Causal Inference with Selectively Deconfounded Data

A The Generalization of Our Models

A.1 Multiple Confounders

In this section, we show that because we do not impose any independence assumption on the set of confounder,
revealing the values of all confounders offers maximal information on the joint distribution of the confounders. In
particular, we will illustrate through the case where we have two binary confounders. The extension to multiple
categorical confounders is straight forward.

In the case where we have two binary confounders Z; and Z,, we can express the ATE as follows:

ATE = Z (PY|T,Z17Z2(1|L 21, 22) — Py|1,2,,2,(1]0, 21, 22)>PZ1,Z2 (21,22).

21,22

With an infinite amount of confounded data, we are provided with the joint distribution Py r(y,t). Thus, it
remains to estimate the conditional distributions Pz, z,y,r. In our paper, we consider only the non-adaptive
policies, i.e., the number of samples to deconfound in each group (y, t) is fixed a priori. In the case where the costs
of revealing the values of Z; and Zs are the same and we do not have any prior knowledge on the distributions of
Z1 and Zs, the variables Z; and Z> becomes exchangeable. In the case where the sample selection policies are
completely non-adaptive (which is the case that we consider in this paper), by the symmetry of the variables Z;
and Zs, we have that sampling from the joint distribution of Z; and Zs yields the maximum expected information
on the value of the ATE. (Note that if the confounders take categorical values of different sizes and we allow
adaptive policies, then we might be able to reduce the total cost of deconfounding to estimate the ATE to within
a desired accuracy level.)

A.2 Pretreatment Covariates

In the case where we have known pretreatment covariates X, our model can be applied in estimating the individual
treatment effect where we make the common ignorability assumption on the pretreatment covariates X and the
confounder Z: given pretreatment covariates X and the confounder Z, the values of outcome variable, Y = 0 and
Y =1, are independent of treatment assignment. In this case, the distributions Py r(y,t) and Px(x) are known
and the Individual Treatment Effect (ITE):

ITE=Y" (PY‘T,Z,X(HI, 2,7) = Pyir.z.x(1)0, 2, x))PZX(z,x)

2,x

= Z (Py‘T7Z7x(].|1,Z,£L’) — Py|T7Z7x(1|O,Z,fﬂ))Pz|X(Z|IL')Px(ZL’). (3)

2,x

Note that in Equation (3) the only distributions we need to estimate are the conditional distributions Pzy 7 x-
The values of Py |7 7z x and Pz x can be calculated from Pzy 7 x by first conditioning the confounded distributions
Py 1 on the values of the pretreatment covariates X, i.e., we first subsample all confounded (outcome, treatment)
pairs for a fixed value of X, X = z, and then within each subsample, estimate the conditional distributions
Pzy,r,x by applying our methods. To obtain ITE, we weight the estimates we obtain from all subsamples by

PX (l‘)
B Proofs

B.1 Review of Classical Results in Concentration Inequalities

Before embarking on our proofs, we state some classic results that we will use frequently. The following
concentration inequalities are part of a family of results collectively referred to as Hoeffding’s inequality (e.g., see
Vershynin (2018)).

Lemma 1 (Hoeffding’s Lemma). Let X be any real-valued random variable with expected value E[X] =0, such

A2(b—a)?
that a < X < b almost surely. Then, for all X € R, E [exp(AX)] < exp ( =—%— ).

Theorem 7 (Hoeffding’s inequality for general bounded r.v.s). Let X7, ..., Xy be independent random variables
such that X; € [m;, M;],Vi. Then, fort >0, we have P ( va:l (X; —E[Xy))| > t) < 2exp (_%)
i=1 Vi =1
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To begin, recall the notation introduced in Section 3: we model the binary-valued treatment, the binary-valued
outcome, and the categorical confounder as the random variables T € {0,1}, Y € {0,1}, and Z € {1,...,k},
respectively. The underlying joint distribution of these three random variables is represented as Py, z(-,-,-). To
save on space for terms that are used frequently, we define the following shorthand notation:

pzt = PY,T,Z(yatv 2)7
Ayt = PY7T(y7t)a
4yt = Pzyy,r(2]y, t).

These terms appear frequently because, to estimate the entire joint distribution on Y, T, Z (the pf/t’s), it suffices to
estimate the joint distribution on Y,T" (the a,;’s), along with the conditional distribution of Z on Y, T (the ¢;,’s):

Pyt = QytQyy-
Finally, let p7;,a;,, and ¢;, be the empirical estimates of p,, a;;, and ¢;, respectively, using the MLE.

B.2 Proof of Theorem 1

Theorem 1. (Upper Bound) Using deconfounded data alone, P (‘A/TTE — ATE’ > e) < 0 s satisfied if the

deconfounded sample size m is at least

s

—2
1
p— z e —
Mpase = ngng( Ey pyt> = max Prat o) C.

Proof of Theorem 1. This proof proceeds as follows: first, we prove a sufficient (deterministic) condition, on the

errors of our estimates of py,’s, under which |ﬁ‘\E — ATE]| is small. Second, we show that the errors of our
estimates of p7,’s are indeed small with high probability.

Step 1: First, we can write the ATE in terms of the pj,’s as follows:

z z y,t

Pi pi
ATE = Z (Pyir,z(1]1,2) = Pyi1,2(1]0, 2)) Pz(z) = Z Z;IZ - Z;DOZ (ZPZﬁ)
yl y0
Yy Yy

In order for the ATE to be well-defined, we assume > Y Dyt € (0,1) for all ¢, z throughout. We can then decompose
|ATE — ATE]:

e Pi Plo 2 Pia Plo 2
|ATE — ATE| = -~ — s P — — > p
Z Zpyl Zpyo Z vt Zpyl ZpyO Z vt
Y Yy Yy Y

z y,t y,t
Pii Pio Az Pi1 Plo z
< relil =y Dyt | — - D .
ZZ: 2 Lo ; v 1P Lo ; v

Thus, in order to upper bound ATE — ATE’ by some ¢, it suffices to show that

Ph _ Pio Zﬁz _ Pii Plo sz < £ Vs (4)
P 2P vt Spih 2Pk TR
Y Yy Yy Y

y,t y,t
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Step 2: To bound the above terms, we first derive Lemma 2 for bounding the error of the product of two
estimates in terms of their two individual errors:

Lemma 2. For any u, @ € [—1,1], and v, 0 € [0,1], suppose there exists €,0 € (0,1) such that all of the following
conditions hold:

1. lu—a] < (1-0)e
v —b] < fe
ute<l

v+e<l1

€ < min(u,v)
Then, |uv — ud] < e.

Proof of Lemma 2. Since |u — G| < (1—6)e, we have @ € [u— (1 —6)e, u+ (1 —0)e], and similarly, from |v— 9] < e,
we have 0 € [v — f¢, v + O¢]. Thus,

|luv — 40| < max (Juv — (u+ (1 — 0)e)(v + be)|, Juv — (u — (1 — 0)e)(v — O¢))) (because v, v > 0)
= max(|fue + (1 — )ve + (1 — 0)0¢?|, |fue + (1 — 0)ve — (1 — 6)0¢?|)
= |fue + (1 — G)ve + (1 — 0)962| (because (1 — )0 > 0)
< |0(u+€)e+ (1 — 0)ve| (because fe? > (1 — 0)0¢*)
<e (because u + € € [—1,1], and v < 1).

We can apply Lemma 2 directly to the terms in (4) by setting

z z
. — P11 Pio
z VA z )
Zpyl Zpyo
Yy Yy
N pi pi
a, =2 _Pio

N2 ~z )
Zpyl Zpyo
Yy Yy

_ § z
Uz - pyt7

y,t
~ 72 ~2Z
Uz - pyt7
Y5t

and noting that wu,, @, € [-1,1], and v,, 0, € [0,1]. Lemma 2 implies that the upper bound in (4) holds if, for
some 0 € (0,1), we have
1-0

k

. 0 .
|vzfvz|<%e and |u, — U,] < €.

While we can apply standard concentration results to the |v, — 9,| terms, the |u, — .| terms will need to be
further decomposed:

z z N2 AZ
N P11 Pio P11 Pio
u, — U, = - -

ZPZ1 ZPZU ZﬁZ1 Zﬁio
Yy Yy Yy Yy

z NZ z ~Z
P11 P11 Pio Pio

szl Zﬁfﬂ ZPZO Zﬁéo .
Yy Yy Yy Yy

IN
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It will suffice to show that for each ¢ and z,

ST Ut 1-0
> pZt > ﬁét 2k
Yy y

€.

Step 3: To bound these terms, we derive Lemma 3. Recall that pj, + pg,;, b5, + D& € (0,1).

Lemma 3. For any w+ s,w+ 8 € (0,1), if |[w+ s —w — §| < (w+ s)e and |w — | < (w + s)e, then

’ w W

w+s wWH+S

Proof of Lemma 3. First, since |w+ s —w — §| < (w + s)¢, we have that

€,

’w+s

¢ A_1’<w+s
w+ S

T W+

or equivalently,

w+s€<w+s <1+w+s

1—
w45 T w+Ss w+ 5

€.

We can apply this inequality and rearrange terms as follows to conclude the proof:

w w 1 w-+s
— = ~| = W — W— —
w—+ s w+ S w+ s w+ S
1
< max(ww(lli}Jrfe)‘,‘ww(lJr
w+ s w+ S
1 . wH+s . w+s
= max | (w —w + — ZWE|, W — W — — =
w+ s w—+ s w—+ s
w— W w w— W w
= max + ——€|, — =€
(’ers w+ S w+s w+Ss )
w — W w
< — | €
‘w—ks w+ s
< w+s6 AwAE
w+ s w—+ S
< 2e.

The second to last inequality follows from the assumption that |w — w| < (w + s)e.

Lemma 3 implies that (5) is satisfied if

) (>, py)(1—0) N
|pft =Pl < %E and  [pf; + g — DT — Porl <

Step 4: We’ve shown above that |m — ATE| < € is satisfied when
(O, Py (1 —0)

. 6 .
v, — 0. < e, |piy — PTel <

(2, Py (1= 0)
4k

€.

i 1k &
and (5, p)(1—0)
z A Pye) (1 —
|pizt +p8t — D1t — pOtl < %QVQ z.
Note that if ¥, [pf, + b, — 5, — Dl = |50, P — 55, B3| < =4 —"¢ then
3 z ¥4 z Az (Zytpit)(lio) (1—0)

€.
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Thus, to remove the first constraint |v, — .| < Ze, we set

and obtain 8 = %

Step 5: To summarize so far, Lemmas 2 and 3 allow us to upper bound the error of our estimated ATE in
terms of upper bounds on the error of our estimates of its constituent terms:

— P ~ Z pt z z ~Z A Z pt
P(ATE—ATE<e)2P<ﬂ{|p1t—p1t|< Sky }ﬂ{|p1t+p0t_p1t_p0t|< 5ky } )

t,z t,z

or equivalently,

e . . Z Pyt 2 . oz R Z Pyt
P<ATE_ATEZE)§P< {|p1t_p1t|— z } {|P1t+P0t_P1t_P0t|_ 5ky } .
t,z

t,z )

Applying a union bound, we have

> Lol e) + (6)

P (\ATE—ATE\ > e) ZP (|p1t Prl > % y ytg) .

P(?ft"'pét_ﬁft_ﬁgt 2 5k

Step 6: Finally, we can apply Hoeffding’s inequality (Theorem 7) to obtain the upper bound for the inequality
above. Let X7, be the random variable that maps the event (Y =y, T =t,Z = 2)  {0,1}. Then, X}, is a
Bernoulli random variable with parameter p;,. Let m denote the total number of deconfounded samples that we

m z
im1 Xt
m

have. Since py is estimated through the MLE, we have p, =

. (‘ZZ’L X

t
m Y

. Applying Theorem 7, we obtain:

(Zy pZt) i e?

<2exp | —2m 95k ,

and (7)

> ZypZtE
5k

(Zy p;t) ’ e

S XRAXG | Py
P(‘w—pn_pot 2 gky €] <2exp | —2m 252 . (8)
Combining (6), (7), and (8), we have
/\ Z p cL o 2Py
P(|ATE*ATE| ZE) SZ‘D(Z’U PLel = = )+P<|P1t + Poe — Pie — Poel = 5kyt )
t,z

2
< 4k 9 2 <Z”p’z’t> “
< ke | 2exp | —2m=o S

2 2
(ZypZt> €

=8k nggx exp | —2m ok

<6

)

where the second line follows from the fact that, since ¢ is binary, there are 4k terms in total. Solving the above
equation, we conclude that P(|ATE — ATE| > ¢) < ¢ is satisfied when the sample size m is at least
12.5k% In(8F) 1

m > 5 max
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B.3 Proof of Proposition 1

Proposition 1. For every a, there exists some €, such that for any fixred number of deconfounded samples
m, we can always construct a pair of q’s, say q1 and qz, such that no algorithm can distinguish these two
conditional distributions with probability more than 1 — §, and their corresponding ATE values are € away:
|ATEa(q1) - ATEa(qz)l Z €.

Proof of Proposition 1. 1t suffices to show for the case where confounder takes binary value. The extension
to categorical confounder is straightforward as illustrated in the proof of Theorem 6 in Appendix B.7. Let
g = P(Z = 1Y = y,T = t). To show that Proposition 1 is true, it is sufficient to show that there exist
a positive constant ¢ (that depends on a) such that for all fixed a, there exists a pair of q and q’ such that
|ATE,(q) — ATEa(q')|| > ¢, with q and ¢’ close in distribution. We proceed by construction. For fixed a,
consider the following q pairs: q = (go0, 0, ¢10,7) and q" = (qoo, ¥, ¢10,0). Then, we have

ai (1 —7)
ATEa(q) = (a00q00 + a10910 + a117) + ————————(1 — agoqoo — @10g10 — a117Y)—
a(a) = ( ) a11(1_7)+a01( )
a10410 a10(1 — qo)
—  (@00900 + @10910 + @117Y) — 1 —agoqo0 — a10q10 — @117
a10q10 + ClooQoo( ) a10(1 — qio0) + aoo(1 — QOO)( )

and similarly, we have

@10410

ATE.(q') = 10410
() 10910 + @00400

a11
)(1 — apoqo0 — @p17Y — a10€{10) - (a00q00

aii +aoi(1—7
ai0(1 — qo)
a10(1 — g10) + aoo(1 — goo

+ a1y + alofho) - )(1 — apoqoo — @17 — a10Q1())~
In particular,
%ig% ATE.(q) — ATEa(q') = aogoo + a10q10 < ago + a1o, 9)

where we can choose ggp and q19 to be 1.

On the other hand, we can show that the number of samples needed to distinguish g from q’ is at least Q(1/7):
since q and q’ are the same in two of the entries and symmetric on the rest two, to distinguish q and q’
is to distinguish a Bernoulli random variable with parameter 0 (denoting this variable By) from a Bernoulli
random variable with parameter v (denoting this random variable B,). Let f be any estimator of the Bernoulli
random variable, and z;, ..., ¥, be the sequence of m observations. Then we have [Ex.pp[f] — Ex~pm[f]| <

|Bg* — B'l1 < \/2(111 2)KL(By||By*) < 24/(In2)ym, where the last inequality is because when given m samples,

KL(BF*|BY') < (2yIn2+(1—27)In 1{_{7)m < 29ym. On the other hand, any hypothesis test that takes n samples
and distinguishes between Hy : X1,..., X,, ~ Py and H; : X4, ..., X,, ~ P; has probability of error lower bounded
by max(Py(1), P1(0)) > e mKL(PlIP) " where Py(1) indicates the probability that we identify class Hy while the
true class is Hy. Since Py(1) + P1(0) < 4, by contradiction, we can show that m ~ Q(In(6=1)y~1).

Note that this lower bound on m can be arbitrarily large by choosing v to be sufficiently small. However their ATE
values stay constant away as observed in Equation (9). Thus, for every fixed confounded distribution encoded
by a and fixed number of deconfounded samples m, we can always construct a pair of conditional distributions
encoded by q and q’ such that their corresponding ATEs are constant away while the probability that we correctly
identify the true conditional distribution from q and q’ is less than 1 — §. In particular, € = ¢ = agg + a1g in the
above example. (Here, we implicitly assume that agg + a1 is strictly greater than zero, i.e., ago + a1 >0.) O

B.4 Proof of Theorem 2

Theorem 2. (Lower Bound) For any estimator and sample selection policy, the number of deconfounded samples
m needed to achieve P (‘A/TT) - ATE‘ > 6) < 6 is at least Q(e 2 log(671)).

Proof of Theorem 2. Again, it suffices to show for the case where the confounder is binary. The extension
to categorical confounder is straightforward as illustrated in the proof of Theorem 6 in Appendix B.7. Let
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g = P(Z = 1Y = y,T = t). We will proceed by construction. Consider q = (goo,qo1,05,8 + ) and
d’ = (900, o1, 8 + 7, B), for some small v. Then

aii(1—=58-7)
ai(l—pB—7)+aoi(l—qo1)

(@00g00 + @o1901 + @108 + a11 (B +7))—

a11(6+7)
a11(B + ) + ao1qo1

ATE.(q) = (a00qoo + ao1qo1 + a10B + a11(B+7)) +

a0

1 = aooqoo — ao1gor — @106 — ann (B +7)) = —————
( 00900 01401 10 11 ) a108 + aooqoo

aio(l —f)
a1o(1 — B) + ago(1 — qoo

)(1 — @000 — @o019o1 — @108 — a1 (B + 7)),

and similarly, we have

ATE.(q') = _anB
a(d’) 4B+ aordon (@00q00 + @o19o1 + a10(B+7v) + a1 f8) +
aio(f+7)

a10(8 + ) + aooqoo

ai1(1—-p)
a11(1 = B) + aoi(1 — qo1)

(1 — aoogoo—

(@00g00 + 01901 + a10(8 + ) + a118)—

ao1qo1 — a10(B + ) —anf) —

app(l—pB—7)
ao(1 =B —7) + ao(l — qoo

)(1 — apogoo — 201901 — @10(B +¥) — a1 f).

Ignoring the « in the denominator, we have that

a1 a10

+ a00qo0 + ao1go1 + a0 + a118)y
a118 + ap1go1 @108 + aoogoo I 0 o ! uh)

ATEa(q) — ATEa(q') = (

ai1 a10

- (an(l “B) + aor(l —q01) + 101 = B) + ang(1 = QOO))(l — apoqoo — @o1go1 — @108 — a113)y
0%1 — 411010 . 0%1 — 11010 (1 o 5)
a1/ + ao1qo1 7 a1 (1 = B) +ao1(1 — qo1) 7
afy —anaw , afy — anaig (1-8)
a108 + aooqoo v aio(1 — B) + aoo(1 — goo) K
afy 2 afy 2 afy 2 afy 2 (10)

+ + v+ v
T a11(1 —B) +ao1(1 — %1)7 a108 + agoqoo a10(1 = ) + aoo(1 — qoo)
Similar to the proof above, let By denote the Bernoulli random variable with parameter 5, and let By denote the
Bernoulli random variable with parameter 5 + 7. Then, given m deconfounded samples, we have KL(B7*||BY*) <

mﬂln(ﬂ’%,y) +m(l-7) ln(ligfv) <mln(l+ ﬁ) < m( . Thus, we have m ~ Q(w)

al o
1-B— 2(1—/3—'7)2) ¥
From Equation (10), we observe that € = ||[ATEa(q) — ATE,L(q')|| ~ ©(v). Combining above, we have m ~

Qe )y,

O

B.5 Proof of Theorems 3 and 5

Theorem 3. (Upper Bound) When incorporating (infinite) confounded data, P(|XTTE —ATE| > €) < § is
satisfied if the number of deconfounded samples m is at least

Mpgp ‘= MAX 70 Zy Gyt _ max 7PT(t)
Py 27 P t, 2)2
’ (Zy aytqzt) * Pra(t?)

Theorem 5. (Upper Bound) Under the uniform selection policy, with (infinite) confounded data incorporated,
P(|ATE — ATE| > €) < § is satisfied if pusp 15 at least

oy, 4a, 4%, Prr(y,t)?
-2 ¢ —_max—
t,z PT7z(t, 2)2

(2)

Mysp 1= Max

t,z 2
(Zy aytqét)
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Similarly, for the outcome-weighted selection policy:

2C (Zy ayt)Q 9

m = ma. =maX —5
owsp - X t,zX PZlT(z|t)2

t,z 2
(Zy aytqét)

Proof of Theorems 8 and 5. In these theorems, we derive the concentration of the ATE assuming infinite con-
founded data, and parametrize p;, by py; = aytq;,. Since under infinite confounded data, a,:’s are known, and
thus we only need to estimate the g;,’s. The key difference between Theorem 5 and Theorem 1 is that now
we define the random variables X7, to map the event (Z = z|Y =y, T =t) to {0,1}. Thus, X7, is distributed
according to Bernoulli(g;,). Thus, to decompose |a1:q7; + aotqs, — a1t47, — aotdg,|, we first show the following
lemma:

Lemma 4. Let Xy, ..., X m and Y1, ..., Yo,m be independent random variables in [0,1]. Then for any t > 0, we

have

Proof of Lemma /. First observe that

izt Xi —E[Xi] +ﬁ2§i’?Yj —E[Yj]

xrim Ta2m

_2m(at + Bk)?

y
T T2

> at—l—ﬁk) < 2exp

X - E(X 2Y; —EY;
(z X | il [g]ZaHﬁk)
xrim T2
@ xrim Tam
=Pl — X, —E[X Y E[Y;]) >
($1 Z( f Z mozt—l—mﬁk)

i=1
Now, let Z; = 2 X; if i € [1,21m], and Z; = %Yi if i € [xym + 1, (21 + x2)m]. Then applying Theorem 7, we
have

(z14x2)mM
P Z (Z; —E[Z;])| > mat +mpBk | <2exp (—
i=1

2m?(at + Bk)?
ST (M — )2

e <_2mwt+ﬁk>> .

o? | P

As defined in Section 3, let x,+ denote the percentage data we sample from the group yt.

Recall that from the proof of Theorem 1, we have

S > . >y Dt » > oz . >y it
P <|ATE*ATE| > 5) < ZP <P1t —Pil = gky 5) + P <|p1t + Poe — PTe — Poel = gky 6)
t,z

. Dy Oty . . Dy Oyt
- ZP (|a1tfﬁt —andi| = 7j5kye) + P <|a1tht + aotqe — a1edi; — aodoe| = y5ky€)

N >y Qytdy, te R N Dy Aytdyy
= E P laf — 5] = ZL—Lc | + P ( |avaf, + aoealy — a1edi; — aodg,| > =L
5]€(11t 5k

t,z

2 2
(Zya?]tq;t) e (Zyaytq;t) e
Bl Rk d I ey

1t 25k25 vt

Y Tyt

§4krrtlax 2exp | —2x1sm
z

<5

)

where the second to last line follows from applying Lemma 4 to the second half of the line above it.
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Solving the equation above, we have

12.5k% In(2E) a3,/ >, (agi/xye) :12.5k21n(%) >, (azi/@ye)

2 —— max max 7
(Zy aytqyt)

< 2 2 2 p
(Zy aytqét) (Zy aytqit)

m

The last equality is because a3/z2,a}/z1 > 0. Under NSP, z,; = a,:. Thus, we have

12.5k% In(8F) >y Ayt

Mingp 1= max 5-
z
(Zy Ayt qyt)

62 t,z

Similarly, under USP, z,; = i, and we have

12.5k In(2E) >, day,

Musp 1= max

€2 t,z R 2"
Zy Ayt qyt

Lastly, under OWSP, z,; = 22"%1, and we have
Gyt

12.5k2 In(8%) 2(32, ayt)?

Mowsp = 3 max 5
z
(=, ava;:)

€ t,z

B.6 Proof of Theorem 4

Theorem 4. For any fized € € [0,0.5 —28(1 — )] and any fized 6 < 1, there exist distributions where fiowsp/ finsp
is arbitrarily close to zero. In addition, for any estimator and every distribution, flowsp/tnsp < 2.

Proof of Theorem 4. We proceed by construction. For simplicity, we illustrate the correctness of Theorem 4 for
binary confounders. The extension to the multi-valued confounder is straightforward and will be demonstrated in
the proof of Theorem 6.

Consider the following example: ag1 = a19 = a11 = 7, ago = 1 — 3n, and consider the following pair of q’s:
a=(8,8,8,¢8) and ' = (8, 3,5, 8), where ¢ < % is some constant. Here, one of the q and q’ represents the
true ATE, and the other represents the estimated ATE using the best estimator. Without loss of generality, we
assume that we have already identified three components of the true conditional distribution. (In general, we can
always construct an instance by modifying the values of agp; and a19 so that the majority error is induced by
estimation error on ¢11.) Then, we have ATE,(q) = % + (1;?:)8@;/3) — 1_”277, and ATE,(q') = % — ﬁ Thus,
AATE := |ATE.(q) — ATE.(q)[:

e (T=cB)(1-P)
AATE = 2 c+1 2—cf—-B |

Note that when ¢ = %, AATE = 0.5 —28(1 — 8) = 0.5. Thus, for any € € [0,0.5 — 23(1 — 3)], there exists some
c such that e = AATE. Then, for any ¢, let  denote the minimum expected number of samples that we need to
distinguish q from q’ under the best estimator. Then under NSP, the minimum number of samples that we need
under the best estimator equals to fnsp := /1, and under OWSP, the minimum number of samples that we need
under the best estimator equals to poswp = 4. (Note that x,; = (2(11__327;7), i, 2(12277), i) under OWSP in this
example.) Thus, ftowsp/nsp = 47. Since in this example, 1 is at most 1/4, fiowsp/fnsp < 1 and can be arbitrarily
close to 0 as n — 0. (Intuitively, the first statement is true because when Zt agr K Zt a1y and agg = apq, it is
equally important to estimate ¢§,’s and ¢7,’s according to the ATE expression. However, under this setup, the
number of samples allocated to groups (0,t)’s decreases as ap;’s approach to 0 under NSP, while under OWSP,
half of the deconfounded samples are always dedicated to estimate the ¢§,’s.)
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Next, we show the last sentence in Theorem 4 is true. For any fixed €, < 1, let jinsp be the minimum expected
number of samples needed to achieve P(JATE — ATE| > €) < ¢ under natural selection policy for the best

estimator, then when wowsp = 2ptnsp Max; Zy ay: also achieves P(|jﬁ — ATE| > €) < ¢ under the outcome-
weighted selection policy. The reason is that when using wowsp number of deconfounded samples, the number
of deconfounded data allocated to each yt group is at least as much as those under the natural selection policy.
Thus, we have fowsp < Wowsp < 2/insp, Where the last inequality is because max; Ey ay < 1.

O

B.7 Proof of Theorem 6

Theorem 6. (Lower Bound) For every a, there exists a q such that pnsp is at least

Cl <a1t(2y ayf)z aOt(Zy ayt)2> .

Wnsp = ? max (Zy ayt)2 ) (Zy ayt)2

similarly for uniform selection policy:

w -:gmax 4a1t(2 ayp)? 4a(2)t(2yayf)2 )
g >, a)? T (O, ap)? )]

similarly for outcome-weighted sample selection policy:

C ; <2“1t(2y ayi)” 2a0t(2y ayt)2> )

w = —5 Inax
owsp 52 Zy yt ) Zy Ayt

where t =1 —t and Cy o< (kB —1)?In(61)e 2.

Proof. Consider q = (¢&y, 461, @50, ¢51) Where ¢b; = B, qi; = B+, and ¢§; = ¢5; —v/(k — 1) for 2 = 2, ..., k,
with )¢5 = >, ¢i1 = 1. We assume that ¢}, ¢, € [5,1 — ] for some suitable 3 and ~ for all values of Z.
Similarly, we consider the q' where the entries of ¢§; and ¢}, are flipped, i.e., @' = (¢}y, ¢51, 950, 951 ), for some
small 7, where the ¢;,’s are defined above. Then,

a1195 a1095
ATEa(q) = Z (( 11q11z - 106110Z ) Zayt‘I;t>

2 Dy 2y ayodyo ) 4

ain(B+7) 1 1 a1041o
= a0y + ao1 B + aroaly + ari (B + 7)) — ——p o0
a1 (B +7) + Gmﬁ( 00do0 01§ + 100t + ana (6 +7)) a1041o + @004go

k ail (QS1 - ﬁ)

- g

an(B+7)) + Z <aooqgo + a01¢51 + a109ip + a1 <QS1 - k—l)) -
=2 Q11 <QS1 - 1) + ao145;

(QOOQéO +ap1 B+ a10Q%o+

a10970

Y
— aoqu + ao1qz + a1oqz + a1 <qz - ))
— 41000 + G000 ( 00 01 10 ] )

and similarly, we have

anf 1 1 a10qio
aooqyo + ao1 (B +v) + a10qig + a1 f) - ————
a1 p + ao1 (B +) (a00do0 ( ) 10 ) a10q1o + @004y

) (aoquo + ao1 (qél - k’y1> + a109ip + auq(i) -

ATEa(q/) = (aooqéo + ap1 (B + ’Y)+

a114g;

a10qig + a113) + Z
z=2 114G, + ao1 (QS1 -

k

a10q10 z ( z Y ) z z )
a009p0 + @01 | 901 — 77— | T @10970 + @119
ZE 1005 + G000 ( 00 O 10 01



Causal Inference with Selectively Deconfounded Data

Ignoring the v in the denominator, we have that

1
a104ip(ao1 — a11)
1 1
10910 + 200900

ATE,(q) — ATE.(q) * —— 2 (a00qd 1
(q) (d') P B (a00qoo + @01 B + ai0qip + a118)y +

a’ll/k — k q ( ) 1
a + aq q —+ + z E aio ap1 a
(Z (( 00400 0410 (a()] a]])qlo))> Y- 10

a119%; + a0195, a109jy + aooq5y K —1

z=2 z=2

2 k 2
an 2 an Y

— _l’_
anf+aop ‘= a1qfy + aorggy (k—1)°

2

1 k z z
ai 1 1 10410 (@01 — a11) aii (aooqoo + aqulo)
= —————(@o0gp0 + @10910)7 t v
a11ff + amﬁ( o 10) a104o + @00dgo k-1 ZZZZ a1145; + 014G,
k k
__1 a10¢io(ao1 — a1) afy Iy afy 7 (11)
k=1 4= ai0qip + a00dso a11f + ao1 = a11¢4; + aogg (k—1)?

Since the second order terms in v is dominated by the first order terms in -, thus to find the highest lower bound
for sample complexity in this instance is to find the largest coefficient in front of ~.

Assuming that § < k and k8 < 1, then the maximum of Equation (11) is achieved when ¢5, = ¢, = 8 ,
@o=aqio=1—-kB,and ¢, = (1 — B)/(k — 1), and the coefficient in front of 7 is

a1l 1 k-p an 1
_ - ~ k).
a1 + ao1 (a0 + alo)(ﬂ 1- [3) a1l + ao1 (a0 + a10) (5 )

Similar to the proof of Theorem 2, we have m ~ Q(ln(:j%l)) From Equation (10), we observe that € = ||[ATE,(q) —

ATEa(q')|| ~ (7). Combining above, we have m ~ Q(ln(f%l)) In the case above, € ~ _—L—(ag + alo)%%
thus, the number of deconfounded samples needed is approximately

In(6~1)a2, (ago + a1o)? (1 - k>2

€2(a11 + ap1)? B

m X

Let C1 o (kB — 1)*In(6~1)e 2. Then m ~ @ ((G32jalemtely)).

. . . 2 4 2
If we flip the values of ¢¢; and g7, with the values of ¢&, and g7, in both q and q', then we have m ~ % %

Note that this is because that the estimation error on ATE and 1 — ATE is symmetric. In addition, under natural
selection policy, we need at least aﬂu samples; uniform selection policy, we need at least 4m deconfounded samples;
under outcome-weighted selection policy, we need at least Q%Jlmm deconfounded samples. Combining all of

the above, we obtained Theorem 6.

O

C Finite Confounded Data

In this case, deconfounding reveals the value of Z for one (initially confounded) sample, and thus we gain no
additional information about Py 7. Thus, these n confounded data provide us with an estimate of the confounded
distribution, PY,T(y, t), which we denote a,, and thus provide us an estimated OWSP. Similarly, we estimate d,;
using the MLE from the confounded data. To check the robustness of OWSP, we extend our analysis to handle
finite confounded data. With z,; defined as in Section 3.2, we can derive a theorem analogous to Theorems 1-5:

Theorem 8. (Upper Bound) Given n confounded and m deconfounded samples, with n > m, P(|ATE — @| >
€) <4 is satisfied when

2
(Zy aytq;t) P (t 2
. r,2(t, 2)
_— 5 = BT AC RV BN i
SRRl IR ALY et (12)
Tyrm n Tgem -
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The proof of Theorem 8 (Appendix C.1) requires a bound we derive (Appendix, Lemma 5) for the product of two
independent random variables. A few results follow from Theorem 8. First, a quick calculation shows that when

m is held constant, P(|ATE — @\ > €) remains positive as n — oo. This means that for a certain combinations

of €,d,n, there does not necessarily exist a sufficiently large m s.t. P(JATE — m| > ¢€) < ¢ can be satisfied.
However, when there exists such an m, then

4C n

m > MmMaxT,,
y
y,t,z

1 <PT,Z(t7Z)2 (Q§t)2>_1.

Although Theorem 8 does not recover Theorems 3 and 5 exactly when n — oco,! it provides us with insights into
relative performance of our sampling policies. Theorem 8 implies that when n > (qgt)Qxytm Yy, t, the majority of
the estimation error comes from not deconfounding enough data. This is because when the number of confounded
data that we have is more than (m), the error on the ATE in Equation (12) is dominated by fact that we have
not deconfounded enough data. To put it another way, for a given m, having n = Q(m) confounded samples is
sufficient.

C.1 Proof of Theorem 8

Theorem 8. (Upper Bound) Given n confounded and m deconfounded samples, with n > m, P(|ATE — ET\E| >
€) <9 is satisfied when

2
Doy @ qz) 2
. ( y “ytyt . PTz(t,Z)
min — —— 5 = min _ > 4(C. 12
y,t,2 1 (q;t)Q y,t,z 1 (qu;t)Q - c ( )
Tyrm n Ty n

Proof of Theorem 8. In this theorem, we derive the concentration for the ATE under finite confounded data. The
difference between Theorem 5 and Theorem 8 is that now we need to estimate a,; in addition to ¢;,. Thus, to
decompose |ay1qy, — Gytdy;|, we first derive Lemma 5.

C.1.1 Lemma 5

Lemma 5 (Sample complexity for two independent r.v.s with two independent sampling processes). Let X1, ..., X,
and Y1, ..., Y, be two sequences of Bernoulli random variables independently drawn from distribution p; and ps,

respectively. Let Sx = > X;, Sy = > Y;. Then,
i=1 i=1

P(|sxSy ~BISx]E[Sy]| > nmt) < 26Xp< itQ ) .

3%

1
m

1We could apply Lemma 2 (Appendix B) to obtain a bound that recovers Theorems 3 and 5 exactly as n — co. However,
this method does not give us sufficient insights into the comparative performance of our sampling policies.
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Proof of Lemma 5. The proof follows the proof of Hoeffding’s inequality:

P(SXSY — E[Sx]E[Sy] > nmt) = P(exp(aSx Sy — aE[Sx|E[Sy])) > exp(anmt)) (13)
< exp(—anmit)E [exp(aSx Sy — aE[Sx]E[Sy]))], (because of Markov’s inequality) (14)
= exp(—anmt)E [exp(aSx (Sy — E[Sy]) + aE[Sy](Sx — E[Sx])]
< exp(—anmt)E [exp(a max(Sx )(Sy — E[Sy]) + a¢E[Sy](Sx —E[Sx]))] (because Sx > 0) (15)
= exp(—anmi)E [exp(an(Sy — E[Sy]) + aE[Sy](Sx — E[Sx]))]
= exp (—anmit) E [exp (an(Sy — E[Sy]))] E [exp(aE[Sy]|(Sx —E[Sx]))] (becauseX IY) (16)

m

= exp(—anmt) [ [ [ ] E lexp(an(Yi — E[Yi]))] E [exp(aE[Sy](X; — E[X,]))]

=1

< exp(—anmt) f[ <L;n2> E[lexp (‘gE[SYP) (17)

2 2 At
= exp (—anmt + %an + C;nmng) (because the minimum is achieved at a = W) (18)

<e 2mnt? o 2t2
xp|———— )| =exp | — :
=P\ T 2 P Ly 3
Line (17) is because Y; —E[Y;] € {-E[Y;], 1 —E[Y;]), and thus n(Y; —E(Y;)) € [-nE[Y;],n(1 —E[Y;])]. Furthermore,
(X

E[Sy](X; —E[X;]) € (-E[X]E[Sy], (1— DE[Sy]). Finally, applying Hoeffding’s Lemma (Lemma 1), we obtain
line (17). O

<.
=
<.

Now we are ready to prove Theorem 8.

C.1.2 Proof of Theorem 8

In this theorem, we assume that the number of confounded data is finite. Thus, instead of a,:, we have estimates
of them, namely a,;. Let n,; denote the number of samples in the confounded data such that (Y =y, T =1t).
Let m7, be the number of samples in the deconfounded data such that (Y =y,T =t, Z = z). Furthermore, let
n = Zy,t Nyt, M = Z%t,z 7t~ Then, under our setup, we estimate a,; and g, as follows:
n m;
Qyt = it, and ¢°, = vt
k n

qyt - ZZ mZt .

Thus, following the proof of Theorem 1, we have

— z A~ Z pzt z z =2 N Z pZt
P(\ATEfATE\ < e) > P <m{|p1tp1t| < gky e}ﬂ{|p1t +P6e — Pir — Poe| < ;ky e}

t,z t,z

~ N Z aytqzt R R . R Z aytqzt
—p (ﬂ {Iauqft —a1:qy;| < 95k¢‘/e} ﬂ {Iauqﬁ + a0rql, — G147, — dordl,] < y5ky€} .

t,z t,z

Notice that |a1:q5; + aotql; — G1:G5, — Gordl:| < %e is satisfied when both
>y Ayt >y Gty
a1:q?, — a1, < FL—Le, and |aggé, — dorde,] < =L—"TLe.
la1¢qi, 1647¢] 10k laot g5 ot ot 10k

We have:

o D S L 2y Oyedy
P (JATE - ATE| < ¢) > P ( {|a1tqft i < WG} {|a0tq3t ~ aondsy| < WG}
t,

z t,z

o 2y Gty
P (m {‘ath;t _athyt| < 101;:: vt })

y,t,z



Kyra Gan, Andrew A. Li, Zachary C. Lipton, Sridhar Tayur

Lemma 5 suggests that

212
1 (43,)?

Tyt m n

P(|ath;t - &thth‘ >t) <2exp | —

Thus, applying a union bound and Lemma 5, we have

Zy aytqéjt ¢
10k

P (JATE - ATE| > ¢) < " P <|aytq5t — | <
Yst,z

2
(5 o)’
< 8kmaxexp | —2 TERE
yst,z ( 1y 9yt )100]4:2

Tytm n

<.

Simplifying the equations above, we have

D Corresponding Stories

In this section, we will provide an example for each selection method such that this particular sampling performs
the worst when compared with the other two methods. For the purpose of illustration, we consider binary
confounder throughout this section. To ease notation, let ¢,; denote qét.

A Scenario in Which NSP Performs the Worst A drug repositioning start-up discovered that drug T
can potentially cure a disease . which has no known drug cure and goes away without treatments once a while.
Since drug T is commonly used to treat another disease 7, the majority patients who has disease 7 do not
receive any treatment. Among the ones who received drug 7', the start-up discovered that the health outcomes
of the majority of patients have improved. The start-up proposes to bring drug T to an observational study to
verify whether drug 7' could treat disease « while not controlling for patient’s treatment adherence levels. As in
most cases, patient’s treatment adherence levels could influence doctors’ decision of whether to prescribe drug
T and whether the treatment for disease v will be successful. Translating this scenario into our notations, we
have agy = €1, a9 = €2, a11 = €3, and agg = 1 — Z?:l €, say a = (0.9,0.02,0.01,0.07). Now, imagine in the
clinical trial, the patients are given a drug case containing drug 7T such that the drug case automatically records
the frequency that the patient takes the drug. Somehow we know a priori that the patients who do not have
health improvement have on average poor treatment adherence, e.g., qog = 0.9, go1 = 0.7; furthermore, those who
have health improvement on average have good treatment adherence, e.g., g9 = 0.01, ¢1; = 0.3. Deconfounding
according to NSP, i.e., x = (ago, @01, @10, @11), in this case, will select most samples from the group (Y = 0,7 = 0).
Since the ATE depends on the estimation that relies on both T"= 0, and T = 1, one would expect that NSP and
OWSP will outperform NSP. The left column in Figure 3 confirms this hypothesis.

A Scenario in Which USP Performs the Worst A group biostatisticians discovered that mutations on
gene T is likely to cause cancer Y in patients with a particular type of heart disease. In particular, they discovered
that among the those heart disease patients, 79% of patients have neither mutation on T nor cancer Y; 18%
patients have both mutation on T and cancer Y. In other words, agp = 0.79,a1; = 0.18. Furthermore, we have
ao1 = 0.01,a19 = 0.02. This group of biostatisticians want to run a small experiment to confirm whether gene T
causes cancer Y. In particular, they are interested in knowing whether those patients also have mutations on
gene Z, which is also suspected by the same group of biostatisticians to cause cancer Y. Somehow, we know
a priori that goo = 0.5, o1 = 0.01, g19 = 0.05,¢11 = 0.5. From the calculation of the ATE, it is not difficult to
observe that the error on the ATE is dominated by the estimation errors on qgg, g11- Thus, we should sample
more from the groups (Y =0,7 =0) and (Y = 1,7 =1).
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A Scenario in Which OWSP Performs the Worst A team wants to reposition drug 7' to cure diabetes.
Drug T has been used to treat a common comorbid condition of diabetes that appears in 31% of the diabetic
patient population. Among those patients who receive drug T, about 97% has improved health, that is ag; = 0.01
and a;; = 0.3. Among the patients who have never received drug T, about 70% have no health improvement,
that is agg = 0.5, and ajg = 0.19. Let ggg = 0.05, go1 = 0.5, q19 = 0.055, and g7 = 0.4. In the ATE, it is easy to
observe that ——1dll and _a“(lfq“) — are both dominated by 1 regardless of the estimates of g1
11911 +a01901 a11(1—qi1)+ao1(1—qo1)
and gop1. In this case, USP outperforms OWSP and NSP when the sample size is larger than 200. On the other

hand, the bottom figure in the third column of Figure 3 shows that, when averaged over all possible values of q,
OWSP performs the best.

E Approximate Sampling Policies Under Finite Confounded Data

To deconfound according to NSP with finite confounded data is to deconfound the first m confounded data. For
USP, we split the samples to the 4 groups as evenly as possible. That is, we max out the bottleneck group/groups
and distribute the excess data as evenly as possible among the remaining groups.

For OWSP, we have z,; = Zdyf;yt’ and when implementing OWSP, we will first ensure that the deconfounded

samples are split as evenly as possible across treatment groups, and then within the each group, we split the
samples close as possible to the outcome ratio.
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