domain is presented
in the following in Algorithm 1, which is adapted from Cai et al. (2019).

A.10 Proof of Theorem 6

Let us first adapt the Theorem 3.1 in Cai et al. (2019), which states the convergence rate of Algorithm 1
Lemma 4 (adapted from Theorem 3.1 in Cai et al. (2019)). Under the same conditions of Theorem 3.6, if we
choose the initializations of Algorithm 1 according to Hardt & Price (2015). Then there is a constant k € (0,1),
such that the estimator 3(T0) satisfies

4 - - A N . . mlogd
1B — (fin = fin)ll2 S £ - (1B = (51 — fi2) 2 + & —g) + & ﬁg '

In particular, if we let Ty = (—log(k)) log(n - (|B©) — (i1 — fig)|]2 + [©© —q|)), we have

N N . mlogd
1B — (i = )2 S 7| ===

As a direct consequence of Lemma 4, we have

5 . . mlogd
1B = (i = fio) o S oy 255

Using the condition that ming, ; —z,.20 |fi1; — fiz,j| > Co+/2mlogd/n for sufficiently large C, we then have, with
high probability,

S = Supp(B)) = Supp(jir — fiz).
Therefore, when we project the labeled data to this support S’, it reduce the model to the previous setting
considered in Theorem 3.1 and 3.2 with the dimension of v(Z) reduced to m. Combing the proofs of Theorem
3.1, 3.2, and 3,3m we then have the desired result that if n > 2 log dv/m, we have
1

. 1
Bgﬁoc(wspa'rsey bsparse) S 10_3 + OP(E + E)
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Algorithm 1 Clustering of HIgh—dimensional Gaussian Mixtures with the EM (CHIME)

1: Inputs: Initializations &), i ), and ﬂgo), maximum number of iterations Ty, and a constant x € (0,1). Set

N . 1 N A
5O = mgmin {2llﬂ|2 ~ BT ) + X018

where the tuning parameter A\ = Cy - (|&| v H,u(o) - ﬂéo) ll2,s)/v/s + Cxy/log p/n.
2: fort=0,1,...,75 — 1 do
3: Let
()
- w
Vo (Li) =

R ®) A~ (1)
& + (1—a®)exp {((2 — )T (7 — %)}

4:  Update @(t+1)”a§t+1)’ and ﬂ(2t+1)7 by
1 n
S gy — = e
w w(6™) " ng(t) (z
ﬂ§t+1> = [ ( 0<t) {n - Z%m } {Z — Yo (%) j2}7

=1
~(t+1 1
A = 1,80 = {nye(t) i } {Z%(t) xz},

and update B+ via

N . 1 N A
B = arg min {2ﬂ|l2 =BT (1 =) A8 }
BeR?

AGHD — o\ @) 4 0y (/208
n
5: end for

6: Output the support of B(T0) & = Supp(B(Tﬂ)).
7: Project x;’s to S = Supp(ﬁ TO)) estimate w and b on these projected samples
8: Construct the classifier sgn(w ' (z5) — b)

with
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B Experimental Implementation on Synthetic Data

We here complement our theory result in Theorem 4 and Theorem 6 by experiments with synthetic data.

; . ; ;
‘—-— Error Difference‘

0.06

0.04

0.02

0.01 L L L L L L L L
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 2: Error Difference vs €: we use synthetic data described in Theorem 4, where the Error Difference =
Adversarial Error when Unlabeled Data from the Same Domain - Adversarial Error when Unlabeled Data from
the Shifted Domain. We can see that error difference is positive for all the € we take, which implies unlabeled
data from a shifted domain works even better.

0.35

—=—Error Difference

Figure 3: Error Difference vs €: we use gaussian synthetic data with sparsity structure, where we create 100
dimensional Gaussian data for both original domain and shifted domain, and only the first 10 coordinates matters
(mean difference of positive and negative distribution of data from each domain is non-zero for only the first 10
coordinates). The Error Difference = Adversarial Error with Semi-supervised Learning Algorithm - Adversarial
Error with Algorithm with Unknown Sparsity. We can see that error difference is positive for all the ¢ we take,
which implies our algorithm with unknown sparsity works better when there is some common sparsity structure.

C Experimental Implementation on Real Data

We use the implementation from Carmon et al. (2019) that can be accessed from https://github.com/
yaircarmon/semisup-adv
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C.1 Experimental setup

We follow the implementation in Carmon et al. (2019) for our experiments:

C.1.1 CIFAR10/CINIC-10

Architecture We use a Wide ResNet 28-10 Zagoruyko & Komodakis (2016) architecture.

Training hyperparemeters We use a batch size of 256 with SGD optimizer (along with Nesterov momentum
of 0.1). We use cosine learning rate annealing Loshchilov & Hutter (2016) with initial rate of 0.01 and no restarts.
The weight decay parameter is set to 0.0005. We define an epoch to be a pass over 50000 training points. For
normal training we run 200 epochs. For adversarial training and stability training we run 100 and 400 epochs
respectively.

Data Augmentation We do a 4-pixel random cropping and a random horizontal flip.

Adversarial attacks We use the recommended parameters in Carmon et al. (2019). In test time, we run 40
iterations of projected gradient descent with step-size of 0.01 and do 5 restarts.

Stability training We et noise variance to ¢ = 0.25. In test time, we set Ny = 100 and N = 10000 with
a = 0.001.

C.1.2 SVHN

We use similar parameters to CIFAR-10/CINIC-10 except the following.
architecture We use a Wide ResNet 16-8.

Training hyper-parameters The same as CIFAR-10/CINIC-10 except we use batch size of 128 and run 98k
gradient steps for all models.

Data Augmentation We do not perfom any augmentation.

C.2 Cheap-10 dataset creation pipeline

To create the Cheap-10 dataset, for each CIFAR-10 class, we create 50 related keywords to search for on Bing
image search engine. Using an existing image downloding API implementation 4, we were able to download
~ 1000 images for each key-word search. CIFAR-10 dataset is made of 10 classes. For animal classes (bird, cat,
deer, dog, frog, horse), our keyboards were made of names of different breeds and different colors or adjectives
known to accompany the specific animal. For instance, Parasitic Jaeger, Scottish Fold cat, Pygmy Brocket
Deer, Spinone Italiano Dog, Northern Leopard Frog, and Belgian Horse. For other classes (airplane, automobile,
ship, truck), we search for different brands or classes. For example, Lockheed Martin F-22 Raptor, Renault
automobile, Tanker ship, and Citroén truck. We then downsize images to the original CIFAR-10 size of 32x32.
We show example images of the dataset compared to CIFAR-10 images in Fig. 4.

‘https://github.com/hardikvasa/google-images-download
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Figure 4: Cheap-10 examples Each row shows 10 examples of Cheap-10 dataset.



