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Al Preliminaries

In this supplement, we provide complete proofs of all results found in the paper “Minimax Optimal Regression
over Sobolev Spaces via Laplacian Regularization on Neighborhood Graphs”. Our main theorems (Theorems 1-5)
all follow the same general proof strategy of first establishing bounds in the fixed-design setup. In Section A2,
we establish (estimation or testing) error bounds which hold for any graph G; these bounds are stated with
respect to (functionals of) the graph G, and allow us to upper bound the error of f and @ conditional on the
design {X1,..., X} = {z1,...,z,}. In Sections A3, A4, A5, and A6 we develop all the necessary probabilistic
estimates on these functionals, for the particular random neighborhood graph G = G,, . It is in these sections
where we invoke our various assumptions on the distribution P and regression function fy. In Section A7, we
prove our main theorems and some other results. In Section A8, we state a few concentration bounds that we use
repeatedly in our proofs.

Pointwise evaluation of Sobolev functions. First, however, as promised in our main text we clarify what
is meant by pointwise evaluation of the regression function fo. Strictly speaking, each f € H'(X) is really
an equivalence class, defined only up to sets of Lebesgue measure 0. In order to make sense of the evaluation
x +— f(z), one must therefore pick a representative f* € f. When d = 1, this is resolved in a standard way—since
H'(X) embeds continuously into C°(X), there exists a continuous version of every f € H(X), and we take this
continuous version as the representative f*. On the other hand, when d > 2, the Sobolev space H'(X') does not
continuously embed into C°(X), and we must choose representatives in a different manner. In this case we let f*
be the precise representative [Evans and Gariepy, 2015], defined pointwise at points z € X as

1
lim ——— / f(z)dz, if the limit exists,
f*(l’) =0 V(B(LL',&‘)) B(z,e)
0, otherwise.

Note that when d = 1, the precise representative of any f € H'(X) is continuous.

Now we explain why the particular choice of representative is not crucial, using the notion of a Lebesgue point.
Recall that for a locally Lebesgue integrable function f, a given point = € X' is a Lebesgue point of f if the limit
of 1/(v(B(z,¢))) fB(m o f(@)dx as € — 0 exists, and satisfies

. 1 —
gl—%V(B(ﬂC,@)/B(Le) f(x)de = f(x).

Let E denote the set of Lebesgue points of f. By the Lebesgue differentiation theorem [Evans and Gariepy, 2015],
if f € L*(X) then almost every x € X is a Lebesgue point, v(X \ E) = 0. Since fo € H!(X) C L}(X), we can
conclude that any function gy € fo disagrees with the precise representative f§ only on a set of Lebesgue measure
0. Moreover, since we always assume the design distribution P has a continuous density, with probability 1 it
holds that go(X;) = f§(X;) for all ¢ = 1,...,n. This justifies the notation fo(X;) used in the main text.



A2 Graph-dependent error bounds

In this section, we adopt the fixed design perspective; or equivalently, condition on X; = x; for i =1,...,n. Let
G = ([n], W) be a fixed graph on {1,...,n} with Laplacian matrix L = D — W. The randomness thus all comes
from the responses

Y = folz) + & (A1)

where the noise variables ¢; are independent N(0,1). In the rest of this section, we will mildly abuse notation
and write fo = (fo(z1),- .., fo(z,)) € R". We will also write Y = (Y3,...,Y},).

Recall (2) and (3): the Laplacian smoothing estimator of fy on G is

~

fi= argmin{Zm — [+ fTLf} = (pL+1)7'Y.

ferm Ui

and the Laplacian smoothing test statistic is
1 o~
T:=— 2.
1713

We note that in this section, many of the derivations involved in upper bounding the estimation error of fare
similar to those of Sadhanala et al. [2016], with the difference being that we seek bounds in high probability
rather than in expectation. We keep the work here self-contained for purposes of completeness.

A2.1 Error bounds for linear smoothers

Let S € R™*"™ be a fixed square, symmetric matrix, and let
]\{ =S8Y

be a linear estimator of fy. In Lemma 3 we upper bound the error %Hf— foll3 as a function of the eigenvalues

of S. Let A(S) = (M(9),...,A\n(5)) € R™ denote these eigenvalues, and let v (S) denote the corresponding
unit-norm eigenvectors, so that S = >";'_; M(S) - vx(S)vr(S)T. Denote Zp = vy(S)"e, and observe that
Z=(Z1,...,Z) ~ N(0,I).

Lemma 3. Let f: SY for a square, symmetric matriz, S € R"*"™. Then
1~ 10 2
(1= olls = INSIE + 2115 - Dll) <1 - exo(~ A )

Here we have written Py () for the probability law under the regression “function” f, € R”.

In Lemma 4, we upper bound the error of a test involving the statistic || f]|2 = YT S2Y. We will require that S
be a contraction, meaning that it has operator norm no greater than 1, ||Sv||2 < |Jv]|2 for all v € R™.

Lemma 4. Let T = Y 52Y for a square, symmetric matriz S € R™*"™. Suppose S is a contraction. Define the
threshold t,, to be

o 2
to = [AS)5 + \/;H)\(S)i (A.2)
It holds that:

e Type I error. -
Py (T > ta) <a. (A.3)

e Type II error. Under the further assumption

50 = (22 4 20) - NS (A.4)

(0%

then
o 1 16

<
T BIAS)IE
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Proof of Lemma 3. The expectation Ey, | f] S fo, and by the triangle inequality,

1, ¥ 2 -
= F = nolly < 2 (1F - EnlAll; + B L - 5]1)
= 2(lIsel + lles = Dfoll2)-

Writing | Se||3 = >"_; A (S)?Z%, the claim follows from the result of Laurent and Massart [2000] on concentration
of x?-random variables, which for completeness we restate in Lemma 16. To be explicit, taking t = [|A(S)|3 in
Lemma 16 completes the proof of Lemma 3.

Proof of Lemma 4. We compute the mean and variance of T" as a function of fj, then apply Chebyshev’s
inequality.

Mean. We make use of the eigendecomposition S = >;_; Ax(S) - v(S)ve(S) T to obtain
T = f S fo+2f) S%c +¢c' 5%

= [0 5% fo +2fg S% + Y (A(S)) (e ui(S))?

k=1 (A.6)
= [0 8% o+ 20y S% + > (A(5))? 22,
k=1
implying
Ey, [T] = fo SwaZ Ae(9))”. (A7)
k=1

Variance. We start from (A.6). Recalling that Var(Z2) = 2, it follows from the Cauchy-Schwarz inequality
that

Varg, [T] <8550 +4> (M(9))". (A.8)
k=1

Bounding Type I and Type II error. The upper bound (A.3) on Type I error follows immediately from (A.7),
(A.8), and Chebyshev’s inequality.

We now establish the upper bound (A.5) on Type II error. From assumption (A.4), we see that fj S2f) —t, <O0.
As a result,

Py (T <) =g, (T g, [T] < 7o — Bg, [1])
<Pp ~ By, [T]))

Var, [ﬂ
(o~ B [T])°

where the last line follows from Chebyshev’s inequality. Plugging in the expressions (A.7) and (A.8) for the mean
and variance of T, as well as the definition of 7, in (A.2), we obtain that

YAS)I 8195 "
(352 fo — V2aIASIE)  (fd 520 — V2/alAS)2)?

We now use the assumed lower bound f, S2fy > (24/2/a + 2b)||A(S)||2 to separately upper bound each of the
two terms on the right hand side of (A.9). It follows immediately that

XSl

(J7 52 fo — /2]a| A(S)[2)°

:F—JEfO[:F]‘ > i,

)

]PfO(T<t )

1
b72a

< (A.10)



giving a sufficient upper bound on the first term. Now we upper bound the second term,
8fy S fo < 32fy Sfo .16 fOTS4f0< 16
(f 52 fo — /2/allIA(S)]2)° ~ (7 52f0)* ~ PIASIE fo' S2fo ~ DIA(S)IE

where the final inequality is satisfied because S is a contraction. Plugging (A.10) and (A.11) back into (A.9)
then gives the desired result.

(A.11)

A2.2 Analysis of Laplacian smoothing

Upper bounds on the mean squared error of ]?, and Type I and Type II error of f follow from setting S = (pL+1)~!
in Lemmas 3 and 4. We give these results in Lemma 5 and 6, and prove them immediately. Recall that Aq,..., A\,
are the n eigenvalues of L (sorted in ascending order).

Lemma 5. For any p > 0,

n

L wl? (fyL 410 A2
=|1F = folly < =25 L) + n; p)\k—i—l) (A12)

with probability at least 1 — exp(— ZZ=1 (p)\k + 1)72>,
Recall that

lzn: T A |
ne_ p)\k + 1) n S ] (p)\k + 1)
Lemma 6. For any p > 0 and any b > 1, it holds that:
e Type I error.
P, (f > ?a) <a. (A.13)
e Type II error. If
n 1/2
2y/2/a+2b
= >7 y L A4
“folld 2 22 (T L) + 2L @ e ) 7 (A14)
then
o 116 (< 1 e
P, (T(G)<t,) < =+ — S — ) A.15
»(TO) < )_b2+b<;(p>\k+l)4> (A.15)

Proof of Lemma 5. Let S = (I + pL)~1, the estimator f=28Y, and

~ n 1
A(S) 2= —
O =Y s
We deduce the following upper bound on the bias term,
IS = Doy = f7L2L72(S = 1)* L7202 fo

< Sy Lfo M (L7V2(S — 1) L)

1 132
= o Lfo- kme?iﬁ{xk (I*pxkﬂ) }
SfoTLfO'P

In the above, we have written L~'/2 for the square root of the pseudoinverse of L, the maximum is over all indices
k such that Ay > 0, and the last inequality follows from the basic algebraic identity 1 — 1/(1 + z)? < 2 for any
x > 0. The claim of the Lemma then follows from Lemma 3.
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Proof of Lemma 6. Let S := (I +pL)~1, so that T = %YTSQY. Note that S is a contraction, so that we
may invoke Lemma 4. The bound on Type I error (A.13) follows immediately from (A.3). To establish the bound

on Type II error, we must lower bound f," 52 fo. We first note that by assumption (A.14),

fo 82 fo = folly — £ (1 =5 fo

n —1/2
. 2
oty - 0= (2 o) (S )

k=1

Upper bounding f, (I — §2)f0 as follows:
fOT (I . §2) fo= fOTL1/2L71/2 ([ B §2)L’1/2L1/2f0

< fo Lfo M (Ll/2 = §2)L1/2>

1 1
T . — N —
=Jo Lfo m?X{Ak (1 (p)\k—l—l)?)}

—where in the above the maximum is over all indices k£ such that Ay > 0—we deduce that

fo P fo > (2\/?+2b> : <Zn: 1)1/2
07 0= a — (pAx +1)* '

The upper bound on Type II error (A.15) then follows from Lemma 4.

A3 Neighborhood graph Sobolev semi-norm

In this section, we prove Lemma 1, which states an upper bound on f ' Lf that holds when f is bounded in
Sobolev norm. We also establish stronger bounds in the case when f has a bounded Lipschitz constant; this latter
result justifies one of our remarks after Theorem 1.

Throughout this proof, we will assume that f € H'(X) has zero-mean, meaning [, f(z)dxz = 0. This is without
loss of generality—assuming for the moment that (14) holds for zero-mean functions, for any f € H!(X), taking
a= [, f(z)dr and g = f — a, we have that

C C
fTLf=¢"Lg< §n27d+2|g|%[1(k') — §n2rd+2|f|§p(){).

Now, for any zero-mean function f € H'(X) it follows by the Poincare inequality (see Section 5.8, Theorem 1 of
Evans [2010]) that ”f”%ll(/\.’) < Cg|f‘%_11(x), for some constant Cg that does not depend on f. Therefore, to prove
Lemma 1, it suffices to show that

E[fTLf} < On*r 2| £l s
since the high-probability upper bound then follows immediately by Markov’s inequality. (Recall that L is positive

semi-definite, and therefore f " Lf is a non-negative random variable).

Since
n

FTLf = 5 30 (%) — 1)) Wy,

i,7=1

B[rmzr) = e (o) - poo) w (A | (A.16)

where X and X’ are random variables independently drawn from P.

it follows that

Now, take € to be an arbitrary bounded open set such that B(x,cp) C 2 for all x € X. For the remainder of
this proof, we will assume that (i) f € H'(Q) and additionally (ii) || f|| g1 () < Cs||f]l#1(x) for a constant Cs



that does not depend on f. This is without loss of generality, since by Theorem 1 in Chapter 5.4 of Evans [2010]
there exists an extension operator E : H*(X) — H'() for which the extension Ef satisfies both (i) and (ii).
Additionally, we will assume f € C°°(Q). Again, this is without loss of generality, as C°°(2) is dense in H'(Q)
and the expectation on the right hand side of (A.16) is continuous in H'(Q2). The reason for dealing with a
smooth extension f € C°°(f) is so that we can make sense of the following equality for any x and 2’ in X

1
f(@') — f(z) :/0 Vi +ta —x) (2 —)dt. (A.17)

Obviously

| () - sy (B | <o [ v - seye (2 aran )

so that it remains now to bound the double integral. Replacing difference by integrated derivative as in (A.17),
we obtain

// @) (Hx_xH)d do = //U Vf:c+t(x—x))T(x’—m)dtrK(W)dm’daz
S/X/X/O [Vf(x—l—t(x'—x))T(x’—x)rK(”x/;xH)dtdm’daz
0 rd+2/ / 01)/1 {Vf(:z:thrz)Ter(HzH)dtdzd:z:

(2i1)
< gt 2// / Vf(z K (||=]|) dt dz dz, (A.19)
B(0,1)

where (i) follows by Jensen’s inequality, (ii) follows by substituting z = (¢ — x)/r and (K1), and (4ii) by
exchanging integrals, substituting T = x + trz, and noting that x € X implies that z € Q.

Now, writing (Vf(%)—'—z)2 = (Zle zif(ei)(x))2, expanding the square and integrating, we have that for any
TEX,

/B(OJ)[ r@" } (=) d= = Z Fe@) (@ )/RdzizjK(HzH)dz

,Jl

) 2
; / /B oy RN &2
= ok IVF@)I2,

where the last equality follows from the rotational symmetry of K (]|z||). Plugging back into (A.19), we obtain

x x
[ L= e x () do < o201 o) < Cort ol e

proving the claim of Lemma | upon taking Cy := C3C50xp3,., in the statement of the lemma.

A3.1 Stronger bounds under Lipschitz assumption

Suppose f satisfies |f(z') — f(x)] < M||x — z|| for all z,2" € X. Then we can strengthen the high probability
bound in Lemma | from 1—§ to 1—42/n, at the cost of only a constant factor in the upper bound on f T Lf.

Proposition 1. Let r > Cyo(logn/n)*?%. For any f such that |f(z') — f(z)| < M|z — z|| for all z,2’ € X, with
probability at least 1 — C6? /n it holds that

fTLf < (; + Cg)n2rd+2M2.
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Proof of Proposition 1. We will prove Proposition 1 using Chebyshev’s inequality, so the key step is to upper
bound the variance of f'Lf. Putting A;; := K(||X; — X;||/r) - (f(Xi) — f(X;))?, we can write the variance of
fTLf as a sum of covariances,

Var fTLf Z Z COV AzijZm}

i,j=1£4,m=1

Clearly Cov [Aij, Agm] depends on the cardinality of I := {i, j, k, £}; we divide into cases, and upper bound the
covariance in each case.

|I| = 4. In this case A;; and Ay, are independent, and Cov [Aij, Azm] =0.

|I | = 3. Taking ¢ = ¢ without loss of generality, and noting that the expectation of A;; and A;,, is non-negative, we
have

Cov [Aij, Aim] < E[Aiinm]

= [ [ |- st - oy () w (EZ o az ot as
<pmaxM44/// <”T’ _$||>K(”Z;x”)dzdx'dx

4. .4+2d
SpmaXM T .

|I| = 2. Taking i = ¢ and j = m without loss of generality, we have

Var [AU] S E [Afj]

< [ [ s [ () ) ot ot
< p2. MK (0 // (”x x”)dw da

< pma M4 4+dK

|I| = 1. In this case A;; = Agp, = 0.

Therefore
Var[fTLf] < nPpd MAr++2 4 n2p2,  MAATK (0) < OMAn3rit2d,

where the latter inequality follows since nr¢ > 1. For any § > 0, it follows from Chebyshev’s inequality that

n

]P’(’fTLfE[fTLf]‘ > ]\§2H27'd+2) < Cg’

and since we have already upper bounded E[ fTL f} < CoM?*n?r?+2 the proposition follows.

Note that the bound on Var[A;;] follows as long as we can control ||V f|pscx); this implies the Lipschitz
assumption—which gives us control of ||V f| e (x)—can be weakened. However, the Sobolev assumption—which
gives us control only over ||V f| z2(x)—will not do the job.

A4 Bounds on neighborhood graph eigenvalues

In this section, we prove Lemma 2, following the lead of Burago et al. [2014], Garcia Trillos et al. [2019], Calder
and Garcia Trillos [2019], who establish similar results with respect to a manifold without boundary. To prove
this lemma, in Theorem 5 we give estimates on the difference between eigenvalues of the graph Laplacian L and
eigenvalues of the weighted Laplace-Beltrami operator Ap. We recall Ap is defined as

Apf(z) = — div(p®V£)(z).

1
p()



To avoid confusion, in this section we write A\, (Gy,,,-) for the kth smallest eigenvalue of the graph Laplacian matrix
L and A\ (Ap) for the kth smallest eigenvalue of Ap . Some other notation: throughout this section, we will
write A, Ag, Ay, ... and a, ag, ay, ... for constants which may depend on X, d, K, and p, but do not depend on n;
we keep track of all such constants explicitly in our proofs. We let Lx denote the Lipschitz constant of the kernel
K. Finally, for notational ease we set 6 and 0 to be the following (small) positive numbers:

- - , 11 K@) 1 1
— 1/d — 0 = ———. A2
0 max{n ’mm{ 20134, A3’ 8Lk Ay’ 8max{Ay, A}co }T}7 and 8max{A;, A} (4.20)

We note that each of 6~, 6 and g/r are of at most constant order.

Theorem 5. For any ¢ € N such that

<\ 1
1—A<T\//\((Ap)+9—|—(5> > 3 (A.21)
with probability at least 1 — Agn exp(—aonﬁzgd), it holds that
ar(Grr) <m0\ (Ap) < AN(Ghy), for all1 <k </ (A.22)

Before moving forward to the proofs of Lemma 2 and Theorem 5, it is worth being clear about the differences
between Theorem 5 and the results of Burago et al. [2014], Garcia Trillos et al. [2019], Calder and Garcia Trillos
[2019]. First of all, the reason we cannot directly use the results of these works in the proof of Lemma 2 is that
they all assume the domain X is without boundary, whereas for our results in Section 4 we instead assume X
has a (Lipschitz smooth) boundary. Fortunately, in this setting the high-level strategy shared by Burago et al.
[2014], Garcfa Trillos et al. [2019], Calder and Garcia Trillos [2019] can still be used—indeed we follow it closely,
as we summarize in Section A4.1. However, many calculations need to be redone, in order to account for points
x which are on or sufficiently close to the boundary of X'. For completeness and ease of reading, we provide a
self-contained proof of Theorem 5, but we comment where appropriate on connections between the technical
results we use in this proof, and those derived in Burago et al. [2014], Garcia Trillos et al. [2019], Calder and
Garcfa Trillos [2019].

On the other hand, we should also point out that unlike the results of Burago et al. [2014], Garcia Trillos et al.
[2019], Calder and Garcia Trillos [2019], Theorem 5 does not imply that Ay (G, ) is a consistent estimate of
Ak(Ap), ie. it does not imply that |(nrt?) "' A\p(Gy,) — A(Ap)| = 0 as n — 00,7 — 0. The key difficulty in
proving consistency when X has a boundary can be summarized as follows: while at points x € X satisfying
B(x,r) C X, the graph Laplacian L is a reasonable approximation of the operator Ap, at points z near the
boundary L is known to approximate a different operator altogether [Belkin et al., 2012]. This is reminiscent of
the boundary effects present in the analysis of kernel smoothing. We believe a more subtle analysis might imply
convergence of eigenvalues in this setting. However, the conclusion of Theorem 5—that A\ (G,,.,.)/(nr® 2\, (Ap))
is bounded above and below by constants that do not depend on k—suffices for our purposes.

The bulk of the remainder of this section is devoted to the proof of Theorem 5. First, however, we show that
under our regularity conditions on p and X', Lemma 2 is a simple consequence of Theorem 5. The link between
the two is Weyl’s Law.

Proposition 2 (Weyl’s Law). Suppose the density p and the domain X satisfy (P1) and (P2). Then there exist
constants as and As such that

ask®® < \y(Ap) < Aok for allk € N,k > 1. (A.23)

See Lemma 28 of Dunlop et al. [2020] for a proof that (P1) and (P2) imply Weyl’s Law.

'Under the assumptions (P1) and (P2), the operator Ap has a discrete spectrum; see Garcfa Trillos and Slepcev [2018]
for more details.
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Proof of Lemma 2. Put

0, = K(l/(“) - (9+Zi))>dJ |

TAé/2

Let us verify that A, (Ap) satisfies the condition (A.21) of Theorem 5. Setting ¢q := 1/(21/d4A%/2), the assumed
upper bound on the radius r < ¢y guarantees that ¢, > 2. Therefore, by Proposition 2 we have that

1/ 1 ~
Ve (Bp) < 42004 < r(QA - (6’+5)).

Rearranging the above inequality shows that condition (A.21) is satisfied.

It is therefore the case that the inequalities in (A.22) hold with probability at least 1 — Agn exp(—a0n025d).
Together, (A.22) and (A.23) imply the following bounds on the graph Laplacian eigenvalues:
A
Lt 22/ < N (Gy) € Snrd T2 for all 2 < K < 4.
A2 a
It remains to bound A\, (G, ) for those indices k which are greater than ¢,. On the one hand, since the eigenvalues
are sorted in ascending order, we can use the lower bound on A, (G, ) that we have just derived:

az  gi2,2/d a2 d
Me(Grr) > A, (Gry) > — 0" > .
k(Gnr) 2 Ao (Goyr) 2 —pnr Z s,
On the other hand, for any graph G the maximum eigenvalue of the Laplacian is upper bounded by twice the
maximum degree [Chung and Graham, 1997]. Writing Dyax(Gp,) for the maximum degree of G, ., it is thus a
consequence of Lemma 19 that

)\k(Gn,r) S 2Dmax(Gn,r) S 4pmaxnrd7

with probability at least 1 — 2n exp(—nrdpmin /(BK (0)2)) In sum, we have shown that with probability at least
1 — Agn exp(—aon#?6?) — 2n exp (—nrdpmin/(BK(O)Q)) ,

C[a a . A
mln{jnrdJrsz/d, A36421A3 nrd} < A(Grp) < mln{;nr2+dk2/d,4pmaxnrd} forall 2 <k <n.

Lemma 2 then follows upon setting

. min 92/5
Cl = max{2A0, 4}a €1:= mln{ 32(0)27 T}
AQ . ag az
Cs = max{a,4pmax}> €= mm{A’ A364 A4 }

in the statement of that Lemma.

A4.1 Proof of Theorem 5
In this section we prove Theorem 5, following closely the approach of Burago et al. [2014], Garcia Trillos et al.

[2019], Calder and Garcia Trillos [2019]. As in these works, we relate Ay (Ap) and Ag(Gy,) by means of the

Dirichlet energies
1 T
bT(U) = WU Lu

and

o0 otherwise,

Dy(f) = {fx IVf()|?p(z)dz if f € HY(X)

Let us pause briefly to motivate the relevance of b,.(u) and Ds(f). In the following discussion, recall that for a
function w : {X1,..., X,} — R, the empirical norm is defined as [Jul|2 := 1 3" | (u(X;))?, and the class L?(P,)
consists of those u € R™ for which |u||,, < co. Similarly, for a function f : X — R, the L?(P) norm of f is

172 = /X 1£(@)|*p(e) d,



and the class L?(P) consists of those f for which ||f||p < co. Now, suppose one could show the following two
results:

(1) an upper bound of b, (u) by D2(Z(u)) for an appropriate choice of interpolating map Z : L?(P,) — L*(X),
and vice versa an upper bound of Do(f) by b.(P(f)) for an appropriate choice of discretization map
P:LA2(X) — L2(P,),

(2) that Z and P were near-isometries, meaning | Z(u)||p =~ ||ull, and |P(f)llp = || f|ln-

Then, by using the variational characterization of eigenvalues A\ (Ap) and Ag(Gy, )—i.e. the Courant-Fischer
Theorem—one could obtain estimates on the error ’m’d”)\k (Ap) — Mg (Gnr)|

We will momentarily define particular maps 7 and 75, and establish that they satisfy both (1) and (2). In order
to define these maps, we must first introduce a particular probability measure ]3n that, with high probability, is
close in transportation distance to both P, and P. This estimate on the transportation distance—which we now
give—will be the workhorse that allows us to relate b, to D, and || - ||, to || - || p.

Transportation distance between P, and P. For a measure p defined on & and map T': X — X, let Tyu
denote the push-forward of p by T, i.e the measure for which

(Ten)(U) = n(T7H(U))

for any Borel subset U C X'. Suppose Typ = Py; then the map T is referred to as transportation map between p
and P,. The oco-transportation distance between p and P, is then

doo(ﬂ“a Pn) = T:Tir;},f:P ”T - Id||L°°(/L) (A24)

where Id(z) = z is the identity mapping.

Calder and Garcfa Trillos [2019] take X to be a smooth submanifold of R? without boundary, i.e. they assume X
satisfies (P3). In this setting, they exhibit an absolutely continuous measure P, with density p,, that with high
probability is close to P, in transportation distance, and for which ||p — p, ||z is also small. In Proposition 3, we
adapt this result to the setting of full-dimensional manifolds with boundary.

Proposition 3. Suppose X satisfies (P1) and p satisfies (P2). Then with probabzlzty at least 1 —
Agn exp{ a0n02(5d} the following statement holds: there exists a probability measure P, with density p, such
that:

doo (P, Py) < Agd (A.25)

and _
[P = plloo < Ao(0 +0) (A.26)

For the rest of this section, we let ﬁn be a probability measure with density p,, that satisfies the conclusions
of Proposition 3. Additionally we denote by T,, an optimal transport map between P, and P,, meaning a
transportation map which achieves the infimum in (A.24). Finally, we write Uy,...,U, for the preimages of
X1,..., X, under T,,, meaning U; = f;l(Xi).

Interpolation and discretization maps. The discretization map P : L2(X) — L?(P,) is given by averaging

over the cells Uy,...,U,,
(BF)(X:) = n- / J(@)Fn(a

On the other hand, the interpolation map Z : L2(P,) — L2(X) is defined as Zu := Ar72A05~(ﬁ*u)' Here,
P* =uoT is the adjoint of P, i.c.

Zu x;){z € U;}
Jj=1

and A__, Aod is a kernel smoothing operator, defined with respect to a carefully chosen kernel ¢). To be precise,

for any h > 0,

Anlf) = #h(x)/xnh(“f@x)f(x')dx'v (2, z) = w(”xl—x”)

r
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where (t) := (1/ok) [~ sK(s)ds and 7,(x) := (1/h?) [, mn(2’, ) da’ is a normalizing constant.

Propositions 4 and 5 establish our claims regarding P and T: first, that they approximately preserve the Dirichlet
energies b, and Ds, and second that they are near-isometries for functions u € L2(P,) (or f € L?(P)) of small
Dirichlet energy b, (u) (or Da(f)).

Proposition 4 (cf. Proposition 4.1 of Calder and Garcia Trillos [2019]). With probability at least
1 — Agnexp(—agnd?6?), we have the following.

(1) For every u € L*(P,),

oxDa(Tu) < As(l +A1(9+S)) : <1 +A3§>br(u). (A.27)
(2) For every f € L?(X),
b (Pf) < (1 T A0+ S)) . (1 + Agf) : (%) ok Da(f). (A.28)

Proposition 5 (cf. Proposition 4.2 of Calder and Garcia Trillos [2019]). With probability at least
1 — Agnexp(—agnd?5?), we have the following.

(1) For every f € L?(X),

VD2(f) + Ai (0 +0) || F]1% (A.29)

[

(2) For every u € L*(P,),

[I1Zull? - (6+9) Jull?. (A.30)

We will devote most of the rest of this section to the proofs of Propositions 3, 4, and 5. First, however, we use
these propositions to prove Theorem 5.

Proof of Theorem 5. Throughout this proof, we assume that inequalities (A.27)-(A.30) are satisfied. We take
A and a to be positive constants such that

1

a

- 1 - 5
>2(1+41(0+3)) (1+ Ag‘s) (C”’maX), and A> max{Al,As, \/&A67A7,2A8(1 A0+ 5)) (1 + A3f> }

pmll’l

Let k be any number in 1,...,¢. We start with the upper bound in (A.22), proceeding as in Proposition 4.4
of Burago et al. [2014]. Let f1,..., fr denote the first k eigenfunctions of Ap and set W := span{fi,..., fr},
so that by the Courant-Fischer principle Da(f) < A(Ap)||f]|% for every f € W. As a result, by Part (1) of
Proposition 5 we have that for any f € W,

- 1
1B = (1 — s3] — A (6+3) )||f||2p > Lis,

where the second inequality follows by assumption (A.21).

Therefore P is injective over W, and PW has dimension ¢. This means we can invoke the Courant-Fischer
Theorem, along with Proposition 4, and conclude that

7)%(6;"’7) < max br(v)

nrdt2  —

wepw [|ull3
u#0

= i (P
ST

< 2(1 + A0+ Zi)) : (1 + Agf) : (%)UK)%(AP),

min



establishing the lower bound in (A.22).

The upper bound follows from essentially parallel reasoning. Recalling that vy, ..., v denote the first k eigenvectors
of L, set U := span{vy, ..., v}, so that nr¢*2b,.(u) < \p(G,.)|lul|2. By Proposition 5, Part (2), we have that
for every u € U,

[Zull7 > [lull2 = Agrlullnv/br(w) — A7 (6 + ) |ul|?

A Gn,r 0N
> a2~ Arlull2y/ 25m) Az (045 2

1 ~
llls = Aerllulliy /= Ae(Ap) = A7 (6 + ) [lull

Y

Y

1 2

where the second to last inequality follows from the lower bound aA(Gp ) < nr@t2)\.(Ap) that we just derived,
and the last inequality from assumption (A.21).

Therefore T is injective over U, ZU has dimension k, and by Proposition 4 we conclude that

D fu
Me(Ap) < max |2u(||2)
u P
_ 5 b,
< 244 (1 + A (6 + 5)) (1 + AST) rq?ea[}{ ||UJ(|’I|Q

< 6\ Me(Gor)
< 2As(1 + A1(6 + )) (1 +A3r) o r

establishing the upper bound in (A.22).

Organization of this section. The rest of this section will be devoted to proving Propositions 3, 4 and 5. To
prove the latter two propositions, it will help to introduce the intermediate energies

Eron)i= s [ [ ()= )n( ) o)t a

r

and
|z’ — |

Efon )= g [ [ ()= )

Here 7 : [0,00) — [0, 00) is an arbitrary kernel, and V C X is a measurable set. We will abbreviate E,.(f, 7, X) as
E.(f,n) and E.(f,K) = E.(f) (and likewise with F;.)

) p(a"\p(z) do’ dz.

r

The proof of Proposition 3 is given in Section A4.2. In Section A4.3, we establish relationships between the (non-
random) functionals E,.(f) and Ds(f), as well as providing estimates on some assorted integrals. In Section A4.4,
we establish relationships between the stochastic functionals E,.(f) and E,(f), between E,(Z(u)) and b, (u), and

between ET ( f ) and b, (ﬁ f ) Finally, in Section A4.5 we use these various relationships to prove Propositions 4
and 5.

A4.2 Proof of Proposition 3

We start by defining the density p,,, which will be piecewise constant over a particular partition Q of X'. Specifically,
for each @ in Q and every z € ), we set

P.(Q)
vol(Q)"

where vol(-) denotes the Lebesgue measure. Then P, (U) = Ji Pn(z) d.

Dn(x) ==

(A.31)

We now construct the partition Q, in progressive degrees of generality on the domain X.
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e In the special case of the unit cube X = (0,1)%, the partition will simply be a collection of cubes,
0={Qu: ke '},
where Q) = g([kzl —1,k]|® - ®[kqd— 1, kd]) and we assume without loss of generality that S1eN.

e If X' is an open, connected set with smooth boundary, then by Proposition 3.2 of Garcia Trillos and Slepcev
[2015], there exist a finite number N(X) € N of disjoint polytopes which cover X'. Moreover, letting U;
denote the intersection of the jth of these polytopes with X, this proposition establishes that for each j there
exists a bi-Lipschitz homeomorphism ®; : U; — [0,1]%. We take the collection

Q{cbj—l(Qk):jl,...,N(X) and ke[gl]d}

to be our partition. Denote by Le the maximum of the bi-Lipschitz constants of ®1,..., Py (x)-

e Finally, in the general case where X" is an open, connected set with Lipschitz boundary, then there exists
a bi-Lipschitz homeomorphism ¥ between X and a smooth, open, connected set with Lipschitz boundary.
Letting ®; and @Q; 1 be as before, we take the collection

Q= {@Lk = (\I/il o ©;1>(Qk) :j=1,...,N(X) and k€ [gl}d}
to be our partition. Denote by Ly the bi-Lipschitz constant of .

Let us record a few facts which hold for all éj,k € Q, and which follow from the bi-Lipschitz properties of ®; and
U: first that B _

and second that

vol(Qj 1) > < 7 ! )dgd. (A.33)

vLa

We now use these facts to show that P, satisfies the claims of Proposition 3. On the one hand for every @ € Q,
letting N(Q) denote the number of design points { X7, ..., X} which fall in @, we have

N Q)

n

P.(Q) = /Q B(@) dz = P (Q) =

Moreover, ignoring those cells for which N(Q) = 0 (since P,(Q) = 0 for such @, and so they do not contribute
to the essential supremum in (A.24)), appropriately dividing each remaining cell @ € Q into N(Q) subsets
S1,...,Sn (@) of equal volume, and mapping each Sy to a different design point X; € @, we can exhibit a transport

map T from P, to P, for which
T —-1d||; w5y < maxdiam Q < LgyL g
H ||L (P,) = QEaQ 1Q. ( ) > Lyl

On the other hand, applying the triangle inequality we have that for x € ijJg
P (Qjx) — P(Qy8) n
vol(Q;.k)
and using the Lipschitz property of p we find that
Pa(Qjx) — P(Qj)
vol(Qj,k)

From Hoeffding’s inequality and a union bound, we obtain that

Ip(z") — p(x)| da,

Pul) — pla)] < \

1
VOI(QVLIC) /Qj,k

+ L,LoLyd. (A.34)

[Pn = pllze < max
7,k

s

62n min{P(Q)} }

P(IP.(@ - P@)| < 0P@) ¥G€ Q) 2 1-24(Q)- exp{ -

2 . sd
> 2N .exp{f’mﬂnmfsd}.
3(LyLg)

5d



Noting that by assumption P(@) < pmaxvol(@) and 64 < n, the claim follows upon plugging back into (A.34),

and setting
1

= ———— and Ay = max{QN(X),LpL\qu,,L\pL@}
3(Lq;Lq>)
in the statement of the proposition.

A4.3 Non-random functionals and integrals

Let us start by making the following observation, which we make use of repeatedly in this section. Let
7 :[0,00) = [0,00) be an otherwise arbitrary function. As a consequence of (P1), there exist constants ¢y and ag
which depend on X, such that for any 0 < € < ¢q it holds that

I !
/ n(llx xll) i > ag / ,,(93 "’””) da’ (A.35)
B(z,e)NX € B(z,e) €

As a special case: when n(z) = 1, this implies vol(B(z,e) N X) > agrge? for any 0 < e < co.

We have already upper bounded F,(f) by (a constant times) Ds(f) in the proof of Lemma 1. In Lemma 7, we
establish the reverse inequality.

Lemma 7 (cf. Lemma 9 of Garcia Trillos et al. [2019], Lemma 5.5 of Burago et al. [2014]). For any
f € LX), and any 0 < h < ¢, it holds that

o Da(Anf) < AsEn(f).

To prove Lemma 7, we require upper and lower bounds on 75, (z), as well as an upper bound on the gradient of 7y,.
The lower bound here—ry(z) > az3—is quite a bit a looser than what can be shown when X has no boundary.
The same is the case regarding the upper bound of the size of the gradient ||V, (z)||. However, the bounds as
stated here will be sufficient for our purposes.

Lemma 8. For any 0 < h < ¢g, for all x € X it holds that
ag < p(x) < 1.

and
1

\/dO’Kh.

IVTn ()] <

Finally, to prove part (2) of Proposition 5, we require Lemma 9, which gives an estimate on the error Ay, f — f in
|- 13 norm.

Lemma 9 (c.f Lemma 8 of Garcia Trillos et al. [2019], Lemma 5.4 of Burago et al. [2014]). For any
0<h <c,

2 Pmax 2
1anfllp < =11l (A.36)
and .
2 et g2
1Anf = £l[p < oo = En(f), (A.37)

for all f € L*(X).

Proof of Lemma 7. For any a € R, Ay, f satisfies the identity

Mf@) =t s [ (el @) (1) = a)

and by differentiating with respect to x, we obtain

(VARS) () = m/x(Vnh(x’,-))(x)(f(x/) ~a) dx'+V(1)(x) : %/){nh(x’,x)(f(x/) ~ a) da’

Th
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Plugging in a = f(x), we get VA, f(z) = Ji(z)/mn(x) + J2(x) for

e hld / (Vn(a!, D @) (&) = fla)) da', () = V<Tlh)(z) : % /X (2, 2) (f(2) — f(z)) do'.
To upper bound ||J1(x) |27 we first compute the gradient of n,(z/, ),
(T ) ) = o ()=

_ 1 " = =[|\,
= aKh2K( - (' — ),

and additionally note that ||Ji(z)||? = sup,, ((J1(x), w>)2 where the supremum is over unit norm vector. Taking
w to be a unit norm vector which achieves this supremum, we have that

900 =] 1~ 0w (5 Y o]
i UKth UX K<|$’;m”> ("= )Ty’ dx/} UX . (m;m”) (') = f(x)*da .

By a change of variables, we obtain
/ —
/ K(”h”) (6 )T da? <142 [ K (1l (T w)* b < o
x x
with the resulting upper bound

@l < s [ () 0w - )

To upper bound ||J2(x)||2, we use the Cauchy-Schwarz inequality along with the observation np(z’,x) <
iK(HJ}/ —z||/h) to deduce

[ 12(2)||* < v(Tlh)(g;) thd[/xnh(xﬂm)dx'} : Mnh(x',x)(f(g;/)—f(x))zdx/
~[v(2) @] [ mia @) - ) s
<[v(2 )@ 25 [ k() v - s e

1 I _ . )

where the last inequality follows from the estimates on 7, and V73, provided in Lemma 8. Combining our
bounds on ||J1(m)||2 and || J (ac)||2 along with the lower bound on 73, (z) in Lemma 8 and integrating over X', we
have
2

p*(z)dz

7k Do) = i [ [/(VAL0)@

<20K/X<”"1((; + [ (e )
- (ad dadaK)hdJr?/ / (Ix —x||) ’)—f(x))2 *(x) dz’ dx

Lyh
<
- 2<1 - pmm> ( N da§0K>Eh(f)’

and taking Ag := 2(1 + M) (12 + K) completes the proof of Lemma 7.

Pmin ag dajo




Proof of Lemma 8. We first establish our estimates of 7,,(z), and then upper bound ||V, (z)|. Using (A.35),

we have that
1 =" ==l .,
Th(zr) = f/ w( dx
h ) xaB(on) h
as 2" — $||) )
cn ()
hd /B(z,h) h

—ar [ (el e
B(0,1)

and it follows from similar reasoning that 7, (z) < fB(O 1 ¥(||2]) dz.

We will now show that fB(O 1 ¥(||z]|) dz = 1, from which we derive the estimates az < 7,(x) < 1. To see the
identity, note that on the one hand, by converting to polar coordinates and integrating by parts we obtain

1 1 1
Lmnwvmw=dewwﬁ*ﬁ:ﬂ@é¢uwﬁ:Vg/ﬁHKwﬁ;

OK Jo

on the other hand, again converting to polar coordinates, we have
1 2 ' d+1
ox =~ | |lPK(|z]]) de =va [ 7 K(t)dt,
d Jga 0

and so fB(O,l) »(||z|) dz = 1.

Now we upper bound ||V75(z)]?

. Exchanging derivative and integral, we have

Vn(x) = % /X(Vnh(:v’, ))(z) da’ = aKlid“ /X K(W) (2 — x)da,

whence by the Cauchy-Schwarz inequality,

1 2" — x| 2" — | 1
2t ] ! 22UV — )P de, | < ——
||v7'h((E)|| S J%h2d+4 |:/XK( A dx /XK h ||=T (EH dz 2 — dO’Kh27

concluding the proof of Lemma 8.

We remark that while V7(z) = 0 when B(x,r) € X, near the boundary the upper bound we derived by using
Cauchy-Schwarz appears tight.

Proof of Lemma 9. By Jensen’s inequality and Lemma 8,

2

‘2 ! dx’

< g fLm )
1 /th(x',x)[f(x')]Qp(x’)dx’.

T oag hdpmin

‘Ahf(ff)

Then, integrating over z, and recalling thath(O 1 Y(||z]]) = 1 as shown in the proof of Lemma 8, we have
2 1 ’ "2 ’ ’
Infllf < i [ [ e ) [ pla ()’ i
a3N”"Pmin Jx Jx

< %i?i;;hl[y[f(x')]zp(x') (/X (2’ o) da:) dz’
e ORI . 1)w<||z||>dz> az’

3

IN

Pmax 2
p— 1f1I-
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To establish (A.37), noting that Aya = a for any a € R, we have that

A f(2) = f()] = [hdlm /X (e, 2) () — F() dm'} 2
< e ||| [ e (1) - )

= | () — @)

! /X (' 2) (f(z') — f(2))*p(a’) da’.

- thh (x)pmin

2
dx’.

From here, we can use the lower bound 7, (z) > a3 stated in Lemma 8, as well as the upper bound 7 (2/, z) <
(1/ox)K(||z" — z||/h), to deduce

2 1 [ ’ 2 ’
Ao = 0 < gt [ () ) - sy v

thBUKPmin
Then integrating over X with respect to p yields (A.37).

A4.4 Random functionals

We will use Lemma 10 in the proof of Proposition 5.

Lemma 10 (cf. Lemma 3.4 of Burago et al [2014]) Let U C X be a measurable subset such that vol(U) > 0,
and diam(U) < 24,0. Then, letting a = fU x)dx be the average of f over U, it holds that

/U’f ()= “’ Pn(e) dw < Agr®E, (£,U).

Now we relate Er(f) and E,.(f). Some standard calculations show that for A; := 340 /Pmin,
(1= A1(0+0) Er(f) < Ex(f) < (14 Ar(0+0)) Ex(f), (A.38)
as well as implying that the norms || f||p and ||f||,, satisfy

(1= 4@ +NIFIE < fI% < (1+ A0+ ) fI3- (A.39)

Lemma 11 relates the graph Sobolev semi-norm br(75 f) to the non-local energy E, ().
Lemma 11 (cf. Lemma 13 of Garcia Trillos et al. [2019], Lemma 4.3 of Burago et al. [2014]). For
any f € L*(X),

_ SN ~
b (Pf) < (1 n Ag;)EHQAOg(f).

In Lemma 12, we establish the reverse of Lemma 11.

Lemma 12 (cf. Lemma 14 of Garcia Trillos et al. [2019]). For any u € L?(P,),
- ~, 5
By (Pru) < (14 4,0 )b (w)

Proof of Lemma 10. A symmetrization argument implies that

/U|f<z> ~a| Pue)do = 2P1U

Now, since #’ and z belong to U, we have that |2/ — z| < 240¢6. Set V = B(x,r) N B(2/,r), and note that
B(z, 7 — 24¢0) C V. Moreover, r — 2440 < r < ¢y by assumption. Therefore by (A.35),

2)*Bn(a")pu (@) da’ da (A.40)

aslq
’I“d

vol(V N X) > vol(B(z,r — 2400) N X) > agva(r — 2400)% X




where the last inequality follows since 5 < ﬁr. Using the triangle inequality

1F(2') = f@)° <2(1f@") = FE +|f(z) - F@)]*)

we have that for any z and 2’ in U,

1) = 1@ < gy [ @) = £ + 156 - s s

d+1
oy N RV CTRRVORFIE

azvgrd
(F(a:’) + F(x)),

IN

2d+2
- K(l)QBVdrdpmin

where in the last inequality we set

Fla)i= [ K(”‘”””) (f(2) — 1)) () d,

r

and use the facts that p,(z) > pmin/2, that K(||z — z||/r) > K(1) for all z € B(z,r).
Plugging the upper bound (A.41) back into (A.40), we have that

/U \f(w)—afﬁn(x) dr < I((f)i:/m /U F(2)pn(z) da

9d+2
= mr E.(f,U),
and Lemma 10 follows by taking Az := 292/(K(1)asvy).
Proof of Lemma 11. Recalling that (’ﬁf) Xi)=n- fU x) dz, by Jensen’s inequality,

((75f)(X) (PHIX ><n // (f(a') = f(2))*Pu(a)Pn () da’ .

Additionally, the non-increasing and Lipschitz properties of K imply that for any « € U; and «’ € Uj,

(A.41)

Y. z' — x| — 2406 - =
K(H)QX]>SK<(II H o)+)§K(||x x||~)+2LKA06 (I =l < 7+ 2405,

r r

r 4 2A05
As a result, the graph Dirichlet energy is upper bounded as follows:

0 P1) = s 30 (P10 - (ﬁf)<Xj>)2K(”Xi‘)9”)

,j=1 "
Srd“lzl// F@) = (@) pu(x )ﬁn(x)K<”Xi;Xj|)d:c’dx

< TM Z/ / (@) B (@) () [K(”x/”L) + 2LI;A05~1{|35’96|| §r+23}] de’ dz

r—+ 2A0(5

7,7=1

2L Agd
T

Syd+2[ ~ ~
(1+2A0;) {ETJrzAOS(f)‘F ET+2AOg(f;1[o,1])}

for 1(91j(t) = 1{0 < ¢ < 1}. But by assumption Er+2A03(f5 Lio,1) < 1/(K(1))E,  54,5(f), and so we obtain

- INGE: LiAody =
(PP < (1+2405) " (14 ZEEENE L, 500

the Lemma follows upon choosing Ag := Ag(29* + %)
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Proof of Lemma 12. For brevity, we write r :=r — 2406. We begin by expanding the energy E;(ﬁ*u) as a
double sum of double integrals,

B _ ~d+222/ / u(X;)) K(x;x”>pn( Vo) da’ da.

i=1 j=1

We next use the Lipschitz property of the kernel K—in particular that for « € U; and 2’ € Uj,

I A . 5 I
(Mol < (IRl | 2okl ('l )
r T T T

—to conclude that

o~ I & 2 X —X; 2AL5
EF(P U) S n2Fd+2 ZZ(U(XJ - U(X])) K<| " J”) 07« K (P u, 1[0 1])
i=1 j=1
5 240L
< (1 + 2d+2AOi)br(u) %K(S =(P*u, 10.1])

5 4A0L 5
< d+2 4 Y 0K *
< (1+2 Aor)br(w TR Ex(P*u).

In other words,

K(1)r
(1 +- 5 (820(?)}( + 2d+3>)br(u),

where the second inequality follows from the algebraic identities (1 —¢)™* < (1 + 2t) for any 0 < ¢t < 1/2 and
(14s)(14+¢) < 1+2s+tforany 0 < t < 1 and s > 0. The Lemma follows upon choosing As := 8A(’(L)K 42443,

~ = 4AgLgd\ 5
Ex(P*u) < (1 —~ m) (1 +2d+2A05>br(u)
T

A4.5 Proof of Propositions 4 and 5

Proof of Proposition 4. Part (1) of Proposition 4 follows from

~ (2) ~
O—KDQ(AT_QAOSP*U) < ASET_2A03(P*U)

(i%) ~\ ~ ~
< As(1+ 410 +8)) B,y 0 5(P"0)
(#47)

< A8(1+A1(0+5)) : (1+A3§)br(u),

where (i) follows from Lemma 7, (i3) follows from (A.38), and (#i7) follows from Lemma 12.

Part (2) of Proposition 4 follows from

w) g ~
b(Pf) < (1+462) B, p0,5(0)

Y (1 T A0+ S)) (1 + Agg)E,.HAOg(f)
(vgi) (1 +A1(9+5)) : (1 +A9§) : (%) ~oxDa(f),

min

where (iv) follows from Lemma 11, (v) follows from (A.38), and (vi) follows from the proof of Lemma 1.



Proof of Proposition 5. Proof of (1). We begin by upper bounding H?san By the Cauchy-Schwarz inequality
and the bound on ||p,, — plleo in (A.26),

Pracf =] [ @]
< n/i‘f(x) %5 (z) dx
<n(1+4:(0+9)) [/Ui|f(a:)|2p(x) da + A1(0+3) /Ui|f(x)|2p(x) dm],
and summing over i = 1,...,n, we obtain

P < (1+ 4004911 (a2
Now, noticing that Hﬁf“n = Hﬁ*ﬁfo,n, we can use the upper bound (A.42) to show that

P = 17115 < (1P 11 = 11711,

+ 1715, = 1715

< B2 - 171 + Ao + D51 (A3
< ore 4051l - IAll5, |- 171+ 410+ D)5

<21+ A1(0+0)|[P*Pf — fl| - [I£]|,, + Ar(® +3)|| £|[ - (A.44)

where () follows from (A.39) and (i) follows from (A.39) and (A.42).

It remains to upper bound Hﬁ*”ﬁf - f||2ﬁ . Noting that ﬁ*ﬁf is piecewise constant over the cells U;, we
have "

1PPr— £, = Z /U i (f(z) —n- /U () dx'>25n<x> da.

From Lemma 10, we have that for each i =1,...,n,

2
/ ( flx)—n- / F(@)pa(2) dx') Pu(@) dz < Ayr?E,(f,U;).
Ui Ui
Summing up over ¢ on both sides of the inequality gives

U ~ ~ Csp?
|P*Pr = flI7, < Aar®Eo(£.%) < As(1+ A1(6+3)) (%) -oxr?Da(f),

where the latter inequality follows from the proof of Proposition 4, Part (2). Then Proposition 5, Part (1) follows
by plugging this inequality into (A.44) and taking

As =2/ A5 (14 41(0+5)) (@) TR

Pmin
Proof of (2). By the triangle inequality and (A.39),

IZull? — [lull?

< |1 Zal = 1Zul | +|1Zuly, ~ lul?

< A0+ B)|Zuly, +|IZul, — ul?

= A0+ D) Tull} + (||fu

7+ lulla) - [1Zullp, = full, (A.45)
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To upper bound the second term in the above expression, we first note that |lul, = |\73*u||ﬁ7 , and thus

= |IZullz, ~ 1P*ul5,

(

1Zull 5, — llull
) _ -
< ||A77'P*u — P*u||13n

(iv) _ 1 ~
< T\/E;(P*u)

30 K Pmin
() 5 5
< g\/MM (1 + A3é>br(u), (A.46)
430 K Pmin r

where (ii7) follows by the triangle inequality, (iv) follows from Lemma 9, and (v) follows from (A.38) and
Lemma 12. On the other hand, by (A.39) and Lemma 9,

1Zul3, < (1+ 410 +8)) 1 Zull}
< o (14 (0 +9)) [Pl
~\2 ~
< aZ;:n (14 A0 +9)) 1P Ul
ax ~\ 2
= o (14 (0 +9)) ull

Plugging this estimate along with (A.46) back into (A.45), we obtain part (2) of Proposition 5, upon choosing

2 max 4 max
Ag = (3 P +1>,/, Ay = 44, Pmax
Pmin 430 K Pmin a3Pmin

A5 Bound on the empirical norm

In Lemma 13, we lower bound || fs||2 by (a constant times) the L?(X) norm of f.

Lemma 13. Fiz 6 € (0,1) Suppose P satisfies (P2). If f € HY (X, M) is lower bounded in L?(X) norm,
CsM
Ifll L2y > 6T 'max{n_l/Q,n_l/d}- (A.47)

Then with probability at least 1 — 54,
IF12 = 0 E[I£12]- (A.48)

Proof of Lemma 13. In this proof, we will find it more convenient to deal with the parameterization b = 1/4.
To establish (A.48), it is sufficient to show that

E[Hf“i] < (1 + ;) . (E“UHZD2,

then (A.48) follows from the Paley-Zygmund inequality (Lemma 17). Since p < pmax is uniformly bounded, we
can relate E[[|f[|4] to the L*(X)-norm,

s = 0 i)« L] el e

We will use the Sobolev inequalities as a tool to show that || f||zsx)/n < (E[||f||%})2/(b2pmax), whence the claim
of the Lemma is shown. The nature of the inequalities we use depend on the value of d. In particular, we will use
the following relationships between norms: for any f € H'(X; M),

supgex |f(2)], d=1

Il zacays d=2,forall 0 < g < oo <C;-M.
£l Loy d >3, forall 0 <q<2d/(d—2)



(See Theorem 6 in Section 5.6.3 of Evans [2010] for a complete statement and proof of the various Sobolev
inequalities.)

As a result, we divide our analysis into three cases: (i) the case where d < 2, (ii) the case where d > 2, and (iii)
the borderline case d = 2.

Case 1: d < 2. The L*(X)-norm of f can be bounded in terms of the L?(X) norm,

2
1l < (sup |f<:c>|) [ e < AR 1,
TEX X

Since by assumption
1
1£13 202y > C3 - 0% - M2 -,

we have

Hfllu

2
) < C2MPp - 1122y _ Crpimax E[II£17]
max 7 Pmax

S 12202 < 2
where the last inequality follows by taking Cs > C7+/Pmax/Pmin-

Case 2: d > 2. Let § = 2 —d/2 and ¢ = 2d/(d — 2). Noting that 4 = 26 4+ (1 — 6)¢, Lyapunov’s inequality
implies

C7||f|H1(X)>d

Tliace <11f A <1 (
ey < ANy - IFI S < IFIE2ca s

By assumption, || f| z2(x) > Cebl| f|l 1 (x)n~ /¢, and therefore

1120 )
) < )
- [kl

max

p . ( C?HfHHl(X) )d < CéipmafoH%z(X) < E[”f”%]
() Fmax Ve fllLzy )~ Cgb -

where the last inequality follows by taking Cg > C7(pmax/pmin)l/ 4 and keeping in mind that d > 2 and
b>1.
Case 3: d =2. Fix t € (1/2,1), and suppose that

CeM
6 n_t/Q.

I fllL2a) > — (A.49)

Putting ¢ = 2/(1 —t), we have that || f||L«(xy < C7 - M, and it follows from derivations similar to those in Case 2
2
that ||f||L4(X)/n < (]E[Hf||72z]) /(b2pmax) when Cg > C7 V pmax/pmin~

Now, suppose f € L*(X) satisfies (A.49) only when ¢t = 1. For each k = 1,2,... let f; := n/(®*) | 50 that each
[fr satisfies (A.49) with respect to t =1 —1/k. Clearly || fr — f[/z+(x) — 0 as & — oo, and therefore

1 1 . 1 1
EHfHL‘*(X) = Eklggon’“”“(X) < P il Jim ( FAE ]) — ( sz ])

This establishes the claim when d = 2, and completes the proof of Lemma 13.

A6 Graph functionals under the manifold hypothesis

In this section, we restate a few results of Garcfa Trillos et al. [2019], Calder and Garcia Trillos [2019], which are
analogous to Lemmas 1 and 2 but cover the case where X is an m-dimensional submanifold without boundary.
As such, the results in this section will hold under the assumption (P3). We refer to Garcia Trillos et al. [2019],
Calder and Garcia Trillos [2019] for the proofs of these results.

Proposition 6 follows from Lemma 5 of Garcia Trillos et al. [2019] and Markov’s inequality.

Proposition 6. For any f € H*(X), with probability at least 1 — 4§,

C
T 2 m+2| 42
[ Lf< ST 1 (-
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In Proposition 7, it is assumed that r, S5 and 0 satisfy the following smallness conditions.
(s1)
nTlUm << yd and C(0+6) < 5 Pmin and Cy (log(n)/n)l/ <r < min{ey, 1}.

Proposition 7 (c.f Theorem 2.4 of Calder and Garcia Trillos [2019]). With probability at least 1 —
Cnexp(—cnf?6™), the following statement holds. For any k € N such that

V(AP +C(0 4 3) <

l\')\)—\

it holds that

nr™ 2\ (Ap) ( ( (VA(Ap)+1)+- +0)> < Me(Grp) < ™20 (Ap) <1+C( (VA(Ap)+1)+— +9)>

Proposition 8 follows from Lemma 3.1 of Calder and Garcia Trillos [2019], along with a union bound.

Proposition 8. With probability at least 1 — 2Cn exp(—cpmaxnr™), it holds that

Drax(Grr) < Cnr™

Finally, we note that a Weyl’s Law holds for Riemmanian manifolds without boundary, i.e.
Me(Ap) = kY™,

Put B, (k) := min{nr™+2k?/™ nrm}. Following parallel steps to the proof of Lemma 2, one can derive from
Propositions 7 and 8, and Weyl’s Law, that with probability at least 1 — Cnexp(—cnr™),

By (k) <Ay <CB,, . (k), forall2<k<n. (A.50)

A7 Proofs of main results

We are now in a position to prove Theorems 1-5, as well as a few other claims from our main text. In Section A7.1
we prove all of our results regarding estlmatlon and in Section A7.2 we prove all of our results regarding testing;
in Section A7.3, Lemmas 14 and 15, we provide some useful estimates on a particular pair of sums that appear
repeatedly in our proofs. Throughout, it will be convenient for us to deal with the normalization p := pnré+2.
We note that in each of our Theorems, the prescribed choice of p will always result in p < 1.

A7.1 Proof of estimation results

Proof of Theorem 1. We have shown that the inequalities (14) and (15) are satisfied with probability at least
1 —6 — Cinexp(—cinr?), and throughout this proof we take as granted that both of these inequalities hold.

Now, set p = M~*/(2+d)=2/2+d) 35 prescribed in Theorem 1, and note that p~%2 < n is implied by the
assumption M < n'/?. Therefore from (15) and Lemma 14, it follows that

2

- 1\’ 1
1+— > 5742,
;(p/\zﬁl) Z( k2/d+1> =3scz’

As a result, by Lemma 5 along with (14) and (15), with probability at least 1 — § — Cynexp(—cinrd) —
exp(—p~%2/8C3) it holds that,

2
10 10 & 1
2 ~rr2
M - -
IF- 5l et ,§;<C3ﬁmin{k2/dw2}+1>
Cy L1010 - 1 21004
<5 angZ(ﬁwu) T Al

k=2



The first term on the right hand side of (A.51) is a bias term, while the second, third, and fourth terms each
contribute to the variance. Of these, under our assumptions the third term dominates, as we show momentarily.
First, we use Lemma 14 to get an upper bound on this variance term,

n 2

> < 4p~2,
2/d > =

P (pk /441

Then plugging this upper bound back into (A.51), we have that

- 10 40p~%2  10r*
< Z25M% 4+ =

_ <C2 L 40)M2d/(2+d)n—2/(2+d) Lo L8T4M8/(2+d)n4/(2+d)
n

5 A 3
< (&2 50N ) pascray,—2/cva)
= 6 C2 b
3

with the last inequality following from (R1) and the assumption M > n~'/2. This completes the proof of
Theorem 1.

Proof of Theorem 2. We first establish that fachieves nearly-optimal rates when d = 4, and then establish
the claimed sub-optimal rates when d > 4.

Nearly-optimal rates when d = 4.

Continuing on from (A.51), from Lemma 14 we have that

N 10 10 10logn  10r*
<& 2 oM + '
If = foll? < n  ndE T ndr T ap

Setting r = (Cglog(n)/n)/*, we obtain

~ 10 10 10logn  10Cylogn
2 (2 25M? + — ;

and choosing p = M~2/3(logn/n)'/? yields

Co 20  10C, logn\** 10
17l < (G 5+ T e (ZE) 4
ot o n

Suboptimal rates when d > 4.

Once again continuing on from (A.51), from Lemma 14 we have that

Cg - 10 10 10 1074
2 < Z25M? .
IF = fol T ncpir? T WA + P23
Setting r = (Cplogn/n)'/¢, we obtain
_ 10 10 10 10C,"* (log n)*/4
17— polz < Zan 4 100 0y 0 G s T
n  np?2c;  nidpics nt/dp2cg

and choosing p = M~2/3n,=4/34) yields

o Cy 10 100, logn\ "' 10 s 10
If - f0||i < ((52 + = 2 5 + 020)M4/3< > iy VU NS VE
3 3
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Bounds on L?(X) error under Lipschitz assumption. Let Vi,...,V, denote the Voronoi tesselation of X
with respect to Xi,...,X,,. Extend f over X by taking it piecewise constant over the Voronoi cells, i.e.

= zn:ﬁ “1{z e V;}.
=1

Note that we are abusing notation slightly by also using J?to refer to this extension.

In Proposition 9, we establish that the out-of-sample error Hf— Jollz2(xy will not be too much larger than the

in-sample error ||J?— folln-

Proposition 9. Suppose fo satisfies | fo(2') — fo(x)| < M||a' — || for all &', € X. Then for all n sufficiently
large, with probability at least 1 — § it holds that

F n\ 2/d
If —follimscloga/a)(log(> 17— foll2 + 2 (F5™) )

Note that n=2/? <« n=2/+d)_ Therefore Proposition 9 together with Theorem | implies that with high
probability, f achieves the nearly-optimal (up to a factor of logn) estimation rates out-of-sample error—that is,
lf— f0||2L2(X) < C'log(n) M3 2+d)=2/(2+d) a5 long as M < Cn'/?.

Proof of Proposition 9. Suppose z € V;, so that we can upper bound the pointwise squared error |fA(:z:) —f(2)]?
using the triangle inequality:

o~

(Fla) = fola)” = (F(X0) — fol))” < 2(F(X3) — fo(X2)” +2(fo(Xs) — fol(2))”.

Integrating both sides of the inequality, we have

/X(A(I) dx<22/ ~ (X 2dx+2.zn:/‘(f0(Xi)fo(x))2dz
—ZZVOI ( — fo(X —|—22/ fo(X fo(z ))Qd%

and so by invoking the Lipschitz property of fy, we obtain
~ n ~ 2 n 2
1F = P13y < 2" vol(Ve) (F(X0) = fo(X0)) + 202 Y (diam(V7)) (A.52)
i=1 i=1
Here we have written diam(V') for the diameter of a set V.

Now we will use some results of Chaudhuri and Dasgupta [2010] regarding uniform concentration of empirical
counts, to upper bound diam(V;) Set

. (2Colog(1/8)dlogn "
e VdPminG3M ’
where C, is a constant given in Lemma 16 of Chaudhuri and Dasgupta [2010]. Note that for n sufficiently large,

en < co, and therefore by (A.35) we have that for every x € X, P(B(x,&,)) > 2C, log(l/é)dl‘)i". Consequently,
by Lemma 16 of Chaudhuri and Dasgupta [2010] it holds that with probability at least 1 — ¢,

forallz € X, B(z,en)N{X1,...,Xn} #0. (A.53)

But if (A.53) is true, it must also be true that for each i = 1,...,n and for every x € V;, the distance ||z —X;|| < &,.
Thus by the triangle inequality, max;—1 ., diam(V;) < 2¢,. Plugging back in to (A.52), and using the upper

.....

bound volume vol(V;) < vy (dlam(V))d, we obtain the desired upper bound on ||f— f”%?(xy



Proof of Theorem 4. The proof of Theorem 4 follows exactly the same steps as the proof of Theorem 1,
replacing the references to Lemma | and 2 by references to Proposition 6 and (A.50), and the ambient dimension
d by the intrinsic dimension m.

A7.2 Proofs of testing results

Proof of Theorem 3. Let 6 = 1/b. Recall that we have shown that the inequalities (14) and (15) are satisfied
with probability at least 1 — 1/b — Cynexp(—cinr?), and throughout this proof we take as granted that both of
these inequalities hold.

Now, we would like to invoke Lemma 6, and in order to do so, we must show that the inequality (A.14) is
satisfied with respect to G = G, . First, we upper bound the right hand side of this inequality. Setting
p = M~8/(4+d)p=4/(4+d) 35 prescribed by Theorem 3, it follows from (14) and (15) that

L i; v e
‘322’) < (p k2/d+1) c3p?
2./2 2b nl/?
< CobpM? + ﬁ (1 + Cigﬁ*d/‘* + )
3

22
e3P

(02 +2+ 2;[ 62) : (\/% + b) - M2/ (At d) =4/ (44d)

3 3

1/2
%(fJLfo) 2\/2/a+2b<z 1 ) SC2bﬁMQ+2\/2/04—1-2b
n )4 n

(P + 1

The second inequality in the above is justified by Lemma 15, keeping in mind that M < M,.x(d) implies that
p~4? < n. The third inequality follows from the upper bound on r assumed in (R2) as well as the fact that
M >n—1/2,

Next we lower bound the left hand side of the inequality (A.14)—i.e. we lower bound the empirical norm
| fol|2—using Lemma 13. Recall that by assumption, M < M. (d). Therefore, taking C' > Cg in (11) implies
that the lower bound on || f||z2(x) in (A.47) is satisfied. As a result, it follows from (A.48) that

E(F12] | P i ]
2 e 2d/(4+d),, —4/(4+d)
112 > = PRy 2 Oy o+ b) M2/ D/,

with probability at least 1 — 5/b. Taking C' > Cy + 2 + (2v/2)/c3 +2/c2 in (11) thus implies (A.14), and we may
therefore use Lemma 6 to upper bound the type II error the Laplacian smoothing test @. Observe that by (15)
and the lower bound in Lemma 15,

n n

S (ier) 21 (i) 2 e
S\onr1) = o g\eren) S wo”

We conclude that

6 1 16 1 o
Pfo (T S %\a) S g + b72 + ? (Z (p>\k_|_1)4> + C’1n eXp(—Clnrd)
k=1
7 64 ~
= 5 \fCB KA Cinexp(— C1m“d)7

establishing the claim of Theorem 3.

Proof of Theorem 5. The proof of Theorem 5 follows exactly the same steps as the proof of Theorem 3,
replacing the references to Lemma | and 2 by references to Propositions 6 and (A.50), and the ambient dimension
d by the intrinsic dimension m.

Proof of (12). When p = 0, the Laplacian smoother f =Y, the test statistic 7' = LY ||3, and the threshold
lo=1+ n~1/2,/2/a. The expectation of T is

E[T] =E[f3(X)] +1 > puminll fol}2(x) + 1.
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When fy € L*(X, M), the variance can be upper bounded

~ 1
Var [T] < E (3 +pmaxM4 +pmax||f0||%2(X))'

Now, let us assume that

2/2/a+2b _
I foll72(x) > p/_n vz,

so that E[T] — t, > E[f2(X)]/2. Hence, by Chebyshev’s inequality

P (f<z?> <4varf°m
(T =te) < Agpcop
é . 3 +pmax<M4 + Hf0||%2(X))
~n Pinin [ foll 22 (1)
1 4bpmax 4
F<3+W + PmaxM )

A7.3 Two convenient estimates

The following Lemmas provides convenient upper and lower bounds on our estimation variance term (Lemma 14)
and testing variance term (Lemma 15).

Lemma 14. For any t > 0 such that 1 < /2 < n,

. 3t—4/2, ifd < 4

[y 1 ? —d/2 1 .
h=2 Anlt=4difd > 4.

Lemma 15. Suppose d < 4. Then for any t > 0 such that 1 < t~42 < n,

n

1y 1 v
—t 2 1< — ) <22
32 _Z<tk;2/d+1> -

k=2

Proof of Lemma 14. We begin by proving the upper bounds. Treating the sum over k as a Riemann sum of
a non-increasing function, we have that

n 1 2 n 1 2 n 1 2 1
N R A B e / B f/ 1/ g,

,§<tk2/d+1> —/1 (tm?/dﬂ) vt e\ ) et e )t

The various upper bounds (for d < 4, d = 4, and d > 4) then follow upon computing the integral.

For the lower bound, we simply recognize that for each k = 2,...,n such that k£ < Lt*d/ﬂ, it holds that

1/(tk?/® +1)2 > 1/4, and there are at least min{ [t —1,n — 1} > 2¢74/2 — 1 such values of k.

Proof of Lemma 15. The upper bound follows similarly to that of Lemma 14:

n

1 4 J - 1 1"
—d/2 | * —d/2 | * —8/d —d/2
Z(tk?/d+1) <t +t4 Z k8/d <t +t4 /74 T dl’SQt .
k=1 k=t—d4/241 t=4/2

The lower bound follows from the same logic as we used to derive the lower bound in Lemma 14.



A8 Concentration inequalities

Lemma 16. Let &,...,&n be independent N(0,1) random variables, and let U := Zivd ar(&2 —1). Then for
any t > 0,

P[U > 2fall2vE + 2l allct] < exp(~t).

In particular if a, =1 for each k =1,..., N, then

]P’[U > 2/ Nt + 24 < exp(—t).

The proof of Lemma 13 relies on (a variant of) the Paley-Zygmund Inequality.

Lemma 17. Let [ satisfy the following moment inequality for some b > 1:

EllA14) < (1+ 5 ) - (ED712])

’ (A.54)

Then,

S| Ot

(1712 2 GENAE] | 2 1- (A55)

Proof. Let Z be a non-negative random variable such that E(Z9) < co. The Paley-Zygmund inequality says that
forall0 < A <1,

» » E(ZP) qu
P(Z > ME(ZP)) > [(1 - A )(E(Z‘I))P/q} (A.56)
Applying (A.56) with Z = ||f||2, p=1, ¢ =2 and A = }, by assumption (A.54) we have
i ne @)’ (28) s
P(I£12 > E[I£II2 - -
(112 > 301D = (1= 5) - gy Z@+é)21b
O

Let Z1,...,Z, be independently distributed and bounded random variables, such that E[Z;] = p;. Let S, =
Zi+ ...+ Zyand p=py + ...+ pyn. The multiplicative form of Hoeffding’s inequality gives sharp bounds when
p <1

Lemma 18 (Hoeffding’s Inequality, multiplicative form). Suppose Z; are independent random variables, which
satisfy Z; € [0,B] fori=1,...,n. For any 0 < 6 < 1, it holds that

2
IP’( Sh —,u‘ > (M) < 2exp(—§é§>.

We use Lemma 18, along with properties of the kernel K and density p, to upper bound the maximum degree in
our neighborhood graph, which we denote by Dpax(Gp ) := max;=1, . n Di;.

Lemma 19. Under the conditions of Lemma 2,

Dimax(Gnr) < 2Dmaxnr?,

with probability at least 1 — 2n exp(—nrdagpmin/(?)[K(O)]QD.



Alden Green, Sivaraman Balakrishnan, Ryan J. Tibshirani

Proof of Lemma 19. Fix x € X, and set
n X _
(el
=1

note that D,, -(X;) is just the degree of X; in G, . By Hoeffding’s inequality

P(‘Dm(q;) - ]E[Dw(x)]‘ > 0E [Dn,r(x)]> < 2exp (-‘W). (A.57)

Now we lower bound E[D,, .(z)] using the boundedness of the density p, and the fact that X has Lipschitz
boundary:

E[Dy,(2)] = n /X K(”x/;xn)p(x) d

/ —
> npmin/ K(M) dx
X T
/ —
> npmina3/ K<M> dx
X r

d
Z NT Pmin,

with the second inequality following from (A.35), and the final inequality from the normalization [, K (||z||) dz = 1.
Similar derivations yield the upper bound

E[Dpr(2)] < nr¥pma,

and plugging these bounds in to (A.57), we determine that

2,.d _
P<D“(“’> > (1+ 6>nrdpmax) < 2exp (_5m“aopm)

3[K(0)]?

Applying a union bound, we get that

IP( max D, .(X;)>(1 —|—6)nrdpmax> < Qnexp(—
K]

i=1,....,n

82nriagpmin
3[K(0)]2 )’

and taking § = 1 gives the claimed upper bound.
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