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Abstract

We present a unified framework for analyzing
local SGD methods in the convex and strongly
convex regimes for distributed/federated
training of supervised machine learning mod-
els. We recover several known methods as
a special case of our general framework, in-
cluding Local-SGD/FedAvg, SCAFFOLD, and
several variants of SGD not originally designed
for federated learning. Our framework cov-
ers both the identical and heterogeneous data
settings, supports both random and determin-
istic number of local steps, and can work with
a wide array of local stochastic gradient es-
timators, including shifted estimators which
are able to adjust the fixed points of local
iterations for faster convergence. As an appli-
cation of our framework, we develop multiple
novel FL optimizers which are superior to
existing methods. In particular, we develop
the first linearly converging local SGD method
which does not require any data homogeneity
or other strong assumptions.

1 Introduction

In this paper we are interested in a centralized dis-
tributed optimization problem of the form

min f(z) =

S|

éﬂw, (1)

where n is the number of devices/clients/nodes/workers.
We assume that f; can be represented either as a) an
expectation, i.e.,

fi(x) = E¢,p, [fe, (2)], (2)
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where D; describes the distribution of data on device i,
or b) as a finite sum, i.e.,

file) = % & Fy(@) (3

While our theory allows the number of functions m to
vary across the devices, for simplicity of exposition, we
restrict the narrative to this simpler case.

Federated learning (FL)—an emerging subfield of ma-
chine learning (McMahan et al., 2016; Konecny et al.,
2016; McMahan et al., 2017)—is traditionally cast as
an instance of problem (1) with several idiosyncrasies.
First, the number of devices n is very large: tens of
thousands to millions. Second, the devices (e.g., mobile
phones) are often very heterogeneous in their compute,
connectivity, and storage capabilities. The data defin-
ing each function f; reflects the usage patterns of the
device owner, and as such, it is either unrelated or
at best related only weakly. Moreover, device own-
ers desire to protect their local private data, and for
that reason, training needs to take place with the data
remaining on the devices. Finally, and this is of key
importance for the development in this work, commu-
nication among the workers, typically conducted via a
trusted aggregation server, is very expensive.

Communication bottleneck. There are two main
directions in the literature for tackling the communica-
tion cost issue in FL. The first approach consists of al-
gorithms that aim to reduce the number of transmitted
bits by applying a carefully chosen gradient compres-
sion scheme, such as quantization (Alistarh et al., 2016;
Bernstein et al., 2018; Mishchenko et al., 2019; Horvéath
et al., 2019; Ramezani-Kebrya et al., 2019; Reisizadeh
et al., 2020), sparsification (Aji and Heafield, 2017;
Lin et al., 2017; Alistarh et al., 2018; Wangni et al.,
2018; Wang et al., 2018; Mishchenko et al., 2020), or
other more sophisticated strategies (Karimireddy et al.,
2019b; Stich and Karimireddy, 2019; Wu et al., 2018;
Vogels et al., 2019; Beznosikov et al., 2020; Gorbunov
et al., 2020b). The second approach—one that we in-
vestigate in this paper—instead focuses on increasing
the total amount of local computation in between the
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communication rounds in the hope that this will reduce
the total number of communication rounds needed to
build a model of sufficient quality (Shamir et al., 2014;
Zhang and Lin, 2015; Reddi et al., 2016; Li et al., 2018;
Pathak and Wainwright, 2020). These two approaches,
communication compression and local computation, can
be combined for a better practical performance (Basu
et al., 2019).

Local first-order algorithms. Motivated by recent
development in the field (Zinkevich et al., 2010; McMa-
han et al., 2016; Stich, 2018; Lin et al., 2018; Liang
et al., 2019; Wu et al., 2019; Karimireddy et al., 2019a;
Khaled et al., 2020; Woodworth et al., 2020b), in this
paper we perform an in-depth and general study of local
first-order algorithms. Contrasted with zero or higher
order local methods, local first order methods perform
several gradient-type steps in between the communica-
tion rounds. In particular, we consider the following
family of methods:

xic - ’Ygzka if Ck+1 = 07
ot =0 &, B (4)
EZI(% —gf), if eppr =1,
=

where xf represents the local variable maintained by the
i-th device, gf represents local first order direction' and
(possibly random) sequence {ci}r>1 with ¢ € {0,1}
encoding the times when communication takes place.

Both the classical Local-SGD/FedAvg (McMahan et al.,
2016; Stich, 2018; Khaled et al., 2020; Woodworth et al.,
2020b) and shifted local SGD (Liang et al., 2019; Karim-
ireddy et al., 2019a) methods fall into this category
of algorithms. However, most of the existing methods
have been analyzed with limited flexibility only, leaving
many potentially fruitful directions unexplored. The
most important unexplored questions include i) better
understanding of the local shift that aims to correct
the fixed point of local methods, ii) support for more
sophisticated local gradient estimators that allow for
importance sampling, variance reduction, or coordi-
nate descent, iii) variable number of local steps, and
iv) general theory supporting multiple data similarity
types, including identical, heterogeneous and partially
heterogeneous ((-heterogeneous - defined later).

Consequently, there is a need for a single framework
unifying the theory of local stochastic first order meth-
ods, ideally one capable of pointing to new and more
efficient variants. This is what we do in this work.

Wector ¢gF can be a simple unbiased estimator of
Vfi(zF), but can also involve a local “shift” designed to
correct the (inherently wrong) fixed point of local methods.
We elaborate on this point later.

Unification of stochastic algorithms. There have
been multiple recent papers aiming to unify the theory
of first-order optimization algorithms. The closest to
our work is the unification of (non-local) stochastic
algorithms in (Gorbunov et al., 2020a) that proposes a
relatively simple yet powerful framework for analyzing
variants of SGD that allow for minibatching, arbitrary
sampling,? variance reduction, subspace gradient ora-
cle, and quantization. We recover this framework as a
special case in a non-local regime. Next, a framework
for analyzing error compensated or delayed SGD meth-
ods was recently proposed in (Gorbunov et al., 2020b).
Another relevant approach covers the unification of
decentralized SGD algorithms (Koloskova et al., 2020),
which is able to recover the basic variant of Local-SGD
as well. While our framework matches their rate for
basic Local-SGD, we cover a broader range of local
methods in this work as we focus on the centralized
setting.

1.1 Owur Contributions

In this paper, we propose a general framework for
analyzing a broad family of local stochastic gradient
methods of the form (4). Given that a particular local
algorithm satisfies a specific parametric assumption
(Assumption 2.3) in a certain scenario, we provide a
tight convergence rate of such a method.

Let us give a glimpse of our results and their generality.
A local algorithm of the form (4) is allowed to consist
of an arbitrary local stochastic gradient estimator (see
Section 4 for details), a possible drift/shift to correct for
the non-stationarity of local methods® and a fixed or
random local loop size. Further, we provide a tight con-
vergence rate in both the identical and heterogeneous
data regimes for strongly (quasi) convex and convex
objectives. Consequently, our framework is capable of:

e Recovering known optimizers along with their
tight rates. We recover multiple known local optimiz-
ers as a special case of our general framework, along
with their convergence rates (up to small constant fac-
tors). This includes FedAvg/Local-SGD (McMahan
et al., 2016; Stich, 2018) with currently the best-known
convergence rate (Khaled et al., 2020; Woodworth et al.,
2020b; Koloskova et al., 2020; Woodworth et al., 2020a)
and SCAFFOLD (Karimireddy et al., 2019a). Moreover,
in a special case we recover a general framework for an-

2A tight convergence rate given any sampling strategy
and any smoothness structure of the objective.

3Basic local algorithms such as FedAvg/Local-SGD or
FedProx (Li et al., 2018) have incorrect fixed points (Pathak
and Wainwright, 2020). To eliminate this issue, a strategy
of adding an extra “drift” or “shift” to the local gradient
has been proposed recently (Liang et al., 2019; Karimireddy
et al., 2019a).
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alyzing non-local SGD method developed in (Gorbunov
et al., 2020a), and consequently we recover multiple
variants of SGD with and without variance reduction,
including SAGA (Defazio et al., 2014), L-SVRG (Kovalev
et al., 2019), SEGA (Hanzely et al., 2018), gradient com-
pression methods (Mishchenko et al., 2019; Horvath
et al., 2019) and many more.

¢ Filling missing gaps for known methods. Many
of the recovered optimizers have only been analyzed
under specific and often limiting circumstances and
regimes. Our framework allows us to extend known
methods into multiple hitherto unexplored settings.
For instance, for each (local) method our framework
encodes, we allow for a random/fixed local loop size,
identical /heterogeneous/(-heterogeneous data (intro-
duced soon), and convex/strongly convex objective.

e Extending the established optimizers. To the
best of our knowledge, none of the known local meth-
ods have been analyzed under arbitrary smoothness
structure of the local objectives* and consequently, our
framework is the first to allow for the local stochastic
gradient to be constructed via importance (possibly
minibatch) sampling. Next, we allow for a local loop
with a random length, which is a new development
contrasting with the classical fixed-length regime. We
discuss advantages of of the random loop in Section 3.

e New efficient algorithms. Perhaps most impor-
tantly, our framework is powerful enough to point
to a range of novel methods. A notable example is
S-Local-SVRG, which is a local variance reduced SGD
method able to learn the optimal drift. This is the
first time that local variance reduction is successfully
combined with an on-the-fly learning of the local drift.
Consequently, this is the first method which enjoys a
linear convergence rate to the exact optimum (as op-
posed to a neighborhood of the solution only) without
any restrictive assumptions and is thus superior in the-
ory to the convergence of all existing local first order
methods. We also develop another linearly converging
method: S*-Local-SGD*. Albeit not of practical sig-
nificance as it depends on the a-priori knowledge of
the optimal solution x*, it is of theoretical interest as
it enabled us to discover S-Local-SVRG. See Table 2
which summarizes all our complexity results.

Notation. Due to its generality, our paper is heavy
in notation. For the reader’s convenience, we present a
notation table in Sec. A of the appendix.

“By this we mean that function f;; from (3) is M, ;-
smooth with M, ; € R4 M, ; = 0, i.e., for all z,y €
R? we have f;;(z) < fi;(y) + (Vfi;(), 2 —y) + 5(z —
y) M, ;(z—y). As an example, logistic regression possesses
naturally such a structure with matrices M; ; of rank 1.

2 Our Framework

In this section we present the main result of the paper.
Let us first introduce the key assumptions that we
impose on our objective (1). We start with a relaxation
of p-strong convexity.

Assumption 2.1 ((u, 2*)-strong quasi-convexity). Let
x* be a minimizer of f. We assume that f; is (p, x*)-
strongly quasi-convez for all i € [n] with u >0, i.e. for
all z € RY:

fila®) = fi(x) + (Vfi(x),2* —2) + §llz — 2*]%. (5)

Next, we require classical L-smoothness® of local objec-
tives, or equivalently, L-Lipschitzness of their gradients.

Assumption 2.2 (L-smoothness). Functions f; are
L-smooth for all i € [n] with L >0, i.e.,

IVfi(x) = Vi)l < Lllz —yll, Yo,y eR% (6)

In order to simplify our notation, it will be convenient
to introduce the notion of virtual iterates z* defined
as a mean of the local iterates (Stich and Karimireddy,
2019): ok & L5 @¥. Despite the fact that z* is
being physically computed only for k for which ¢, =
1, virtual iterates are a very useful tool facilitating
the convergence analysis. Next, we shall measure the

discrepancy between the local and virtual iterates via
def 1

the quantity V defined as Vi, = L 37" | |lak — zF|2.
We are now ready to introduce the parametric assump-
tion on both stochastic gradients g¥ and function f.
This is a non-trivial generalization of the assumption
from (Gorbunov et al., 2020a) to the class of local
stochastic methods of the form (4), and forms the
heart of this work.®

Assumption 2.3 (Key parametric assumption). As-
sume that for all k > 0 and ¢ € [n], local stochastic
directions g¥ satisfy

n

LY B o] =4 X Vi), (7)

i=1

where Ei[-] defines the expectation w.r.t. random-
ness coming from the k-th iteration only.  Fur-

ther, assume that there exist non-negative constants
AaA/aBaBlaC7CI7F7F/aGaHaD17D11aD27D3 > 07p €

5While we require L-smoothness of f; to establish the
main convergence theorem, some of the parameters of
As. 2.3 can be tightened considering a more complex smooth-
ness structure of the local objective.

5Recently, the assumption from (Gorbunov et al., 2020a)
was generalized in a different way to cover the class of the
methods with error compensation and delayed updates (Gor-
bunov et al., 2020b).
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(0,1] and a sequence of (possibly random) variables
{02} k>0 such that

L3 B[lgf?) <24B [f(s4) - f(a")] + BE [0}

+ FE [Vi] + Dy, (8)
E || _égf ] <2A'E [f(z*) — f(z")] + B'E [07]
+ F'E [Vi] + Dy, (9)
E [0},1] <(1 - p)E [0}] +2CE [f(2*) - f(2")]
+ GE [V}] + Do, (10)

K K
2L Y wpE[Vi] <3 kz_:o wiE [f(2%) = f(2*)] (11)

k=0
+ 2LHEs§ + 2LD3v* Wk,

where sequences {Wik } k>0, {wk x>0 are defined as

de K de,
WK :f Z Wk, W :f L (12)
k=0

(l—min{'yu,g})kJrl ’

Admittedly, with its many parameters (whose meaning
will become clear from the rest of the paper), As. 2.3
is not easy to parse on first reading. Several comments
are due at this point. First, while the complexity of
this assumption may be misunderstood as being prob-
lematic, the opposite is true. This assumption enables
us to prove a single theorem (Thm. 2.1) capturing the
convergence behavior, in a tight manner, of all local
first-order methods described by our framework (4).
So, the parametric and structural complexity of this
assumption is paid for by the unification aspect it pro-
vides. Second, for each specific method we consider
in this work, we prove that As. 2.3 is satisfied, and
each such proof is based on much simpler and gener-
ally accepted assumptions. So, As. 2.3 should be seen
as a “meta-assumption” forming an intermediary and
abstract step in the analysis, one revealing the struc-
ture of the inequalities needed to obtain a general and
tight convergence result for local first-order methods.
We dedicate the rest of the paper to explaining these
parameters and to describing the algorithms and the
associate rates their combination encodes. We are now
ready to present our main convergence result.

Theorem 2.1. Let As. 2.1, 2.2 and 2.3 be
satisfied and assume the stepsize satisfies 0 <

. _ def
< min L L . Define TF =
’7 — {Q(A/+4CS‘E’)7F/+4C3;;3’ ﬁ

* ’
1 ZK w l’k <I>0 def 2Hw0—w H2+%’\/2E0’§+4LH’YEU[2)
W Lak=0 YkL s =

B!
and 00 % o (D; +4B' D, + 2L7D3). Let 0 %1 —
min {yu, 2}. Then if p > 0, we have
E [f(z")] — f(z") <67 @° + 07, (13)

and in the case when p =0, we have

E /@) - f(@") <% +7¥". (14)
As already mentioned, Thm. 2.1 serves as a general,
unified theory for local stochastic gradient algorithms.
The strongly convex case provides a linear convergence
rate up to a specific neighborhood of the optimum.
On the other hand, the weakly convex case yields an
O(K 1) convergence rate up to a particular neighbor-
hood. One might easily derive O(K ') and O(K~2)
convergence rates to the exact optimum in the strongly
and weakly convex case, respectively, by using a par-
ticular decreasing stepsize rule. The next corollary
gives an example of such a result in the strongly convex
scenario, where the estimate of D3 does not depend on
the stepsize v. A detailed result that covers all cases is
provided in Section D.2 of the appendix.

Corollary 2.1. Consider the setup from Thm. 2.1 and
by % denote the resulting upper bound on v.” Suppose
that u > 0 and D3 does not depend on ~y. Let

2 -2 373
m(max{g,mm{%,%}p
1 2 3

v =min{ ,, R ,

where T1 = 2||2° — z*||* + 82;}2358 + 4L}{,EUS Ty =
2D + 433;?2, Y3 = 4LDs. Then, the procedure (4)
achieves

)

E[f@")] - fa") <e

as long as

Kzo((%+§)log(%)+%+ %)
Remark 2.1. Admittedly, Thm. 2.1 does not yield
the tightest known convergence rate in the heteroge-
neous setup under As. 2.1. Specifically, the neigh-
borhood to which Local-SGD converges can be slightly
smaller (Koloskova et al., 2020). While we provide a
tighter theory that matches the best-known results, we
have deferred it to the appendix for the sake of clarity.
In particular, to get the tightest rate, one shall replace
the bound on the second moment of the stochastic direc-
tion (8) with two analogous bounds — first one for the
variance and the second one for the squared expectation.
See As. E.1 for details. Fortunately, Thm. 2.1 does
not need to change as it does not require parameters
from (8); these are only used later to derive D3, H,~
based on the data type. Therefore, only a few extra pa-
rameters should be determined in the specific scenario
to get the tightest rate.

“In order to get tight estimate of D3 and H, we will
impose further bounds on v (see Tbl. 1). Assume that these
extra bounds are included in parameter h.
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Remark 2.2. As we show in the appendiz when looking
at particular special cases, local gradient methods are
only as good as their non-local counterparts (i.e., when
7 = 1) in terms of the communication complexity in the
fully heterogeneous setup. Furthermore, the non-local
methods outperform local ones in terms of computation
complexity. While one might think that this observa-
tion is a byproduct of our analysis, our observations
are supported by findings in recent literature on this
topic (Karimireddy et al., 2019a; Khaled et al., 2020).
To rise to the defense of local methods, we remark that
they might be preferable to their non-local cousins in
the homogeneous data setup (Woodworth et al., 2020b)
or for personalized federated learning (Hanzely and
Richtdrik, 2020).

The parameters that drive both the convergence speed
and the neighborhood size are determined by As. 2.3. In
order to see through the provided rates, we shall discuss
the value of these parameters in various scenarios. In
general, we would like to have p € (0,1] as large as
possible, while all other parameters are desired to be
small so as to make the inequalities as tight as possible.

Let us start with studying data similarity and inner
loop type as these can be decoupled from the type of
the local direction that the method (4) takes.

3 Data Similarity and Local Loop

We now explain how our framework supports fixed and
random local loop, and several data similarity regimes.

Local loop. Our framework supports local loop of a
fized length T > 1 (i.e., we support local methods per-
forming 7 local iterations in between communications).
This option, which is the de facto standard for local
methods in theory and practice (McMahan et al., 2016),
is recovered by setting c,, = 1 for all non-negative inte-
gers a and ¢, = 0 for k that are not divisible by 7 in (4).
However, our framework also captures the very rarely
considered local loop with a random length. We recover
this when ¢ are random samples from the Bernoulli
distribution Be(p) with parameter p € (0, 1].

Data similarity. We look at various possible data
similarity regimes. The first option we consider is the
fully heterogeneous setting where we do not assume
any similarity between the local objectives whatsoever.
Secondly, we consider the identical data regime with
fi=...= fn. Lastly, we consider the (-heterogeneous
data setting, which bounds the dissimilarity between
the full and the local gradients (Woodworth et al.,
2020a) (see Def. 3.1).

Definition 3.1 ({-heterogeneous functions). We say
that functions fi,..., fn are (-heterogeneous for some

¢ > 0 if the following inequality holds for all x € RY:

s

IV fi(z) = Vf(2)]* < ¢ (15)

1
n

=1

The (-heterogeneous data regime recovers the hetero-
geneous data for ( = oo and identical data for ¢ = 0.

In Sec. E of the appendix, we show that the local loop
type and the data similarity type affect parameters H
and D3 from As. 2.3 only. However, in order to obtain
an efficient bound on these parameters, we impose
additional constraints on the stepsize v. While we do
not have space to formally state our results in the main
body, we provide a comprehensive summary in Thl. 1.

Methods with a random loop communicate once per p~!

iterations on average, while the fixed loop variant com-
municates once every 7 iterations. Consequently, we
shall compare the two loop types for 7 = p~!. In such
a case, parameters D3 and H and the extra conditions
on stepsize v match exactly, meaning that the loop
type does not influence the convergence rate. Having
said that, random loop choice provides more flexibil-
ity compared to the fixed loop. Indeed, one might
want the local direction g¥ to be synchronized with
the communication time-stamps in some special cases.
However, our framework does not allow such synchro-
nization for a fixed loop since we assume that the local
direction g¥ follows some stationary distribution over
stochastic gradients. The random local loop comes in
handy here; the random variable that determines the
communication follows a stationary distribution, thus
possibly synchronized with the local computations.

4 Local Stochastic Direction

This section discusses how the choice of g¥ allows us to
obtain the remaining parameters from As. 2.3 that were
not covered in the previous section. To cover the most
practical scenarios, we set g¥ to be a difference of two
components a¥, b* € R?, which we explain next. We
stress that the construction of gf is very general: we re-
cover various state-of-the-art methods along with their
rates while covering many new interesting algorithms.
We will discuss this in more detail in Sec. 5.

k

%

4.1 Unbiased local gradient estimator «

The first component of the local direction that the
method (4) takes is a¥ — an unbiased, possibly vari-
ance reduced, estimator of the local gradient, i.e.,
E[af] = Vfi(2¥). Besides the unbiasedness, af is
allowed to be anything that satisfies the parametric
recursive relation from (Gorbunov et al., 2020a), which
tightly covers many variants of SGD including non-

uniform, minibatch, and variance reduced stochastic
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Table 1: The effect of data similarity and local loop on As. 2.3. Constant factors are ignored. Homogeneous data
are recovered as a special case of (-heterogeneous data with ¢ = 0. Heterogeneous case is slightly loose in light of
Remark 2.1. If one replaces the bound on the second moments (8) with a analogous bound on variance squared
expectation (see As. E.1), the bounds on «, D3 and H will have (7 — 1) times better dependence on the variance

parameters (or

1}'%” times for the random loop). See Sec. E.1.1 and E.2.1 of appendix for more details.

[ Data | Loop | Extra upper bounds on « [ D3 [ H ]
2.2
het | fixed 1 1 L (r—1)2 (D1 + %) Br-1%y”
T p p
\/(FﬂL - ,,>) \/2L(A+ &%)
L 1 1 _ ¢ | BDy B(r=1)7*
C-het | fixed G ey (r—1) (D1+W+ L ) =
(1- p) (1— /J)
BD
het random 2 P pyr(l—p) p w B(l—fp)‘rz
n\/(=p)F’ \/BG(1-p)’ \/L(l »(A+5E%5) P pme
P pp(1—p) P (- P) 4 8Dz B(1-p)y?
C-het | radnom | £, 1/F(1—p)7\/BG(1—p)’\/L(1 S ey (D -l— o ) PP

gradient. The parameters of such a relation are capable
of encoding both the general smoothness structure of
the objective and the gradient estimator’s properties
that include a diminishing variance, for example. We
state the adapted version of this recursive relation as
As. 4.1.

Assumption 4.1. Let the unbiased local gradient es-
timator af be such that

Ej [[laf — Vfi(z")|?] < 24:Dy, (aF,
Ex [U?,kﬂ]

for A; >0,B; >0,D1;>0,0<p; <1,C; >0,Dz; >
0 and a non-negative sequence {07 ;132>

a*) + Biol + D1,
< (1= pi)ogy, +2C: Dy, (xf,2*) + Do

Note that the parameters of As. 4.1 can be taken di-
rectly from (Gorbunov et al., 2020a) and offer a broad
range of unbiased local gradient estimators ai? in dif-
ferent scenarios. The most interesting setups covered
include minibatching, importance sampling, variance
reduction, all either under the classical smoothness as-
sumption or under a uniform bound on the stochastic
gradient variance.

Our next goal is to derive the parameters of As. 2.3
from the parameters of As. 4.1. However, let us first
discuss the second component of the local direction —
the local shift b%.

4.2 Local shift bf

The local update rule (4) can include the local
shift/drift b¥ allowing us to eliminate the infamous
non-stationarity of the local methods. The general
requirement for the choice of b is so that it sums up

®By Dy, (2F,2%) we mean Bregman distance between
z¥ 2% defined as Dy, (zF,2") def filz®) — fi(z®) -

(Vfi(z"), 27 — 2*).

to zero (3_;, b¥ = 0) to avoid unnecessary extra bias.
For the sake of simplicity (while maintaining general-
ity), we will consider three choices of bf — zero, ideal
shift (= Vf;(z*)) and on-the-fly shift via a possibly
outdated local stochastic non-variance reduced gradient
estimator that satisfies a similar bound as As. 4.1.

Assumption 4.2. Consider the following choices:
Case I: b¥ =0,

Case II: bk sz( ),
Case III: bf =hr-1 L hE where h¥ € R? is a

delayed local gradient estzmator defined recursively as

thrl _ hf

where 0 < pi < 1 and lf € R? is an unbiased non-
variance reduced possibly stochastic gradient estimator
of Vfi(z*) such that for some A, D3 ; > 0 we have

E; Wf -

with probability 1 — p}
with probability p}

Vfi(@*)|?] < 24;Dy,(xf,2*) + Ds;. (16)

Let us look closer at Case III as this one is the most
interesting. Note that what we assume about lf (ie.,
(16)) is essentially a variant of As. 4.2 with af’k param-
eters set to zero. This is achievable for a broad range of
non-variance reduced gradient estimators that includes
minibatching and importance sampling (Gower et al.,
2019). An intuitive choice of I¥ is to set it to af given
that a¥ is not variance reduced. In such a case, the
scheme (4) reduces to SCAFFOLD (Karimireddy et al.,
2019a) along with its rate.

However, our framework can do much more beyond this
example. First, we cover the local variance reduced
gradient a¥ with I¥ constructed as its non-variance
reduced part. In such a case, the neighborhood of
the optimum from Thm. 2.1 to which the method (4)
converges shrinks. There is a way to get rid of this
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neighborhood, noticing that lf is used only once in a
while. Indeed, the combination of the full local gradient
I¥ together with the variance reduced a¥ leads to a lin-
ear rate in the strongly (quasi) convex case or O(K 1)
rate in the weakly convex case. We shall remark that
the variance reduced gradient might require a sporadic
computation of the full local gradient — it makes sense
to synchronize it with the update rule for h¥. In such
a case, the computation of I is for free. We have just
described the S-Local-SVRG method (Algorithm 6).

4.3 Parameters of Assumption 2.3

We proceed with a key lemma that provides us with the
remaining parameters of As. 2.3 that were not covered
in Sec. 3. These parameters will be chosen purely based
on the selection of af and bf discussed earlier.

Lemma 4.1. For all i € [n] suppose that a¥ satisfies

As. 4.1, while b¥ was chosen as per As. 4.2. Then, (8),
(9) and (10) hold with

A=4maxA;,B=2F =4Lmax A;,

D, = 25 (D + [IVfi(z")]?)  Case I,
23Dy Case II, I1I,

B =1 =2tmaadi 912 pi= LS Dy
A/ _ 2ma;bc,- A; +L,G _ CL/27

. min; p; Case I, 11,
min; min {p;, p;} Case III,

2 ;BZDQJ, Case I, 11,

n
LN (2B;iDs; + piDs;)  Case 111,
i=1

C = 4maxi{BiCi} Case I, II,
| 4max;{B;C;} + 4max;{p,A'} Case III

We have just broken down the parameters of As. 2.3
based on the optimization objective and the particular
instance of (4). However, it might still be hard to
understand particular rates based on these choices.
In the appendix, we state a range of methods and
decouple their convergence rates. A summary of the
key parameters from As. 2.3 is provided in Thl. 7.

5 Special Cases

Our theory covers a broad range of local stochastic gra-
dient algorithms. While we are able to recover multiple
known methods along with their rates, we also intro-
duce several new methods along with extending the
analysis of known algorithms. As already mentioned,
our theory covers convex and strongly convex cases,

identical and heterogeneous data regimes. From the al-
gorithmic point of view, we cover the fixed and random
loop, various shift types, and arbitrary local stochastic
gradient estimator. We stress that our framework gives
a tight convergence rate under any circumstances.

While we might not cover all of these combinations
in a deserved detail, we thoroughly study a subset
of them in Sec. G of the appendix. An overview of
these methods is presented in Thl. 2 together with
their convergence rates in the strongly convex case
(see Tbl. 4 in the appendix for the rates in the weakly
convex setting). Next, we describe a selected number
of special cases of our framework.

e Non-local stochastic methods. Our theory recov-
ers a broad range of non-local stochastic methods. In
particular, if n = 1, we have Vj, = 0, and consequently
we can choose A = A/, B=B',D; = D{,F =F' =
G = H = D3 = 0. With such a choice, our theory
matches” the general analysis of stochastic gradient
methods from (Gorbunov et al., 2020a) for 7 = 1. Con-
sequently, we recover a broad range of algorithms as a
special case along with their convergence guarantees,
namely SGD (Robbins and Monro, 1951) with its best-
known rate on smooth objectives (Nguyen et al., 2018;
Gower et al., 2019), variance reduced finite sum algo-
rithms such as SAGA (Defazio et al., 2014), SVRG (John-
son and Zhang, 2013), L-SVRG (Hofmann et al., 2015;
Kovalev et al., 2019), variance reduced subspace de-
scent methods such as SEGA/SVRCD (Hanzely et al.,
2018; Hanzely and Richtérik, 2019), quantized meth-
ods (Mishchenko et al., 2019; Horvath et al., 2019) and
others.

e “Star”-shifted local methods. As already men-
tioned, local methods have inherently incorrect fixed
points (Pathak and Wainwright, 2020); and one can
fix these by shifting the local gradients. Star-shifted
local methods employ the ideal stationary shift using
the local gradients at the optimum b¥ = V f;(z*) (i.e.,
Case II from As. 4.2) and serve as a transition from
the plain local methods (Case I from As. 4.2) to the
local methods that shift using past gradients such as
SCAFFOLD (Case IIT from As. 4.2). In the appendix,
we present two such methods: S*-Local-SGD (Algo-
rithm 3) and S*-Local-SGD* (Algorithm 5). While
being impractical in most cases since V f;(z*) is not
known, star-shifted local methods give new insights
into the role and effect of the shift for local algorithms.
Specifically, these methods enjoy superior convergence
rate when compared to methods without local shift
(Case I) and methods with a shift constructed from
observed gradients (Case IIT), while their rate serves
as an aspiring goal for local methods in general. For-

9Up to the non-smooth regularization/proximal steps
and small constant factors.
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Table 2: A selection of methods that can be analyzed using our framework, which we detail in the appendix. A choice
of a¥,b¥ and IF is presented along with the established complexity bounds (= number of iterations to find such & that
E[f(2) — f(z™)] <€) and a specific setup under which the methods are analyzed. For Algorithms 1-4 we suppress constants
and log% factors. Since Algorithms 5 and 6 converge linearly, we suppress constants only while keeping log% factors.
All rates are provided in the strongly convex setting. UBV stands for the “Uniform Bound on the Variance” of local
stochastic gradient, which is often assumed when f; is of the form (2). ES stands for the “Expected Smoothness” (Gower
et al., 2019), which does not impose any extra assumption on the objective/noise, but rather can be derived given the
sampling strategy and the smoothness structure of f;. Consequently, such a setup allows us to obtain local methods with
importance sampling. Next, the simple setting is a special case of ES when we uniformly sample a single index on each

node each iteration.

*: Local-SGD methods have never been analyzed under ES assumption. Notation: o2 — averaged

(within nodes) uniform upper bound for the variance of local stochastic gradient, o2 — averaged variance of local stochastic

gradients at the solution, ¢2 def LS IIV£i(z™)|]?, max L; — the worst smoothness of f; ;,4 € [n],j € [m], £ — the worst

ES constant for all nodes.

| Method [ af bEIF Complexity [ Setting [ Sec ‘
Local-SGD, Alg. 1 -k L -2 Lr(o?+7C2) UBV,
(Woodworth et al., 2020a) fE'i (‘Ll >7 0’ o W + npe + n2e C-Het G.l1
Local-SGD, Alg. 1 & R \/L<771>(o2+<f—1>¢3> UBYV,
(Koloskova et al., 2020) ./5, (I,‘ )’ 07 B u + npe + u2e Het G.1.1
L+L/n T—1)LL o2
Local-SGD, Alg. 1 Fe(25),0,— % t e ES, G1.2
(Khaled et al., 2020)™® &\ )Yy +L<2<771) + L(t—1)(024¢2) ¢-Het o
n2e n2e
LT+L/n T—1)LL o2
Local-SGD, Alg. 1 o (6,0, +/+/(1) + 2> ES, G1o
(Khaled et al., 2020 J&iTi)r T +\/L(T—l)(dz+(7—l)cf) Het o
p2e
(R = o (F L+max Lj;/nt+/(r—1)L max L;;
Local-SVRG, Alg. 2 Viiji (i) X /kaq”f'f' ) m + 2 \/‘L J el simple, G2
(NEW) +V£iys), L¢2(r—1) L(r—1)¢2 ¢-Het ‘
y T + n3e + u2e
e kY o k Lr+4max L;j/n++/(7—1)L max L;; 3
Local-SVRG, Alg. 2 Vi (i) ka””‘]’ ) m+ . \u/ . simple, G2
(NEW) +V fi(yi), L(r—1)2(2 Het :
, — T e
S*-Local-SGD, Alg. 3 . ] N - o2 Lr—1)o2 UBV,

(NEW) i fe (@), Vil@"), = TL T T (ufg Het €
SS-Local-SGD, Alg. 4 fe,(@F),hF — 25" AF, L ot LG pe? UBV, |
(Karimireddy et al., 2019a) vfgk (yz ) P npe puZe Het o

. @ LL(1—
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tunately, in several practical scenarios, one can match
the rate of star methods using an approach from Case
ITI, as we shall see in the next point.

e Shifted Local SVRG (S-Local-SVRG). As already
mentioned, local SGD suffers from convergence to a
neighborhood of the optimum only, which is credited to
i) inherent variance of the local stochastic gradient, and
ii) incorrect fixed point of local GD. We propose a way
to correct both issues. To the best of our knowledge,
this is the first time that on-device variance reduction
was combined with the trick for reducing the non-
stationarity of local methods. Specifically, the latter is
achieved by selecting bi? as a particular instance of Case

II from As. 4.2 such that IF is the full local gradient,
which in turns yields D} ; = 0, A} = L. In order to not
waste local computation, we synchronize the evaluation
of I¥ with the computation of the full local gradient for
the L-SVRG (Hofmann et al., 2015; Kovalev et al., 2019)
estimator, which we use to construct a¥. Consequently,
some terms cancel out, and we obtain a simple, fast,
linearly converging local SGD method, which we present
as Algorithm 6 in the appendix. We believe that this is
remarkable since only a very few local methods converge
linearly to the exact optimum.'°

10A linearly converging local SGD variant can be recov-
ered from stochastic decoupling (Mishchenko and Richtérik,
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6 Experiments

We perform multiple experiments to verify the theoret-
ical claims of this paper. Due to space limitations, we
only present a single experiment in the main body; the
rest can be found in Section C of the appendix.

We demonstrate the benefit of on-device variance reduc-
tion, which we introduce in this paper. For that pur-
pose, we compare standard Local-SGD (Algorithm 1)
with our Local-SVRG (Algorithm 2) on a regularized
logistic regression problem with LibSVM data (Chang
and Lin, 2011). For each problem instance, we compare
the two algorithms with the stepsize v € {1,0.1,0.01}
(we have normalized the data so that L = 1). The
remaining details for the setup are presented in Sec-
tion C.1 of the appendix.

Our theory predicts that both Local-SGD and
Local-SVRG have identical convergence rate early
on. However, the neighborhood of the optimum to
which Local-SVRG converges is smaller comparing to
Local-SGD. For both methods, the neighborhood is
controlled by the stepsize: the smaller the stepsize is,
the smaller the optimum neighborhood is. The price
to pay is a slower rate at the beginning.

The results are presented in Fig. 1. As predicted,
Local-SVRG always outperforms Local-SGD as it con-
verges to a better neighborhood. Fig. 1 also demon-
strates that one can trade the smaller neighborhood
for the slower convergence by modifying the stepsize.

7 Conclusions and Future Work

This paper develops a unified approach to analyzing
and designing a wide class of local stochastic first order
algorithms. While our framework covers a broad range
of methods, there are still some types of algorithms
that we did not include but desire attention in future
work. First, it would be interesting to study algorithms
with biased local stochastic gradients; these are popu-
lar for minimizing finite sums; see SAG (Schmidt et al.,
2017) or SARAH (Nguyen et al., 2017). The second
hitherto unexplored direction is including Nesterov’s
acceleration (Nesterov, 1983) in our framework. This
idea is gaining traction in the area of local methods
already (Pathak and Wainwright, 2020; Yuan and Ma,
2020). However, it is not at all clear how this should
be done and several attempts at achieving this unifi-
cation goal failed. The third direction is allowing for
a regularized local objective, which has been under-
explored in the FL community so far. Other compelling

2019), although this was not considered therein. Besides
that, FedSplit (Pathak and Wainwright, 2020) achieves a
linear rate too, however, with a much stronger local oracle.
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Figure 1: Comparison of standard Local-SGD (Alg. 1)
and our Local-SVRG (Alg. 2) for varying ~. Logistic
regression applied on LibSVM (Chang and Lin, 2011).
Other parameters: L =1, = 107%, 7 = 40. Parameter
n chosen as per Thl. 5 in the appendix.

directions that we do not cover are the local higher-
order or proximal methods (Li et al., 2018; Pathak
and Wainwright, 2020) and methods supporting partial
participation (McMahan et al., 2016).
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A Table of Frequently Used Notation

Table 3: Summary of frequently used notation.

’ Main notation ‘

f:RT SR Objective to be minimized (1)
fi:RT =R Local objective owned by device/worker 4 (2) or (3)
x* Global optimum of (1); z* € R?
d Dimensionality of the problem space (1)
n Number of clients/devices/nodes/workers (1)
¥ Local iterate; zF € R? (4)
gF Local stochastic direction; g¥ € R? (4)
¥ Stepsize/learning rate; v > 0 (4)
Ck Indicator of the communication; ¢ € {0,1} (4)
I Strong quasi-convexity of the local objective; u > 0 (5)
L Smoothness of the local objective; L > (6)
xF Virtual iterate; 2F € R Sec 2
VF Discrepancy between local and virtual iterates; VF >0 Sec 2
7K Weighted average of historical iterates; z% € R? Thm 2.1
¢ Heterogeneity parameter; ¢ > 0 (15)
T Size of the fixed local loop 7 > 0 Sec 3
P Probability of aggregation fixed for the random local loop p € [0, 1] Sec 3
a¥ Unbiased local gradient; a¥ € R? Sec 4
bF Local shift; ¥ € R? Sec 4
hE Delayed local gradient estimator used to construct b¥; h¥ € R? Sec 4
¥ Unbiased local gradient estimator used to construct b¥; I[F € R? Sec 4
L Expected smoothness of local objectives; £ > 0 (86)
max L;; Smoothness constant of local summands; max L;; > 0 Sec (G.2)
o? Averaged upper bound for the variance of local stochastic gradient | Tab (6)
o2 Averaged variance of local stochastic gradients at the solution Tab (6)
: = LY IVAE)IP Tab (6)
’ Parametric Assumptions ‘
/ / ! !
%%ﬁéﬁfbgbﬁ ”g;f:p’ Parameters of Assumption 2.3
Ai,Bi D13, pi,Ci, Da; Parameters of Assumption 4.1
Al Ds ; Parameters of Assumption 4.2
02,02, Possibly random non-negative sequences from Assumptions 2.3, 4.1, E.1
’ Standard ‘
E[] Expectation
E [ | 2"] L [- | 2%, ..., ak]; expectation conditioned on k-th local iterates
Dy (z,y) def h(z) — h(y) — (Vh(y),x — y); Bregman distance of ,y w.r.t. h As 4.1
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B Table with Complexity Bounds in the Weakly Convex Case

Table 4: A selection of methods that can be analyzed using our framework. A choice of a¥,b¥ and I¥ is presented along
with the established complexity bounds (= number of iterations to find such & that E[f(£) — f(z")] < €) and a specific
setup under which the methods are analyzed. For all algorithms we suppress constants factors. All rates are provided in
the weakly convex setting. UBV stands for the “Uniform Bound on the Variance” of local stochastic gradient, which is
often assumed when f; is of the form (2). ES stands for the “Expected Smoothness” (Gower et al., 2019), which does
not impose any extra assumption on the objective/noise, but rather can be derived given the sampling strategy and the
smoothness structure of f;. Consequently, such a setup allows us to obtain local methods with importance samplinf.
Next, the simple setting is a special case of ES when we uniformly sample a single index on each node each iteration. *:

Local-SGD methods have never been analyzed under ES assumption. Notation: o

2

— averaged (within nodes) uniform

upper bound for the variance of local stochastic gradient, o2 — averaged variance of local stochastic gradients at the

. def
solution, ¢ = 1577

" IV fi(z*)||?, max Li; — the worst smoothness of f; ;,i € [n],j € [m], £ — the worst ES constant for

all nodes, Ry < |lz° — 2*|| - distance of the starting point z° from the closest solution x*, Ag def F(x®) = f(z*).
Method [ af bE Ik Complexity [ Setting [ Sec
LRZ | o2R3
Local-SGD, Alg. 1 fer(2),0, — e UBV, G11
(Woodworth et al., 2020a) Si\i /ot +R(2J\/LT(02+TC2) C—Het o
— 372
TLR2 | o°R32
- . —0 4+ =2
Local-SGD, Alg. 1 fe (),0, - ne? _ ; UBV, G11
(Koloskova et al., 2020) ‘ + Rg L(T*1>§7 +(r—1)¢3) Het
2
(L+2/nty/G-DLL)RZ | 22
Local-SGD, Alg."l. Feu(25),0,— - e ES, G1.2
(Khaled et al., 2020) AT _‘_qu(‘r—l)Rg n RZ\/L(r—1)(c2+(2) C¢-Het
ne? 3/2
Local-SGD, Alg. 1 & (LTJFL/"J“/(TA)LE)R% + Ll ES
) . — £ n. ?
(Khaled et al., 2020)™® fei (27),0, n Rg,/L(T—1)(U§+(T—1)€<§) Het G.12
3/2
" " (L+max Lij\/m/n+4/(T—1)L maxLij)Rg
V fi,5: (@) — V fi 5, (45 ]
Local-SVRG, Alg. 2 fis (JrV) il k{ 3 (0) mmﬁ L¢2(7—1)R2 simple, G2
(NEW) 0’ Yi)s e + e ¢-Het ’
» R2+\/L(7—1)¢2
L .
s ky _ L K Lrt+4+max L;;y/m/n+ T7—1)L max L;; R? .
Local-SVRG, Alg. 2 Vi (‘”g v fisi (i) ( v/ Q/( ) 1) simple, D
(NEW) +V filyi), YOI L R | R/ Het :
s G 373
S*-Local-SGD, Alg. 3 . k o rLR2 | o2R2 | RZ\/L(r—1)o2 UBV
' fe, (i), Vfi(z"), — 0 >+ ’ G3
(NEW) i B ne e Het
SS-Local-SGD, Alg. 4 fe, (@), hf = L3 hY, LR, o’R3 . R3\L(—p)o UBV, [ 4,
(Karimireddy et al., 2019a) V fer (yi) pe ne? p'/2e%/2 Het o
(L+Pﬁ/n+\/p(17p)L£) R2
pe
. - 3/(1—p)L(L+pL)REA
SS—Local—SGD, Alg 4 fE,' (lf), hf - % i=1 hfv + a-r) (pg 20) v ES7 G 4.2
(NEW) Vféi-“ ) i \3/(1—5/)LG§R‘5 n JE}E(Q) Het o
p?/3¢e ne
+ RE\/L(1—p)o?
p1/283/2
S*x-Local-SGDx*, Alg 5 vfi,]‘j’ (If) = Vf,;,ji (’L*) (LT+H‘?1X Lij/n+\/(7'71)L max Lij)Rg sin]ple7 G5
(NEW) +Vfi(z*), Vfi(z™), — € Het :
(R — ' (yF L+pLy/m/n++/(1—p)L max L;; ) R2
S-Local-SVRG, Alg. 6 vf“-“(igfv(vk{“” (") ( = )5 simple, G6
(NEW) Jily ")s +Rg /L max L2, Het :

hlz‘v - % ?:1 hf,Vfi(yk)

p*f3e
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C Extra Experiments

C.1 Missing details from Section 6 and an extra figure

In Section 6 we study the effect of local variance reduction on the communication complexity of local methods.
We consider the regularized logistic regression objective, i.e., we choose

def 1 — B oo
fi(z) = - leog (14 exp ((@(im1ymts» ) - Dii—1ym+s)) + §||$|| ,
iz

where a; € R4, b; € {—1,1} for j < nm are the training data and labels.

Number of the clients. We select a different number of clients for each dataset in order to capture a variety
of scenarios. See Table 5 for details.

Table 5: Number of clients per dataset (Figures 1 and 2).

[ Dataset [ n [ # datapoints (=mn) [ d |

ala 5 1 605 123
mushrooms | 12 8 124 112
phishing | 11 11 055 68

madelon 50 2 000 500

duke 4 44 7129

w2a 10 3470 300

madelon

10° 1756D 10° 10°
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21 —+— 0.01_SGD 2 2
© e 1_SVRG © ©
£ 02 . 0.1_SVRG £ £
g " g g
S - 0.01_SVRG S S :
ERTH E] ] —— 1.SGD
2 2 £ |~ oLsGD
® 107 &0, K —— 0.01_SGD
& . & & o2] o 1.SVRG
105 Heee * 0.1_SVRG
N + 0.01_SVRG
o 2000 4000 6000 8000 10000 o 2000 4000 6000 8000 10000 o 2000 4000 6000 8000 10000
Rounds of communication Rounds of communication Rounds of communication
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—e— 1 SGD —e— 1 SGD —e— 1 SGD
w0t —+— 0.1.5GD 100 —+— 0.1.SGD 10t —~— 0.1.SGD
2 s —+— 0.01_SGD 2 —+— 0.01_SGD 2 —+— 0.01_SGD
—E 10 e 1.SVRG E e 1_SVRG E 10 e 1 SVRG
E= ~+- 0.1_SVRG S 107 ~# 0.1_SVRG = ++ 0.1_SVRG
Q 10% a = = —
s 4+ 0.01_SVRG S 4+ 0.01_SVRG s 4 0.01_SVRG
2 . 2 2 10° ————
2 2w 2
=] =1 =1
£ o 5 =
« o« 4
" 107 bk . L] L
10 - S 10 0, g g e T @ 8
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Rounds of communication Rounds of communication Rounds of communication

Figure 2: Comparison of standard Local-SGD (Algorithm 1), and Local-SVRG (Algorithm 2) with various stepsizes
. Logistic regression applied on LibSVM data (Chang and Lin, 2011) with heterogenously splitted data. Other
parameters: L = 1, = 1074 7 = 40. Parameter n chosen as per Table 5. (Same as Fig. 1, but with the
heterogenous data split)

Data split. The experiment from Figure 1 in the main body of the paper splits the data among the clients
uniformly at random (i.e., split according to the the order given by a random permutation). However, in a typical
FL scenario, the local data might significantly differ from the population average. For this reason, we also test on
a different split of the data: we first sort the data according to the labels, and then split them among the clients.
Figure 2 shows the results. We draw a conclusions identical to Figure 1. We see that Local-SVRG was at least as
good as Local-SGD for every stepsize choice and every dataset. Further, the prediction that the smaller stepsize
yields the smaller of the optimum neighborhood for the price of slower convergence was confirmed.
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Table 6: Instances of (17).

[Type [ m [ =z |
0 1T | ~N(0,I)
1 10 | ~ N(0,1)
2 T | ~N(0,1)
3 10 | ~N(0,1)

Environment. All experiments were performed in a simulated environment on a single machine.

C.2 The effect of local shift/drifts

The experiment presented in Section 6 examined the effect of the noise on the performance of local methods and
demonstrated that control variates can be efficiently employed to reduce that noise. In this section, we study the
second factor that influences the neighborhood to which Local-SGD converges: non-stationarity of Local-GD.

We have already shown that the mentioned non-stationarity of Local-GD can be fixed using a carefully designed
idealized/optimal shift that depends on the solution xz* (see Algorithm 3). Furthermore, we have shown that this
idealized shift can be learned on-the-fly at the small price of slightly slower convergence rate (see Algorithm 4 —
SS-Local-SGD/SCAFFOLD).!!

In this experiment, we therefore compare Local-SGD, S¥-Local-SGD and SCAFFOLD. In order to decouple the
local variance with the non-stationarity of the local methods, we let each algorithm access the full local gradients.
Next, in order to have a full control of the setting, we let the local objectives to be artificially generated quadratic
problems. Specifically, we set

m

K 1—u T T *

filw) = Bl + 5 = 2T (S aal | @20, (1)
j=1

where a; are mutually orthogonal vectors of norm 1 with m < d (generated by orthogonalizing Gaussian

vectors), z; are Gaussian vectors and p = 1073, We consider four different instances of (17) given by Table 17.

Figures 3, 4, 5, 6 show the result.

Through most of the plots across all combinations of type, 7, n, we can see that Local-SGD suffers greatly from
the fact that it is attracted to an incorrect fixed point and as a result, it never converges to the exact optimum.
On the other hand, both S¥-Local-SGD and SCAFFOLD converge to the exact optimum and therefore outperform
Local-SGD in most examples. We shall note that the rate of SCAFFOLD involves slightly worse constants than
those in Local-SGD and S*-Local-SGD, and therefore it sometimes performs worse in the early stages of the
optimization process when compared to the other methods. Furthermore, notice that our method S*-Local-SGD
always performed best.

To summarize, our results demonstrate that

(i) the incorrect fixed point of used by standard local methods is an issue not only theory but also in practice,
and should be addressed if better performance is required,

(ii) the theoretically optimal shift employed by S*-Local-SGD is ideal from a performance perspective if it was
available (however, this strategy is impractical to implement as the optimal shift presumes the knowledge of
the optimal solution), and

(iii) SCAFFOLD/SS-Local-SGD is a practical solution to fixing the incorrect fixed point problem — it converges to
the exact optimum at a price of a slightly worse initial convergence speed.

H1Tn fact, SCAFFOLD can be coupled together with Local-SVRG given that the local objectives are of a finite-sum structure,
resulting in Algorithm 6.
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Figure 3: Comparison of the following noiseless algorithms Local-SGD (LGD, Algorithm 1 with no local noise) and
SCAFFOLD (Karimireddy et al., 2019a) (Algorithm 4 without “Loopless”) and S*-Local-SGD (LGD*, Algorithm 3).
Quadratic minimization, problem type 0 (see Table 6).
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Figure 4: Comparison of the following noiseless algorithms Local-SGD (LGD, Algorithm 1 with no local noise) and
SCAFFOLD (Karimireddy et al., 2019a) (Algorithm 4 without “Loopless”) and S*-Local-SGD (LGD*, Algorithm 3).
Quadratic minimization, problem type 1 (see Table 6).
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Figure 5: Comparison of the following noiseless algorithms Local-SGD (LGD, Algorithm 1 with no local noise) and
SCAFFOLD (Karimireddy et al., 2019a) (Algorithm 4 without “Loopless”) and S*-Local-SGD (LGD*, Algorithm 3).
Quadratic minimization, problem type 2 (see Table 6).
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Figure 6: Comparison of the following noiseless algorithms: Local-SGD (LGD, Algorithm 1 with no local noise) and
SCAFFOLD (Karimireddy et al., 2019a) (Algorithm 4 without “Loopless”) and S*-Local-SGD (LGD*, Algorithm 3).
Quadratic minimization, problem type 3 (see Table 6).
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D Missing Proofs for Section 2
Let us first state some well-known consequences of L-smoothness. Specifically, if f; is L-smooth, we must have
fily)  Sil@) +(VR@)y ) + S le P, Yo,y RY (18)
If in addition to this we assume that f; is convex, the following bound holds:
IV file) = V@) < 2L(fi) — fily) = (Vhi@w).x —9) € 2Dy (), VryeRT (19)

We next proceed with the proof of Theorem 2.1. Following the technique of virtual iterates from (Stich and
Karimireddy, 2019; Khaled et al., 2020), notice that the sequence {z* }ie>o satisfies the recursion

k+1 _ ok k 20
P =gk Ty gk (20

This observation forms the backbone of the key lemma of our paper, which we present next.
Lemma D.1. Let As. 2.1, 2.2 and 2.3 be satisfied and v < min {/2(A’'+MC), L/(F'+Ma)}, where M = . Let

7 %/ 1min {ryu,5}. Then for all k >0 we have

VE [f(a¥) = f(z*)] < (1 —n)ET* — ET*"' + (D] + M Dy) + 2LyEV;, (21)

where 1 % min {yu, 2}, T % 2k — )2 + M~%03.

Proof. First of all, to simplify the proofs we introduce new notation: g* = def 1 Zl 1 gF. Using this and (20) we get

* (20) * 2
"+ — 2|2 = [lat — 2t — gt
= l2® — 2| = 2y(a" — 2", g*) + +?llg" (I
Taking conditional mathematical expectation Ei[] = E[- | 2¥] = def E[- | z%,..., 2] on both sides of the previous

inequality we get
. (1) 27 ¢
E[[|«*" —a*|? [2*] = [la* —a*|* ~ ;Z o —2* Vfi(af)) +7°E [llg°]* | "],

hence
k+1 *()2 (140) k *(2 2y = k * k 2 k2
Elo* =] < B[le* — 7] - 2L Y E[(a* - 2%, V)] +2°E [llg"])]

< Bt a7 - DY B[ - e VG + BB 0]

+24'yE [f(z*) - ]:(x*)] + F'y*E[Vi] +v2D). (22)

Next, we derive an upper bound for the second term on the right-hand side of the previous inequality:

SR VAG) = ST ek VAGD) + (ot - VAGh)
=1 i=1
(3),(18) 2y & . n .
< o (£:a") = filah) = Sllak = 2"|1?)
27 L
#2030 (e 1) + et )
(136)

< =2y (f@h) - f(z) - myllat - 2*|P + LV (23)
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Plugging (23) in (22), we obtain

(22),(23)
E [[la"*! — 2*||?] < (1= ywE[[la" —2*[]] =27 (1 = A E [f(«") - f(z")]
+B'Y’E [o}] + 7 (L + F'y) E[Vi] ++°Di. (24)
It implies that
ETk-‘rl _ E [ka—i-l _ $*||2] + M72E [012@+1]
(24),(10) /

. B
<Yl o (14 - 0) My B

=2y (1= (A" + MC) ) E [f(z") - f(z")]
+v (L + (F' + MG)y)EVy, +~* (D} + MDy).

Since M = 43—%, n=min {yy, £} and v < min {124’ + M), L/(F'+MG)}, we get

ETH < (1-ywEle* — 2|2 + (1 - £) My?Eof - 1E [f(a") - f(2")]
+2LyEV;, +~* (D} + M D3)
< (L=nET* —4E [f(2") — f(z")] + 2LYEV}, ++* (D} + MDs).
Rearranging the terms we get (21). O

Using the above lemma we derive the main complexity result.

D.1 Proof of Theorem 2.1

From Lemma D.1 we have that
VE [f(2¥) — f(2)] < (1 — n)ET* — ET*™' + 4*(D}| + M Ds) + 2LEV;.

Summing up previous inequalities for k = 0,..., K with weights wy, defined in (12) we derive

(wi(1 = n)ET* — wpET*) +4%(D] + M Do) Wi

] =

K
S wE[fh) - )] <
k=0

=
Il
o

K

+2Ly Z wipEVy
k=0

a2),a1) XK
< ) (kBT — wi BT 447 (D] + M Dy) Wi

k=

(=)

+

o2

K
> wiE [f(z*) = f(z*)] + 2LHYE0] + 2Ly’ DsWi.
k=0
Relations T% > 0 and w_; = 1 imply that
K
% S wiE [f(a*) — f(z*)] < T°+2LHyEo} +~2 (D} + MD; +2LyDs) Wg.
k=0

Using the definition of ¥ and convexity of f, we get

27° + 4ALH~YEc}?

W + 2y (D} + MD, + 2LvyDs3). (25)

It remains to consider two cases: u > 0 and u = 0. If 4 > 0 we have Wx > wx > (1 — 1)K, where
n 4 1nin {’y,u, g} which implies (13). Finally, when g = 0, we have wy = 1 for all & > 0, which implies
Wik =K+12> K and (14).
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D.2 Corollaries

We state the full complexity results that can be obtained from Theorem 2.1. These results can be obtained as a
direct consequence of Lemmas 1.2 and 1.3.

Corollary D.1. Consider the setup from Theorem 2.1 and denote % to be the resulting upper bound on v*? and
w>0.

1. If D3 does not depend on -y, then for all K such that

In (maX{Z, min{an’K?/c, “N3K3/62}})

ith
either IR <p
1 1 (max{2 min{an’K? /¢, an’ K3/, )
or h R
a= 2”x0 - x*H2 + 85;;:;0 + 4LHEUO, =2D; + 4BpDz, co = 4LD3 and

. 1
Y= mln{ha,yK}a
In (max{Z,min{#, %21(3}})

pK ’

YK

we have'?
K o~ . . .
E[f@")] - f( )——O(haexp(—mln{/;m}l()+ull{+u222>_

That is, to achieve E [f(Z")] — f(2*) < e, the method requires™*:

/1
K:O(( h)log(ha>+cl+ Cj)
p | u e ) pe T\ p2e

2. If D3 = 22 " then the same bounds hold with ¢; = 2D} + 433/% +2LD3 5 and co =4LDg3 ;.

Corollary D.2. Let assumptions of Theorem 2.1 be satisfied with any v < % and p=0.

1. If D3 does not depend on , then for all K and

_ opdl fe Gfa [a ]a
T R\ b VoV ak ek [

8B'Eo]
where a = 2||z° — x*||?, by = ALHE0Z, by = 3p00 ey =2D) + 4B 2 D2 ¢y = ALDs, we have

i) s =0 (g + Yt e[ )

K3

That is, to achieve E [f(z™)] — f(2*) < &, the method requires

Keo ( s/ab \/a2b2 Lo acy a\/(§> .
€

g2 g%

2. If Dy =

2 then the same bounds hold with ¢y = 2D + 433?2 +2LDs35 and co =4LDs ;.

12T order to obtain tight estimate of parameters D3 and H, we shall impose further bounds on ~y (see Section 3 and
Table 1 therein).

130 hides numerical constants and logarithmical factors depending on K and parameters of the problem.
Mif ey =co = 0, then one can replace O by O.
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E Missing Proofs and Details for Section 3

E.1 Constant Local Loop
In this section we show how our results can be applied to analyze (4) in the case when

o 1, ifk mod 7T =0,
7)o, ifk modr #0,

where 7 is number of local steps between two neighboring rounds of communications. This corresponds to the
setting in which the local loop size on each device has a fixed length.

E.1.1 Heterogenous Data

First of all, we need to assume more about g¥.

Assumption E.1. We assume that inequalities (8)-(10) hold and additionally there exist such non-negative

~ N~ A~~~

constants A,A,B,B,F, F Dl,Dl that for all k >0

S RG] s 24E [f(4) - f0)] + BE [oF] + FE[Vi] + Dy, (26)
%ZE[Hgﬁ—gfllz] < 24E[f(a*) - f(«*)] + BE [o}] + FE[Vi] + Dy, (27)

where gf =E [gF | 2%, ... 2%].
We notice that inequalities (26) (27) imply (8) and vice versa. Indeed, if (26)-(27) hold then inequality (8) holds
with A=A+ A, B=B+B,F=F+F, Dy = D1 + D1 due to variance decomposition formula (139), and if (8)

is true then (26)-(27) also hold with A = A=A B=B=B,F=F=F, D, =D, =D.

We start our analysis without making any assumption on homogeneity of data that workers have an access to.
Next lemma provides an upper bound for the weighted sum of EVj.

Lemma E.1. Let As. 2.1, 2.2 and E.1 hold and"®

1 1
7 < min ; )
Ar—1 ~ o 5
(r=Du 2\/6(7 —1) (F(r = 1)+ F 4 268 =058))
1
v <
4\/26L(T ~1) (A(T — 1)+ A4 20E-0+H) 3*3))

Then (11) holds with

de(r — 1)(B(r = 1) + B)(2 + p)7?
p

H =

, D3 =2¢e(r—1) (51(7 —1)+ Dy + 2Dy(B(r 1) + §)> . (28)

p

Proof. Consider some integer k > 0. There exists such integer ¢ > 0 that 7t < k < 7(t 4+ 1) — 1. Using this and

5When p = 1 one can always set the parameters in such a way that B=B=C=G= 0, D2 = 0. In this case we
assume that 2BC_ — 2BC__ 2BG _ 2BG _
p(1=p) = p(1=p) = p(1=p) = p(l—p) — 7
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Lemma 1.1 we get

@.0) 1 n k—1 k—1
EW] =0 S Bl =) g—aT )
i=1 =7t =7t
72 n I k—1 2
= LBl (si-d)
i=1 L =7t
(141) 2 J—— n k—1 o n k-1
< LS Y mle -+ = Y B le st -]
" i=1 =7t n i=11l=7t
(139) 8’}/2(7' o 1) n k—1 . 6’)/2 n k—1 .
< S E|E] - Y E |l a7
i=1l=1t i=1l=1t
where g~ = % Xn: g¥. Applying Assumption E.1, we obtain
i=1
(26),(27) ~
B 2 2€(A(T—1 +A) ZE )]-‘re(B(T—l +B) ZEol
=7t =Tt
+e (F(T— 1) +F) 72 ZEV} +e(r—1) (Dl(T— 1) +D1) 72,
=7t
hence
k _ R kg1 N R kg1
Y wEV; < 2 (A(T 1)+ A) 23 ST wE ) - f@)] +e (B(T 1)+ B) 23S wiEo?
j=Tt j—‘rtl—Tt j=ttl=7t
k
te (ﬁ(r 1)+ F) Z Z w;EV; + e(r — 1) (Dl(T 1)+ D1> 23" ;. (29)
j=1tl=7t j=7t

Recall that wy = (1 — n)_(k“) and 77 = min {’y,u, g}. Together with our assumption on « it implies that for all
0<i<k,0<j<7—1wehave

_ (k=) =g B i
wp = (1-n) (L=n)" < wp(1+2n)
< wpmy (14 2yp) <w 1+ ! : <wg_je _J
—j —j —_— _jex
AR AN TCaE) ) B A Ty
1
< wp—jexp <2) < 2wy, (30)
(ki _, (137 ; i
we = Q=n) AT S w2 <we (145 (31)
(137) b1
we < 1+ (1+0) (32)

For simplicity, we introduce new notation: 7y L o) [f(z*) — f(z*)]. Using this we get

ko oj—1
Z ijrl (30 Z Zme <2(k—17t) ijr] <2(r—-1) Zw]rj,
j=Ttl=r1t j=T1tl=T1t j=T7t j=7t
k j—1 (30) k J—1 k k
Z Z w;Eof < Z Z 2uEo? < 2(k — 7t) Z w;Eo? <2(r — 1) Z w;Eo},
j=Ttl="t j=Ttl=Tt j=tt Jj=Tt

k (30) k J—1 k

-1
ijijvl < ZZ2lew<2( — 7t) ijEV <2(r—1) ZwJEV

j=7tl=7t j=7tl=7t j=rt j=tt
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Plugging these inequalities in (29) we derive

k

S wEV; < de(r—1)(A(T— 1)+ Ay Y wyr + 2e(r — 1)(B(r — 1) + B)y Z w;Eo?

j=tt

k

j=rt j=tt
k
+2e(r — 1)(F(r —1) + F)y ijEV +6(D1(T—1 +D1) ij

j=tt Jj=T7t

Since V;; = 0 for all integer ¢ > 0 we obtain

K

ZwkEVk < de(r — 1)(A(r — 1) + A)y Zwkrk +2e(r — 1)(B(r — 1) + B)y Z wiEo}

k=0

K

k=0

+2e(r — 1)(F(r — 1) + F)y ZwkEVk+e<D1(7——1+D> Zwk

It remains to estimate the second term in the right-hand side of the previous inequality. First of all,

, (0
E0k+1 S

IN

IN

It implies that

K
E wEo?
k=0

(34)
<

(31),(32)
<

(138)

IN

(1

(-

(1-

(1-

— p)Eo} +2CE [f(z") — f(2*)] +GEV} + D,
Tk
k k
p)" 1 Eog +2C ) (1-p)* m+GZ p)FEVi+DyY (1-p
=0 =0
k
p)" 1 Eog +2C ) (1-p)* rl—i—GZ p)F~ lEV+DQZ (1-p
=0 =0
p)F 1 Es? +QCZ (1-p rH—GZ )k lEV+],)02.
=0
K 200 K k
Eo} Zwk(l -k + 15 ZZwk(l — )ty
k=0 P k=0 1=0
G D, W,
+—3" N w1 - p) B+ 2 E
~ P =010
K K k
2 P P\* k 2C p\F! k—
Eo? (1+§)Z<1+§) 1=+ > w (1+§) (1-p)

. <1+’5>i<1—5>’“+ff; (?Wk) (S0-9)

Tl

(33)

(35)
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Plugging this inequality in (33) we get

K
ZwkEVk < 46(7’71)’}/2

k=0

20(B(r — 1) + B)

<Z(Tl)+A\+ (1=

B)Eo§(2 + p)72

+2e(T —1)(B(r—1) +

+2e(r — 1)72 (ﬁ(T — 1)+ F+

te(r —1)? <51(T — 1)+ Dy +

Our choice of v implies

de(T — 1)7? (Z(T ~ 1)+ A+

and

2e(T — 1)72

p

2G(B(r — 1) + B)

p(l—
QDQ(E(T — 1)+ B)

(ﬁ(71)+ﬁ+

Using these inequalities we continue our derivations

1 K
5 ZWkEVk S
k—

te(r —1)7? (f)l(r -1+ D +

1 K
Y
8L Pt

2¢(r — 1)(B(r — 1) + B)

) S e

p

Multiplying both sides by 4L we get the result.

Clearly, this lemma and Theorem 2.1 imply the following result.

> > wiEV;

) W

Corollary E.1. Let the assumptions of Lemma E.1 are satisfied. Then Assumption 2.3 holds and, in particular,

if
. 1 L
1 / b B/G b
2 (A’ + —4’;)0) Fr 4 28
v < min 1 L
B Al — 1)’ = 5, 2G(B(r—1)+B)
2\/6(7'— 1) <F(T—1)+F+W)
1
v < — —,
e n C(B(1— B
4\/26L(T -1 (A(T -1)+ A+ 20(Blr—1)+5) (p217;§+ ))
then for all K > 0 we have
_ 2]j2° — 2*||2 + 82-4*Eo} + 4L HYEq] 4B' D,
E[f@") - f(=")] < L 2 (g; +
where 7K % VI}K lef:o wpa® and
g et = DB(r—1) + B)(2+ )’

p

, Dy=2e(r—1) (151(71)+151+

)

+ 2L7D3) ,

2Dy(B(r — 1) + B)

p

(36)
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Moreover, if u > 0, then

K 2||2° — 27| + 82°4*Eof + 4LHYEo}

E[f@") - 7] < (1-min{m2})

4 gl
4B'D
+2y (D’1 3, 24 2L7D3) : (37)
and in the case when p =0, we have
2||2° — z*||2 4 22 42Eo2 + ALHyEo?2 AB'D
E[f@5) - ") < ot Srwy(Di B2 amam ). (3
E.1.2 (-Heterogeneous Data
In this section we assume that f1, fa,..., fn are (-heterogeneous (see Definition 3.1). Moreover, we additionally

assume that E [gF | 2%] = V f;(«¥) and that the functions f; for i € [n] are p-strongly convex,

fi@) 2 fiy) + (Vi) a —y) + Slle —yl*  VeyeR’ (39)
which implies (e.g., see (Nesterov, 2018))

(Vfi(x) =V fi(y),z —y) > ullz —y|? Vz,y € R (40)

Lemma E.2. Let Assumption 2.2 be satisfied, inequalities (7)-(10) hold and'®

. 1 1 1
TEMN = |
- BG BC
2\/(T - 1) (F+ ES) 4\/2L(T -1 (4+ )
Moreover, assume that f1, fa,..., fn are (-heterogeneous and p-strongly convez, and E [gzk | xﬂ = Vfi(zF) for
all i € [n]. Then (11) holds with
4B(T —1)72%(2 2 2BD
H= (r 27( +p), D3=2(T—1)<D1+§M+p2)- (41)

Proof. First of all, if & mod 7 = 0, then Vi = 0 by definition. Otherwise, we have

n
o LS ekttt gl gt
i=1

n

1 & _ _ 2y _ o _ 72 < _ _
= 52”%? b ot 1||2+;Z<wf e A A 1>+g2||gf gt
=1 =1 =1

1 & 2y ¢
= Vi1 +2v <n fo—l — xk17gk1> + % Z <l,k71 _ xf_l,gf_1>

i=1

N

T
n 4

(3

- lgi=t — g5 12

1

n
n n

2 e e 2 .
Vk71+%z<$k Lafhgf 1>+%ZH9§ gt
i=1 =1

16When p = 1 one can always set the parameters in such a way that B = C = G = 0, Dy = 0. In this case we assume
that 2P = 2PES = 0.
p(1—p p(1—p
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Next, we take the conditional expectation E [ | zk’l] ef g [ | x’f_l, . ,x,’ifl] on both sides of the obtained
inequality and get
E[Vk ‘xk—l} _ Vi 1_’_72 -1 _ k 1 vfz +7ZE ||g gk—1H2|xk—1]
(139)
< Va2 Z — 2 LV fi(ai ™) = Vi)

2 n
'Y - - Y — _
Z<xk P af T VAET) + =D B [l
i=1
Since £ 3" (zF71 — 2PV f(2zF1)) = 0, we can continue as follows:

(40) 2
B[V |25 < vkl—ﬂzn'“ o ZEug L2 | 2+

_’_2% Z <£L’k_1 _ xfzfl,vfi(xk—l) _ Vf(xk_1)>
=1

(132) P& _ _
< (=2)Viea + S B [Jlgf P | ]

1=1
2y - Ho k-1 k—12 1 k—1 k—1y)2
21 [ad _ ok - ; v/
I (B I gAY - )

(15) 72 2 _ _ WCQ
< (- aVeer+ =Y B g "] o
=1

Taking full expectation on both sides of previous inequality, we obtain
(140) 2" 2
BV < BVt SB[+
[ H

Let t be a non-negative integer for which 7¢ < k < 7(¢t + 1). Using this and V;; = 0, we unroll the recurrence and
derive

2 k=1 n 2 k— Tt
B < T 3SRl T
=71t i=1
- -
9 2 (anls ) = (a*)] + BElo?] + FE[] + D) + =T,

=Tt

whence

k k j-—1 kE -1
Yo wEV; < 24973 0N wiB[f(a!) = f@)] + By* Y Y wiEo

j=tt j=ttl=Tt j=Ttl=7t
ko j—1 <2
TRy ijEVlJr(Tl)( 2p, 4+ 1< ) S u.
j=Ttl=Tt j=Tt

If we substitute A with e(A(r — 1) + A), B with e(B(r — 1) + B), F with e(F(r — 1) + F), and (’y?Dl + %)
with ev2(Dy (7 — 1) 4+ D7) in the inequality above, we will get inequality (29). Following the same steps as in the
proof of Lemma E.1, we get

K

K
2B 2BEc2(2 —1)2
S wEVe < A(r— 1)y <A+ C)zwkrﬁ o3(2+p) (T — 1)y
=0 p(1—p) p
K

2
2>r — 1)y (F + (213_C’> ZowkEvk b — 1) (D % + QBPD2> Wi.
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Our choice of v implies that

2B 1 2B 1
4(1 —1)y2 (A + C) < — and 2(7—1)y2 <F + G) < -.
p(l—p)) = 8L p(l—p)) ~ 2
Using these inequalities we continue our derivations
K K
1 1 2BEo?(2 + p)(T — 1)7?
§Zwk~EVk < ngkrk + ol pp)( il
k=0 k=0
2 2BD
+(r = 1)y <D1+C+ 2) Wi.
o10 P
Multiplying both sides by 4L we get the result. O

Clearly, this lemma and Theorem 2.1 imply the following result.

Corollary E.2. Let the assumptions of Lemma E.2 be satisfied. Then Assumption 2.3 holds and, in particular, if

S 1 L u_ 4B’
min —
o= 2A +CM) F' +GM |’ 3p

1 1 1

¥ < min ,

a(r— D’ 2\/(7’ —1) (F+ 2ES) ’ 4\/2L(T —1) (4+ 2E)

then for all K > 0 we have

270 + AL HAEo?

E[f(@") - f(z")] < T +2v (D} + MD> +2LyDs), (42)
YWk
where T8 % ﬁ ZkK:o wix® and
4B(T — 1)72(2 2 2BD
H = (T )7( +p), D3:2(T—1)<D1+C+ 2)-
P T p
Moreover, if u > 0, then
. K 2T° + ALH~Eo}
E[f@) - f@)] < (1-min{out}) = Y290 4 9y (D} + MD, +2LyDs),  (43)
and in the case when p = 0, we have
27° + 4LH~Eo}
E[f@") - f(a")] < T2 4 95/(Dy + MD; +2L4Ds). (44)

vK
E.2 Random Local Loop
In this section we show how our results can be applied to analyze (4) in the case when

1, with probability p,
Cr. =
F 0, with probability 1 — p,

where p encodes the probability of initiating communication. This choice in effect leads to a method using a
random-length local loop on all devices.
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E.2.1 Heterogeneous Data

As in Section E.1.1, our analysis of (4) with random length of the local loop relies on Assumption E.1. Next
lemma provides an upper bound for the weighted sum of E [Vj] in this case.

Lemma E.3. Let Assumptions 2.1, 2.2 and E.1 be satisfied and'”

p

60" Ja—p)@+pF+pB) |

2
IN

3p(1 —p) pV3

8\/2G(1 —p) ((p—|— Q)E —|—p§> 16\/2L(1 _p) ((2 —&-p)g-i-pg—i- W)

=2
IA
=
=

Then (11) holds with

64(1—p) (0 + 2B +pB) @+ p)r* $(1—p) 8D ((p+2B+pB)
H= 2 ; Dy=—5—=|(p+2)D1+pD1+
3p°p D 3p
(45)
Proof. First of all, we introduce new notation: E[- | 2*, g¥] def E[ | oF,... 28 g% ... ¢gF], E[ | 2¥] def E[ |
ok ... zk]. By deﬁnltlon of Vi, we have

E [Vii1 | 2*] (140) %ZE[ [llzh 1 — 2F 12 | 2% 6] | 2]

i=1

1—p ~
= TZE[\\xf—wk—vgf+vg’“ll2 | 2"]
=1

(139) 1-p e _ _ (1—p)° S - =
e B [ T e A e B [ CA W
=1 =
(135),(139) (1 —p) (1 + 2) ™ (1-p) (1 + 2) 42 n
CRRC IR 1Y e wim LA PP,
=1 i=1

1—p)y? &
Y B ot a1 |+

DYy ¢ L=PC DT “”zn | + 7ZE [l — g 12 | =],

where g¥ = E[g"¥ | 2*]. Taking the full expectation we derive

Bl < (1-§) oA+ RS e ]+ B S m (k]

(26),(27)

< (1-H)EMI+20-p0? (2‘;]’2 + ﬁ) B [f(x") = /("))

2 ~ o~ 2 ~ o~
(1 - p)? ((;]’B + B> Eo? + (ZPF + F) EVk>

24p~ | -
+(1—p)y? (ple + Dl) :

(138),(139)
< (-

"When p = 1 one can always set the parameters in such a way that B=B=C=G= 0, D2 = 0. In this case we
assume that 2BC_ — 2BC__ 2BG _ 2BG _
p(1=p) = p(1=p) = p(1=p) = p(l—p) — 7
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This inequality together with v < P impl
Aty o8 R/ TR e ey

Bl < (1-5) B0+ 20 -0 (204 A) B (1) - 1)
+(1—p)y° (2:])5 + §> Eoj, + (1 - p)y? (2;])51 + ﬁl) :

Unrolling the recurrence, we obtain

As a consequence, we derive

2(1 - p) ((2 +p)ﬁ+p§) 2

K Kk el
kzzowkE Vi] < P (1= Z Z (1 - g) Wy

(1=p) ((2+p)B +pB)~*

K k Pyl ,
+ p(l—g) ;;(14) wipE [al}
1— 24 p)Dy +pDy )42 K k-1 1
+( p) (( 12 1 TP 1)7 Z <l_§)k lwk, (46)
k=0 1=0

where we use new notation: r; = E [f(z!) — f(z*)]. Recall that wj, = (1 —7)~**D and = min {yu, £}.
Together with our assumption on « it implies that for all 0 < i < k we have

(137)

we = (L—n) " Q- < w14 2n)
< wp—i (14 QWN)i < wg—; (1 + g) , (47)
e _, (187 ; i
we = (=) T A -n) T S e (L4 20) S (14 5)) (48)
(137) k41
we < (L+2p)t < (1 n g) . (49)

Having these inequalities in hand we obtain

k

iz (1_ %)kil i (4S7) izk: (1_ %)kil <1+ g)k*l wrr
k=0 1=0 k=0 1=0
(138) K K k—1 K s »
< Z (1 - *) wiry < (Z wkrk> (Z (1 - g) )
k=0

~
Il
<
-
I
o

| oo
kol
Mgl

g

o

-

T
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(-3 (43wl

ES I\M?r
o

ol

g

T
M= 11

(138) p\ k- o )

< 1—= wEo' < wEa 1—=
23 (-9 et = (Semrtl) (50-5)
g K

=S *ZU);CE[UE],
P>

and

k=0 k=0 p

S < (S () -

Plugging these inequalities together with 1 — 2 > 3 in (46), we derive

64(1—p) ((2+p)A+pA)~% K 32(1—p) ((2+p)B+pB)+* K
ZwkE Ve] < ( 32 ) Zwkrk+ ( 32 ) ZwkE [Ulﬂ
_ k=0 k=0
41 =p) (@+p) D1 +pD1) 7
+ p2 Wk. (50)

It remains to estimate the second term on the right-hand side of this inequality. We notice that an analogous
term appears in the proof of Lemma E.1. In particular, in that proof inequality (35) was shown via inequalities
(10), (48), (49) and (138) which hold in this case too. Therefore, we get that

K

65 Eo2(2+p)  4C 26 & DyWie
wiE [o? < o + wgry + ———— wrEVy + ,
2w [o]] p p(l—p),;) “ p(l—p)g) PR

whence

o) 64(1=p)7 <(2 +p)A+pA+ W) K
ZwkE [Vk] < 5 Zwkrk
- k=0
32(1 —p) ((p +2)B +p]§> (2+ p)v*Ed}
3pp
64G(1 —p) ((p+ 2)B +pB) K
3p p(l _ ZwkE Vk

4(1 — 2 - N 8Dy (p+2)B+p§
+(1072p)’y (p + Q)Dl +pDy + ( 3 )

3p

+

+

Wk.
Our assumptions on v imply

~ ~  2C((p+2)B+pB ~ ~
64(1 — p)y? ((2 +p)A+pA+ (]f,(l_p)p)) 1 64G(1—p) ((p+2)B+pB) 42
<

1
< —.
3p? ~ 8L’ 3p?p(1 —p) T2
Next, we introduce new notation as follows:
64(1—p) (0 +2)B +pB) 2+ p)7? $(1— p) _ 3Dy ((p+2)B+pB)
H = 5 s Ds=—5—=|(+2)D1+pD: +
3p*p p 3p
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Putting all together, we get

1 & H Dy
izwkE Vi] < 7Zwk7'k+ B EO’O -1-7 2VVK,
= k=0

which concludes the proof. O

This lemma and Theorem 2.1 imply the following result.
Corollary E.3. Let the assumptions of Lemma E.3 be satisfied. Then Assumption 2.3 holds and, in particular, if

v < min 1 L P b
_— / 4B/G7 b
2 (a4 4BC) F AR 101 [0~ p) (2 + p)F + pF)
. 3p(1 - p) pV3
,-Y S min ) )
8\/2G(1—p) ((0+2B +pB) 16\/2L(1_p) ((2+p)j+pﬁ+ 20((1;—{12)1;3))—%103))

then for all K > 0 we have

/

2|20 — z*||? + 2B 12Eo2 + ALH~Eo2 AB'D
| I* + %5 0 °+27(D’1+ 2

B[f") - /)] < L2ama). (s)

YWk
where T8 & 1K ZkK:O wyz® and
64(1—p) ((0+ 2B +pB) 2+ 97 8(1—p) _ 8D ((p+2B+pB)
H= 5 , Dy=—5—=((p+2)D1+pDi+
3p*p P 3p

Moreover, if > 0, then

K 2|20 — 2|2 + 3E42Eo2 + 4L HyEo?2
E[f@)~ )] < (1-min{ys2}) ” P+ 5By -
v

4
AB'D
+2y (D’l + 3, 2 4 2L7D3> : (52)

and in the case when p = 0, we have

2[|20 — 2% + 8B/'yzEJO + 4LH'yE00

AB'D
5 <D’1 + 2 +2L7D3> . (53)

vK
E.2.2 (-Heterogeneous Data
In this section we assume that fl, fa, ..., fn are (-heterogeneous (see Definition 3.1). Moreover, we additionally
assume that E [gF | 2¥] = V f;(z¥) and we also assume p- strong convex1ty of the functions f; for i € [n].
Lemma E.4. Let Assumption 2.2 be satisfied, inequalities (7)-(10) hold and'®
v < min po( 1 —
p(1—p)
Moreover, assume that f1, fa,..., fn are (-heterogeneous and u-strongly convex, and E [gif | a:ﬂ = Vfi(zk) for
all i € [n]. Then (11) holds with
16B(1—p)(2+ p)y? 4(1— 2 4BD
g = 0BU=p)Ctpn” A p)(DlJrC+ 2>. (54)
pp D T P

18When p = 1 one can always set the parameters in such a way that B = C = G =0, D2 = 0. In this case we assume

that 2BC 2BG =0

p(l—p) — p(1=p) —
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k] def

Proof. First of all, we introduce new notation: E[- | 2%, g*] = E[- | 2},...,2%,¢F, ..., g¥]. By definition of V}, for

all £k > 1 we have

ol @20 1—p & _ B B o
E[Vi | 2571, g5 2 - Zfo Lk 1_7911; L gt 1H
i=1
1—p 29(1 — p) —
_ nPZHxﬁ—l 7951@71”2 4 ( - p) Z<‘T§_1 7xkflvgk71 7g§—1>
=1 1
(1 —p) S k—1 k—1)2
= g™ =gl
i=1

I~ g 1 ke
= (1—]))‘/]@1-|—2’}’(1—p)<n§:x;c 1_xk lvgk 1>
=1

_ 2(1 —
+2’Y(1 p) Z <mk71 _ xf‘l,gf_1> + g (1n p) Z Hgf—l 7gk71H2

=1 i=1
n

_ _ M k=1 _ k=1 k-1
= (1-—p)Vi1 + - Z<x ., g; >

i=1

2 n
7l -p - -
fTLZD S g g
i=1

Next, we take the conditional expectation E [ | mk_l] i g [ | x/f_l, e ,xﬁ_l] on both sides of the obtained
inequality and get

E[Vi|a"'] = (Q-pVia+ w Z (P~ — 2 V(i)
1

2 n
7*(1 —p) k=1 k—1y2 | k-1
+—— ,~§:1E (g =t = g" 1> | 2]

(139) 2v(1 —
< (1=p)Vir+ H-p)

-

(71— 2L Vi) = Vi)

=1

n

+2’7(1n— p) ; (%1 = g1V f (1)

2 1— n
i=1
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Since £ 377 (zF7! —a2f 7! Vf(zF71)) = 0, we can continue as follows:

Bvla] € (0 pi, - 202D Zn N
+@ ) (" =2} Vi) = V)
=1
e ZE (gt =17 24
2 — 2, + 202D ZE g =117 | 21
SOl (;‘uxkl A LAY - vt
=1
& (1—p)(1 =) Vi + 2 ZE [ 1]+M-

7

Taking full mathematical expectation on both sides of previous inequality and using 1 — yu < 1 we obtain

(140)

B € (- RN+ ZE 7] + S22

2 (1= p)E[Vi1] + (1 — p)y* (2AE[f (2" ") — f(z*)] + BE[o}] + FE[Vi_1] + D1)

(1—p¢?
—

+

TFt—5y We have (1 —p)y?F < Z and

N3

EV, < (1 - g) E[Vi_1] + (1 — p)? <2AE[f(xk—1) — f(z*)] + BE[o2] + D, + ) .

Unrolling the recurrence we obtain

k—1

T py F-1-1 l %
EVi] < (1-py*) (1-%) <2AE [f(a') — f(«*)] + BE [0?] + Dy + W) ,
1=0
As a consequence, we derive
K K k
2A(1 —p)y? k—1
Suby] < AT S S (0 D)
k=0 2 k=0 1=0
B(1 —p)y? Kk p\ k-t
> (1-8) wE o]
2 k=01=0
2 K kot k—1-1
(D1 + C) (1—p)? Z (1 - g) Wi,
k=0 1=0

(55)

where we use new notation: r; = E[f(z!) — f(z*)]. Recall that w, = (1 — n)~*+1) and n = min {v, 5}
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Together with our assumption on « it implies that for all 0 < i < k we have

—(k—i+1) —; (137 i
wp = (1=m) (L—n)"" < wipi(1+2n)
< wpsi (14 2yp)" < wp_y (1 + g) ,
e _, s , i
Wi = (1 — 7’]) (k—i+1) (1 _ ,'7) S Wh—i (1 + 277)1 S Wh_; (1 + g) :
(137) k+1
w T e (100

Having these inequalities in hand we obtain

(56)

S (-8

<
k=0 1=0
(138)

K k
S5 (1-2) e Y
k=0 1=0

(138)

<

and

Plugging these inequalities together with

K
> wiB (V]
k=0

+

16A(1 — p)y?

»HM»
o

M= LM

3 (1-2)un < (L) (S 0-2)')

?rllM?r
o

M= 1M

D (1- 7)]H wE [07] < (,é wiE [a,%}> <§ (1-1) )
DI
we e )

1— 5> 1 in (55) we derive

K K
8B(1 — p)y?
S w4 SBLPT S R (2]
p k=0 p k=0

2
2(Di+£) (1 -p)y?
p

Wk

(59)

It remains to estimate the second term in the right-hand side of this inequality. We notice that an analogous
term appear in the proof of Lemma E.1. In particular, in that proof inequality (35) was shown via inequalities
(10), (48), (49) and (138) which hold in this case too. Therefore, we get that

(35)
<

EJ§(2+p

DoWig

K
Z wkE [O’%]
k=0

p

Z WETk +

Z wrEV, +
k: 0
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hence

6o 16(1—p)y? (4 + 2EC

p(1—p) ) Zwkrk

P

8B(1—p)(2+p)7*Eog | 16BG(1 —p)y?
+ wiE [V}
pp pp(1 = p) Z <B VA

2(1 — p)y? 2 4BD
A =—ph” <D1+C+ 2>WK.
o

+

Our assumption on v imply

2BC
16(1 — p)y? (A+ p<1_p)) _ 1 16BG(1-p)y
P - 8L pp(1—p)
Next, we introduce new notation as follows:
16B(1 —p)(2 + p)v? 4(1 - 2 4BD
7 = 165( 2}( e p, =X p)(D1+C+ pz)'

1
<=
-2

Putting all together we get
i H D
2 Z wiE [Vi] < Z wgTrK + EJO 372WK

which concludes the proof.

This lemma and Theorem 2.1 imply the following result.

Corollary E.4. Let the assumptions of Lemma E.4 are satisfied. Then Assumption 2.8 holds and, in particular,

if
1 L p 4B/
< mi L
o= mm{?(A’+CM)’F’+GM’8u}’ 3p
7S 32]9156;11 \/ 2BC
198L(1 — p A+ 3£

then for all K > 0 we have

270 + 4LH ang
YWk

E[f@") - fa")] < +2v (D} + MDy + 2Ly D3),

=K df 1 K k
where T = 37— > 3 wra” and

16B(1 — p)(2 + p)v? 4(1 — 2 4BD
7 — 165( ]1;;( P p =X p)<D1+C+ p2>.

Moreover, if > 0, then

_ ” . K 9T0 + ALH~Eo}?
E[f@) - f@)] < (1-min{y2}) S
+2v (D, + M Dy + 2LyD3),

and in the case when p =0 we have

970 4 ALH~Eo?
E[f@") - fa")] < K T290 4 9 (DY + MDy + 2L Ds).

(61)

(62)
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F Missing Parts from Section 4

Let us start with an useful Lemma that bounds the Bregman distance between the local iterate z¥ and the
optimum z* by the Bregman distance between the virtual iterate ¥ and the optimum.

Lemma F.1. Assume f; is L-smooth for all i € [n]. Then

Dy,(af,a*) < 2Dy, (2", 2%) + L|jaf — 2| Vi€ [n]. (63)

Proof. Using corollaries of L-smoothness and Young’s inequality, we derive

Dy (af,2*) < Dy o) + (Vfi(a") = Vfi(a®), af —a*) + gllw? —a*|?
(132)

oy L .
< Dyt a) + S IVAES) = V@I + Lllaf - o)

< 2Dy, (2", 2%) + Lf|af — <",

F.1 Proof of Lemma 4.1

Let us bound 2 3 Ey, [||gF|?] first:
i=1

1< 1 —
ﬁZEk [lgrl?] = gZEk ([laf — b5 7]
=1 =1

= SY B flaf - VG - 0F - V)]

2 - * *
< 2D Bk (llaf - Vi) + [bF - Vi)?]
i=1
2 n
< =Y (24iDy (aF,2%) + Bioly, + Dy + By [|Ibf — V£i(z*)]%])
n =1
©3) 2 <
< - > (44iDy,(a*,2%) + 2A;L|| 2} — 2%||* + Bio} ), + Dy + By [|Ibf — Vfi(z")|%])
i=1
2 n
< Smax{A;}(f(z*) — f(z")) + 4max{A;} LV, + ~ > (Bio}), + D+ By [|Ibf — Vi(a*)]?]) -
=1
Taking the full expectation, we arrive at
1 & 2 —
- > _E[llgflP] < 8max{A}E(f(e") ~ f(2")) +4max{A;} LEV}, + p > (BiEo}), + Dii+ E|bf — Vi(z")|) .
=1 =1

(64)

Next, we have
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2

IA

IN

IA

IN

IN

(63)

Further, we define

and consequently, we get

E[wig] =

<

We will provide a bound on E||b¥ — V f;(x

Case 1. The choice b¥ = 0 yields E||b} —

2

2

1 n
E; ||= ) af - Vfi(a*
k H’ﬂ a; Vfl(l‘ )

=1
n T n 2
Var 13 ak = VA | + | 530 VA - Vi)
L i=1 J i=1
Var %Zaf—Vfi(x*) +%Z||sz(xk)_sz(x*)H2
i=1 =1

Var fzn:af—vfz(x*) +%zn:Dfi(% z
L =1 | =1
%i\/&r l[af =V f; +%iD‘fi($
i=1 i=1
LS m [l - vn ] + Y
%i(zAvDﬂ( a*) + Bio}) + Di;) +fZDfl
=1
1

JZ*) + Bio-z'Q,k + Dl,i)

movitdi} 2L) () = flan) +2 (PEAE 4 2y
w,% def 2 2 ZB al &

2 n
- Z BiE [0 1,41]

(1—p)w?+= ZB(JD,@L

ZBDQZ
ZBCLH:C

(1—pwi+— ZBC’Df (z*, z* zF||?

Z ( miax{Ai}L +nL?)|}

_ q;*HQ + Biaik + DLi)

1 n
+ ﬁ ; (BiO'izyk + Dl,i) .

(65)

2 n
+ - ; B;Dy ;

2 n
(1 — p)w? + 4max{B;C;} D (a*, 2*) + 2max{B;C;} LV, + - > BiD;.

i=1
*)||? based on the choices of b

VE@)P =11V fi(z")].
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Case II. The choice b} = Vf;(z*) yields E|[b¥ — Vf;(2*)||> = 0. Overall, for both Case I and II we have

2 n
Eo},, < (1-p)Eo} + 4m?x{BiCi}Df(;vk, *) + 2 m;fix{BiC’i}LVk + = Z B;Ds

i=1
as desired, where o, = wg.
Case III. The choice b = h¥ — L3 | hF yields

n

2
1 n . 1 1 n .
SN VAP = S < 3Rk - VG
i=1 i=1

1 n .
hf — gzhf - Vfi(z")
=1

i=1

where
VH@E)IP] = Q= ph)lhl = VIi@)|? + pE)lF — Vfi(z*)|

(16)
< (L= pplhE = V(@) + 20, A; Dy, (xF, 2*) + pDs,;.

E; [thﬂ -

Next, set o} ef w2 + ||hk — V fi(2*)||? for this case. Consequently, we have

Epopy < (1= p)of + 4(max{B,Ci} + max{p; Aj}) Dy (2", &%) + 2(max{B;C;} + max{p| A;}) LVk

1 n
=N (2BiDsy + pDs)
+ ( 2,i + p;iD3.i)

i=1
where p = min; min{p;, p}}.

It remains to plug everything back to (8), (9) and (10).
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G Special Cases: Technical details

G.1 Local-SGD

We start with the analysis of Local-SGD (see Algorithm 1) under different assumptions of stochastic gradients
and data similarity.

Algorithm 1 Local-SGD

Require: learning rate v > 0, initial vector 2% € R?, communication period 7 > 1
1: for k=0,1,... do

2: fori=1,...,nin parallel do

3: Sample gF =V fgk( %) independently from other nodes

4: if k+1 modT—Othen

5: f—H gt = % Z (331 - 'Ygf) > averaging

i=1

6: else

7 mf“ =aF — gk > local update
8: end if

9: end for
10: end for

G.1.1 Uniformly Bounded Variance

In this section we assume that f; has a form of expectation (see (2)) and stochastic gradients V f¢, (x) satisfy

E¢, |

IV fe,(x) = Vfi()|[’] <Diiy Yz eRY Vien)] (66)

We also introduce the average variance 0% and the parameter of heterogeneity at the solution (2 in the following
way:

1 n
:ﬁ;Dl’i’ G=- Z”sz )%

Lemma G.1. Assume that functions f; are convex and L-smooth for all i € [n]. Then
- Z IV fi(@)II? < 6L (f (o) = f(a™)) + 3LV + 3¢ (67)

and
2

<AL (f(2%) — f(2*)) + 2L%Vj. (68)

%Zm(mk)
i=1

Proof. First, to show (67) we shall have

(136) 3
fZIIsz o< EZHW% — Vfi(a")|? + ZIIVﬂ = Vfi(z")|I

+= Z IV fi ()2
(6),(19)

3L 6L .
< T;Hfﬂfka”Q*;ZDh(ﬂ?k’x )+ 3¢

=1

= 6L (f(_:z:k) — f(z*)) + 3L*V, + 3¢2.
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Next, to establish (68), we have

1 n
ﬁgvfi(xk

2

LS (VA - Vi)

n

2SIV Hiat) - AP+ 2SIV - V)P

i=1 =1

(6),(19) 212
< TZIIJZ ||2+7ZD)‘1 a2

= AL(f(=") - f(z") + 2L2Vk.

(136)
<

O
Lemma G.2. Let f; be convex and L-smooth for all i € [n]. Then for allk >0
1 n
=~ E[lgfI* |a"] < 6L (f(2*) = f(a") +3L°Vi +0® + 32, (69)
i=1
1 n ~
ﬁZE [lgf —gil* 12*] < o (70)
i=1
1L 2
E Eng |2F | < AL (f(2%) - f(a*)) + 2L%V) + — (71)
i=1
Ky def k k
where E[- | 2] = E[- | 7, ..., 2]
Proof. First of all, we notice that gF = E [gF | 2*] = V f;(«¥). Using this we get
1 k_ k2 .k 2 ( 01
EZE[H% al |3Uz] = *ZEskHVfgk( - Vfi(z H ZDlu
i=1
1 — (139)
~Y E[leflP ] = fZEngVfgd ) = ViihI? + Z IV fulah)|?
i=1
(66),(67) . 1 & .
< OL(f") = f@) +3LVi+ =D (Dug + 3[V ().
i=1
Finally, using independence of g, g5, ..., g* we obtain
1 <& (139) 1 <& 2 1 & 2
E|l= k k < E|lI= A v = L (zh
ngg E < n;(gz Vfilai)) n;vm
2
= QZE lg¥ =V fi(b)|1? | =F) ZVfl
(66),(68)
< AL (f(zF) - f(2") + 2LV, + — Z Dy
i=1

Heterogeneous Data

Applying Corollary E.1 and Lemmas G.1 and G.2 we get the following result.
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Theorem G.1. Assume that f;(x) is u-strongly convexr and L-smooth for every i € [n]. Then Local-SGD satisfies
Assumption E.1 with

Av:3L7 2207 EZE:(L ﬁ:?)LQa ﬁ: ’ -51:34-37 B:U27
2
A'=2L, B =0, F =2I2 Dg:%, 02=0, p=1, C=0, G=0, Dy=0,

H=0, Ds;=2e(tr—1)(3(r—1)¢+0?)

with vy satisfying

. 1 1
minq -—, ——— 5.
7= {4L 1/oe(r — 1)L}
and for all K >0

LCO —* 2
E[f@") - f(z*)] < w + 27y (7°/n + deL(1 — 1)y (0 + 3(7 — 1)¢?)) .
YWk

K 2[x° — |2

E[f@") - f@")] < Q-9 + 29 (7°/n + deL(1 — 1)y (0 + 3(7 — 1)¢7)) (72)

and when p = 0 we have

E[f@") - f(z*)] < W + 27y (°*/n + deL(r — 1)y (0 4+ 3(1 — 1)¢2)) . (73)

The theorem above together with Lemma 1.2 implies the following result.
Corollary G.1. Let assumptions of Theorem G.1 hold with pn > 0. Then for

= min 1 1 ln (max {2, min {ll2°—="*nu? K2/ 12°=2"21° K* se(r 1) (e*+3(r—1)¢?) } } )
4L 4/6e(r — 1)L nK

for all K such that

In (max {2, min {I=° =" I*nu?K2/52 2% =2 |°1° K [ae(r—1) (a?+3(r=1)¢2) } })

either % <1
or min {4L 4\/»; — } < In (max {2, min {Ixo—w*lznusz/g?,:c]‘;—x*szt3K3/4eL(T1)(a2+3(71)cf)}})
we have that
_K N F 0 w2 1 o? | L(r=1)(o*+ (1 - 1))
E[f@@") - f(z )]:O<7L|x —z"| exp(—EK)—l-nluK-l- 2K > (74)

That s, to achieve E [f(fK) — f(a:*)] < ¢ in this case Local-SGD requires

o (TL LT \/Lv (P 1)<$)>
W nue ule

iterations/oracle calls per node and T times less communication rounds.

Now we consider some special cases. First of all, if Dy ; = 0 for all i € [n], i.e. g¥ = Vf;(2F) almost surely, then
our result implies that for Local-SGD it is enough to perform

ol L(r —1)°¢2
I p2e
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iterations in order to achieve E [f(Z") — f(2*)] < e. It is clear that for this scenario the optimal choice for 7 is
7 = 1 which recovers'? the rate of Gradient Descent.

Secondly, if 7 =1 then we recover the rate of parallel SGD:

~ (L 2
(@] < + U) communication rounds/oracle calls per node
B npe

in order to achieve E [f(z") — f(2*)] <e.

Finally, our result gives a negative answer to the following question: is Local-SGD always worse then Parallel
Minibatch SGD (PMSGD) for heterogeneous data? To achieve E [f(z/) — f(2*)] < & Local-SGD requires

~ (7L 2 L(t —1) (02 —1)¢2
O (T + 7 + \/ (T ) (o 2—15— ( )C*)> oracle calls per node.
I

L mue

n\/L(T—l)(ZZ+(T—1)Cf)E > 1 for given 7 > 1 and ¢ and o2 are such that the first term in the
complexity bound is dominated by other terms, then the second term corresponding to the complexity of PMSGD
dominates the third term. Informally speaking, if the variance is large or ¢ is small then Local-SGD with 7 > 1

has the same complexity bounds as PMSGD.

It means that if

Combining Theorem G.1 and Lemma 1.3 we derive the following result for the convergence of Local-SGD in the
case when p = 0.

Corollary G.2. Let assumptions of Theorem G.1 hold with p = 0. Then for

. mm{ /nRO\/ RO }
AL 4\ﬁ7,1 deL(r—1) (o2 + (r— DK [’

where Ry = ||2° — z*||, we have that

TLR3 n R2o5? \/LR4 (r—=1)(c2+ (r— 1)(3)) . (75)

=K\ * _
B [/@") - f")] =0 ( L 4 o
That is, to achieve E [f(Z") — f(z*)] < € in this case Local-SGD requires

O(TLR3+R30 RQ\/LT—l)(ch + (17— )C*))

£ ne? g%
iterations/oracle calls per node and T times less communication rounds.

Homogeneous Data

In this case we modify the approach a little bit and apply the following result.

Lemma G.3 (Lemma 1 from (Khaled et al., 2020)). Under the homogeneous data assumption for Local-SGD we
have
E[Vi] < (7 — 1)7%0? (76)

for all k > 0.

Using this we derive the following inequality for the weighted sum of Vj:

2LZwkEVk]<2LT—1 QZwk—2LT—1) oWk
k=0

Together with Lemmas G.1 and G.2 and Theorem 2.1 it gives the following result.

19VWWe notice that for this particular case our analysis doesn’t give extra logarithmical factors if we apply (72) instead of
(74).
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Theorem G.2. Assume that f(x) is p-strongly convex and L-smooth and fy =...= f, = f. Then Local-SGD
satisfies Assumption 2.3 with

0.2

A=3L, B=0, F=3L* Dy =0% A=2L B =0, F =2L* D,="—,
n
0:=0, p=1, C=0, G=0, Dy=0, H=0, D3=(1—1)o?

with v satisfying

and for all K >0

+ 27 (o°/n+2L(1 — 1)702) .

x 22 — 27|

E[f(@") - f2")] < Q-9 +2y (°/n + 2L(7 — 1)y0?) (77)
and when =0 we have
JZO —* 2 , 0
E[f(@") - f(z")] < M + 27 (°*/n + 2L(1 — 1)y0?) . (78)

The theorem above together with Lemma 1.2 implies the following result.

Corollary G.3. Let assumptions of Theorem G.2 hold with p > 0. Then for

o 1 In (max {2, min {l=°=2"*nu’K>/? ll2°=2"I*1°K*[21.(r—1)0% } })
4 = min {4L’ K

for all K such that

In (max {2, min {le°=2"I>nw*K>/52 lle°=2" 0> K° [21,(r-1)02 } })

either % <1
or 1 < In (max {2, min {HIO*E*HQ"MQKQ/JQ, HIO*f\|2N3K3/2L(r—1)02}})
4L = WK
we have that ) I Jo?
~ —1)o
E[£(ZE) — f(2)] = Lz — 2* 12 (7&1{) g 7 .
5@ = 1) =0 (Ll = o exp (< 1) 4+ 2+ HO (79)

That is, to achieve E [f(z®) — f(z*)] < € in this case Local-SGD requires

(L. (L|a® -z 2 L(7 — 1)0?
0<ln(|lmm)+0+ <72>0>
i 3 NUE u2e

iterations/oracle calls per node and T times less communication rounds.
It means that if ng—; >, 7<1+ % and ¢ and ¢? are such that the first term in the complexity bound
is dominated by other terms, then the second term corresponding to the complexity of PMSGD dominates the
third term. Informally speaking, if the variance is large or € is small then Local-SGD with 7 > 1 has the same
complexity bounds as PMSGD.

Combining Theorem G.2 and Lemma 1.3 we derive the following result for the convergence of Local-SGD in the
case when p = 0.
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Corollary G.4. Let assumptions of Theorem G.2 hold with pn = 0. Then for

= min LB Ul
7= ALV o2k \| 2L0(r — 1)o2K (°

where Ry = ||z° — z*||, we have that

B [/(z¥) - f(z)] = O (LR% . R25? . {/LRA(T — 1)02> | 50

K nk K3

That is, to achieve E [f(Z") — f(z*)] < e in this case Local-SGD requires

o (LR% | R3o® | ROVI(T - 1)a2>

£ ne? e
iterations/oracle calls per node and T times less communication rounds.

(-Heterogeneous Data

In this setup we also use an external result to bound E[V}].

Lemma G.4 (Lemma 8 from (Woodworth et al., 2020a)). If f1, fa, ..., fn are -heterogeneous then for Local-SGD
we have
E [Vi] < 377202 + 677422 (81)

for all k > 0.

Using this we derive the following inequality for the weighted sum of Vj:

K K
2L wiE[Vi] < 67Ly° (0% +27¢%) Y wy = 67Ly° (0% + 27¢) Wk
k=0 k=0

Together with Lemmas G.1 and G.2 and Theorem 2.1 it gives the following result.

Theorem G.3. Assume that f1,..., fn are (-heterogeneous, p-strongly convex and L-smooth functions. Then
Local-SGD satisfies Assumption 2.8 with

2

A=3L, B=0, F=3L% D =02433 A=2L, B =0, F =2L% D;:C’—,
n

0p=0, p=1, C=0, G=0, Dy=0, H=0, Dj3=3r(c®+27()

with v satisfying

and for all K >0

0 _ .x]|2
22" = =" + 2y (°*/n+ 6Ly (0 4+ 27¢%)) .

YWk
In particular, if p > 0 then
—Ky _ * _ K 2[|z° — 2*|]? o2 2 2
E[f@") - fz)] < (1 —y)" =— +2v(¢*/n+6L7y (c° +27¢?)) (82)
and when p =0 we have
—K * 2||2° — z*|? o2 2 2
E[f@E@") - f(z")] < + 2y (°*/n 4+ 6Ly (0 4+ 27¢%)) . (83)

vK
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The theorem above together with Lemma 1.2 implies the following result.

Corollary G.5. Let assumptions of Theorem G.3 hold with p > 0. Then for

. 1 In (max {2, min {Ie"=2"I*nu?K> /52 ||2° =" |*1° K° [6Lr (02 +27¢%) } })
y=min§ =, K

for all K such that

In (max {2, min {HIO*I*HQH#QKQ/U?’ HIO*I*H2#3K3/6L-,—(02+27.C2)}})
K

i < In (max {2, min {HT/O*I*IIQHHQK?/UZ, ||:607:n*|\2/_L3K3/6LT(02+2T<2)}})

4L — uK

either <1

or

we have that

A o2 (o2 + 72
B [) — (7] = 6 (Ll Py () + 7 + ).

That is, to achieve E [f(Z") — f(z*)] < € in this case Local-SGD requires
~ (L L 0 _ .%||2 2 L 2 2
0<1n< |« x|)+a LRSS
7 € npe e
iterations/oracle calls per node and T times less communication rounds.

Combining Theorem G.3 and Lemma 1.3 we derive the following result for the convergence of Local-SGD in the
case when p = 0.

Corollary G.6. Let assumptions of Theorem G.3 hold with u = 0. Then for

. 1 nRZ R2
Y= man g o, ) )
1L’V 2K\ 6Lr (o2 + 27K

where Ry = ||z° — 2*||, we have that

(85)

2 3 4
B[f@") - fa")] = O (L;jo Ty L LRO}‘Z*TC%) |

That is, to achieve E [f(z®) — f(z*)] < € in this case Local-SGD requires

0 LR32 N R2o? N R3\/Lt(0% + 7(2)
€ ne2 g%

iterations/oracle calls per node and 7T times less communication rounds.

G.1.2 Expected Smoothness and Arbitrary Sampling

In this section we continue our consideration of Local-SGD but now we make another assumption on stochastic
gradients V fe, ().

Assumption G.1 (Expected Smoothness). We assume that for all i € [n] stochastic gradients V fe,(x) are
unbiased estimators of V f;(z) and there exists such constant £ > 0 that Vz,y € R?

Ec,, ||V /e (x) = Ve, (o) ] < 2LDy, (@,27) (86)

where Dy, (2,y) & fi(x) = fily) — (Vfily), 2 — v).
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In particular, let us consider the following special case. Assume that f;(x) has a form of finite sum (see (3)) and
consider the following stochastic reformulation:

fl(x) = Efz‘ [f&z (l‘)} ’ f& Zfl,]f%] (87)

where E[¢; ;] = 1 and E[(7,] < co. In this case, E¢,[Vfe,| = Vfi(x). If each f; j(z) is L; j-smooth then there
exists such £ < max;cpy,) L; ; that Assumption G.1 holds. Clearly, £ depends on the sampling strategy and in
some cases one can make £ much smaller than max;¢(,, L; ; via good choice of this strategy. Our analysis works
for an arbitrary sampling strategy that satisfies Assumption G.1.

Lemma G.5. Let f; be convex and L-smooth for all i € [n]. Then for all k >0

1 n
=~ Ellgil* [2*] < 8L(f(a") = f(a")) +4LLV: + 202 +2¢2, (88)
i=1
1 n
- Y E[llgf —gfI? 12" < 8L(f(a")— fa")) +4LLV; + 202, (89)
i=1
n 2
1 k k r k r 203
ﬁzgi [2®| < 4@+ L) (f(@") = f(2")) + 2L (25/n+ L) Vi + (90)
i=1
* n * def
where o = 1 3 B[V fe, (%) = Vfi(a")|1?, ¢ = 3 XL, IVfi(@)|]® and E[ | 2*] = E[ | 2f,... 23]
Proof. First of all, we notice that gF = E [g;~C | x’“] = Vfi(z¥). Using this we get
1 & (136) 2
EZE [gf I | =] < - Y Eg |V e (af) = Vier (@)|* + ZEgk”vfgk( Bl
i=1 i=1 i=1
(86),(139) 4L . 2
< I Dalena’) + =) B (Ve (@) - Vi Z IV £ia)|?
i=1 i=1
©3) k 2 2
< 8L (f(z*) — f(x*)) + ALLV} + 207 + 27
and
1 _ 1 «
R Bl gt 1] = D3 BalVigGah) - VAEDIP
i=1 j
(139)
< *ZEngVfgk( P = Vi)
(136) 2 "N
< *ZEngVfgk( D) = Ve (@)]* + ZEngVfgk( ") = Vi)
(86)
< ZDL +20
(63) . )
< B8L(f(2") = f(z*)) +4LLV, + 207 (91)
Finally, using independence of ¢F, &5, ... ¢~ we obtain
1 ’ 1< ’ 1< ’
(139)
El|=> o 12| =" Eg |- (Vi) = Vi) =~ Viilah)
i=1 i=1 i=1
1< ’
= =Y By [IVfe@h) - VDI + Zsz
i=1
(91),(68) & 2
< AQRYn+L)(f(27) = f(2")) + 2L (34/n + L)
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Heterogeneous Data

Applying Corollary E.1 and Lemmas G.1 and G.5 we get the following result.
Theorem G.4. Assume that f;(x) is p-strongly convex and L-smooth for i € [n]. Let Assumption G.1 holds.
Then Local-SGD satisfies Assumption E.1 with

A=3L, A=4L, B=B=0, F=3L% F=4CLL, D;=3C D;=202

4L ALL 202

A +2L, B'=0, F'=—"2421% D= ,
n n

T n
02=0, p=1, C=0, G=0, Dy=0,
H=0, Ds=2e(r—1)(202+3(r-1)¢?)

with v satisfying

. 1 1
7S mn { 8L/n + 4L’ 4\ /2eL(t — 1) (3L(T — 1) + 4L) } '
and for all K >0
IO _r* 2 2
E[f(@") - f(z")] < W + 27y (203 /n + 4eL(T — 1)y (202 + 3(1 — 1)¢})) .
In particular, if p > 0 then
E[f@") - f@")] < (A1-9p)

and when p = 0 we have

K M + 25 (2af/n +4eL(t — 1)y (203 +3(r — 1)(3)) (92)

xO _r* 2
E [f(TK) - f@=")] < M + 27 (20%/n 4+ deL(T — 1)y (203 +3(r — 1)(3)) . (93)

The theorem above together with Lemma 1.2 implies the following result.
Corollary G.7. Let assumptions of Theorem G.4 hold with p > 0. Then for

. 1 1
Y0 = { 8L/n +4L" 4 /2eL(T — 1) (3L(T — 1) + 4L) } ’

. { In (max {2, min {nlla® 2" 1262 K2 /552 a"=a" |21 K? [ae L (r— 1) (202 +3(r-1)¢2) } }) }
min § 7o,

v = K

for all K such that

1 . n (Eoffl?* 2 2K2 02 1}071* 2 3K3 7—— 0_2 . Py

n (max {2, min {7 1P K% /252 |l IPH*K? JaeL(r—1)v(202+3(r—1)¢2) } }) -
K <

In (max {2, min {nllz" =" 74> K /252 112° =" 1*1° K*/seL(r 1)y (202 +3(r—1)¢2) } })
uK

1

either

or 7o <

we have that E [f(@X) — f(x*)] is of the order

~ o2 =1 (o2 4+ (r—1)¢2
O ((LT + L+ /(T — l)EL) R(Q) exp <_LT T Jr’li/m[{) + n,u*K + L( D) (M;;(;( 1><*)> 7

where Ry = ||2° — z*||. That is, to achieve E [f(z®) — f(2*)] < & in this case Local-SGD requires

~<LT £ <T—1>£L+af+\/L<vl><az+<71><3>>

O=—+=+ -
[T I npe e

iterations/oracle calls per node and T times less communication rounds.
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Combining Theorem G.4 and Lemma 1.3 we derive the following result for the convergence of Local-SGD in the
case when p = 0.

Corollary G.8. Let assumptions of Theorem G.4 hold with p = 0. Then for

. 1 1
Y% = mn { 8L/n + 4L’ 4,/2eL(t — 1) BL(1 — 1) + 4L) } 7

= min nkg R
K TN 22k \ deL(r — 1) 202 + 3(r — V) K [

where Ry = ||z° — z*||, we have that

(94)

(Lr+ 2+ VE-VLL) RS [R2? IR 17 4 (r= D
+ + -
K nk K?/3

That is, to achieve E [f(z") — f(z*)] < € in this case Local-SGD requires

(L7 + ¢/ + /T = DEL) 3 | Bio? | B3I —1) (02 + (-~ 1))
c ne2 e

iterations/oracle calls per node and T times less communication rounds.

(-Heterogeneous Data

Applying Corollary E.2 and Lemma G.5 we get the following result.

Theorem G.5. Assume that f;(x) is L-smooth for i € [n] and fi,..., fn are (-heterogeneous and u-strongly
convex. Let Assumption G.1 holds. Then Local-SGD satisfies Assumption 2.3 with

A=4L, B=0, F=4LL, D;=202+2,

4L ALL 202
=—+2L, B =0, F’:T+2L2, D) = .

A==
n

02=0, p=1, C=0, G=0, Dy=0,

2
H=0, D3=2(1—-1) <2af+2<3+)
Y

with v satisfying

1 1
< i .
o= mln{gﬁ/n+4L’8«/2L£(T—1)}

and for all K >0
E [f(@) - f=*)] < 21'0_1'*||2+27<223+4LC2(T—1)

2 2
W +8L(1T — 1)y (07 + C*)> .

In particular, if p > 0 then

2|20 — z*|2 202 AL (T —1
e |27 — 2| +27<Z*+ ¢C(r—1)

B[/ - f)] < (- +8MT—D7@3+Q0 (95)

and when =0 we have

20|20 — z*|2 202 AL (r -1
by, (2, 8=

E[fa) - fa)] < =t PRI ). o)
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The theorem above together with Lemma 1.2 implies the following result.
Corollary G.9. Let assumptions of Theorem G.5 hold with p > 0. Then for

. 1 1
= min , ,
o {8% VAL’ 8\ 2LL(r — 1) }

In (max {2, min l2®—a* P> K? /(202 44Le2 (r=1)/,, )||$0,w*”2u3K3 8L(1—1) (0242
- mm{% (max {2, min { /(2= /») fszi-n(2+c)}})

uK
for all K such that
In (max {2, min {I2° =" I°#* K2/ (202 parc? -1y, 12" =2" 120 K2 31 (r—1) (024¢7) } }) -
i <
In (max {2, min { 2" =2" 1?6 K2/ (202 /4 arc =)/, 12 =" I20° K2 3L (r—1) (07 4¢2) } })
uK

1

either

or 7o <

we have that E [f(@X) — f(x*)] is of the order

o ((LJrL/nJr \/m) R2 exp (

— +

7
K|+
L+ L+ /(r—1)LL ) npuk w2 K pAK?

where Ry = ||z° — z*||. That is, to achieve E [f(T") — f(2*)] < e in this case Local-SGD requires

5<L £.+WUﬁL+05+L@ﬁ—1k+¢MT—D®E+G0

o2 LC(r—1) RAGES) (02 + cf))

-t — 2 2
monp 1% nue uee puee

iterations/oracle calls per node and 7 times less communication rounds.

Combining Theorem G.5 and Lemma 1.3 we derive the following result for the convergence of Local-SGD in the
case when p = 0.

Corollary G.10. Let assumptions of Theorem G.5 hold with u = 0. Then for

. 1 1
= min , ,
o {8% VAL 8 RLL(r - 1) }

= min i ¢ U5
T TN G ) K BLE = D) (02 + K [

where Ry = ||2° — z*||, we have that

(L + L+ \/m) R} RZ (9% n+ L=D/u)  {/LRA(r —1) (02 + C2)
K * K i K2

E[f@) - f(@")] = O

That is, to achieve E [f(Z") — f(2*)] < e in this case Local-SGD requires

(L b L/ m) R? . (72/n + LE(=1)/,) R2 N R3\/L(t —1) (02 + (2)
g

g2 e*?
iterations/oracle calls per node and T times less communication rounds.

G.2 Local-SVRG

As an alternative to Local-SGD when the local objective is of a finite sum structure (3), we propose L-SVRG (Hof-
mann et al., 2015; Kovalev et al., 2019) stochastic gradient as a local direction instead of the plain stochastic
gradient. Specifically, we consider

def
af © Vi () = Vi (wh) + Viwh), 0 =0,
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where index 1 < j; < m is selected uniformly at random and wf is a particular iterate from the local history
updated as follows:

k

k+1 _ zf  w.p. g
w w.p. 1—gq.

Next, we will assume that the local functions f; ; are max Lij—smooth.20 Lastly, we will equip the mentioned
method with the fixed local loop. The formal statement of the described instance of (4) is given as Algorithm 2.

Algorithm 2 Local-SVRG

Require: learning rate v > 0, initial vector 2% € R?, communication period 7 > 1
1: for k=0,1,... do

2 for i =1,...,n in parallel do
3: Choose Ji uniformly at random, independently across nodes
4 =V fiji(@f) = V fi, (wf) + V fi(wf)
k
x¥  w.p.
5: ’LUZ]-C+1 = Zk; p q
wy w.p. 1—g¢q
6 if K+ 1 mod 7 =0 then
n
7: afth = ghtt = L5 (gh — gk > averaging
i=1
8 else
9: xf“ =zF —gF > local update
10: end if
11: end for
12: end for

Let us next provide the details on the convergence rate. In order to do so, let us identify the parameters of
Assumption 4.1.

Proposition G.1 (see (Gorbunov et al., 2020a)). Gradient estimator a¥ satisfies Assumption 4.1 with parameters

Aj=2max Lij, Bi = 2,D1, = 0,p; = q,C; = max L;;q, Dz ; = 0, and 7}, = 1 21 IV fij(wf) =V fi ().
=

G.2.1 (-Heterogeneous Data

It remains to use Lemma 4.1 along with Corollary E.2 to recover all parameters of Assumption 2.3 and obtain a
convergence rate of Algorithm 2 in (-heterogeneous case.

Theorem G.6. Assume that fi(x) is p-strongly conver and L-smooth for i € [n] and fi,...,fn are C-
heterogeneous, conver and max L;;-smooth. Then Local-SVRG satisfies Assumption 2.3 with

A=8maxL;;, B=2 F=8LmaxL;;, D=2,

4 max Lij 4L max Lij
n

A = +L, B = F' = +2L% D) =0,

) )

3=

4 n m
Uz:—mZZ|vf” ~Viii(@)|? p=gq, C=8qmaxL;;, G=4¢qLmaxL;;, Dy=0,

H— 8(7’71)(24"1)72, Dy =2(r—1) <2<3+C2>
q TH

with v satisfying

1 1
< min , .
o= { 2 (WmaxLis/n + L)’ 16,/Lmax Li; (7 — 1) (1 + Y(1_q) }

2014 is easy to see that we must have max L;; > L > i max Li;.
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and for all K >0

_ . o0
B[f() - 1] <

<2
+8L(r — 1)y ( + 27@) ;

waa In particular, if p > 0 then

where ®° = 2||2% — z*||* + 55-~20f +

—K * . q K (I)O <2 2
E[/@) - f@)] < (1-min{y}) - +BLr = 1)y (- nd (97)
and when p =0 we have
(I)O CQ
Bl - fa)] < Sp+sio-v(Sene). (98)
The theorem above together with Lemma 1.2 implies the following result.
Corollary G.11. Let assumptions of Theorem G.6 hold with u > 0. Then for
= min 1 1 = i m>1
o 2 (maxLufn+ L) 16y/Lmax Ly (r — D (1 + Hag) |~ © m’ ’
~ . 8 32L(T — 1)(2 + ¢)v8
0 = 22 -2 ”2+37nq%%03+ p 2o,
. { In (max {2, min { ®"#*K*/sL¢?(r-1), P4 K J16L(r-1)¢2 } }) }
Y = mins§ 9o, K )
I

for all K such that

vither In (max {2, min {®°#*K*/sL¢?(r—1), ®°1* K /16L(r—1)c? } }) - 1
K m
o < In (max {2, min { ®"#*K*/31¢>(r—1), ®"1* K*/16L(r—1)¢? } } )

uK

we have that E [f(Z") — f(z*)] is of the order

~ [ O 1 CL(r—1) L(r—1)¢?
— — mi K = 1.
@) <70 exp( min {m ,’Yo,u} ) + 2K + K2

That is, to achieve E [f(T") — f(z*)] < € in this case Local-SVRG requires

m+ —+
1 2 2

& ( L maxLy /- DlmaxLy | L(r—1) LT - 1)(3)
np p p2e p2e

iterations/oracle calls per node and T times less communication rounds.

Combining Theorem G.6 and Lemma 1.3 we derive the following result for the convergence of Local-SVRG in the
case when p = 0.

Corollary G.12. Let assumptions of Theorem G.6 hold with = 0. Then for

1 1 1
= min : -,
7o { 44ma,xL“/n+L 16\/LIH&XLU( )(1+4/(1q))} q m

— i 3nR% s PRy , Rj
7= o 16Lm(r — 1) 2 FUmyod \l 4L (r — DK\ SL(r — 1)K [
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where Ry = ||2° — z*||, we have that E [f(T") — f(z*)] is of the order

(L+maxL”/n+\/T—1 LmaXL” Ro

\/mUoRo/n—l— \/Lm (1 —1)o,

i

K

o

That is, to achieve E [f(Z") —

+\/LR(7—1)+

YLRY(r—1)C2

K?/3

f(@*)] < e in this case Local-SVRG requires

(L +maxLij/p + /(1 — 1)L max L;;)R3 + \/mosRo/n + &/Im(t — 1)02 R}

O( g ) )
13

iterations/oracle calls per node and T times less communication rounds.

+

LC2(r—1)R2 | R2\/L(r-1)2
pe? + &5/2

Remark G.1. To get the rate from Tbl. 4 it remains to apply the following inequality:

) — Vfij(x

4 n m
fmzz IV fij(z°

i=1j=1
G.2.2 Heterogeneous Data

First of all, we need the following lemma.

*\ (|2 (2) 4 L2 0
)7 < 4max z‘ij

— |2

)

).

Lemma G.6. Assume that f;(x) is L-smooth fori € [n] and f;; is convex and max L;;-smooth fori € [n],j € [m].

Then for Local-SVRG we have

[07] + 4L max L;;E[V4],

%ZE[WH?] < GLE[f(a") = f(z")] + BL*E[V;] + 3¢,
=1

4
nm

=1
0

Il
-

where 0,% =

_Zl IV fij(wf) =V fi ()|
1 J=

Proof. Inequality (99) follows from g¥
we derive

=E g} | "] =V/i(x

%) and inequality (67). Next, using Young’s inequality

1 & 2 (139) 1
s Bt o] < Sam it -vaeor]
v fZE 19 fi (25) = ¥ fis, &) ]
+= ZE IV fij, (wF) = V fij, (&%) = (V fi(wf) = V fi(z*)[|?]
0L %ZZE[HWW — Vfis(@)|]
ifljfl
+fZZE IV fij(wf) = V fij(2*) = (Vfi(wf) = V fi(z"))]?]
=1 j=1
(19),(139)  4max L;; 2 & )
(fg) 8max L;;E [f(a:k) — f(x*)] + *E[O’i] + 4L max L;; E[V;].

2
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Applying Corollary E.1, Lemma G.6, Proposition G.1 and Lemma 4.1 we get the following result.

Theorem G.7. Assume that fi(z) is p-strongly convex and L-smooth for i € [n] and f;; is convex and max L;;-
smooth for i € [n],j € [m]. Then Local-SVRG satisfies Assumption E.1 with

~ o~

~ ~ 1 ~ ~ ~ ~
A=3L, A=4maxL;;, B=0, B=, F=3L% F=4LmaxL;;, D=3 Dy =0

a o dmaxli oo L ALmaxLy o e
TL n
4 n m
—mZZHVf” — Vi )||2, p=¢q, C=8¢qmaxL;;, G=4¢LmaxL;;, Dy=0,
2¢e(T — 1)(2 2
g 2= R+ay be(r — 1)%¢?

q
with v satisfying

1 1
< min ’ )
o= {2 (44maxLij/n+ L) 4,/2eL(r — 1) (3L(7 — 1) + 4 max L;; + 8maxLij/(1—q)) }

and for all K >0

0

E[f@") - f2")] < 73’1/1( 4 24el(r — 1)2(22,

where ®° = 2|20 — 2*(|% + 3nq’y o2 + wag In particular, if p > 0 then
_K . . AR PO 2,2 2
B[ - )] < (1-min (e §})" 5+ 2tebir - 0262 (101)
and when p =0 we have
(I)O
E[f@") - f(a*)] < —=+24eL(r —1)*¢4*. (102)

= 0K

The theorem above together with Lemma 1.2 implies the following result.

Corollary G.13. Let assumptions of Theorem G.7 hold with u > 0. Then for

. 1 1
= min ; ’
"o { 2 (#maxLij/n+ L) 4,/2eL(T — 1) (3L(7 — 1) + 4max L;; + SmaxLi;/(1—q)) }
- 8eL(T —1)(2 3 1
0 = 20— 2|2+ 252 eL(r —1)( +Q)’Yoag’ g=—. m>1,
3ng q m
. { In (max {2, ‘50#31(3/24@(7—1)2(3}) }
vy = min« Yo, )
uK

for all K such that

In (max {2, ¥4 K°/24eL(r—1)¢? })
uK

In (max {2, #°#*K*/24e1(r-1)¢? }) <

Zt €7 o7

we have that E [f(@) — f(x*)] is of the order

5 (2 ; -1 L(t = 1)*¢
@) (Wexp (fmm{m ,fyou}K) + —ZRT |
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That s, to achieve E [f(fK) — f(m*)] < ¢ in this case Local-SVRG requires

Ofm+—+ 5

~ Lt maxL;, N V(T — 1)L max L;; N L(r —1)2¢2
[ n [ e

iterations/oracle calls per node and T times less communication rounds.

Combining Theorem G.7 and Lemma 1.3 we derive the following result for the convergence of Local-SVRG in the
case when p = 0.

Corollary G.14. Let assumptions of Theorem G.7 hold with p = 0. Then for q = %, m > 1 and

. 1 1
Too= { 2 (44maxLij/n 4 L)’ 4\/26L T —1)(3L(7 — 1) + 4max L;; + 8maxLij/(1—q)) }
- )
4mo?’ \| deLm(r — 1 2 +myo \| 12L(r — 122K
where Ry = ||2° — z*||, we have that E [f(T") — f(z*)] is of the order
o <(LT 4 maxLi;/p 4 /(7 — 1) [ max L”KRO + /Mo R [+ {/Tm(r — 1)02 \/LR4K2/3 )2g3> |

That is, to achieve E [f(T") — f(z*)] < ¢ in this case Local-SVRG requires

0 ((LTJrHlaXLu/n +/(r = 1)L max L;;) R + \/mocRs/n + 3/Lm(r — 1)o2 R} N R3\/L(T — 1)%3)

€ e¥/?

iterations/oracle calls per node and T times less communication rounds.

Remark G.2. To get the rate from Tbl. 4 it remains to apply the following inequality:

S S IV a) ~ Vi) S max I e a2

i=1 j=1
G.3 S*x-Local-SGD

In this section we consider the same settings as in Section G.1.1 and our goal is to remove one of the main
drawbacks of Local-SGD in heterogeneous case which in the case of u-strongly convex f; with u > 0 converges
with linear rate only to the neighbourhood of the solution even in the full-gradients case, i.e. when D;; =0
for all ¢ € [n]. However, we start with unrealistic assumption that i-th node has an access to V f;(z*) for all
i € [n]. Under this assumption we present a new method called Star-Shifted Local-SGD (S*-Local-SGD, see
Algorithm 3).

Lemma G.7. Let f; be convex and L-smooth for all i € [n]. Then for all k >0

iiE[ 2] = iivmxf), (103)
:LG:||gf||2 < AL (f(2%) — f(z)) + 2L W, (104)

*ZE lgf = ar? | 2f] < o? (105)
iigf 2| < AL (f(N) - f(e ))+2L2V+*2 (106)

where o & L3 1 D1 and E[- | 2*] d—efE[ | o, ... 2k,
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Algorithm 3 S*-Local-SGD

Require: learning rate v > 0, initial vector 2% € R?, communication period 7 > 1
1: for k=0,1,... do

2 for i =1,...,n in parallel do

3 Sample gF =V fer (z¥) independently from other nodes

4: g =gF — Vfi(a¥)

5: if K+ 1 mod 7 =0 then
n

6 afth =g+t = L5 (gk — ygk) > averaging
i=1

7 else

8 ahb =gk gk > local update

9 end if

10: end for

11: end for

Proof. First of all, we notice that E [gF | 2] = V f;(z¥) — Vfi(z*) and

%ZE[QH ] == (Vhilah) = Viila ZVfZ
i=1 i=1

—

Using this we get

1N, 1< 19) 2L,
X g = Y IVAED - VeI < fZDfl
=1 i=1
(63)
< AL (f(2") — f(2")) + 2L%V;
and
2 2] (69 1 ¢ 2
fZE gk — 3112 | F] = fZE[ngk ~VAEDIE] < Y D=t
. i=1
Finally, using independence of g, g5,...,gF and 23" | Vf;(2*) = Vf(z*) = 0 we obtain
B 2 T 2
1 « 139),(103 1 & 1 &
~> B HnZ(gf—Vfi(xf)) RS EOWASACH
i=1 i=1 i=1
: n ] 2 n 2
= E||=) (V@ - VAGH)|| 28] +] - Y VHAEh
i=1 =1
i . 2
- QZEgk IV fex () = VAEDIZ] + |5 Y Vi(at)
=1

(66),(68) 2
<AL (faN) - f@)) +2L%Vi + %

Applying Corollary E.1 and Lemma G.7 we get the following result.

Theorem G.8. Assume that f;(x) is p-strongly convex and L-smooth for every i € [n]. Then S*-Local-SGD
satisfies Assumption E.1 with

~ - ~ - ~ o~ ~ ~ 1
A=2L, A=0, B=B=0, F=2L, F=0, Di=0, Di=c>:=-) D,
ni:l
0.2
A'=2L, B =0, F'=2L° Dj=-—, 0i=0, p=1, C=0, G=0, Dy=0,
n
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Consequently, if

1 1
< mind—,—— 4
To= mm{élL’&/E(T—l)L}

we have for p >0
_K . K 2||2® — 2*|? o 2
Bl - @) < (- BT oy (T g tenr - 1002)

and when p = 0 we have

2x° — 2|2
vK

2
E [f@") - f(z")] + 2y (Z +4eL(T — 1)702) .
In the special case when V fe (2F) = V fi(«}) for all i € [n] and k > 0 we obtain S*-Local-GD which converges

0 *112
with O (Tﬁ In %) rate when p > 0 and with O (M) rate when p = 0 to the exact solution asymptotically.

The theorem above together with Lemma 1.2 implies the following result.
Corollary G.15. Let assumptions of Theorem G.8 hold with > 0. Then for

. 1 1 In (max {2, min {Ilo°=="1*nu® K2/52 |lo® =" 1?4 K° [ (r—1)0° } })
TGS e(r— 1)L WK

for all K such that

In (max {2, min { le°=2"I>nuK? /52 |lo°=2" |4 K* [se(r-1)02 } } )
K

or  min { 1 1 } - In (max {2, min { & =2 I?nu* K2/o2 2”2 |4 K? [4eL(r—1)0° } })

4L 8\/e(r — 1)L K

either <1

we have that

2 2
o " ?  Lr-1)o
E[f@") - f(a )]—O<TL||JS — x| exp<_EK)+n,uK+ e
That is, to achieve E [f(fK) - f(il?*)] < ¢ in this case S¥x-Local-SGD requires
~(TL o* L(r = 1)o?
o ( +—+ 2)
K npue uee

iterations/oracle calls per node and T times less communication rounds.

Combining Theorem G.8 and Lemma 1.3 we derive the following result for the convergence of S*-Local-SGD in
the case when p = 0.

Corollary G.16. Let assumptions of Theorem G.8 hold with u = 0. Then for

. 1 1 /nR(z) 3 R%
7 = nin aro ) ) )
AL’ 8y/e(r— 1)L’V 02K’ \| deL(1T — 1)02K

where Ry = ||z° — z*||, we have that

E[f@@") - f(z)] =0 (TLR‘% Ly e, VEEG(r = DU?) .

K nkK K3

That s, to achieve E [f(fK) — f(a:*)] < ¢ in this case S¥-Local-SGD requires

TLR2 R20%* R3\/L(t—1)02
O( € + ne2 + e/

iterations/oracle calls per node and T times less communication rounds.
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G.4 SS-Local-SGD
G.4.1 Uniformly Bounded Variance

In this section we consider the same settings as in Section G.1.1

Algorithm 4 Stochastically Shifted Local-SGD (SS-Local-SGD)

Require: learning rate v > 0, initial vector z° € R¢, probability of communication p € (0, 1], probability of the
shift’s update ¢ € (0, 1], batchsize r for computing shifts
1: yo =20
2: For ¢ € |[n] compute r independent samples VfE? ) (yY), vfg‘j , WY),..., Vfg? ) (y?), set VfE? (y°)

% 25:1 vfg‘i{j (yo) and Vfg" (yo) = % 22;1 vfg‘; (?JO)

3: for k=0,1,... do
4: for i =1,...,n in parallel do
5: Sample V fer (%) independently from other nodes
6: 9¢ = V(@) = Via W) + Viah), where Vfe(y) = 3375, Vg (4F) and Vfa(y*) =
% Z?:l Vfgf (yk)
k+1 n
- miﬁ_l _ Ik ) . w.p. D, where zF+1 = % Z(xf _ ,ygll_c)
i —vgi, w.p. 1—p, i=1
ko w.p. — a fresh sample, if y*+1 £ y*,
8: Ykt = wk, Wep- 4, and for all i € [n], j € [r] §f;—1 is ,kp Y 7& Y
y', wp. 1—gq ’ equal to &, ;,  otherwise.
9: end for
10: end for

The main algorithm in this section is Stochastically Shifted Local-SGD (SS-Local-SVRG, see Algorithm 4). We
notice that the updates for 25 and y*+! can be dependent, e.g., one can take p = ¢ and update y*+! as z*
every time xf“ is updated by xF*1. Moreover, with probability ¢ line 8 implies a round of communication and

computation of new stochastic gradient by each worker.

We emphasize that in expectation y* is updated only once per [1/q] iterations. Therefore, if r = O (1/4) and
q < p, then up to a constant numerical factor the overall expected number of oracle calls and communication
rounds are the same as for Local-SGD with either the same probability p of communication or with constant
local loop length 7 = [1/p].

. . . =k =k —k
Finally, we notice that due to independence of §; ;,&; 5,...,§; . we have

2 P
— 7/' .

E[|Vfa(y*) = Vi(y") (107)

Lemma G.8. Let f; be convex and L-smooth for all i € [n]. Then for allk >0

ISR = LY VAE, (108)
=1 =1

n 2
2Bl < SB[~ )] + 2Blof) + 4B £ (109)
1 n
SB[l -at7] < o (110)
i=1 1 § , 2
E|| =Y ¢f| | < 4LB[f@") - f@)] +2LEW]+ =, (111)
=1
where o2 & LS (Vi) - Vfi(a)|* and 02 & L5 Dy
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Proof. We start with unbiasedness:

rlzZ;E’“[gﬂ = *ZEk[stk D= Viely )+Vfgk(yk)]

- —ZEk Vi (@) + B Vi) = 2 S VL8| = 23 Vet
13 n 4 & n 4

=1

Using this we get

:LZ":E [lg2 1] e iz":E IV fi(=f) = Vfi(a")|?]
23k Um 91~ (910 91|
B S AT E ZE[HW Vi >1
i=1
(63)%139) SLE [f(a*) — f(z")] + AL2E[V; ZEMVﬁ _Vfi(x M
+= ZEU)VQ —Vfily M
(107) o2

< SIB[f(*) ~ f(")] + 2Bl0f] + ALPBV] + 20

and
5 (66) 9
—ZE gk — ZE[W D= VAEEDIP] < o
Finally, we use independence of V fex (@§), ..., Ve (xf) and derive
1 n 2 [ 1 n 2
E[ ﬁzgf ] = E %vagf(xf) ]
i=1 i=1
(139) 1 ok )
= B VA ] { g(wg - Vhilah)) ]
(68)
< ALE[f(a") = ()] +2L7B[Vi] + — ZE IV fes (2) = W fileeb) 2]
(66) o2
< ALE[f(z*) — f(z*)] + 2L°E [Vi] + ;
which finishes the proof. U

Lemma G.9. Let f; be convex and L-smooth for all i € [n]. Then for all k >0
E[of] < (1-qE[of] +2LeE [f(=*) - f(a7)] (112)

where o} = %i |V fi(y*) = V fi(z ol

Proof. By definition of y**1 we have

1— g q .
E[op | 2f,. . 2f] = TZHsz'(y — Vfi(@)|* + ZHsz = Vfi(@)|?
1=1

19 2 k *
< (I=q)oj +2Lg(f(z") = f(27)).
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Taking the full mathematical expectation on both sides of previous inequality and using the tower property (140)
we get the result. O

Using Corollary E.3 we obtain the following theorem.

Theorem G.9. Assume that f;(x) is p-strongly convex and L-smooth for every i € [n]. Then SS-Local-SGD
satisfies Assumption E.1 with

- = ~ ~ ~ ~ 202 1 &
A=arL, A=0, B=2, B=0, F=41% F=0, Di="", Di=0% o*=-) D,
n

80 -pEpEta p,_S0-s) (2(1’*2)"2 507

under assumption that

7=

min {1 p\/g }
AL’ 32020 —p)2+p) (L + Ya-a) |

Moreover, for p > 0 we have

B 1] < (1min 1) T (T R (T )

and when = 0 we have

0 0_2 _ 02
E[f(TK)—f(x*)] § %4‘2’)/ <n+716L(;2 P) (2(27";2) +p0_2>)

512L(1=p) (24p) (2+0)7 05

where ®° = 2|20 — 2*(|% + 3%

The theorem above together with Lemma 1.2 implies the following result.
Corollary G.17. Let assumptions of Theorem G.9 hold with p > 0. Then for

ol min L p\/g
0 prg 7’ )
AL"32L./2(1 = p)(2+p) (1 + Y(1-q))
- 12L(1 — p)(2 2 el
0 = ofa®_ a2 4 12 p)(g;;)( O,
. { In (max {2, min {”50“2K2/202,p50“3K3/32L(1—P)(3P+4)‘72}}) } [1—‘
Y = 1minsg Yo, K ’ "= ]; ’
I

for all K such that

In (max {2, min {n®’*1% 2Uj,;p@”aK3/32L<1—p>(3p+4>o‘”’} b .
In (max {2, min {n®"#*K* /202 p®"u*K* [320.(1-p) (3p+4)02 } })
K

either

or <

we have that B [f(@") — f(x*)] is of the order

~ [ @O 1 o? L(1—p)o?
ol — —min< — K .
(70 exp( mm{p’%u} ) Tk T PR
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That s, to achieve E [f(fK) — f(m*)] < ¢ in this case SS-Local-SGD requires

~( L o? L(1 —p)o?
oL, [iipe
pu npe pu2e

iterations/oracle calls per node (in expectation) and /p times less communication rounds.

Combining Theorem G.9 and Lemma 1.3 we derive the following result for the convergence of SS-Local-SGD in
the case when p = 0.

Corollary G.18. Let assumptions of Theorem G.9 hold with p = 0. Then for ¢ =p, r = [1/p| and

— mind A pV3
o= 4L 32020 —p)2+p) 1+ Yao) |

v = mindag 3p3R8 /nR(Q)
0"\ 256L(1 — p)(2 + p)202’ 16L(1—p 3p+4)a2K

where Ry = ||2° — z*||, we have that E [f(T") — f(z*)] is of the order

o (LR3+ VI -p)oiRy | [o°Rs | YLRJ1—p )
pK

nk P /K3

That is, to achieve E [f(z™) — f(z*)] < & in this case SS-Local-SGD requires

o (LRg + VIO - p)o3R; | o°BY | RVIQ —p)a2>

pe ne? p'/2e%2

iterations/oracle calls per node (in expectation) and 1/p times less communication rounds.

Remark G.3. To get the rate from Tbl. 4 it remains to apply the following inequality:
2 *\ (12 ©) 211,.0 * (|2
o5 = lesz — V)P < L2z — 27|

G.4.2 Expected Smoothness and Arbitrary Sampling

In this section we consider the same method SS-Local-SGD, but without assumption that the stochastic gradient
has a uniformly bounded variance. Instead of this we consider the same setup as in Section G.1.2, i.e. we assume
that each worker i € [n] at any point x € R? has an access to the unbiased estimator V f¢, () of V fi(z) satisfying
Assumption G.1.

Lemma G.10. Let f; be convex and L-smooth for all i € [n]. Let Assumption G.1 holds. Then for all k >0

SN RG] = Y VA, (113
S BIGHP] < SLE[f) - f(@)] + 2Elo?] +4L2E[Vi), (114)
1 - k —k |2 k * 2
EZE [lgF —g5|1?] < SLE[f(a*) — f(a*)] +4LLE[V}] + 202, (115)
i=1
%Zn:gf < 4(M+L>E[f(m’“)—f( )] +2L <£+L) E[Vk]+223, (116)

2 def n X N
and 02 = L3 Be ||V fe, (a%) — V fi(z*)]|?.

TN
U
&

3=
0=

where o
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Proof. First of all, (113) follows from (108). Next, using gF = V f;(2F) — Vfgry (y*) + Vfgk (y*) we get

n (136) n
DBl S Y RINAED - VeI
=1 i

e [HW& ~VAE) (V) = V1)

09 g9 %ZE (D, (2%, ZE [V £ (") = V £i")?]
=1
(6§3) 8LE [f(z") — f(z*)] + 2E[0}] + AL’E[V}]
and
1 n
~Y E[lgf-gk7] = fZE IV fes () = Vi) |1
=1
(139)
< 7ZE [||Vf5k £) = Vi)
(136) 2 o
22 ZE (1966 (28) = Ve @) P] + = Y [I9 e (%) = V)]
=1
Q¢ ZE Dy, (af, %)) + 207
Y SLR[f(h) - f")] + ALIEIV] + 202 (117)
Finally, we use independence of £F, ..., & and derive
1 < ’ i 1 « ’
E[ =~ g ] = E||-) Vel ]
=1 i=1
- . 9 r " 2
(140)£(139) E Hi Z(Vf5k< ) sz( )) ] +E %vai@;‘k) ]
i=1 i=1
1 - _1 - ’
= L B|IVfeh) - V@] + B { n 2 Vhilad) ]
=1 i=1
Yy <2£ + L) E [f(z") - f(«")] +2L (E + L) E[Vi] + 20,
which finishes the proof. O

Lemma G.11. Let f; be convex and L-smooth for all i € [n] and Assumption G.1 holds. Then for all k > 0

2L

E[o?,,] < (1Q)E[0i]+2q(r+L>E[f(x’“)f(x*)}+2qu

; (118)

def n 2 de, n * *
where 0 = 1 Z: and o2 :f%Zizl E¢, ||V fe, (x*) — V fi(a®)|*.

Vi () = Vi)
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Proof. By definition of y**1 we have
1—q
Blot, ok, oh] = anf VR

q *
+E ;ngﬂ {vagfﬂ(xk) —Vfix )”2}

-t + LY IVAER) - V)P
i=1
Z oo [IV fern (2%) = VM) -
Next, we use independence of fl—fl, ff;l, . ,Efjl for all i € [n] and derive
q v )
Blofa ahoak] = -+ L3 IVAGEH - V)P

q n T

LYY B [V () = VA
i=1 j=1

(19),(139)
< (1—Q)02+2Lq (f(a*) = f(a"))

+— 21213 - [||Vf o (2%) = fi(a")|1?]

% Jj=1
(136)

< (- Q)Ui +2Lq (f(aF) — f(a))

2 S S B [V (05) = Vs ()]
=1 j=1 ‘
2 S S B [V 0) ~ VA
=1 j=1
Qe+ (2‘ + L> (Fa) — fa) + 2422,

Taking the full mathematical expectation on both sides of previous inequality and using the tower property (140)
we get the result. O

Using Corollary E.3 we obtain the following theorem.

Theorem G.10. Assume that f;(x) is p-strongly convex and L-smooth for every i € [n]. Let Assumption G.1
holds. Then SS-Local-SGD satisfies Assumption E.1 with

A=4L, A=4L, B=2, B=0, F=4L%? F=4LL, D;=0,

~ 1 <&
Dy =202, o2=-) Eg
1 Oy O TZZ &i

Ve, () — Vfi(@™)|?, A’:2<2£+L> B =0, F’:2L(2£+L>

2L 2qo?
’ pP=4q, Cq<r+L>7 G:07 D2: qg*a

pp =2 gl ZHW ~vhe)|

128(1 — 2 - 2
_ 1280 -p)C+p)R+ay 80 -p) opo? + S22 +p)o
3p?q 2 3r

r




Local SGD: Unified Theory and New Efficient Methods

under assumption that

1 V3

4(2+1L

v < min ,
n ) 32\/2L(1—p) ((2+p)L+p£+w>

q)
Moreover, for u > 0 we have

E[f(@") - f2")] < (1min{w,i})“§+ﬁ<2§ VW <2p05+32<2;moz>)

and when =0 we have

0 o2 _ o2
B - 7)) £ S by (204 D) (g BN )

where ®°0 = 2|20 — z*||2 + 512L(1— p)(2;r;));2+q)w3E[oo]

The theorem above together with Lemma 1.2 implies the following result.
Corollary G.19. Let assumptions of Theorem G.10 hold with p > 0. Then for

1 V3

2L )
15+ 1) 32\/2L(1 —p) ((2 +p)L+pL + 7(2”)(“”“))

Yo = min

(1—q)
~ 512L(1 — p)(2 2 SE[o?
q)O _ QHJIO—.’L'*||2+ ( p)( +2p)( +Q)’Yo [0-0}7 q=p,
p=q
In (max {2, min {n® 1’ K?/452 p®1* K [641,(1—p) (1432(2+9)/3)0? } } ) } F"
) r = b
wK

v = i

for all K such that

In (max {2, min {n®"1* K*/452 p°1* K° [641,(1—p) (14322 +0)/2)02 } }) _
p
K
In (max {2, min {n®"#*K* /102, @1’ K° [ga(1-p)(1422(2+0)/2)02 } })
wK

either

or o <

we have that B [f(@") — f(x*)] is of the order

~ [ ®° 1 o? L(1—p)o?
O exp(—min{,’y ,u}K)—&— 4+ .
(70 4 0 nukK pulK?

That is, to achieve E [f(@") — f(z*)] < ¢ in this case SS-Local-SGD requires

5 | VEL( - o, L(1 — p)o?
pM TW f,u puie

iterations/oracle calls per node (in expectation) and 1/p times less communication rounds.

Combining Theorem G.10 and Lemma 1.3 we derive the following result for the convergence of SS-Local-SGD in
the case when p = 0.

Corollary G.20. Let assumptions of Theorem G.10 hold with = 0. Then for ¢ =p, r = [1/p] and

1 pV3
4(%+1)
G4 D) g o101 -p) (24 p)L o+ pi + i)

Yo = min

v = min{ A, { PG nitg Phj
9\ 256L(1 — p)(2 + p)?E[0?] " \/ 202K 32L 1—p) (1 +32C+p)/3) 62K
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where Ry = ||2° — z*||, we have that E [f(T") — f(z*)] is of the order

(L +9L/n + /p(1 — p)LL) R3 + /L(1 - p)E[o3] R§ L JORRS | VLEG(1—p)od

pK nkK p /3K

That is, to achieve E [f(Z") — f(z*)] < e in this case SS-Local-SGD requires

(L4 v+ /o0 —p)EL) B3+ VIO - DEGRIRS  02m2  R2\/L = p)o?
+

pe ne2 p'/2e¥/?

iterations/oracle calls per node (in expectation) and /p times less communication rounds.

Remark G.4. To get the rate from Tbl. 4 it remains to apply the following inequality:

Elf] = fZE 1V feo (2°) = V()]

(139)
= 5;||Vfi<x — V) + ZE ) [IV£e0(a”) = V)]

L) )+ DY By (95 67 - VAGIE]

i=1 j=1

(139)

<L)~ f@) + o Y B (196 ) - Vi) P]

(136)

< AU - )+ Y e

2 n

2(L+2pL) (f(a") = f(2%)) + 2po?.

[V fe. (&%) = Ve, (27)]?]

[V fe. (") = V fi(a")II?]

r=[1/p],(86)
<

G.5 S*-Local-SGD*

In this section we present doubly idealized algorithm for solving problem (1)+(3). Specifically, we choose b¥ to
the optimal shift V f;(z*) as per Case II, while af is selected as SGD-star gradient estimator (Gorbunov et al.,
2020a), i.e

aj =V fig (2) = Vfiz (2*) + Vfi(a*), b =Vfi(z").

Note that now a¥ serves as an ambitious target for the local variance reduced estimators, while b¥ serves as an

ambitious goal for the local shift. The resulting instance of (4) is presented as Algorithm 5 and called Star-Shifted
Local-SGD-star (S*-Local-SGD*).

Let us next provide the details on the convergence rate. In order to do so, let us identify the parameters of
Assumption 4.1.

Lemma G.12. Let f; be conver and L-smooth and f; ; be conver and max L;;-smooth for all i € [n], j € [m].
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Algorithm 5 S*-Local-SGDx*

Require: learning rate v > 0, initial vector 2% € R?, communication period 7 > 1
1: for k=0,1,... do

2: for i =1,...,n in parallel do
3: Set gF = Vi, (x¥) — Vi ;,(x.) where 1 < j; < m is sampled independently from all nodes
4: if K+ 1 mod 7 =0 then
5: afth =g+t = L5 (gh — ygk) > averaging
i=1
6: else
7 ab =gk gk > local update
8: end if
9: end for
10: end for
Then for all k >0
1 k 1 k
EZE’“ [QJ = Ezvfi(xi)a (119)
i=1 i=1
1« _ .
SNSRI < AZB[fEN) - fa)] + 20°E[V) (120)
i=1
1 n
- S E[llgf - gf1’] < 4maxLyE [f(2*) — f(2*)] + 2L max Li; B[V, (121)
i=1
1L L L
max L;; max L;;
E ||~ K < 4| —2L 4L L)E[f(z") - f(a")] + 2L | ——L + L ) E[V4]. 122
P | s a (M L) B - s e (P ) B )

i=1

Proof. First of all,

SYE] = oYY (V) - Vi) = 1 Y VA

i=1 j=1

and, in particular, g¥ = Ey, [g¥] = V f;(«¥) — Vfi(z*). Using this we derive

and

ISR = Y B[IVAGED - VAP
i=1 i=1
LS R [Dy (k)] € ALR [Fa) - fa)] +2LB(V
=1

1 & (139) 1 2
=D Bllgf-aflfl < > E[lef’]
i=1 =1

n m

DD IVFisaf) = Vi)

i=1 j=1

1
nm
(19) 2 max Lij

<

= 7ZE[sz(vax*)]

n

(6<3) 4max L;;E [f(fk) — f(@")] + 2L max Ly B[V]. (123)
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Finally, due to the independence of j1, jo, ..., j, we have
2
1 — (139),(140) 1 - "
~> 0 = B (Vﬁm( 0) = Vfiji (@) = (Vhi(a7) = Vfila"))
2
sz P = Vii(z"))
= o ZE IV figi (@) = ¥ figi (2:) = (Vfilaf) = V fia™))|?]
1« ’
E |||~ (zF
+ Hn ;sz(x
2
(139) n )
< nQ ZZ IV fij(2) = Vi (@)|* +E H ZWI
=1 j=1
(123),(63)
<y (malea + L) E[f(«*) - f(z*)] + 2L (M;LJ + L) E[Vi].

Using Corollary E.1 we obtain the following theorem.

Theorem G.11. Assume that f;(z) is p-strongly convex and L-smooth and f; ; is convex and max L;;-smooth
for every i € [n], j € [m]. Then Sx-Local-SGD* satisfies Assumption E.1 with

EZQL, A\: ZmaxLij, EZEZO, ﬁ:2L2, ﬁzQLmaxLij, 51:51:0,
A/:2<maXLZ]+L> B/:O, F/:2L (mj+L),
n n
Dy=0, 0i=0, p=1, C=0, G=0, Dy=0, H=0, D3=0

under assumption that

1 1
4 (maxLu n L) 8y/eL(t — 1) (L(t — 1) + max L;;)

v < min

Moreover, for p > 0 we have
- . 2 1’0 —r* 2
B - 1G] < (- L

and when =0 we have

2% — x*||?

B[f") - f6)] < T

The theorem above together with Lemma 1.2 implies the following result.
Corollary G.21. Let assumptions of Theorem G.11 hold with p > 0. Then for

1 1

vy = min
4 (maXLu + L) 8y/eL(t — 1) (L(r — 1) + max L;;)

and for all K > 1 we have E [f(z™) — f(z*)] of order

M
O | | LT 4 maxLij/n 4 /(1 — 1)L max L; ) [|2° — 2*||>exp | — K :
(( J/ \/( ) J> || H p< LT+maXLij/7L+ \/(7' — 1>LmaXLij >>
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That s, to achieve E [f(fK) — f(m*)] < € in this case S¥-Local-SGD* requires

max L;; _ .. 0 _ .x]||2
0 (LT . max L;; N V(= 1)LmaxLZ-j> log (LT+ Lij/n+ /(T 1)LmaXLU) |2® = ¥

I n I £

iterations/oracle calls per node and T times less communication rounds.

Next, we derive the following result for the convergence of S*-Local-SGD* in the case when u = 0.
Corollary G.22. Let assumptions of Theorem G.11 hold with = 0. Then for

1 1
4 (maXLw' + L) ’ 8\/€L(T — 1) (L(7 — 1) + max L;;)

n

¥ = min ,

we have that E [f(@") — f(x*)] is of the order

(LT + max Lij/n + /(7 — 1) L max Lij) R2
K )

where Ry = ||z° — z*||. That is, to achieve E [f(T") — f(2*)] < ¢ in this case S¥-Local-SGD* requires

(LT + max Lij/n + /(7 — 1) L max Lij) R?
O

€
iterations/oracle calls per node and T times less communication rounds.

(.6 S-Local-SVRG

Algorithm 6 Shifted Local SVRG (S-Local-SVRG) for minimizing local finite sums

Require: learning rate v > 0, initial vector #° € R?, probability of communication p € (0, 1], probability of local
full gradient computation ¢ € (0, 1], initialization y° = 2°

1: for k=0,1,... do
2 for i =1,...,n in parallel do
3: Choose j; uniformly at random from [m]
4 98 = Vi («F) = Vi (y*) + V")
k+1 n
vt w.p. P, )
5: gt = . . where 2T = L 3™ (2k — 4 gF)
xi =79, w.p. 1-p, i=1
. w1 )T wp.ogq
6: Y = &
, wp.1l—g¢q
7 end for
8: end for

In this section we are interested in problem (1)4(3). To solve this problem we propose a new method called
Shifted Local-SVRG (S-Local-SVRG, see Algorithm 6).

We note that our analysis works even when updates in lines 5,6 are not independent. Moreover, in order for
S-Local-SVRG to be efficient, we shall require ¢ < p.

Remark G.5. Unlike all other special cases, the rate of S-Local-SVRG can not be directly obtained from the
theory of the local stochastic solver described in Section 4. Specifically, we construct the sequence lf using y* in
contrast to xf used in Section 4. While we could construct lf from the local iterate sequences, setting it as the
virtual iterates yields a tighter rate. We remark that such a choice is rather poor in general; we can implement it
efficiently thanks to the specific structure of S-Local-SVRG.
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Lemma G.13. Let f; be convex and L-smooth and f; ; be convexr and max L;j-smooth for all i € [n], j € [m].

Then for all k > 0

1 n
LA
=1
liE[\\gfn?] <
n <

% Z V fi(xk
8LE [f(z") — f(2*)] + 2E[07] + AL*E[V}],

8max L;;E [f(xk) — f(z*)] + 2E[0}] + 4L max Li;E[V}],

E [ i;gf ] < 4 (m;j - L) E [f(2*) — f(z*)] + %E[a,ﬁ]
4oL (2 — Lij L> E[Vi],
g def 1 n & k NP NP
where o} = ﬁzlzl|‘Vf”(y ) =V fi;(*) = Vfi(@)|
i=1j=
Proof. First of all, we have
1 n
~> Eilgf] = - ZEk Vi (@) = Vi, ") + V)]
i=1
= %ZZ Vfii(@F) = Vi (") + V("))
i=1 j=1

1 n A
o ;sz(x

and, in particular, g& = Ex[¢F] = Vfi(2¥) — V£:(y*) + Vf(y*). Using this we get

1< ) (136) 22
Y E[@?] < D EIVAED) - V)]
i=1 i=1
2 n
+2 2 B[IVAW") = VIila™) = (V") = V)]
i=1
(19),(139) 4L &
< Y B[Dgt ZE IV £i(y*) = V fila™)|]
i=1
(63)

8LE [f(z") — f(z*)] + 2E[0}] + AL’E[V}]

(124)

(125)

(126)

(127)
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and
1< _
=~ Efllg —afl’] = *EZEHVﬂm = Vi W) = (Vilah) = V19))I17)
i=1
(139)
S 7ZE |vf1]z mel( k)Hz]
(136)
& S SB[V ) - Vi)
=1 j5=1
+—f§:§jEHVLJ = Vi (@)|’]
=1 j=1
(19 4max L;; <
< —YUNTE([Dy,(2F,2%)] + 2E[07}
S o L E[Patehan)] + 28l
(63)
< 8maxL;E [f(z") — f(2%)] + 2E[07] + 4L max L;; E[V}]. (128)
Finally, using independence of j1, jo, ..., j, we derive

1 n
w29

vaz‘(ff)

] (139),(124) E{ l -
n
=1

n 2
{ vam, = Viiq ") = (Vfilef) = VL) ]
n ) 2

vai(xk
2ZE I(V figi () =V fig, (%) = (Vfileg) = V(™))

| 7

(68)£28) 4 (2max Lij 2max L;;
n

+ L) E [f(z") — f(2)] + %E[o—,i] + 2L ( + L) E[Vi].

O

Lemma G.14. Let f; be conver and L-smooth and f; ; be conver and max L;;-smooth for all i € [n], j € [m].
Then for all k > 0

E [o,%ﬂ] < (1-¢E [ai] +2(L + max L;;)qE [f(ack) - f(x*)] (129)

o def

where o} = 55 52 3 [ Vi) = Vi) ? — Vi)
1=1j5=

Proof. First of all, we introduce new notations:

o 1 n m .
1 DD (V) Vi)

i=1 j=1

1 n
oota= o Y IIVAEY - VRG]
=1

k+1

Secondly, by definition of y we have

2

i imzzym - Vi)

< (1—q)ojy +2qmax Ly (f(2") — f(z")),

E o7, |2k, k] = nquzwf” ~ Vil
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hence
E [UI%H,J <(1-9qE [013,1] + 2¢max L;; E [f(xk) - f(x*)] . (130)

Next, the definition of y**1 implies

1—q q .
Elopiolaf,... 2] = - E:vaﬂy = Vfi(@)|* + E:vaz = Vfi(@)|?
=1

19 2 k *
< (I=q)oj +2Lq(f(z") = (7)),

hence
E [0711] < (1= 9)E [0} 5] +2LgE [f(z") - f(2")] . (131)

Finally, we combine obtained inequalities and get

E [0%41] = E [O-I%Jrl,l] +E [01%+1,2]
(130),(131) .
1) (B o] + B [of]) + 2L + max LB [£(*) - f(a”)]
= (1-¢qE [0%] +2(L + max L;;)qE [f(xk) - f@=")],
which concludes the proof. O

Using Corollary E.3 we obtain the following theorem.

Theorem G.12. Assume that f; is p-strongly convex and L-smooth and f; j is convex and max L;;-smooth for
alli € [n], j € [m]. Then S-Local-SVRG satisfies Assumption E.1 with

~ ~ ~

A=4L, A=4maxL;, B=B=2 F=4L? F=4LmaxL;; D;=D;=0,

dmaxli; L op p=2, .P2L<2mML”+L>, D} =0,
n n n

1 n m
WZZ |vfl,j sz,]

p=¢q, C=(L+maxL;j)q, G=0, Dy=0, H=

Al =

ZWM )= Ve

)

%Nl—pﬂ2+®%
3p2q

’ D3:0

under assumption that

v < min{ 1 , PV }

56 maXLij/Sn + 4L + 32L/3n 32\/2L(1 — p) (L(? —|—p) + pmax Lij + 4(L+maxL7¢j)(1+p)/(1,q))

Moreover, for p > 0 we have

16703 + 1024L(1—p*) (2+q)7%03

E[f(z") - fz")] < @_mqw&DK”“‘xw 2. s

and when p =0 we have

2||x0 - m*||2 16v%03 + 1024L(1—p*)(2+q)v%0d

E[f(z") - f(")] < " =

The theorem above together with Lemma 1.2 implies the following result.

Corollary G.23. Let assumptions of Theorem G.12 hold with u > 0. Then for ¢ = Y/m, m > 1/p,

= min ! p\/§
" 56 max Lij [3n, + 4L + 32L /35, 32\/2L(1 —p) (L(2 + p) + pmax L;; + 4(L+max Li;)(1+p)/(1-¢q))
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and for all K > 1 we have E [f(z™) — f(z*)] of order

L L;; 1—pL L;; . 1
O —+ ax mij + \/( p)Lmax L ®Yexp | — min H ,— o K ,
P n D L maxL” n v/ (1=p)LmaxL;; m
P P

where 0 = 2|20 — z*||? + 163“1% 4 lozard gp)éﬂq)v % That is, to achieve E [f(@") — f(z*)] < € in this case
S-Local-SVRG requires

L maxLl (1—p)L max L;; 0
Loy maxly o
L L;; 1—pL L;: <p P )
K=0|my L ymaxky  VO-plmel, ),
bp ny pu €

iterations/oracle calls per node (in expectation) and /p times less communication rounds.

That is, S-Local-SVRG is the first implementable linearly converging stochastic method with local updates with
a convergence guarantee in terms of the number of communications that is not worse than that of GD even in the
arbitrary heterogeneous data regime.

Next, we derive the following result for the convergence of S-Local-SVRG in the case when p = 0.

Corollary G.24. Let assumptions of Theorem G.12 hold with p = 0. Then for ¢ =1/m, m > 1/p and

= min ! pv3
o 56 max Lij /3 4 4L + 32L /35’ 32y/2L(1 — p) (L(2 + p) + pmax L;; + 4(L+max Li;)(1+p)/(1—q)) ’
. nR2 5 3pQR2
L 10, 512L(1 — p2)(2m + 1)o2
we have

(L+PmdeLJ/n—|— \/ 1—p LmaXL”> Rg \/T)’LO'%R(Q) \S/LmogRé
@)
pK + VnK pPK ’

where Ry = ||a° — z*||. That is, to achieve E [f(z") — f(2*)] < £ in this case S-Local-SVRG requires

max Li;/p — 2
(L+p a; LJ/ +\/ 1 LmaXLU) RO . \/ma'gR2 \/Lm08R4

K=0
pe V/ne p/3e

iterations/oracle calls per node (in expectation) and /p times less communication rounds.

Remark G.6. To get the rate from Tbl. / it remains to apply the following inequality:

I D)) L MEUR e lewz )= Vi)

=1 5=1

< 2 (maxL?j + L?) [|2° — z*||%.
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H Basic Facts

For all a,b,x1,...,2, € RY, B3>0 and p € (0, 1] the following inequalities hold

2 2
< Nlall® , BIPIE

(a,b) < 25 5 (132)
(o~ b,a+8) = [l ~ bl (133)
Sllall” = I < fla+ )7, (134)
la b7 < (14 B)alP + (1 + /s 1P, (135)
n 2 n
Doaa| <n) il (136)
=1 1=1
(1- g)_l <1+p, (137)
(1+g)(1—p)§1—g. (138)

Variance decomposition. For a random vector ¢ € R? and any deterministic vector = € R?, the variance of &
can be decomposed as

2 2
E |¢ — )| = B[l - 2l”] - |E[] - = (139)
Tower property of mathematical expectation. For random variables £, 7 € R? we have

E[]=E[E[]|n]] (140)

under assumption that all expectations in the expression above are well-defined.
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I Technical Lemmas

We now present a key technical lemma enabling our analysis. This is a refined version of Lemma 14 from (Stich
and Karimireddy, 2019).

Lemma I.1 (see also Lemma 14 from (Stich and Karimireddy, 2019)). For any 7 random vectors &q,. .., &, € R?
such that for allt =2,...,7 random vector & depends on &1, ...,&—1 and does not depend on €11, ...,& the
following inequality holds

<er Y E[IBGE] +e Y E[lg - Biledl], (141)
t=1 t=1
where E¢[] denotes the conditional expectation E[- | &—_1,...,&1].

Proof. First of all, if 7 =1 then (141) immediately follows from variance decompostion (139). Otherwise (7 > 1)
foralll =1,...,7 we have

2
(139)

=
E[&] + Z &

t=1

(135) 1
2 (1 n )
T—1

Taking full mathematical expectation and using tower property (140) we derive
. 2

el | < (1 5)m|[5e

t=1

for all [ =1,...,7. Unrolling the recurrence for E

+E; (& — Edd&]|]

2
+r Bl + B [llE - B -

+7E [|Efa]] + E (g - Edel]]

we obtain

< Z (1+:25) " B[meir]+ Z (1+:25)" B [ie-maer

T—t T—1
Since (1 + ﬁ) < (1 + %) <eforallt=1,...,7 we get (141). O
Lemma I.2 (see also Lemma 2 from (Stich, 2019)). Let {r}r>0 satisfy

a
< 2 142
rE < e + 1y + coy (142)

for all K > 0 with some constants a,ce > 0, ¢1 > 0 where {wy k>0 and {Wk} k>0 are defined in (12), v <
Then for all K such that

1
7

In (max{2, min{an*K>/c,, an’K*/c, } })
K

- In (maX{Q,min{aHZKQ/cl,a#3K3/cQ )

< WK

either

<p

or

S =

and

v = mln{l In (max{2, min{o#*K%/c,, an’K%/c,} }) } (143)

h’ uK

we have that

rg =0 (haexp (—min{%,p} K) 2K2 (144)
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Proof. Since Wi > wg = (1 — 1)~ K+ we have
a a
rg < (1-— n)KH? +ey+ ey’ < 5 exp (—n(K + 1)) + 1y + cav?. (145)
Next we consider two possible situations.

ln(max{Q,min{aH2K2/e1 ,‘WsKs/Cz}})
nK

(145) ¢ )
rx < ;exp(—n(K+1))+617+cw

= 0 (auK exp (— min {p, In (maX{Z,min{a£K2/Cl7 aw;{s/cz}}) }K>>

C2
O )
i (uK 2K2)
in{an2K2/., apdK3/,
Since I (max{2,min ; fer 1 ea}}) < p we have

~ 2772 3773
rg = O (a,uKexp (ln (max{?,min{a'u K , apK }})))
C1 Co
~ C1 (6]
0 (i + i)

_ o, o
B O(uK+u2K2)'

111(max{2,n1in{au2K2/c1 ,‘“‘3K3/62}})

1. If nK

>

then we choose v =

and get that

=

ln(max{Q,mitl{aH2K2/cl ,alb3K3/c2}})

2. If % < R then we choose v = % which implies that
(145) )
< LAl E+)+ 2+ 2
rg < hanp( mm{h,4 (K+1) +h+h2
1% C1 C2
= O(haexp( mm{h,p}K>+uK+u2K2>.
Combining the obtained bounds we get the result. O
Lemma I.3. Let {ry}r>0 satisfy
a b1y bay
rK < 7K+ ?‘F 7 +C1’Y+CQ’Y (146)

for all K > 0 with some constants a > 0, by, ba, c1,co > 0 where v < 9. Then for all K and

[ @ @ @ [a
Y o0, b17 b27 ClK, CQK

_of.“ n Vaby N \/a2b2 a01 Ja2ey
"WEY WK T K K5

we have that

(147)

Proof. We have

a b1y bay
< — —_ -
rg < 7K+ K + K —s—cw—&—cw

= min{’yo,\/?,?’aa &, 3/ =2 }K K \/; \/;+Cl \/;_F 2(\/;>

b bz’ 61K7 CQK

a Vab v a2b va?
-0 TR A A Y e D
wE UK K K TR
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Table 7: The parameters for which the methods from Table 2 satisfy Assumption 2.3/E.1. Absolute constants
were omitted. The meaning of the expressions appearing in the table, as well as their justification, is detailed in
Section 5. UBV stands for the “Uniform Bound on the Variance” of local stochastic gradient, which is often
assumed when f; is of the form (2). ES stands for the “Expected Smoothness” inequality (Gower et al., 2019),
which does not impose any extra assumption on the objective/noise, but rather can be derived given the sampling
strategy and the smoothness structure of f;. Consequently, such a setup allows us to obtain local methods with
importance sampling. Next, the simple setting is a special case of ES when we uniformly sample a single index on
each node each iteration.
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